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Abstract

Our main target in this thesis is to refine some important inequalities between the usual
operator norm and the numerical radius or obtain new inequalities. For that reason, we define
anew norm || - ||, on B(H), where () is the algebra of all bounded linear operators on a
complex Hilbert space H and v, 5 € R’.. We study some properties of this norm, also we see
its applications on the inequalities between the usual operator norm and the numerical radius.

And we obtain new inequalities which are, for 7', S, R € B(#), then:

o If |T'|S = S|T)|, then:
1
w(T5) < —ISHIT

o If 7S = ST and T*%52 = S2T*2, then:

1
w(T8)* < ZISIPITIE L + S 15%[lw(T?)

| =

o If T'S = S*T, then:
2 2
w(TS)* < |8 <1||T||31 +;w(T2))

Where || - || and w(+) are the usual operator norm and the numerical radius respectively, and
|| - ||1,1 is the new norm when o = 8 = 1, and it is given as follows || T'||11 = /||T*T + TT*||.
Moreover, we get a refinement for some existing inequalities, and here are the inequalities

o If T'S = ST, then:

w(TS)* < Z(IS1 + IS*IDITI 4

N

o IfT'S = ST and TR = RT, then:

w(TS + RT)? < 5

> =

1
IS+ IRDAITNE L + 5 (w(T252) +w(T2R2)) +ISTIRINT|
Note that these inequalities improve some existing inequalities in some cases, and we study
some of them thoroughly down below.

Key words: Complex Hilbert space, bounded linear operators, spectrum, numerical range,

usual operator norm, spectral radius, numerical radius.
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Notations

N : The set of natural numbers {1,2,3---}.

R : The set of real numbers.

R : The set of positive real numbers.

C : The set of complex numbers.

K:RorC.

‘H : Complex Hilbert space.

(.,.) : The inner product of H.

M : The closure of M.

M?° : The interior of M.

OM : The boundary of M.

M : The orthogonal complement of M.

@ : The sign of direct sum.

B(H) : Banach algebra of all bounded linear operators on Hilbert space H.

Z(H) : The set of invertible operators in B(H).

T : A bounded linear operator defined on H (T' € B(H)).

IIT|| : The norm of T

T~ : The inverse operator of T'.

T : The adjoint operator of 7T'.

R(T) : The real part of T'.

S(T) : The imaginary part of 7.

|T

R(T) : The range of T'.

N(T) : The kernel of T'.

(T) : The spectrum of 7.

A(T)

(1)
(

«(T) : The continuous spectrum of 7.

: The absolute value of T'.

Q

Q

The residual spectrum of 7T'.

Q

: The point spectrum of 7.

Q

Q

ap(T") : The approximate point spectrum of 7'.
(T") : The resolvent of T'.

(T):

W (T) : The numerical range of 7.

w(T') : The numerical radius of 7.

E

<

Spectral radius of T'.



Introduction

Operator Theory is a crucial part of modern (pure and applied) Mathematics. It belongs to a larger
domain which is Functional Analysis. It is also indispensable to Physics, in particular, Quantum Me-

chanics as well as some parts of Engineering and Statistics.

This theory has developed considerably during the last decades, and it has got the attention of
many scientists and researchers due to its significance and its wide applications. In the following, we
will take a small overview about where this theory has come from and some of the people who have

brought it to this point.

Early, quadratic forms played a major role. This led to the notion of the numerical range of an
operator. Let / be a non trivial complex Hilbert space with inner product (-, -) and associated norm
||-||. Let B(H) denotes the algebra of all bounded linear operators on H. For " € B(H ), the numerical
range of 7" was introduced by Toeplitz in [33] as

W(T) = {{Tz,x);x € H with ||z]| = 1}

The Toeplitz-Hausdorff Theorem states that: W (T') is convex subset of C. This theorem has many
proofs (for example see [16], [19] and [15]). This concept has been studied extensively in the last few
decades. As pointed out by many authors (e.g. see [4] and [5]), this concept is very useful for studying

matrices and operators, and has a lot of applications to other subjects.

Where the numerical radius of an operator 7' € B(H), that is given by

w(T) = ”81H1p1| (T, )|

It is well-known that the numerical radius is an equivalent norm to the usual norm on B(#) as we will
see later. Moreover, this concept was the subject of a wide literature carrying out many inequalities
involving it. Some developments toward this subject have been done in [20], [21] and [9] by many
researchers such as F. Kittaneh and S.S. Dragomir and others, and there are many recent results and
refinements for some important inequalities (see [2] and [32]).

Note that the literature of inequalities between the numerical radius the usual norm on B(#) is vital,
since it has many applications in Physics and Engineering, so any improvement to these inequalities



Introduction

will be very useful in term of giving a good estimation to some important values and factors.

While the spectrum of a bounded linear operator is a generalization of the set of eigenvalues of a
matrix, and the spectrum of 7' € B(#H) defined as follows

o(T)={AeC:T -\ is not invertible}

The spectrum set has many interesting properties (see [25] and [34]), also there many classes of
spectrum set, we will see them later on.
The study of spectrum and related properties is known as Spectral Theory, which has huge applica-
tions, most notably the Mathematical Formulation of Quantum Mechanics.

Another important value is the spectral radius of an operator 7" € B(#), this is given by

r(T) = sup |A|
A€o (T)

Notice that the spectral radius, the usual operator norm and the numerical radius are very important
values in the study of linear operators and their properties.

In this thesis, we will study the properties and some classifications of bounded linear operators
acting on a complex Hilbert space H, as well as the spectrum and the spectral radius of an operator. In
addition, we will study the numerical range and the numerical radius in detained, and we will include
the latest results and inequalities in this context. Lastly, we will define a new norm on 5(#), and
we will study its properties and its applications, especially on the inequalities between the numerical
radius and the usual norm on B(H).

Next, we will explain how the work is structured, and we will mention what we have considered

in each chapter. This thesis is divided into four chapter.

In Chapter 1, we give a selection of known properties in Hilbert spaces. Also we include some
significant theorems such as orthogonal decomposition theorem and Riesz's representation theorem.
After that we move to provide some definitions and basic properties in B(#) that are needed in other

chapters.

While Chapter 2 is designed to go deeper into the study of bounded linear operators. First, we
define the adjoint of an operator, and we study some of its properties. Then, we offer some bounded
linear operators classifications, and we go through their properties. Finally, we provide the definition

of the square root and the absolute value of an operator, and we give some of their properties.

As for Chapter 3, we present the most important concepts in the whole thesis. First, we study the
spectrum of an operator and its properties in detailed, and we provide the proof of every single prop-

erty and theorem, then we consider the spectral radius with its known properties. The same we present
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the numerical range and the numerical radius with their properties, also we provide a wide range of

inequalities including brand new inequalities.

Chapter 4 1s the most important chapter in this thesis, since we make a small contribution in the
literature of the inequalities between the usual operator norm and the numerical radius. First we define
a new norm that is equivalent to the usual norm, and we study some of its properties. Then, we obtain
inequalities involving the new norm, the usual operator norm and the numerical radius, and we obtain
some new inequalities involving the usual norm on B(#) and the numerical radius, also we get a

refinement for some inequalities in particular case.

10
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Preliminaries

In this chapter, we present vital definitions and properties in Hilbert spaces that we need throughout this thesis in order to

make it self-contained, also in this chapter we tend to omit the proof of most of theorems and properties.

1.1 Inner product and Hilbert spaces

Definition 1.1. Let X be a vector space over K. X is said to be a normed space if there exists a map ||| that

is defined from X to Ry satisfies the following :

(1) ||z|l = 0 if and only if x = 0.

(2) [|Az|| = [A||lz|| for any x € X and X € K.

(3) [l +yll < |zl + [lyll for any z,y € X.

And we denote (X,]|.||) is a normed space.

Definition 1.2. Let (X,||.||) be a normed space. Then (X ,|.||) is said to be a Banach space if every Cauchy

sequence has a limit in X i.e.

if |xn — zm] — 0 as n — 0o and m — oo, there exists x € X such that |z, — x| — 0 as n — oc.

Definition 1.3. Let X be a vector space over K. X is said to be an inner product space if there exists a map
(i, ): X x X — K holds the following :

(1) {x+y,z) ={x,2) + (y,2) forall x,y,z € X.
(2) (Az,y) = Mz, y) for all z,y € X and X € K.
(3) (z,y) = (y,x) for any z,y € X.
(4) {z,x) >0 for all z € X \ {0}.

And we denote (X (.,.)) is an inner product space, and the map (.,.) is called an inner product.

Remark 1.1. It comes directly from the definition of inner product that :

11



Preliminaries

(1) (x,y+z) = (z,y) + (z, 2) forallz,y,z € X.
(2) (z,\y) = Ma,y) for all z,y € X and X € K.

Theorem 1.1. (Cauchy-Schwarz inequality)
Let (X ,{.,.)) be an inner product space. Then we have :

(@, )] < (2, 2)[V2|(y, )|*/?  for all w,y € X
Moreover if |(x,y)| = [(z, z)[*/?|(y,y)|'/?, then x and y are linearly dependent.

|1/2

Theorem 1.2. Any inner product space (X ,{.,.)) is a normed space where ||x|| = [{(z,x)|'/2, and this norm is

called the associated norm of the inner product.

Remark 1.2. We can write Cauchy-Schwarz inequality that way
[z, 9)| < [lzllllyll ~ for all z,y € X

Lemma 1.1. Let (X,(.,.)) be an inner product space and suppose that (z,)nen and (yn)nen are convergent

sequences in X, with limy, oo Tnp, = and iMoo Yy = y. Then  lim, oo (@n, Yn) = (@, y)

Theorem 1.3. (Buzano’s inequality)

Let (X ,(.,.)) be an inner product space and x,y,e € X with ||e||=1. Then we have :

[(z, e)(e, )| < %(lelllyl\ + (=, 9)])

Proof. Let x,y,e be as in the theorem

2/(z, e){e,y)| = [{z, y)| =|(z, 2{e, y)e)| = [z, y)|

N
&
[\
=
<
g
!
—~
&
s

<llzllli2(e, y)e = yll

So we have

2{z, e)e. y)| — [z, y)| < llzll12{e, y)e — yl (1.1)

Let us calculate ||2{e,y)e — y||

||2@6 - y”2 :<2<67y>6 - Y 2<6,y>6 - y>
=4/ (e, ) Pllel® + llyllI* = 2(e, y) (e, y) — 2(e,y)(y, ) (using]le]® = Land (y,e) = (e, y))
=4|{e, ) + [lyl1* — 4l{e, y)|?

=lyll*

So 12(e, y)e —yll = Iyl
Using (1.1) we get

2/(z, e)(e; )| — [z, »)| < llzlllyll
Hence

(Ul + [z, 1)

DN =

[(z,e){e,y)| <
Remark 1.3. (1) Let z,y,z € X. From Buzano’s inequality we obtain

{2, y)(y, 2)| < %(HfEIIIIZH + [z, 2))lly))* (1.2)

(2) Buzano’s inequality is a generalization of Cauchy-Schwarz inequality, just put z = x in (1.2) to obtain

Cauchy-Schwarz inequality.

12



Preliminaries

Proposition 1.1. Let (X,(.,.)) be an inner product space. Then we have :

(1) Va,y € X ¢ o +yl? +[lo =yl = 2(z|* + yl*)  (Parallelogram law)
(2) if X is a real vector space, then Va,y € X : (x,y) = %{Hx +y|I? = ||z — y||*}
(3) if X is a complex vector space, then
Ve,y € X : (z,y) = i{”x + 4|12 — ||z — y||® +il|lz + iy|*> —il|lz —iy||*}  (Polarization identity)

Where ||z|| = |(x, )|/ and i is the imaginary unit of complex numbers (i> = —1).

Definition 1.4. Let H be a vector space over C. H is said to be a Hilbert space if it is an inner product space

and H with associated norm is a Banach space, and we denote (H,({.,.)) is a complex Hilbert space.

