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Abstract:

The Monte Carlo method involves several algorithms that all rely on studying
problems through the use of random sampling. One of its most significant advantages
is its ability to calculate complex multi-dimensional integrals and simulate models of
complex systems to derive many physical quantities through sample averages. In this
paper, we will explore the use of the Monte Carlo method and its advantages in
simulating complex systems governed by the laws of statistical physics. For this
purpose, we have chosen the Ising model which represent the interaction of magnetic
moments of neighboring atoms, and the quantum oscillators model, which is studied
using Feynman's path integral. Our study will focus on monitoring the accuracy of this
method in approximation by comparing the results with analytically obtained values
when it’s possible.

In the aforementioned models, we will use the Metropolis algorithm, a type of Monte
Carlo method, to calculate and measure various physical quantities. We will see that
the values obtained are close to their analytical counterparts, which opens the door to
future prospects for applying this method more broadly to various quantum systems.

Keyword: path integral, Propagator, harmonic oscillator, Anharmonic oscillator,
Importance sampling.
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Z = Z EXP (—BE.onsiy) (32 .2)

config
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(A) = Z Aconfig Pconfig(ﬁ) (33 2)
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tanh(x) =~ x — 1/3 x3 (43 .2)

Sle Jeanid b jpa lad < § > 38l (5SE Cua Tl sa

<S>z,8q]<5>§(,8q]<5>)3=>

<S> <<S>2—EL(Q—T>)=O
T(CI.B])3 kg
Uaiaad) 335 L ge Moy (Armnhalinal Hb) Lkl dhixdl 385 < § > = 0 D Jifi Aolas a5

(44 .2)

sl
<S>= E(kB—T)S (Ty — T)2 ~ (T, — T)P (45 .2)
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def initialstate(N):

state = np.empty((N,N),dtype=np.int8)

for i in Pange(Nj:
for j in range(N):
statel[i,j] = 2%np.random.randint(2)-1
return state
Alaine ALK JS A8l Cln Sy ADIA (e (5115 allail) 3 gilials 5 dga ) gall cililbiia e Wil <
Lpal) AL 5 ghall b asd a8 LS Lo gde 31 gal) <0l ghiadlly Ly sula 4 gem el LS (0

IS (e o 3 sall Gy 8 Uik SUnall 5 silualel) T3gd il )

N N
Econfig = —]Z S,_S] - H Z Si (46 2)
(i.j) {
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i Ji ) LS e il i (e 435S Al gl Al 8 85I Ay Ll 038 a4
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def get_energy(lattice,J,H):

kern = generate_binary_structure(2, 1)
kern[1]1[1] = False

arf = -J*iattlce * convolQé(lattlcé, Rern, mode="'constant', cval=0)
Peéufn arr.éum()—H*lattlcé.sdm()
e sl 8 L Ullerind ade (e a2l e GAL&ES S d8a Cluad Lnaal) A1) 4l L je
Al aalie (e duaie g g 3l (o) e JlE AN atla aladid (oS lldy dlaliaadin) Al ddadl
bl 48y Lle al) 5l 3)
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def get_energy(config,JJ,H):
N = len(config)
energy = 0
for i in range(len(config)):
for j in range(len(config)):

S = config[i,j]
nb = config[(i+1)%N, j] + config[i, (j+1)%N] + config[(i-1)%N, j] + config[i, (j-1)%N]

..].,,, sih &l

energy += nbxS

return -JJ%energy/4.-Hxnp.sum(config)

A AL e )5 AL (S il o (g LSS Bpma pp A3 G i WG <

Mconfig = z Si (47 2)

l
ot o5 " gla g3 iS5 A1 IR (e Lina g 13 s LSS JS Cilips gaon le iy Lin el

el slazs 48 gdina Qﬁi palic

N
=1

def calcMag(config):
:;{a;;_é D EUMCEONEIE)
return mag
a1 Aall dyiaa ) g5 OAAS Lgaadinin g dma ) Jsall o3 bt S led bl <
BlSLaall eali e (A Anla) Aall dyna ) ) shanal) AU o 683 Cogas GV ¢l 505 s daa )53 <l shad
1 L ol ol gl i) SIS Sl ) Uga s Cum 535 Jie & ghad i il
[(initialstate) 5 sha Jsl 8 Aally 34 gall 48 siimall Jaa) juaiaS Ll Jaas ]
(get_energy) 2l 5 5hall s PR (0 By i 48 steaall 4ils Al Clasy o i A a2
Glaca Jal (e aliiie g5 s S pdie JSG 220 48 fendl) i (e a5 G slat) iy a3
aaal) Jlaia) (5 bt Az 8 Lide adiad Al 5 5 Al () 90 e S a0l 2o
Alsll s lein (g sl Gl i A Ga s F L g B02ad) ALK A8l Cluny s o s 4
(AE = E,
s Al Al (b o s DA (e Baaad) A ) Uil QU] 4008 asdy w15