Example 1.1. (1) The euclidean inner product in C™ (n € N) is defined as follows :

k=n
Va,y € C": (@,y) = =Tk
k=1

C™ with its euclidean inner product (C™,(.,.)) is a Hilbert space.
(2) Consider the following vector space over C, ¢*(C) = {x = (@n)pen €G>0 z,|? < oo}.

This space is a Hilbert space when it is endowed with the following inner product :

“+o0
Vx,y€€2 : <$,y>[2 :anm
n=1

1.2 Orthogonal Decomposition of Hilbert space and Riesz’s repre-

sentation theorem

From now on we consider (#,(., .)) a complex Hilbert space, and ||.|| is the associated norm of the inner product.
Definition 1.5. M is said to be a closed linear subspace of H if it is a linear subspace of H and M = M.
Corollary 1.1. Let M be a linear subspace of H. Then M is a linear subspace of H as well.

Definition 1.6. Let M and F' be two linear subspaces of H. Then H is said to be the direct sum of M and I,
and we write H =M ® F, if H=M + F and M N F = {0}.

Lemma 1.2. Let M and F be two linear subspaces of H. Then H = M @ F if and only if for every x € H
there exist unique vectors y € M and z € F' such that x =y + z.

Definition 1.7. The vectors x,y € H are said to be orthogonal if (x,y) =0, and we write x L y.
Corollary 1.2. if x,y € H \ {0} are orthogonal. Then they are linearly independent.

Theorem 1.4. (Pythagoras’s theorem)
If z,y € H are orthogonal, then ||z + y||* = ||z]|® + ||ly||*.

Definition 1.8. Let M be subset of H. The orthogonal complement of M is the set
Mt ={xeH: (v,y)=0 Vye M}

Proposition 1.2. Let M and F be two subsets of H then :
(1) Ht = {0} and {0}+ = H.
(2) M~ is a closed linear subspace of H.

13



Preliminaries

(3) If 0 € M then M N M=+ = {0}, otherwise M N M+ = ().
(4) If M C F then F* ¢ M*.
(5) M C (M*)*+.

Theorem 1.5. (Orthogonal Decomposition)
Let M be a closed linear subspace of H. Then H = M @® M* is the direct sum of M and M= i.e. for every
x € H there exist a unique y € M and a unique z € M+ such that x =y + z.

Corollary 1.3. Let M be a linear subspace of H. Then :
(1) H=M o M*+.
(2) (M*)*- =T

Definition 1.9. Let f be a mapping from H to C. Then f is said to be a linear functional if it satisfies:
Vo,y e H, VA e C:  fQz+y) = f(z)+ f(y)

Definition 1.10. Let f be a linear functional from H to C. Then f is said to be a bounded linear functional if
it satisfies:

de>0, VeeH: |f(z) <zl

Definition 1.11. The set of all bounded linear functionals from H to C is a vector space over C denoted by
H', where the addition and the external product are defined as follows :

Let f,ge H and A€ C :

(1)Veer (f+g)(z) = f(z)+g(z)

(2)VzeH (Af)(x) =Af(x)

Moreover H' is called the topological dual of H, and H' is a normed space when we equip it with the following
norm :

Let f € H,then 1 fll3 = sup{|f(x)| : ||z]| = 1}
Theorem 1.6. (H',||||%) is a Banach space.

Theorem 1.7. (Riesz’s representation theorem,)

Let y be any arbitrary fized in H, we define f(x) by
flx) = (z,y) Ve eH

Then f € H' such that || fllw = |yl
Conversely, for any f € H', there exists a unique y € H such that

fz) = (z,y) Ve e H

1.3 Definitions and basic properties in B(H)

Definition 1.12. A mapping T from H to H is said to be a linear operator if it satisfies the following:
(1) Additive : T(x+y)=Tx+Ty Vz,yeH
(2) Homogeneous : T(Ax) =ATx Vax € H and VA e C

Definition 1.13. A linear operator T on H is said to be bounded if it satisfies:

Je>0 VeeH: |Tz| <z

14
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Definition 1.14. The set of all bounded linear operators on H is an unitary algebra over C denoted by B(H),
where the addition, the external product and the product are defined as follows :

LetT,S € B(H) and A e C :

(1))VeeH (T+S)z=Tzx+ Sz

(2)VreH (ANTz=NTz

(8)VeeH (TS)x=T(Sx)

And the unitary element is I the identity(Ix = x, Vx € H), moreover B(H) is a Banach algebra when we equip

it with the following norm :

LetT € B(H),then IT| =inf{c > 0: || Tx| <c|z|| forallxeH}
Theorem 1.8. Let T € B(H). Then
[T]|
1T = sup{[|Tz| : [lz] = 1} = SUP{W rw € HA\{0}} = sup{[(Tz, )| : [l=[| = [yl = 1}
Corollary 1.4. Let T, S € B(H) and n € N. Then :

(1) VeeH [T]| < |[T[l]|]
(2) TS| < |ITIS]]
(3) T <y

Definition 1.15. Let T € B(H). Then
(1) The range of T is the set
R(T)={Tx:xze€H}
(1) The kernel of T is the set
NT)={zeH : Tz =0}

Proposition 1.3. Let T € B(H). Then
(1) R(T) is a linear subspace of H.
(2) N(T) is a closed linear subspace of H.

Proposition 1.4. (Generalized polarization identity)
LetT € B(H). Then

1 ) . ) ) ) .
vo,y € X o (Tw,y) = AT (@ +y)o+y) — (T —y)o —y) +i(T(z +iy), @ +iy) — T (@ —iy),x —iy)}

Theorem 1.9. Let T € B(H). Then
Ve e H (Tz,z)=0 = T=0

Proof. Let x,y € H suppose that (Txz,x) =0 for any x € H, then
Since (Tx,y) = i{(T(m +y),z+y) —(T(x—y),z—y) +i(T(x+iy),z+iy) —i(T(x —iy),z —iy)}
= (Tz,y) =0 Vax,yeH
Setting y = Tx we get
|Tz|? = (Tx,Tx) =0 Ve eH
= Tz=0 Ve eH
Therefore T = 0.

Remark 1.4. Theorem 1.9 is not correct in real Hilbert spaces.
1
Considering the following real Hilbert space (R?,(,)), and let T= note that (Tx,x) = 0 for all v € R?

but T # 0.

15
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Corollary 1.5. Let T,S € B(H). If (Tx,x) = (Sz,z) for allx € H, then T = S.

Definition 1.16. Let T € B(H) and M C H a linear subspace of H. Then Tjy is the restriction of T on M
such that Tpy : M — H by Tiyyz =T for all x € M.

Definition 1.17. Let (T),)nen C B(H) be a sequence of operators and T € B(H). Then
(1) (Ty)nen is said to be strongly convergent to T if

Ve eH 1i_{n | Tz —Tx|| =0

And we denote T, = T

(2) (Ty)nen is said to be uniformly convergent to T if
lim |7, —-T| =0
n—oo

And we denote T,, — T

Proposition 1.5. Let (T,,)nen C B(H) be a sequence of operators and T € B(H). Then

(Th)nen is uniformly convergent toT =—> (T )nen is strongly convergent toT

Briefly

T, —T=—T, T

Definition 1.18. Let T € B(H). Then T is said to be invertible if there exists S € B(H) such that
TS = ST = I, in which case S is the inverse of T and it is denoted by T, and I(H) denotes to the set of all

invertible operators in B(H).

Lemma 1.3. Let T, S € Z(H), and n € N. Then :
(1) The inverse of T~1 is T.

(2) The inverse of ST is T~1S~1.

(3) The inverse of T™ is T~™ (T~" = (T~1)").

Corollary 1.6. (Banach’s Isomorphism Theorem,)
Let T € B(H). If T is bijective, then T invertible.

Remark 1.5. The result of Banach’s Isomorphism Theorem is that in B(H), when T~1 exists, then it is
bounded.

Theorem 1.10. (Neumann series)
Let T € B(H) such that ||T|| < 1. Then I — T is invertible and the inverse given by
(I-T)"t=>.T" and ||(I-T)

n=0

s
1T
Lemma 1.4. Let Z(H) be the set of all invertible operators in B(H). Then IZ(H) is an open set in B(H).

Proof. Let T € Z(H) and let € = ||T_1||71, let’s prove that B(T,e) C Z(H) where
B(T,e)={Se€BH):|T—-S5| <e€}

Let S € B(T,¢) <= |T— S| <e then |[(T - $YT| < |T = S|| [T < e T~ = T~ T~ = 1

Then |(T —S)T7 <1 = I—(T—S)T~" s invertible (using Theorem 1.10).

But I — (T —8)T'=1—1+ST~!= ST, which means that ST~ is invertible.

We have S = STIT, since ST and T are invertible = S is invertible = S € I(H).

Therefore B(T,e) C Z(H), then Z(H) is open.
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Corollary 1.7. In the proof of Lemma 1.4, we proved if T € Z(H) and S € B(H) such that |T—S|| < ||T71||71,
then S € Z(H).

Theorem 1.11. F : Z(H) — Z(H) defined by F(T) = T~ is continuous.
Proof. Let (T,)) CZ(H) and T € Z(H) such that lim ||T,, —T|| =0. Since T,, — T, then :
n— oo n— oo

1
Ing eN Vn>ng ||T,—T| < = Vn>ng |[[-T'T,||=|T"YT~-T)| <|T W —T| < 5

1
<
1= | =TT,

1
12\\T‘1||
= Vn>ny |[I-T7'T,| < 3= Vn>ng T T, is invertible and ||(T~1T,) 7| <
(by Theorem 1.10), then Vn >ng |[(T~1T,)7 Y| < 2.
vnzno T = 1T TT7H < [T TITH = [T ) THITH < 21T
Then, ¥n > no Tt <277 = ilégllTJlll < max{|| T T s T 20T} < oo

2

Then, sup||T Y| <oo < 3e>0 VneN: T} <ec.
neN

Since || T = T7H| = T, (T = YT < (1T T = TITH] < ell T = TINTH — 0.
— lim T =T~ =0 <= F(T,) — F(T).
Therefore F is continuous.

Lemma 1.5. Let T € B(H) be an invertible operator. Then:
Ve e H: |1T]| = 7= ]
Proof. vy e H || T Yyl < IT Myl , let © € H setting y = Tx,and since T is invertible | T~ # 0, we get :
el = 1T~ Ta|| < | T7H T2l = | Tz = [T =l for allz € H.
Lemma 1.6. Let T € B(H) be an operator. Assume that there exists a > 0 such that ITx|| > o|z| for all

x € H, then R(T) is closed.

Proof. Let (yn)nen C R(T) and y € H such that y, —> y, since (yn)nen C R(T), there exists (xn)nen C H

n—oo
such that Vvn € Ny, =Tz, , based on the assumption, we have:

VYn,m € N: ||yn—ymll = |Txn —Txm| > al|zn —zm||, since (Yn)nen is convergent, then liIE lyn —yml| =0
n,M—00
= lim ||z, —2n| =0 <= (2,)nen is a Cauchy sequence.
n,m—o0
Since (H, || - ||) is a Banach space, then there exists x € H such that x,, — x
n—oo

We know that Vn € Ny, = Tx,, using the boundedness of T, we obtain :
y= lim y, = lim Ta, =T(lim z,)=Te = y=Tz , then y € R(T).
n—oo n—oo

n—r oo

Hence R(T) = R(T) < R(T) is closed.

Theorem 1.12. Let T € B(H). Then the following are equivalent :
(1) T is invertible.
(2) R(T) is dense in H and there exists o > 0 such that ||Tz| > «||z| for all x € H.

Proof. (1) = (2) Since T is invertible, then R(T) = H which means that R(T') is dense in H.

And from Lemma 1.5 we have that: Vo e H : ITz| > T~ =]

(2) = (1) Since R(T) is dense in H <= R(T) = H, and since there exists a > 0 such that ||Tz|| > oz
for all x € H, and using Lemma 1.6 = R(T) is closed, then R(T) = H.

On the other hand, let € N(T) <= Tz =0 = 0= |Tz| > o|jz| = ||z|| =0 <=z =0

Then N(T) C {0} = N(T) = {0}

Hence T is bijective, using Corollary 1.6 we conclude that T is invertible.

Corollary 1.8. Let T € B(H). Then T is not invertible if and only if R(T) is not dense in H or there exists
(zn)neny C H with ||z,|| =1 for all n € N such that lim Tz, = 0.
n—oo
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hapter 2

Linear operators on Hilbert spaces

This chapter is devoted to introduce definitions and basic properties of linear operators acting on Hilbert space, as well as
well-know theorems and results with their proof. Note that we purposely omit the proof of some properties and theorems

when they are straightforward or when their proofs need another concepts and knowledge.

2.1 The adjoint of a linear operator

Theorem 2.1. Let T € B(H). Then there exists a unique T* € B(H) such that
Va,y € H (Ta,y) = (2, T"y)

Proof. Consider f(x) = (Tx,y) Vx € H. First of all let’s prove that f € H' for every arbitrary y € H.
f s linear :
Letx,ze Hand A€ C:  fAx+2)=(TAx+2),y) = NTz+Tzy) = XTz,y) + {Tzy) = Af(x) + f(2)
f is bounded for every arbitrary y € H :
Let © € H, using the boundedness of T and Cauchy-Schwarz inequality, we obtain:
lf (@) = (T, y)| < | T||llyl] < IT[ly]lll=|

Therefore

Je=|Tllllyl =0 VzreH [ (@)] < ]

Then f € H' for every arbitrary y € H.
Applying Riesz’s representation theorem on f, we get

For every arbitrary y € H, there exists a unique z € H such that f(z) = (Tz,y) = (x, 2)

We set for every y € ‘H T*y = z (the uniqueness of the element z for every y enables us to say T* is
well-defined)
Hence

Ve, y € H (Tx,y) = (x, T"y)

Now we need to prove that T* € B(H)
Let A € C and y1,y2 € H, then (Txz,y1) = {x,T*y1) and (Tz,y2) = (x,T*y2)  for every x € H
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(Tz, \y1 +y2) = (&, T* (M1 + y2)) for every x € H
(Tx, My + y2) = MTz, 1) + (T, y2) = Ma, Ty1) + (2, T*ya) = (2, \T*y1 + T*ya)

Then Vx € H (, \T*y1 + T*y2) = (x, T*(Ay1 + y2)), which gives us
Ve e H (2, NT*y1 + Ty — T*(Ay1 +y2)) =0
Hence T*(Ay1 +y2) = AXT*y1 + T*ya, then T* is linear.
Let’s prove that T™ is bounded, using the boundedness of T and Cauchy-Schwarz inequality we get
Ve TP = (g, Try) = (TT7y,y) < [Tyl < |THIT*yllly)
Thus Yy eH NT*yll < IT||lyll, therefore T* is bounded.
Then T* € B(H). We just still need to prove the uniqueness of T*.
Assume that there exists S € B(H) such that Vx,y € H (Tx,y) = (x, Sy), then:

Vo,yeH:  (x,T"y) =(z,5y)
Ve,ye H: (z,T*y— Sy) =0
VyeH: T*y=Sy
Hence T* = S, so T is unique.
Definition 2.1. Let T € B(H). The operator T* constructed in Theorem 2.1 is called the adjoint of T.

Example 2.1. (1) Let S € B(¢£?(C)) be an operator defined as follows :
S(x1,x2, 253, -+ ) = (0,21, 22,23, )
S is called unilateral shift, and its adjoint is
S*(x1, 29,23, ) = (T2, 3, Zq," ")

(2) Let I € B(H) be the identity operator on H. Then we have I* = 1.
(8) Let M,,(C) be the vector space of square matrices n x n on C. If A = [a; ;] € B(C"), then A* = [a;;]

Proposition 2.1. Let T, S € B(H) and A € C. Then :
(1) (T+S)*=T*+5*

(2) (\T)* = \T*

(3) (TS)* = S*T*

(4) (T*) =T

(&) 1T = 11T

(6) | T*T|| = || T

Proof. (1),(2), (8) and (4) are straightforward.
(5)VzeH |T*z|? =(T*2,T*z) = (TT*z,x) < |[TT*x|||z|| < | T|IT*=|l||=|

7] N [T ]|
= Ve e\ {0} <7l = 7"l = sup{ F< T
]| a0 ]
R A (21)
Using 2.1 we get I(T*)*|| < ||T*|, but we know that (T*)* =T from property (4)
Then 1Tl <17l (2.2)
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From 2.1 and 2.2 we obtain ||T*| = ||T||.
(6) Let x € H such that ||z] =1
IT2|* = (Tz, Tz) = (T*Tz,x) < | T Tx|||2]| = |T*Tz||
= |17 = (sup |[T=[)* = sup ||Tz|* < sup |T*Tz| =TT

llzll=1 llzll=1 llzll=1

Then IT|1* < |77 (2.3)
Using property (5), we obtain |T*T| < [T*|IT]| = ||

Then |T*T| < |T|? (2.4)
From 2.8 and 2./ we obtain | T*T|| = ||T||*.

Corollary 2.1. Let T € B(H). Then :

1. The function f : B(H) — B(H) by f(T) = T™* is bounded (continuous) antilinear. (this comes from properties
(1),(2) and (5)).

2. T =0 in and only if T*T = 0. (it comes form property (6)).

3. Letn € N, then (T™)* = (T*)™.

Lemma 2.1. Let T € B(H). Then :

(1) N(T) = (R(T*))".

(2) N(T*) = (R(T))".

(8) N(T*) = {0} if and only if R(T) dense in H.

Proof. (1) Letx e N(T) <= Te =0 = Vy e H: (Tz,y) = (z,T*y) =0
R(T"): (z,y)=0
— 2 (R(T")*
= N(T) C (R(T*))+
Conversely, let v € (R(T*)): = Wy € R(T*): {(x,9)=0 =VyecH: (Tz,y)={(x,T*y) =0
= (Tz,Txz) =0
= Tz=0
=z € N(T)
= (R(T*))* C N(T)

= Yy €

Therefore N(T) = (R(T*))*.
(2) From (1), we have N(T*) = (R((T*)*))*, and since (T*)* =T, hence N(T*) = (R(T))>.

(3) From (2), we have N(T*) = {0} <= (R(T))* = {0} +—= R(T)=H (since R(T)® (R(T))* =H).
Then N(T*) = {0} if and only if R(T) dense in H.
Lemma 2.2. Let T € B(H) be an invertible operator, then (T~1)* = (T*)~L.

Proof. We have TT~' = T~ = = (TT-1)* = (I"~'T)* = I*
s (T T =TT ) =1
— (T = (T
Corollary 2.2. Let T € B(H). Then the following are equivalent :
(1) T is invertible.
(2) N(T*) = {0} and there exists o > 0 such that ||Tz| > a|z| for all z € H.

Proof. By Lemma 2.1 and Theorem 1.12.
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2.2 Some classes of linear operators in B(H)

Definition 2.2. Let T € B(H). Then T is called:

e Self-adjoint operator : T* =1T.

e Normal operator : TT* =T*T.

e Positive operator : VYx € H: (Txz,z) > 0, and we denote T > 0.(T is strictly positive operator if
Ve e H\{0}: (Tz,z) >0, and we denote T > 0)

Unitary operator : TT* =T*T = 1.

Isometry operator : T*T = 1.

Projection operator : T?> =T.

Orthogonal projection operator : T?> =T = T*.
e Quasinormal operator : T(T*T) = (T*T)T.
e Hyponormal operator : T*T > TT*.(T > S if and only if T —S >0)

Theorem 2.2. Let T € B(H). Then :

(1) T is self-adjoint if and only if (Tz,z) € R for all x € H.

(2) T is normal if and only if || Tx| = |T*z| for all z € H.

(3) T is unitary if and only if ||Tx| = |T*z|| = ||z| for all x € H.
(4) T is hyponormal if and only if || Tz|| > || T*z| for all x € H.

Proof. (1) Assume that T is self-adjoint, then Vo € H (Tz,z) = (z,T*z) = (x,Tx) .
Then (Tx,z) = (Tx,x), therefore (Tx,x) € R for all x € H.
Conversely, suppose that (Tx,z) € R for all x € H, then
(Tz,z) = (x,Tz) = (T*x,2) = (T —T*)x,x) =0 forallzecH.
By Theorem 1.9, we get T —T* =0, hence T is self-adjoint.
(2) T is normal <= T*T —TT* =0 <= Ve e H: ((T*T —TT*)z,x) =0
= VeeH: (TTz,z)=TT*z,x)
= Vz eH: (Ta,Tz) = (T*x,T*x)
Ve eH: |Tz|?=|Tz|>
<~ Ve eH: |Tx|| = || T*||
(8) Assume that T is unitary <= TT* =T*T = I, then T is normal <= ||Tz|| = [|T*z| Vz € H.
So we just need to prove that Ve € H: ||Tz| = ||=||.
|Tz||?> = (Tx, Tx) = (T*Tx,z) = (x,2) = ||z|?, therefore || Tz| = ||T*z| = ||=|| for all x € H.
Conwersely, suppose that ||Tz| = ||T*x| = ||z|| for all x € H, then TT* =T*T (using (2)).
So we just need to prove that T*T = I, we have that | Tx| = ||z|| for all x € H. Then:
|Tx||? = (Tz, Tz) = ||z||*> = (z,2) = (T*Tx,2) = (v,2) = (T*T —I)x,z) =0 forallx e H = T*T = 1.
Thus T is unitary.
(4) T is hyponormal <= T*T —TT* > 0 <= Vz € H: (T*T —TT*)x,z) >0
= VeeH: (T*Tz,z) > (TT*x,x)
= VeeH: (Tz,Tz)>(T*z,T*x)
Ve eH: |Tx|?>|Tz|?
= VeeH: |Tz|>|T*=|

Corollary 2.3. Let T € B(H). Then the following assertions are equivalent :
(1) T is isometry.
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(2) (Tx,Ty) = (x,y) for all x,y € H.
(3) | Tx|| = ||z|| for all z € H.

Proof. Proceeding the same as the proof of Theorem 2.2.

Proposition 2.2. Let T € B(H) and S be the set of all self-adjoint operators in B(H). Then :
(1) Let a, p € R and T1,T5 € S, then o171 + 15 € S.

(2) If T €8, and p is a polynomial of real coefficients, then p(T) € S.

(3) If T € S and T is invertible, then T™* € S.

(4) TT*, T*T € S.

(5) S is a closed subset of B(H).

Proof. (1),(2),(3) and (4) are easy to prove.
(5) Let (Ty)neny C S and T' € B(H) such that T,, — T, then
n—oo

Using the fact that | T —T*|| = ||(T, = T)*|| = ||T. - T|| = T — T*
ButvneN T =T, =T, — T*, from the uniqueness of the limit T* =T.
Then S is closed.
Theorem 2.3. If T € B(H) is self-adjoint, then ||T|| = sup [(Tz,z)]|.

llzll=1
Proof. Let ||z| =1, we know that |(Tx,z)| < ||Tz|||z| < |T||||=||* = ||T||.
Then

”81”181|<T$, )| < |7 (2.5)

Setting B = sup |(Tz,x)|, thenVe € H:  |[(Tx,z)| < Br|z|?
llzll=1

1
Since T is self-adjoint, we have R{Tx,y) = Z<<T(w +y)z+y) — (T(x—y),z—vy)) for all z,y € H. Then:

Ve,yeH:  |R(Tx,y)l

IN

((T(x+y),z+y)+ T(x—y),z—y))

I
N N R N

Br(llz +ylI* + = — yl*)

Br(ll=]* + Ilyl*)

1

T ||T~"C for all ||z]| = 1 such that | Tz|| # 0, we obtain:
X

1

[T|| <Br

sup || Tz|| <pr
o)l =1

Then

17| < HSIHIP1|<T$, )| (2.6)

Combining 2.7 and 2.8, we get that | T|| = sup |(Tz,x)|.

flzll=1
Theorem 2.4. (Cartesian form,)
1
Let T € B(H). Then there exist self-adjoint operators R and S such that T = R+ iS where R = §(T +T%)

1
and S = 2—(T —T*). R is called the real part of T and it is denoted by R(T), while S is called the imaginary
i

part of T and it is denoted by (T).
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Proposition 2.3. Let T € B(H). Then :
T is positive => T is self-adjoint = T is normal = T is quasinormal = T is hyponormal

Proof. All these implications are clear :

T is positive => T 1is self-adjoint = T is normal = T is quasinormal

So we just need to prove that T is quasinormal = T is hyponormal.