E

old_config) = M"md\

ew_config
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Jiadialy saaall ALK& ) JEBY) () o4 (1 > exp(—PAE)) oS 1 sP. = exp(—BAE)
(1 —P.)o %
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def metropolis(config, beta):

N = len(config)

for 1 in range (NN):
X = np.random.randint(@,N)
Yy = np.random.randint(@,N)

spin_i = config[x,y]

conf19[x,y]sp1n_1
nbsconflg[(x+1)°cN,y] + c.o-‘nflgtx,‘('y‘+14);cxN]"; config[(x-1)%N,y] + config[x, (y-1)%N]
dEr=‘ 2*§p1n_1*nbs - | |
if n;.l;é;\dom.;‘é;d(jA> ~r>1p..eAxp-(..-Vt.).etﬁarv'rdE):

i st

return conflg
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def ISING_model(nT, N, JJ, H, burnin, mcSteps):

T = np.linspace(1.2, 3.8, nT);
energy = []

mag = []

ev =[]

capa = []

for temperature 1in range(nT):

# AasiIuyl adsiia Foi]

lattice = initialstate(N)

El1=M1=E2=M2=0

beta = 1/T[temperature]

1ermalisation 3 P! o) LSNPS A4 gl 5

for _ in range(burnin):
metropolis(lattice, beta)

f Slaa ol sl p Ao ASD e Jdio Al Dgad =l jad

for 1 in range(mcSteps):
metropolis(lattice,beta)
enr = get_energy(lattice, 33, H)
mg = calcMag(lattice)
El += enr
M1 += mg
M2 += mgx%2
E2 += enr¥x2

enerqy.append(E1/mcSteps)

nag.append(M1/mcSteps)

ov.append(((E2/mcSteps)-(E1/mcSteps)**2)* (beta/T[temperature]))

ft dabdll AUl adgd s

capa.append(((M2/mcSteps)-(M1/mcSteps)*x2)xheta)
return T,enerqy,nag,cv, capa
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def main():

#

start_time = timer()

T,E,M,C,X = ISING_model(nT=64, N=N, 33=3J, H=H, burnin=10%*5, mcSteps=10%*5)

¥ 8ol 2

end_time = timer()
print("Elapsed time: %g seconds" % (end_time - start_time))
= plt.figure(figsize=(18,108));

-

.suptitle(f"Ising Model: 2D Lattice\nSize: {N}x{N}", fontsize=28)

T ~h N

_ =f.add_subplot(2,2,1)
plt.plot(T, E, '-0', color="Blue')
plt.xlabel("Temperature (T)", fontsize=10)
plt.ylabel("Energy ", fontsize=20)
plt.axis('tight')

# sl dan

_ =f.add_subplot(2,2,2)

plt.plot(T, np.abs(M), '-o', color="Red')

plt.xlabel("Temperature (T)", fontsize=18)
plt.ylabel("Magnetization ", fontsize=20)

plt.axis('tight"')

Yy dakall! ougia pxd  Jdals

_ =f.add_subplot(2,2,3)
plt.plot(T, C, '-0', color='Green')
plt.xlabel("Temperature (T)", fontsize=10)
plt.ylabel("Specific Heat ", fontsize=20)
plt.axis('tight')

_ =f.add_subplot(2, 2, &)
plt.plot(T, X, '-0', color="Black')
plt.xlabel("Temperature (T)", fontsize=10)
plt.ylabel("Susceptibility"”, fontsize=20)
plt.axis('tight')

plt.show()

if __name__ == '__main__"':
main()
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o5V 6 shaall 480 gall dpmapall ) shanad) im pai L L

sl JSEN e daaa o Al Gl 5 2a) 5 oae g sl SIS (e (5585 :Cold Start «%

path = np.zeros(N) # 1 e aall 13K 32l szl gl

YIS Ay dlla IS5 8 () 5S5 :Hot Start «

def hot_star(N,deltal:
path = np.zeros(N)
for i in range(len(pathl):
¥ = np.random.uniform(-delta,delta)
path[i] = x
return path