Let T be a quasinormal operator < (T*T)T = T(T*T), then (T*T)T = (TT*)T.
ThusVe e H (T*T —TT*)Tx =0 = Ve € R(T) (T"T —-TT*)z =0.

Let’s prove that Vx € R(T) (I*T —TT*)x =0, let x € R(T) <= 3(xn)nen C R(T) such that z,, T
VneN: (T*T —TT*)x, =0, since T and T* are bounded, we obtain :

lim (T*T — TT*)z, = 0 = (T*T — TT*) lim z, =0 = (T*T — TT*)z = 0.

n— oo n—roo

Then Yz € R(T): (T*T —TT*)x =0, therefore

(I°T = TT*) 7575 = 0 (2.7)

From theorem of orthogonal decomposition, we have H = R(T)@® (R(T))*, also we know that (R(T))*+ = N(T*).
Then H = R(T)® N(T*), let x € N(T*) < T*x = 0. Then:
Vo e N(T*): ((T*T —TT*)z,x) = (I*Tz — TT*z,x) = (T*Tx,z) = (Tx,Tx) = |Tz|*> > 0, then

(T"T =TT")|n(r+) 2 0 (2.8)

So Yz € H, there exist x1 € R(T) and xo € N(T*) such that x = x1 + x2. Using 2.7, we get:

(T*T —TT )z, x) = {(T*T — TT*)(x1 + x2), 21 + T2)
= (T*T - TT*)xl, x|+ x2> + <(T*T — TT*)QL‘Q, xr1 + .T2>

{
{
(T*T = TT*)w3, 1) + (T*T — TT* )22, x2)
{
{

= (T2, (T*T — TT*){IJ1> + <(T*T — TT*)xg, x2>

(T*T — TT*):L'Q, 1’2> Z 0
Therefore T*T — TT* > 0, thus T is hyponormal.
Theorem 2.5. Let T € B(H) be a normal operator and n € N, then |[T"| = ||T||™.

Proof. Forallm e N : ||T™|| < ||T|I" is always held.
So we need to prove that ||T||™ < |T™|| for all n € N, in case T is normal.
By induction. First, for n =2, let x € H, then:

|IT|* = (Tx, Tw) = (T*Tw,x) < ||T* T ||
On the other hand, we have:
|T22||? = (T?2, T?z) = (T*TTx,Tx) = (TT*Tx,Tx) = (T*Tx, T*Tx) = | T*Tx|?
Then || T?z| = ||T*Tx|| for all x € H, therefore
IT]* < |72 [l]] < |1 72]|=]*

Thus ||T* < || T].
Second, suppose that ||T||™ < |[|T™]| is true, and let’s prove that ||T||"*t < [|T™ || is also true. Let x € H:

|T"z||> = (T"x, T"z) = (T*T"x, T" *z) < | T*T"z||||T™ 'z
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On the other hand we have ||T*T"x|| = | T" x| for all x € H, since:
|T*T"z||? = (T*T"2, T*T"z) = (TT*T"x, T"z) = (T*T" o, T"zx) = (T" e, T 2) = |7 2|2

Therefore, for all x € H we have:
1T < |7 || T 2|

Thus
1T < |77

So that
T2 < [Tt

But we have that | T||?>™ < ||T"||?, then
17 < i)t

As a result

7| < 7|
Hence || T"|| = ||T||™ for all n € N.

Theorem 2.6. (Fuglede’s theorem) Let T € B(H) be normal and S € B(H). Then :
TS =ST = T*S =5T"

Proposition 2.4. Let T € H is a normal operator. If there exists o> 0 ||Tz|| > a||z|| for all z € H.
Then N(T*) = {0}.

Proof. T is normal <= Ve € H ||Tz| = ||T*z|, let € N(T*) <= T2 =0
Then 0= ||T*z|| = ||Tz| > a|z|| = ||z|]| =0 <= 2=0= N(T*) = {0}.

Corollary 2.4. Let T € H is a normal operator. Then the following are equivalent :
(1) T is invertible.
(2) There exists o > 0 such that ||Tz|| > || for all z € H.

Proposition 2.5. Let T, S € B(H). Then :

(1) T is unitary if and only if T is an isometry with R(T) = H.
(2) If T is unitary, then ||T|| = 1.

(3) If T and S are unitary, then T'S is also unitary.

Proof. (1) If T is unitary = T is an invertible isometry, and since T is invertible, then R(T) = H.
Now suppose that T is an isometry with R(T) = H, since T is an isometry — N(T) = {0}.

And we have that R(T) = H = T is bijective = T is invertible.

We have that T*T =1 = T*TT ' =T ! = T-1 =T*.

Then T*T =T T =TT ' =TT*=1 = T*T=TT* = 1.

Therefore T is unitary.

(2) T is unitary <= Ve € H ||Tz| = ||z|| = sup ||[Tz| = sup |z|]| = 1.

Honee 7] — 1. leli=1 lel=1

(3) Let T, S be two unitary operators, then (TS)*TS = S*(T*T)S =S5*S =1

The same TS(TS)* =T (SS*)T* =TT* =1, then (TS)*TS =TS(TS)* =1.

Hence T'S is unitary.
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Proposition 2.6. Let P € B(H) be an orthogonal projection. Then :
(1) P is a positive operator.

(2) R(P) is a closed linear subspace of H.

Proof. (1) Letx € H (Pxz,z) = (P?x,x) = (Pxz, P*x) = (Pz, Pz) = | Px||* > 0.

Then P is positive.

(2) Let y € R(P), there exists (yn)nen C R(P) such that nl;rrgo Yn =Y, since (Yn)nen C R(P).
= J(zp)neny C H such that Vn € Ny, = Px,, we have that

y = lim y, = hm Pz, = lim P2z, = lim PPz, = lim Py, = Py = y € R(P).

n—oo n—oo n— oo n—roo

Hence R(P) is closed.
Theorem 2.7. Let T € B(H) be a strictly positive operator with closed range R(T), then T is invertible.

Proof. Let T € B(H) such that T >0 <= Vz € H\ {0} (Tz,z)>0.

Assume that {0} C N(T) = 3xg € H\{0}: 2 e N(T) = Txo =0 = (T'zp,z0) = 0.
But this contradicts T > 0, then N(T) = {0}.

On the other hand, since T >0 = T is self-adjoint = N(T) = N(T*) = {0}.

We know that N(T*) = (R(T))* = {0} = R(T) = H.

Since R(T) is closed = R(T) =H.

Hence T is bijective => T is invertible. (using Banach’s Isomorphism Theorem,)

Remark 2.1. If T € B(H) is a strictly positive operator, this doesn’t imply that T is invertible.
As counterezample, considering T : £?(C) — €*(C) such that T(z,) = (xn/n), it is clear that T € B(¢£*(C)).

o0 2
Letx € (*(C): (Tz,z) Z Z‘xn| (Ta,2) >0 forall z € £*(C)\ {0}

Then T is strictly positive, now let’s prove that T is not invertible.

1 ifn=m
Let (Xm)men C €2(C) such that T, = (T m) where Ty, m =
0 otherwise

(we can write it this way Ym € Nz, = (0,0,---, 1 ,0,0,-++) ), it is obvious that (Tm)men C £2(C).

component m
1

And, Vm € N ||z,n|| = 1, we have that Vm € N | Tz ||? = (T2, Txy) = pcy

Then lim ||Tx,,| =0, depending on Corollary 1.8, we obtain that T is not invertible.
m— o0
Corollary 2.5. If H is finite-dimensional and T € B(H) is strictly positive, then T is invertible.

Corollary 2.6. Let T, S € B(H), and a > 0. Then :

(1) T*T and TT* are positive operators.

(2) If T is positive, then oT is positive too.

(8) If T and S are positive, then T + S is positive as well.

Proposition 2.7. Let T € B(H) be a positive operator and n € N. Then :
(1) T™ is positive.

(2) Let p be a polynomial of positive coefficients, then p(T') is positive.

(3) If T is invertible, then T~ is also positive.

Proof. (1) Since T is positive => T is self-adjoint, if n is even, then there exists k € N such that n = 2k.
Letx € H  (T'az,z) = (T%x,2) = (TFx, (TF)*z) = (T*z, (T*)Fx) = (T*z, T*z) = | T*2|]*> > 0.
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In this case T™ is positive.

If n is odd, then there exists k > 0 such that n =2k + 1. Let x € H

(Trz,x) = (T?** 1y x) = (T*+Hlg, TFx) = (TT*x, T*z) > 0 (because T is positive).

Overall T™ is positive for all n € N.

(2) Since p(T) = apl + a1 T+ - -+ + @, T™, where a; > 0 for all 0 < i < n, by Corollary 2.6 and (1), we obtain
that p(T') is positive.

(3) Assume that T is invertible, and we have Vo € H (Tx,z) >0, thenVex € H  (TT 'z, T 'z) >0
ThusVx € H (x, T 'x) >0 = Vo € H (T 'z, z)>0, therefore T~! is positive.

Theorem 2.8. Let T, S € B(H) be two positive operators. Then ST is positive if and only if S commutes T
ie. ST=TS.

Proof. Assume that ST is positive, then Vx € H (STz,z) > 0, then:
VeeH: (STz,z)=(z,(ST)"z) = (z,TSz) = (TSx,2) =VeeH: ((ST-TS)z,z)=0.

Thus ST —TS =0, hence ST =TS.
Now suppose that ST =TS, if S =0, it clear that 0 = ST > 0.
Let S # 0, then:

S

S = —
IS

Sn—i—l :Snfsfw Vn e N
Note that S,, is written as a polynomial of real coefficients of S, then S, is self adjoint for all n € N.
Let’s prove by induction that 0 < S,, < I for alln € N. First, for n =1, we have:
S1 = ”—SH, since S > 0, then S1 > 0. On the hand, let x € H:

S
(S2.2) < |Sallle] < Sl = [S)w,2) = (o

z,z) < (z,x)

Thus S1 < I, hence 0 < 57 < I.

Second assume that 0 < S,, < I is held, and let’s prove that 0 < S,41 < I.

Note that Spi1 = S2(I — S,) + Sn(I — Sy,)?, since S, and I — S,, are written as a polynomial of S.

Then Sp(I —S,) = (I — S,)Sn, let x € H:
(S2(I = Sp)x, ) = (Su(I — Sp)x, Spz) = (I — Sn)Snx, Spx) >0 (since I — S, >0)

And (S (I — Sp)%x,2) = (I — Sp)Sn(I — Sy, x) = (Sp(I — Sp)x, (I — Sp)x) >0 (since S, >0)
Thus Sp+1 > 0.

We have I — Sy =1— 8, + 52,
Then 0 < S, <1I for alln € N.
Obverse that S, = S2 + S,11, then S| =87 + S0 =S2 + S+ S3=--- =52+ S5+ + 82+ S, 11
Thus

but I — S, >0 and S,Zl >0, therefore S,p+1 < 1.

Sf+S§+~-~—|—S§L =51 — Spt1 <81 (since Spy1 > 0)
So VreH andneN: i |Siz||? = i (S;z, S;x) = i (S2x,x) < (Six,7)
i=1 i=1 i=1
Which means that Vx € H : i |Siz||? < (Six,2) = (i |Siz||*)nen is convergent for all x € H.
i i=1

1=1
Therefore  lim || Spz| =0 for all x € H.
n—oo
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Since we have, Vx € H and n € N :
Then

i=n i=n
2:1 S2x = S1x — Spp1z = || Zl Sy — Siz|| = ||Spy1z||
i= i=

i=n i=n
. ; 2 _ ) ; 2. _
Ve e H: nl;rrgo||25ix—51x||—0<:>Vx€H. nl;rrgozgsix—Slx
i= =
Since Sy, is written as a polynomial of S, and T commutes with S, therefore T commutes with S, for all n € N.

And using the fact that S = ||S||S1, we obtain :

VeeH: (STxz,z)=|S|(S1Tz,x) = |S||(TS1z, )

— s 2
= ||S||<Tn1;H;o;Siw,x>

i=n

— : 2
= |19 nh_{rgo ;(TSi x, )

= [|S| lim_ ;<SiTSi$a$>
=S|l nh_{rgo Z(TSix,Si@ >0 (T'>0)

i=1

ThusVx € H :  (STx,x) >0, hence ST > 0.
Corollary 2.7. Let T, S € B(H) such that 0 < S <T and TS = ST, then 0 < S™ <T" for alln € N.

Proof. By Preposition 2.7, S™ >0 and T™ > 0 for all n € N.
By induction let’s prove S™ < T™. First, for n = 2, then:
Since TS = ST, then T? — S? = (T + S)(T — S). We have that T+S >0 and T — S >0 (since 0 < S <T),
and it is easy to see that (T + S)(T' —S) = (T — S)(T+S).
By Theorem 2.8, T> — S? = (T + S)(T — S) >0 = S% < T?.
Second, assume that S™ < T™ is correct, and let’s prove that S™T1 < T™HL 4s correct as well.
Notice that
T — gt = (T — S™) + (T — S)S"™

We have that T > 0 and T™ — S™ > 0, and using the fact that TS = ST, we get:
(1" — 8" =T — 78" =T — §"T = (T™ — S™)T

Which means that T(T" — S™) = (T"™ — S™)T, thus T(T™ — S™) > 0 (by Theorem 2.8)
The same T — S >0 and S™ > 0, and (T — S)S™ = S™(T — 5), then (T — S)S™ > 0.
Therefore T™t1 — S"+1 >0, hence 0 < S™ < T" for alln € N.

Theorem 2.9. (Generalized Schwarz inequality)
Let T € B(H) be a positive operator. Then:

Va,y € H (T, y)[> < (T, 2)(Ty,y) (2.9)
Proof. Lett € R and x,y € H, since T is positive we have :
0 <(T(x+ty),x +ty) = *(Ty,y) + t((Tz,y) + (Ty, x)) + (T, x)

But (Ty,z) = (y, T*z) = (y,Tx) = (Tx,y) = (Tx,y) + (Ty,x) = 2R(Tx,y).

Then Vz,yc€H VteR t2(Ty, y) + 2tR(Tx,y) + (T, z) > 0.
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Since  t2(Ty,y) + 2tR(Tx,y) + (Tx,z) < t*(Ty,y) + 2t|(Tx,y)| + (T, z).
Thus VYx,yeH, VteR: tX(Ty,y) + 2t|(Tz,y)| + (Tx,z) > 0.
Therefore Yx,y € H: A =4|(Tz,y)]* — 4Tz, 2)(Ty,y) <O0.

Hence Yx,y € H Tz, y)|* < (Tz,z)(Ty,y).

2.3 Square root and the absolute value of a linear operator

Definition 2.3. Let T € B(H). A square root of T is an operator S € B(H) such that T = S2.

Remark 2.2. There are operators do not have any square root, and others might have many or infinite square

roots. For instance A= does not have any square root, and I= has infinite square roots of the
0 0 0 1

a b
form such that a®> +bc =1, and I.
c —a

Definition 2.4. Let T € B(H). Then the commutant of T is denoted by {T} such that :
{TYy={SeB(H): TS =S5T}

Corollary 2.8. (1) {T} c {T™} for alln € N.
(2) If X € C\ {0}, then {\T} = {T}.
(3) {T} C {p(T)} where p(T) is a polynomial of T.

Definition 2.5. Let (T},)nen C B(H) be a sequence of self-adjoint operators, then (T, )nen is said to be bounded
monotone increasing, if there exists T € B(H) such that Ty <Tp < -+ <T, <---<T.

Theorem 2.10. If (T),)nen C B(H) a sequence of positive operators is bounded monotone increasing, then there

exists a positive operator T € B(H) such that T,, = T.
Proof. Since (T,,)nen is bounded monotone increasing, then there exists positive S € B(H) such that
0<Th <L <---<T, <---<S

Let x € H we have that (T,x)nen C H, since (H, ||.||) is @ Banach space, so to prove that (T, x)nen is convergent,
it is enough to prove that (Tpx)nen is a Cauchy sequence.

Let n,m € N such that m <mn, then T,, — T,, > 0, by Theorem 2.9, we obtain:
(T = Tw)ael|* = (T = Ton)a, (T = Trn)2)* < (T = T ), @) (T = Ton) (T = Ton), (T = Tin))
We have that T,, — T,,, < T,, < S, then:
(To=Tn)(Ta=To)a, (Ty=T)a) < (S(To=Tpn)z, (To=Tpn)z) < |S(Tu=Ton)||[(To=Tm)|| < ISI[(T5 = T)|?
Then (T, — T ) (T, — Tz, (T, — Tin)z) < ||S|II T — Tm)x||2, therefore:
(T = T)zl* < ISIUT0 = Ton)z, )| T = To)|* = | T = Tnel|* < IS T — T, )

On the other hand, we have that ({(T,x,z))nen C R, since Ty < Ty < --- <T,, then:
VYneN (Thz,z) < (Thw,z) <--- < (Thz,x), thus ((Thx, T))nen 5 increasing sequence for all x € H.
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Since Vn € N T, < S, thenVn € N (T,z,z) < (Sz,z), therefore ({T,x,x))nen is bounded from above for
all x € H. Which means that ((T,,z,x))nen is convergent for all x € H. Then:

lim || T2 — Tzl|* < ||S|( lim (Thx,x) — lim (Ty,2,2)) = 0
n—oo

n,m—oQ m— o0

Then lim ||[Thx —Th| =0 < (Thz)nen s a Cauchy sequence <= (T, x)nen is convergent for all x € H.
n,m—o00
We set for allz € H  Tax = lim T,z, now let’s prove that T € B(H) :
n—oo
Let x,y € H and A € C:

Tz +y)= lim T,( Az +y) = lim X, o+ T,y =A lim Toa+ lim T,y = Tz +Ty
n—oo n—oo n—oo n—oo

Hence T is linear. Let’s prove that T is bounded:
Let x,y € H and Vn € N : Tz, y)|? < (Thz,z)(Twy,y) (by Theorem 2.9).
Since Vn € N T, <SS = (Thz,z) < (Sz,z) <|S|||z]|?* the same (Tny,y) < |S|l|y||>.
Then (T, y)* < ISI2 |22 lyll*, setting y = Tz, we get :
VeeH andVn e N  ||Thz|* = (T, Tox)® < ||S)2)|2)? | Taz||?
Thus Yx € H and ¥n € N ITnx|l < IS)|z]] = Ve e H 1Tzl < IS|I|=]
Then T is bounded, hence T € B(H).
We just still need to prove that T is positive, let x € H :
VneN: T,>0=VneN (T,z,z2)>0= lim (T,z,z) >0= (lim T,z,z) > 0= (Tx,z) >0

n—oo n—oo

Therefore T is positive.

Corollary 2.9. If (T),)nen C B(H) is bounded monotone increasing, then there exists T € B(H) such that
T, = T.

Proof. Since (Ty,)nen is bounded monotone increasing, then Ty <Tp < --- < T, <--- < S.

Setting S, = T,, —T1 for alln € N, note that S,, >0 and S —T7 > 0.

Then we have 0 < S7 < Sy < --- < S, < .- < S—1, by applying Theorem 2.10 on (S, )nen, there exists
S e B(H) positive such that Sy, LN S/, and since Ty, = Sy, + T for alln e N = T,, - S + 1.

Thus 3T € B(H): T =18 + Ty such that T, = T.

Theorem 2.11. For any positive operator T € B(H), there exists a unique positive square VT € B(H) such
that {T} C {NT}. In addition, VT is a limit of a polynomial of T.

Proof. First of all, if T =0 => S = 0 verifies S> =T, S = 0 is the unique positive square root of T = 0,
because if 3" € B(H) a square root of T such that S #0 = ||S'z||? = (S'x, S z) = ((S')2z,2) = 0, Vo € H.
Then S" =0 = /T = 0 is the unique positive square root and {T'} = {0} = {V/T}.
Assume that T # 0, we know that T < ||T||I, then ﬁT <I, setT = ﬁT, thus T < I.
Let S,, be defined as follows :

So=0 andV¥n >0 S,11=5,+ %(T/ - S2)

/ ]. /
Note that S, is written as a polynomial of T , and its coefficients are real, for example S1 = §T and

Sy =T — %(T/)2 and so on, and it can be easily proved by induction. By Preposition 2.2 S, is self-adjoint for
alln € N, moreover {T'} € {S,,} for all n € N by Corollary 2.8.
We have that :

So<5<L--<8, <LK (2.10)
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1., 1 1 / 1
Since Yn >0 : I—Sn+1:I—Sn—§T +§SZ=§(I—T)+§(S%+I—2S7L)

Then¥n >0 :  [—Spi1— %(I _T)+ %(Sn oy

Since T < I, and (S, — )2 >0 for all n > 0, therefore ¥n >0 : I-S5,,1>0
Since So = 0, we obtain that ¥Yn >0 : S, <1

Now we just need to prove that, V/n >0 : S, < Sp11

By induction. First, for n =0, we have So =0 and S, = %T/ — 5< 5

Second, assume that S,, < Sp41 is true, and let’s prove that Syp+1 < Spi2 is held.
1 1 1 ., 1

42 = Onpl =Sny1+ 2T — =82, =8, — =T + =57

Snt2 — Snt1 +1+2 25n+1 S 5 +25n

1 1
255721 - Sn + Sn+1 - §SZ+1

1 1

:§(I+ S —28,) — 5(1 + 55,1 = 2S041)
1 1

25(1 - Sn)2 - 5(1 - Sn+1)2

We have I — Sy, — (I — Spt+1) = Spt1 — Sn >0, then I — S, 11 <1-5,.
Therefore (I — Sp11)? < (I —S,)? (by Corollary 2.8), so that %(I - 8,2 - %(I —Sn1)?>0.
Hence Sy 42 — Sp+1 > 0, which means that Sp19 > Sp41.-
Then 2.10 is held. By applying Theorem 2.10 on (Sy)nen, 3S € B(H) a positive operator such that S, — S.
Since Sp+1 = Sp + %(Tl —52), then S =S + %(T/ —S?), thus S =T .
Now let’s prove that {T"} C {S}, let R € {T"} and x € H. Using the fact that R is continuous and {T"} C {S,},
we obtain :
RSz = R( lim S,z) = lim RS,z = nILH;o SpRx = SRz, hence RS = SR

n—oo n—oo
Then {T'} C {S}.
Now let’s prove the uniqueness of S that satisfies S2 = T', assume that there exists a positive operator S’ € B(H)

such that (S)2 =T'. Then:
TS =888 =85T =5 e{T'} = 5 €{S} (since{T'} C {S})

Then (S —S)(S+S5)=52—(58)2 -85 +5885=0 (since 2= (S)2=T and S'S =55")
Thus (S — S )z =0 for all z € R(S+S'). Let’s prove that (S — S )z =0 for all z € R(S+ S").
Let x € R(S+ S), then there exists (2,)nen C R(S +S') such that lim z, = x, then:

n—oo

vneN: (S—8)z,=0= lim (S—8)z,=0= (S—5) lim z, =0 = (S — 5 )z =0.

n—>00 n—00
Then (S — S )x = 0 for allz € R(S + S"). By orthogonal decomposition we have H = R(S +S) ® R(S+ S )*.
And R(S+ S )L =N(S+S8))=N(S+5") (since S+5 >0), thenH=R(S+S)BN(S+5).

Letz € N(S+5S') <= Sz+Sz =0, and since (Sz,z),(S' z,x) >0, and (Sz+ S ,z) = (Sz,z)+ (S z,2) = 0.
Then (Sz,x) = (S'x,xz) = 0, and since S > 0, then IR € B(H) a positive operator such that R* = S. Then:

(Sz,z) = (R*z,z2) = (Rx,Rx) = |[Rz||* =0 = Rz = 0= Sz = RRz = 0 = Sz = 0.