S UKy alad) (a2 Y wpens asii Gl S Jadll A3 Gy 3 58 Fpa 58l ke e Wil <
i Cua ALl 5 ghadll 8 A gall g ladll e e ) Jeald (S die (plliia (paaia ga (g i rall (g paic
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([10] ISl (e (and ) el A8l gill e ) 4880 i) Al e JEBY) Gasay (sl) 2all Glusally

Ny
z 1 [(pq — ;) 21
S = At Em [lﬁ—tl + Emwzxiz + /13614 (46 .3)
=1
:[10] JS (1 (46.3) A8Dall pranaal L2 D) ol paiall pladindy
NT
S ]‘~ = )2 1~~2~2 1372733 74 47 3
S = Em(xiﬂ—xi) +§mw Xf + AmM* @3 X; (47 .3)
=1
Cus A G e jlue JS g senall 138 Clusy o585 (action) 4 Al iy oy (Y o s

sl JSE (e oy o3

def action(path,m,omega,landa_):

S=0.0%

N=len(path) #

for 1 in range(N):
x_1 = path[i] # df
x_ipl = path[(1 + 1) % N] #
kinetic =0.5%mx(x_1pl - X_1)**2 PRUECIAE Y
potential = (0.5%mxomegaxx2 % X_i*x2 +lamda_*mxx2xomegaxx3xx_ixx4) #
§ += kinetic + potential # ;-

return S

ool 25 e Aae )l & O ghad W slans (e S (metropolis) Ause p Al Gogai g BB <
S Jrdll e i MR (g plail Yiatia) SY) ) ) Uga g
s s daall 8 48 pall Grivmayd) llall gaaly A dsadl Ll Jial ysieS Ll e ]
.(Hot Start) sl (Cold Start)
[(action) 45U & ghadd) A1 aladinly aaall Jludll )5 0y dadl) om0 85445 e 2
A (g il alaiia ) giie S8 o LA A Cum ¢ Jarall Jlsdl) e x; qoal sall aal iy o583
delta_x —sdelta_x + el Gm alaiia J) sdie S0 AY) g8 A ge dx )ai AL
55 U 4 sa il 51 3el Loy s 0 sl 1ok (5 penl Al dlelta_x i
iy SV J g8 Jame (38230 5 shadll 4ile] (5 gt Al HLA) o dt W a8 4y paic dgia )
(m AN Aed 5 @ 23 5l dad) Uil (atliad xe
(B A ot A ey ) Alee 2y el Ll S da Clias Lasg o i 4
(A4S = Spew path — Sotd patn ) <= S =&l s
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Jucialy aaall Jluall ) JEY) J s o (r < exp(—4S)) U813 &ua cexp(—4S)
paall bl I JEBY) (=d 5 o5 (7 > exp(—4S)) 08135 B. = exp(—A4S) %
(1= B o Jlsial,
DS JS8y lusall dal 50 paan L) ol (S G ja e 5 (A ] e Dl ghadd) ) S i 6
OSe 330 (new_path) sl Sl ) JEBY) J 5 3 e 1313 5e IS (3 Cuma Gl 305 e (1)
e Jiars «(old_path) andll Jlud) Guiy 51 S 3 glad @l aele ¢ Jl ) S 3 apall jlusall
SIS g <l shha (e a5 5 shad cul Sl 4ila JalS (e Sl Gl 25 sine
s o) WS IS8 ) sl Alla () J el (sin Dl jasae 6 ) T e Sishall 5 S5 T
s fine < sl (Jias 3 Ama ) AN G (AN b e s ) )S

def metropolis(path,delta,n,omega,lamda_, hbar):
acceprate=0 # Jsil s sl ju

for j in range(len(path)):

old_x = path[i]# o e ad gl judl ,
old_action = action(path,m,omega,lamda_)# s
new_x = old_x + np.random.uniform(-delta,delta)
path[i] = new_x # wa juus J dptd jud Lo gpadl wzjdl o
new_action = action(path,m,omega,lamda_) # =i ool
if new_action < old_action or np.random.rand() < np.exp((-1./hbar)*(new_action - old_action)):
acceprate +=1/len(path)
pass # -l
else:
path[i] = old_x # wal jud
return path,acceprate
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def main(): AT V1A