Since Sz + 8z =0= Sz =0 as well, then Sz =Sz =0 for allz € N(S+5").

Therefore (S — S )a = Sz — Sz =0 for allz € N(S+5").

Thus (S — Sl)x =0 for all z € H, then S =S . Hence S is unique.

We get that there is a unique positive operator S*> =T and {T'} C {S}, and since T" = ﬁf
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Then T = |T||S? = (/I T|8)? and {T} = {T'} c {S} = {\/IT|S}. (check Corollary 2.8)

The uniqueness of S gives the uniqueness of \/WS. then VT = \/WS 1s the unique positive square root of
T, and {T} C {VT}.

Then for all T > 0, there exists a unique positive square root /T, and {T} C {\/T}, and VT is a limit of a

polynomial of T as we have seen in the proof.

Remark 2.3. (1) Theorem 2.11 does not deny the existence of non-positive square roots for positive operators,
as it is shown in Remark 2.2, I > 0, but it has infinite square roots, however the only positive one is I.
(2) When we say a square root of a positive operator we mean the unique positive square root as defined in

Theorem 2.11.

Proposition 2.8. Let T € B(H) be a positive operator. Then :
(1) |VT|| = /ITI-
(2) N(WT) = N(T).
(3) RWT) = R(T).

Proof. (1) Let x € H:  ||VTz|? = (VTx,VTx) = (Tz,2) = sup |VTz||> = sup (Tz,x)
llzll=1 llzll=1
Since T > 0, then T is self-adjoint, by Theorem 2.3 ||T|| = sup (Tx,x). ((Txz,x) >0)
llzll=1
Then [IVTI|* = T, hence |VT| = /T

(2) N(T) C N(VT), let x € N(T) <= Tx =0, and we have |v/Tz|? = (Tx,z) = 0.

Then |[VTz|| =0 <= VTz =0 <= x € N(\/T), therefore N(T) C N(VT).

N(WT)C N(T), letx € N(VT) <= VTe =0 = VTVTzx =0 = Tz = 0.

Then x € N(T), thus N(VT) C N(T). Hence N(VT) = N(T).

(3) Since N(VT) = N(T), and we have N(VT) = R(VT)* and N(T) = R(T)* (T and VT are self-adjoint)

Then R(VT)* = R(T)* = (R(VT)*™)* = (R(T)*)* = R(VT) = R(T) by Corollary 1.3.

Corollary 2.10. Let T, S € B(H) be two positive operators, then :

TS = ST < VTVS =VSVT
Proof. e Assume that VTS = V/SVT, then:
TS =VTVTVSVS = VTVSVTVS = VSVYTVSVT = VSVSVTVT = ST

Thus TS = ST.
e Suppose that TS = ST. Since TS = ST and {T} C {V/T}, then VTS = SVT. And since VTS = ST and
{S} ¢ {V/S}, hence VTS = /SVT.

Proposition 2.9. Let T, S € B(H) be two positive operators such that T'S = ST. Then :
(1) VTS =vTVS.

(2)IfS<T = /S<VT.

(3) VT + S < VT + V5.

Proof. (1) SinceT >0 and S >0 and TS = ST = TS > 0 (by Theorem 2.8), then T'S has a unique positive
square root (by Theorem 2.11). Using Corollary 2.10, we obtain :

(VIVEY = VIVSVTVS = VIVIVEVE = TS = (VIVS) =TS
Since ﬁ,\FS >0 and VTVS = \/g\/T, then VTV'S > 0, therefore VTS = VTVS (by the unique of the

positive square root of T'S).
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(2) IfS<T, then T — S >0,let x € H :
(VT =VS)(VT + V8, WT + VS)z) = (T — S)x, (VT + VS)z) = (VT + VS)(T — S)z, z)
Since VT ,/S >0, then VT + /S > 0, and we have that T — S > 0, and since
(VT +VS8)(T - 8) = (T — S)(VT + V/S)

Then by Theorem 2.8, we get (VT ++/S)(T — S) > 0, therefore

(VT =VS)WT +VS)z, (VT +VS)x) >0 for allz € H
Thus (VT —/S)y,y) > 0 for all y € R(VT +V/S).
Lety € R(VT +V'S), 3Yn)nen C R(VT ++/S) such that lim Yn =Y, then:

Vn e N: (VT = VS)yn,yn) > 0= lim (VT —VS)yn,yn) > 0= (lim (VT — V'S)yn, lim y,) >0

n—oo n—o0

Therefore (VT —/S)y,y) >0 for ally € R(\/T—F V'S), thus

VT — f wmivs 20 (2.11)

Using orthogonal decomposition theorem, we get H = R(VT +/'S) @ (R(VT + v/'S9))*.
But (RWT +V9)t = N(WT +VS8)*) = NWT +VS), then H = R(VT +VS) & N(WVT + VS).
Let t € N(VT ++/5S) <= Tz + Sz =0 < Sz = —\/Tx, then:

(VT = VS)x,2) = 2VTx,x) = 2(VTx,z) >0

And (WT — VS)z,z) = (—2v/Sz,2) = —2(+/Sx,2) <0
Thus (VT — v/ S)z,z) =0 for all z € N(VT +V/S).
Let x € H, there exist v1 € R(VT ++/S) and x5 € N(NT + /'S) such that x = 1 + xa, then:
(VT = VS)z,2) =((VT — VS) (21 + 32), 21 + 2)
=((VT = VS)z1,21) + (VT — VS)w2,23) + (VT — VS)w1,22) + (VT — VS) 22, 21)
=((VT = V8)ay,a1) + (VT = VS)ay, ) + (VT = VS)wz,11)
If £1 € R(VT 4+ /S), there exists y € H such that x1 = (VT 4+ /S)y, recall that x5 € N(VT ++/S), and using
the fact that (ﬁJr \/g)(ﬁf \/g) = (\/T* \/E)(\/T+ \/E), we obtain :
(VT = VS)a1,22) =(VT — VS)(VT + VS)y, z2)
(VT +VS)(VT = VS)y, 2)
=((VT = VS)y, VT + V/S)zz) =

And since (VT — /Sy, 1) = (VT — /S)x1, 23), then:

(VT = VS)a1,23) = (VT —VS)zg, 1) =0 Va, € RWT +VS)
And we can easily extend it to R(VT +/8), and we get:

(VT = VS)a1, 1) = (VT — VS)az,21) =0 Vay € RWT +V5S)

Then (VT —VS)z,z) = (VT — v/S)x1,21) >0 (using 2.11)
Thusﬁf\/EZO, hence\/ggx/f.
(3) We have that VTS = \/SVT, then:
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T+S—(T+VS?2=T+S8—(T+S+2/TVS) = —-2JT8

Since VTV'S > 0, then —2/T/'S < 0, which means that T + S — (\/T—i— \/§)2 <0.
Thus T+ S < (VT +V/8)?, since (T + S)(NT +v/'S)?> = (VT + VS)*(T + S), and using (2) we get:

VT +8 <\/(VT +VS)?
Since VT + /S >0, then VT + S < VT +/S.

Theorem 2.12. Let T, S € B(H) be two positive operators and X € B(H) such that TX = XS and |T| = ||S]].
Then :

VTX = X8

Proof. From Theorem 2.11, we have VT = lim S, (T) such that:

n—oo

Su(T) = ar(ITNT + a2(|TINT? + -+ + an (| TINT™

We mean by a;(|T||) that o; is dependent of || T, and the same V'S = lim S, (S).
n— oo
Then using TX = XS, |T|| = ||S|| and continuity of X, we get:

VIX = lim S,(T)X = lim (o (|TI)TX + ax(ITNT>X + -+ (|T])T"X)

Jim (on([|IT)XS + az(|TI)XS* + - + an (| T])XS™)
= lim X(ar(|SII)S + az(lIS1)S* + - + an((ISI)S™)
= X lim (2 (SIS + as(ISI)S? + -+ an(|S])S™)
= XVS

Hence VTX = X+/S.

Corollary 2.11. (1) Let T, S € B(H) be two positive operators and X € B(H) such that TX = SX and

IT|| = ||S|. Then : VTX =/SX
(2) Let T, S € B(H) be two positive operators and X € B(H) such that XT = XS and |T|| = ||S||. Then :
XVT =XVS

Corollary 2.12. Let T € B(H) be a positive operator, then the following are equivalent :
()T<I (912 <T (3) 7] <1

Proof. (1)=(2) : SinceT <1I, then T,]—T >0 and T(I—-T)= (I —T)T, therefore T(I —T) > 0.
Then T —T? >0, hence T? < T.

(2)=(3) : Since T?> < T, then Vo € H: (T*x,z) < (Tx,x) = Vo € H: (Tz,Tx) < (Tx, x).

Thus Vo € H: ||Txz||* < (Tx,z) < ||Tz|||z|, then Vo € H: || Tx| < ||z|, hence | T|| < 1.

(8)=(1) : Since |T|| <1, then sup (Tz,z) <1 = V||| =1 (Tx,x)<1. Therefore:
llzll=1

1

]2

Vee H\{0}: (T ) <1l=VaxeH\{0}: (Tz,z) <1=Vo e H\{0}: (Tz,z)<|z|?

x
]l [l
Thus Ve € H: (Tz,z) < (x,z), hence T < I.

Remark 2.4. We can prove Generalized Schwarz inequality anther way. Let T > 0 and x,y € H, then:

(T2,9)2 = [(VT 2, 9)* = | (VT2 VTy) ? < VTl |V Ty
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Since |VTz|? = (VTx,VTx) = (Tx,x), the same ||VTy||> = (Ty,y), thus:
Yo,y € H: [(Tw,y))> < (Tw,a)(Ty,y)

Theorem 2.13. [22] Let T, S € B(H) be two positive operators. Then :

1
17+ 81 < 5 (171 -+ 150+ /T = 1517 + AVEVIR 212)

Remark 2.5. (2.12) is an improvement of the triangle inequality in the positive case.

Since |VTVS|* < IVTI?|VS|IP = [TIISI], then :

1 1

3 (IITII +1S11+ \/(IITII —I51)? + 4||\/T\/§||2) <3 <||T|| IS+ VITIZ = 1812 = 2 7]1IST + 4||T|||S||>
1
2

=3 (IITII +ISI+ VAT + SII)2> = 171+ 11Tl

1
thus 5 (I + 181+ /U1 = 1812 + 4IVEVETR) < 71+ 151
Corollary 2.13. Let T, S € B(H) be two positive operators. Then :
IT + S| < max{||T, |S]I} + |VTVS]| (2.13)

Proof. By (2.12), we have that :

I+ 81 <5 (10 + 151+ /0T = 117+ A1VEVEIR)
<3 (1714 150+ 1071 = 1) + 213
Since max(IT1, 51} = ST+ IS] + 1171 = ISI]), then -
7+ 51 < 5 (2maxtTI. 181} + 21V7V)

Therefore 1T + S| < max{||T|, S|} + IVTVS|.

Definition 2.6. Let T € B(H), the absolute value of T is the unique positive square root of the positive operator
T*T, and we denote it by |T|, that is |T| = VT*T.

Proposition 2.10. Let T € B(H). Then :
(1) N7 =T (2)|T| =T if and only if T >0 (3)|T| = |T*| if and only if T is normal

Proof. (1) |||l = [VT*T|| = IT*T| = VITI? = |T||. (we used |VT| = /T and |T*T|| = ||T|*).
(2) First assume that |T| =T, since VT*T =T and vVT*T > 0, then T > 0.
Now suppose that T' > 0, then:

T*=T = T"T=T2 = VT"T =T < |T| ="T.

(8) Assume that |T| = |T*|, then:

VT'T = VTT* = VT'T = VTT* = T*T = TT* <= T is normal.
Suppose that T is normal, then T*T =TT* — VT*T = VTT* < |T| = |T*|.

Remark 2.6. If T is a self-adjoint operator, this doesn’t imply that |T| =T.

0 1
Considering the following self-adjoint matriz T= T =T? =1 = |T|=VT*T =1
10

So |T| equals I not T.
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Proposition 2.11. Let T € B(H). Then |||T||T*||| = ||T?]|.

Proof. Since T|T|?> = TT*T = |T*|?T, then T|T|? = |T*|*T, also |||T?*|| = |||T*|?|| = ||IT||?, then By Theorem
2.12, we obtain |T*|T =T|T).

o Let x € H then :

TN T*|Ta|* = (| T||T*| T, |T||T*|Tx) = (|T1?|T*| T, |T*|Tx)
= (T"T|T*|Tx,|T*|Tx)
= (T|T*|Tx,T\T*|Tx)
={(TT|\T|z,TT|T|x)

= | 7%|T||?

< 17227
Since |||T|x|| = |Tx||, then  |||T||T*|Tx| < |T?|||Tx| for all x € H. Therefore:

TN |2l < | T?[[[le]] Vo € R(T)

And it can be extended as usual to R(T), so  |||T||T*|z|| < | T?||||z|| for all z € R(T).

Since H=R(T)® N(T*). Letc e N(T*) <= T*2 =0 =TTz =0

= VIT*z=0= |T*|z=0

Then |T||T*|x =0 for all x € N(T*).

YV x € H, there exist x1 € R(T) and xo € N(T™*) such that x = x1 + z2 and ||z|| = v/||x1]|? + ||x=2||?, then:
NTNT* |l = TN (@1 + z2)ll = IITNT el < T[]l < [TVl + llzall? = [17]]]]]

Thus ||TNT* 2| < |T?||zl|  for all x € H, hence ||| T||T*||| < ||T°]].
o Let x € H then :
|T*T*x||* = (T*T*2, T°T*x) = (T*TTT*x, TT*x)
= (|TP|T*|?x, |T*[*x)
=TT T |, |T||T||T"|)
= I ||T |||
< Mz |IPT* el

Since |||T*|z|| = |[T*x||, then || T?*T*z| < ||T|| T T*z| for all € H. Therefore:

|72z < [ITNT*|llll Vo € R(T™)

And it can be extended to R(T*), then || T?z|| < |||T||T*|||||x|| for all x € R(T*).
Letz € N(T) <= Tz =0 = T%z = 0.
We have that H = R(T*) @ N(T), then Vo € H, 3x1 € R(T*) and 3z € N(T') such that x = x1 + x4, then:

1Tl = 1T2(21 + 22) | = 17?21 || < WTNT {2l < WTNT IV ]2 + [l2]2 = T[] ]2

Then | T?z|| < 1T T*||z|l  for all x € H, therefore || T?| < ||IT)|T*||-
Hence |||T||T*||| = || T?].

Theorem 2.14. Let T € B(H). Then:

Va,y € H (T, y)* < (|T|z, 2){|T" ]y, y) (2.14)
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Proof. Since |[T*| > 0, then:
Vo,y € He o [(|T* |2, y)|? < (|T* |z, 2){|T*|y,y) (Generalized Schwarz inequality)
Since T|T|?> = TT*T = |T*|*T, and |||T?*|| = |IT*|?|| = ||IT||?, by Theorem 2.12, we get:
T\/ITP = /ITPT = T|T| = |T*|T
Set x = Tx, and for all x,y € H we obtain:

2

(T[T, y)|” <{|T"|Tz, Tx){|T" |y, y)
(T|T |z, y) | <(T*T|T |z, 2)(|T" |y, y)
=(|T1?|T|z, 2){|T*|y, y)
=(TT |, |T|x){|T"]y,y)
Then, Vx,y € H: (T|T|z,y)* < (T T|e, |T|2)(|T*|y, y)
Thus Vx € R(|T|) and Yy € H: [Tz, y)? < (|T|z, 2){|T* |y, y)

We can extend it to R(|T|) as follows, let x € R(|T), I(x,) C R(|T|) such that le Tn =, then:

WeN: (T ) < (Tl ) (T*].) = lm (T, )2 < lim (Tl 2){(7*]y.9)
Then, Yz € R(|T|) and Yy € H, we have:
(T, y)? < (T, )Ty, y)
Let x € N(|T|) < |T|z =0, then:
I1Tz))? = (|T|e, |T|a) = (| T2, 2) = (T*Tz, x) = (T2, Tz) = |Tz|* = |||T|z]| = | Tz|

Then | Tx|| =0 = Tx =0, therefore for allz € N(|T|): Tz =0.
By orthogonal decomposition, H = R(|T|) & (R(|T|))*, but (R(|T|))* = N(|T|*) = N(|T).
Then H = R(|T]) @ N(|T|), so that Yz € H, there exist x1 € R(|T|) and 2 € N(|T|) where x = x1 + x2, then:

(T2, y)* = (T(21 + 2),y)* = (Tw1,y) + (T2, y)* = [Ty, y)* < (|T|zy, 210) (1T |y, y)

But (|T|w2, x0) = (|T|x2,21) = (|T|21,22) = 0.
Thus
(IT |22, z2) + {|T|z2, 21) + <|T|$1,$2>> (1T*y,y) =0

/N

As a result
([T |z1, )T |y, y) = <T|3317$1><|T*|y7y>+<<T|x2,x2> + (|T| 22, 21) + (|Tm1,:c2>) (1T y,y) = (T |z, 2){|T" |y, y)

Therefore Vy € H and Vx € H.:
(T, y)|* < (| T|z, 2)(|T" |y, y)

As desired.

Remark 2.7. (2.14) generalizes (2.9), because if T > 0, then |T| = |T*|=T.
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hapter 3

Spectrum and numerical range of a linear operator

The purpose of this chapter is to provide the main concepts and facts of the spectrum, the numerical range, spectral radius
and numerical radius of an operator. Moreover, we offer the latest results in the literature, also we provide well-know

techniques that are used in this domain.

3.1 Spectrum of a linear operator

Definition 3.1. Let T € B(H). The spectrum of T is denoted by o(T'), and it is defined as follows :
o(T)={AeC:T — X is not invertible}

And the resolvent of T is denoted by p(T), and p(T) =C\ o(T).

Example 3.1. o(al) = {a}.

Remark 3.1. It is clear that o(T) ={A € C: N(T — XI) # {0} or R(T — XI) # H}.

Definition 3.2. Let T € B(H), then the resolvent function of T is the map R : p(T) — Z(H) defined by
R(\) = (T — )~ L

Proposition 3.1. Let T € B(H), and let R be the resolvent function of T. Then :
(1) R(A) = R(p) = (A= p)RA)R(p)  for all A, pu € p(T).
(2) ROVR(s) = RGOR(Y)  for all A s € p(T).

(3) R is continuous.

Proof. (1) R(\) — R(p) = (T — M)t — (T — ul)~ 1
=(T—-XN)"YT — pI)(T — pl)=r — (T = X)"Y(T — NXI)(T — pI)~t
= (T = AN (T = pd) = (T = M))(T = pI) 7
= (T =M)""(A=wI(T — puI)~
= (A= W RA)R(p)
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(2) If w = A, then R(N)R(u) = R(p)R(X). Assume that p # X, from (1) we have :

ROVR(p) = TAZI RO =) iy

(3) From Theorem 1.11, we have that F : Z(H) — Z(H) defined by F(T) =T~ is continuous.
Let G : p(T) — Z(H) defined by G(A\) =T — M1, it is clear that G is continuous, since:
IGN) = Gl = I = pI|| = [A = p

And since R = F o G, then R is continuous.

Theorem 3.1. Let T € B(H). Then :
(1) If I\ > |IT||, then A € p(T).
(2) o(T) is a closed set.

Proof. (1) If |\| > |T||, then |\"1T|| < 1, by Theorem 1.10 I — A\~'T is invertible, then T — X is invertible.
Hence X € p(T).

(2) Define G : C — B(H) by G(\) =T — M, and let N be the set of non-invertible operators.

Then o(T) ={A € C: G(\) e N} = GL(N), by Lemma 1.4 N is a closed subset of B(H), and we have that

G is continuous, then o(T') is closed of C.

Corollary 3.1. Let T € B(H). Then :

(1) o(T) is compact.

(2) p(T) is an open non-empty set.

Proposition 3.2. Let T € B(H). Then o(T) is non-empty.

Proof. Suppose that o(T) = 0, then p(T) = C. Let f € B(H)'.
First, let’s prove that f o R: C — C is bounded :

By Proposition 3.1, R is continuous, then ||R|| is also continuous, by Bolzano—Weierstrass theorem, we get:

sup [[R(A)[| < oo
A<

When |A| > || T||, using Theorem 1.10, then:

1 — Al 1 Al 1 1
I =AY € e = |NMT = A < a— = T =AM <7 — 0
( S = I = = =TT e
= lim |[(T—-A)"'|=0
[A| =00
= sup [|[R(N)|| < oo
YRR
Therefore sup [|R(\)|| < oo
[AleC
Then sup [|(f o R)(A)[| < [ f]] sup [[R(A)]| < o0
[AeC |AeC

Thus f o R is bounded.
Second, let’s prove that f o R: C — C is analytic :
Let A\, € C such that X\ # u, by Proposition 3.1, we get :

A=A RO = (R0~ RODAO)
Set g= foR, and let g : C — C defined by g'(\) = f(R(\)?), then :
20 ) = 1A ROV = 17((R() ~ RO RO)

Then =g M) < IFINMBRM)INR() = RAN)]| — 0 (since R is continuous)
—
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Therefore f o R is analytic.
Thus for all f € B(H)', foR is bounded and analytic over all C, then by the Liouville theorem f o R is constant
for all f € B(H)', but we have that:

IR \/\I—) 0 = f(R(\) — 0 (f is continuous)

—00 [A|—o0

Then fo R =0 for all f € B(H)', so R =0 (it is well-known result that comes from Hahn-Banach theorem).
Thus (T — XI)~1 =0 for all A € C, which is a contradiction because 0 is not invertible i.e. 0 ¢ T(H).
Hence o(T) # 0.

Lemma 3.1. Let T € B(H), then o(T*) = {\: A € o(T)}.

Proof. A € p(T') <= T — Al is invertible <= (T — XI)* is invertible
<= T* — I is invertible
<= X\ € p(T*)

Therefore Mg p(T) <= X ¢ p(T*)

Thus  o(T*)={\: A€ a(T)}.

Theorem 3.2. Let T € B(H). Then :
(1) If p is @ polynomial then o(p(T)) = p(o(T)) = {P(A) : A € o(T)}.
(2) If T is invertible then o(T~1) = {A\"t: A€ o(T)}.

Proof. (1) e Let u € C and q(z) = p(z) — p, it is obvious that q is a polynomial, so it has factorization of the
form q(z) = c(z — p1) -+ - (2 — pn) where ¢, 1, -, i, € C with ¢ # 0, then :
Let p € o(p(T)) = p(T) — ul is not invertible = q(T) is not invertible
= (T — 1) (T — pnl) is not invertible
= Jk such that 1 <k <n and (T — pxl) is not invertible
= i € o(T)
= p=p(u)
= p € p(o(T))
Then o(p(T)) C p(a(T)).
o Let p € p(a(T)), then IX € o(T) such that p = p(N), so p(A\) —p=0.
Thus 3k € {1,2,--- ,n} such that A = py. Since (T — pil) commutes with (T — p;I) for all 1 < j <mn, then:

p(T) = pl =c(T = pa ) - (T = pui D) - - - (T = pan 1)
=(T = pe)(e(T — D) -+ - (T = pn 1))
=(c(T = pud) - (T = pn )T — pcd)
If we p(p(T)), then p(T) — ul is invertible, then we have the following :
(T — e D)(e(T — pu ) - (T = pn D)) (p(T) = pI) 1 = (P(T) — ) HeAT — pad) - (T = pn )T — i) = 1

Which means that T — ugl has right and left inverses, therefore T — uil is injective and surjective, so that
T — pyl is bijective, then T — i1 is invertible, thus py € p(T), and this contradict py, € o(T), then u & p(p(T)).
Thus p € o(p(T)), hence p(a(T)) C o(p(T)). Overall p(a(T)) = o(p(T)).