m=10 sy 50 &<

hbar =1.07 twus

omega = 1# S ugl

delta = 0.5 # jud b el sgesd i
dt = 0.5 # i}

Nmin = np.int32(4#*np.pi/omega) # -
N=Nmin+200 #:)) Lo cladall o

T=Nxdt # T - K

lamda_=1000 # wsd Jis

thermsteps = 200 # s\ o gemt A sl
mesteps = 100000 # JjS o ks i

positions = [] #
mean_positions = [] # 2 o) sl pa gt a4l
mean_positions_2 = [] # & <x##2> o judl st nje leial

start_time = timer() # sl 8y Ly Ll e

path = np.zeros(N) # (Gold Start) sis s LK b waluld g N oo plea Jlu
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#path = hot_star(N,delta) # (Hot Start) -delta ; +delt@ ou ad\ste Ljie yo o8 b Al walpll
for therm in range(thermsteps): # -\ s J Jeadl 2

path , acr = metropolis(path,delta,m,omega,lamda_, hbar)
for mcstep in range(mesteps): # Lo wlbupd s oy <l 0 J8 2o By QK g s &

path , acr = metropolls(path,delta,m,omega,lamda_,hbar)
if mestep == (mesteps-1):
print('acceptance rate =',acr) # wlysfe Lujjla J el @l Ll o8 e L ol

vikd)
,5'.__.1_.,_... J Luiad 5 XakZ 5 X ausih s

mean_positions.append(np.mean(path))
mean_positions_2.append((np.mean(np.power(path,2))))
#ol e e
p051t10ns append(np. copy(path))
# (N*mcsteps) dwt! siete Ggien J sl sl a8 gt

positions = np. array(posnlons)

s ;
B () s o tiar) gl ) G i) Eian g

positions = positions.flatten()
end_time = timer() # Sl aip wfy il e
print("Elapsed time: %g seconds" % (end_time - start_time)) # zjsiud s€adl o o
# (lamda_=0) #8 & ol L) 0Ll
1f lamda_ ==
x2=np.mean(mean_positions_2)
eNergy= mxomegax¥2%x2 # sl i muge gl gl dus iyl @l 4k
print('energy of ground state =', energy)
f = plt.figure(figsize=(18,10));
_ =f.add_subplot(2,2,2)
plt.plot(np.linspace(®, T, N), path,'s')
plt.xlabel("Time")
plt.ylabel("Position")
plt. tltle(“Path Integral of Harmonic Osc111ator")

& B
4 i W I~ add )
A s S _’;.J_ GHH Siped o AlJU Al 4 )

_ =f.add_subplot(2,2,1)

plt.plot(np.linspace(8, mcsteps-1,mcsteps), mean_positions,'+h')
plt.ylabel("Monte Carlo Steps")

plt.ylabel("Position of <x>")

plt.title("Evolution of <x> in Quantum Harmonic Oscillator")

‘;_‘ s ._"__/‘__ Sy D el _\_-_.1-_ B Sl yA aud

_ =f.add_subplot(2,2,3)

plt.plot(np.linspace(@, mcsteps-1,mcsteps), mean_positions_2,'+r')
plt.xlabel("Monte Carlo Steps")

plt.ylabel("Position of <x¥*2>")

plt.title("Evolution of <x**2> in Quantum Harmonic Oscillator")

- 4

“;.__._'._. ......_»\_.:,‘..‘_‘__.‘

_ =f.add_subplot(2, 2, &)
plt.hist(positions, bins=64, density=True, alpha=0.7, color='h")
plt.xlabel("Position")
plt.ylabel("Probability Density")
plt.show()
name__ == '__main__
main()
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acceptance rate in order of max deplacement in Harmonic Oscillator for

lamda_=: 0
1.0 | °. . acceptance rate for
& P omega=0.25
+ ¥ - , acceptance rate for
L omega=0.5
0.8 - N . . Aacceptance rate for
I omega=1
O e 4 - -
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acceptance rate

in order of max deplacement in Harmonic Oscillator for
lamda_=: 1000
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Quantum oscillator Mode! for
lamda = [1, 1000] and
omega = [0.2, 1]
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Quantum oscillator Model for
lamda = 0,#* m=omega=dt=1.0,*** delta_x=1

Evolution x and x**2 in Quantum Oscillator A few paths of Quantum Oscillator
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Quantum oscillator Model for
lamda = 0% m=omega=dt=1.0*** delta_x=0.25

Eveolution x and x**2 in Quantum Oscillator A few paths of Quantum Oscillator
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Quantum oscillator Mode| for

lamda = 0,*** m=omega=dt=1.0,*** delta_x=1.3

Evolution x and x**2 in Quantum Oscillator
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