(2) Since T is invertible, then 0 ¢ o(T), therefore A= is defined when X € o(T).
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Let A€ C\ {0} T 1= X" =-\"1T"YT - \), and \='T~1 is invertible for all X € C\ {0}.
Then A€ o(T) < T — Al is not invertible.
< —A\"IT=YT — \I) is not invertible.
<= Tt — X711 is not invertible.
= \leo(T™).
Hence o(T~ 1) ={A"1: X e a(T)}.
Corollary 3.2. Let T € B(H), « € C and n € N, then :
(1) o(aT) = ao(T) ={ar: A€ o(T)}.
(2) o(T") = (a(T))"={\": Aeo(T)}.

Theorem 3.3. Let T, S € B(H). Then o(TS)U{0} = o(ST) U {0}.
Proof. Let A € p(T'S)\ {0} < T'S — A is invertible.
Set R= (TS — X)~!, then:
(TS~ M)R=R(T'S — M) =1 = TSR—AR=RTS — AR =1

Therefore ~ TSR = RTS =1+ AR.

(ST — MI)(SRT — I) =STSRT — ST — ASRT + A\I
=S(I + AR)T — ST — ASRT + AI
=ST + ASRT — ST — ASRT + I
=AI

1
Since X # 0, then : (ST—)\I)X(SRT—I):I.

(SRT — I)(ST — M) =SRTST — ASRT — ST + \I
=S(I + AR)T — ASRT — ST + \I
—ST + ASRT — ASRT — ST + AI
=\

Since A # 0, then : %(SRT—I)(ST—)\I):I
Therefore ST — A is invertible, then X € p(ST) \ {0}.
Hence p(TS)\ {0} = p(ST) \ {0} < o(T'S) U {0} = o(ST) U {0}.

Theorem 3.4. Let T € B(H) be self-adjoint, then o(T) C R.
Proof. Let A € C such that SA # 0, and let x € H. Since T is self-adjoint (Tx,x) € R, then :
Q2] = ST = M)z, x) = [SA[[J2]* = [S(T — M)z, 2)| < (T — M)z, 2)| < (T = A)z||||z]|

Then  |SA|||=]] < (T — A)z||.

By Corollary 2.4 (since |SA| #0), then T — A is invertible, thus X € p(T).
Therefore YA € C such that S\ # 0 we have X € p(T).

Thus if X € o(T'), then S\ = 0, which means that o(T) C R.

Corollary 3.3. Let T € B(H) be positive. Then :
(1) o(T) C R4.
(2) o(NT) = \/o(T) = {VA: A€ o(T)}
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Proof. (1) Since T is positive, then T is self-adjoint, therefore o(T) C R by Theorem 3.4.
Let A <0, and x € H. Recall that (Tx,x) > 0, then:

Azl = =Mz, 2) < (T, 2) = Mz, 2) = (T = M)z, 2) < (T = AD)z||||=]]

Thus — =Mz|| < (T = A)z||. By Corollary 2.4, T — M is invertible (since —X > 0), hence X € p(T).
Therefore for all A < 0, then X\ € p(T) < A ¢ o(T), thus if A\ € o(T), then A > 0, hence o(T) C Ry.
(2) First of all, the set \/o(T) is well-defined since o(T) C Ry. Then using Corollary 3.2, we get:

o(T) = o(VT') = o(VT)? = o(T) = {\*: A e o(vT)}
Thus o(VT) = \/o(T) = {VA: A€ o(T)}.

Definition 3.3. Let T € B(H). Then:
(1) The point spectrum of T is the set:

o(T) = {\ € C: N(T — \I) # {0}}

X € 0,(T) is called eigenvalue of T, and the x € H \ {0} that verifies Tx = \x is called eigenvector of .
(2) The continuous spectrum of T is the set:

0(T)={\ € C: N(T — X) = {0} and R(T —\I) = H}
(3) The residual spectrum of T is the set:
0. (T) ={\ € C: N(T — \I) = {0} and R(T — \I) C H}
(4) The approzimate point spectrum of T is the set:
Oap(T) ={A € C:3(x,) CH: ||zn]| =1 and nli_)n;O(T — M)z, =0}

Remark 3.2. (1) o(T) = 0,(T) U o (T)Uo.(T), where o,(T), o0c(T) and o,.(T) are mutually disjoint, i.e.
op(T)Noe(T) =0,(T) N0 (T) =0(T)Nop(T) =0
(2) By Corollary 1.8, 0(T') = 0ap(T) U 0,(T), also 0,(T) C 04p(T).

Corollary 3.4. If H is a finite-dimensional Hilbert space, then o(T) = o,(T) for all T € B(H).

Proof. Let T € B(H), by the dimensional theorem, we have dim(H) = dim(N(T)) + dim(R(T)).
Therefore T is inverible < N(T') = {0}.
Then if T — A is not inverible <= N(T — M) # {0}, hence o(T) = 0,(T).

Proposition 3.3. Let T € B(H) be normal, if A and p are disjoint (A # 1) eigenvalues i.e.
Jz,y € B(H)\ {0} : Tz = \x and Ty = py, then (x,y) = 0.

Ty, T*y) + |ul*(y, y) — w(T*y,y) — iy, T*y)

Proof. | T*y — myl|* = (T*y — my, T*y — f1y) = (
=(TT*y,y) + lyll® — (uy, Ty) — (Ty, py)
=
=

T*Ty,y) + 1Ty|* = (Ty,Ty) — (Ty, Ty)
Ty,Ty) + (Ty, Ty) — 2(Ty, Ty) =0
Therefore T*y = fy. Since A # p, then:

Mz, y) = (Az,y) = (Tz,y) = (2, T"y) = (z, 1y) = plz,y) = Ma,y) = p(z,y) = (A —p){z,y) =0

Hence (z,y) = 0.
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Theorem 3.5. Let T € B(H). Then oqp(T) is closed and 0o (T') C 0ap(T).

Proof. e First, let’s prove that o4, (T') is closed:

Let X\ ¢ 04,(T), then V() C H such that ||x,|| =1 nlLIlgo(T — Az, #0.

Then 3o > 0 such that Ve € H and ||z|| = 1: ||(T — A)z| > «a.

Thus Nz eH  ||(T—M)z| > allz|. Sete= % and let p € C such that |\ — p| < €, then:

(T = ADz| = (T = ph)x + pr — Azf| < (T — pD)z|| + [[Az — pa|| = (T = ph)z]| + | = pl]lz]
Thus ||(T — ADz|| < ||(T — pl)z|| + |A — plljz||. Therefore:
allz] = A = plllzl] < (T = ADzl| = A = plllzl] < (T = phz| = (o= [A = phllzl]l < (T — pl)z]
Since |A—p| < e= %, then:
%Hx” < T — pl)z|| = Y(zn) C H where ||z,]| =1 : nli_)n;o(T — M)z, #0

Then p ¢ o4p(T), thus C\ 04p(T) is open, hence oq,(T) is closed .

o Second, prove that 0o(T') C 04p(T):

We have that 00(T) = o(T) N p(T), since o(T) is closed, then do(T) = o(T) N p(T).

Let A € 0o (T), then 3(\,) C p(T') such that A\, e A, then:

(T — N\, D)7 Y| =2 00 if not, 3¢ > 0 such that ||[(T — X\, 1) 7| < ¢, for n sufficiently large, we have :

T =AM =T+ M| =Ny = AN << T =N D)7 = IT=MN =T+ NJ|| < (T =\ D)7 Y72

By Corollary 1.7, T — A is invertible, and this contradicts A € 0o (T) = o(T) N p(T).
Therefore ||(T — X\ 1) 71| —> .

We have that |(T — A\, I)7Y|| = sup (T — M)~ tz||, then:
llzll=1

1
vn € N, 3(z,) C H where ||z,|| =1 and (T — M\oI) Ly || > (T — Mo D) 71| — -

1
Set ap, = (T — Ao D) x| > (T — N\ I) Y| — =, then a, — 00.
n

n— o0
Put y, = a; Y(T — A1)~ a,,, using that fact that ||y,| = 1 we get:
= (T =MDyl < llog znll + 1(An = Nynll = at + A0 = A — 0

n— oo

Therefore (T — M)y, — 0, thus A € 04, (T).
Hence 0o(T') C 0ap(T).

Corollary 3.5. Let T € B(H), then o4,(T) is a compact non-empty set.

Proof. Since 04,(T) C o(T), then o4,(T) is closed in compact, then o.,(T) is compact as well.

On the other hand, we have that 0o (T') C 04,(T), we have that Oo(T) # 0.

=

Because 0o (T) = o(T)\ o (T)°, and since o(T) # O nor C and we know that C is connected, then o(T)° C o

Thus o(T) \ o(T)° # 0, therefore o (T) # 0.
Hence 04, (T) # 0.
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3.2 Spectral radius
Definition 3.4. Let T € B(H). The spectral radius of T is denoted by r(T), and it is defined as follows :

r(T) = sup [A|
Ao (T)

Needless to say that sup |A| exists and finite. (remember that o(T') is a compact non-empty set)
A€o (T)

Corollary 3.6. Let T € B(H), then r(T) < ||T|l.

Proof. If |\ > ||T|| = X € p(T), then VA € o(T): [N\ < ||T.

Thus sup |\ < ||T||, therefore r(T) < ||T|.
Xeo(T)

Proposition 3.4. Let T,S € B(H), a € C and n € N. Then :
(1) r(aT) = |a|r(T).
(2) r(T") = r(T)".
(8) r(T'S) = r(ST).
(4) r(T%) = r(T).
(5) If T >0, then r(NT) = /r(T).
Proof. (1) By Corollary 3.2, we have that o(aT) = ao(T), then:
r(@l)= sup [A = sup |aA| =|a| sup |A = |a|r(T)
Aeo(aT) Xeo(T) Aeo(T)
Hence r(aT) = |a|r(T).
(2) By Corollary 3.2, we have that o(T") = (o(T'))", then:
r(T") = sup |Al= sup A" =( sup [A))"=r(T)"
A€o (T™) A€o (T) Aeo(T)
Therefore r(T™) = r(T)".
(8) By Theorem 3.3, we have that o(T'S) U {0} = o(ST) U {0}, then:
sp A= sup |
A€o (T'S)U{0} A€o (ST)U{0}

But sup |\ = sup [}, and the same sup A= sup [A.
A€o (TS)UL0} A€o (TS) A€o (ST)UL0} A€o (ST)

= sup |A= sup |N = r(TS)=r(ST)
Aea(TS) AET(ST)

As desired.
(4) By Lemma 3.1, we have that o(T*) = {\: A € o(T)}, then:

r(T*)= sup |[A = sup [A|= sup |\ =r(T)
AEa(T™) A€o (T) A€o (T)

Hence r(T*) = r(T).
(5) By Corollary 3.3, we have that o(NT) = \/a(T), then:

r(VT)= sup A= sup VA= [ sup A= /r(T)

Xeo(VT) Aca(T) Aea(T)

Therefore r(vV/T) = \/r(T).
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Remark 3.3. T =0 = r(T) = 0. But the converse is not true, that is if r(T) = 0, this does not imply that

0 1
T =0. Consider T= , we have that o(T) = 0,(T) = {0}, then r(T) =0, but T # 0.
0 0

Lemma 3.2. Let T € B(H), then lim | T"||% exists and equals ingHT"H%.
n—00 ne

Proof. Set o= ingHT”H%. Then Ve > 0, there exists m € N such that |T™| = < a + .
ne

Any n € N can be written as n = pm + q where 0 < g <m and p € N. Then :

n L m 1 m 2 a pm a
[T = TP e < T[T < (a+ ) |7

m
Since pm — 1, and 4 — 0. It follows that : lim sup ||T”H% <a+te
n n—oo n n—oo n
As € is arbitrary, we have : limsup |77+ < o
n

Since, Yne N a < |T"|» = a < lin}LianT”H%, then nr%ianTnH% = limsup | T"]|* = .
Therefore nh_)n;O |T™||= exists, and nh_)n;O |77 = = TnggHT"H% '

Theorem 3.6. (Gelfand’s formula)

Let T € B(H). Then : r(T) = nl;n;o (|7

1
n,

W = inf |T™
neN
Proof. e Vne N  r(T)" = r(T™) < |T"||, thenVn e N #(T) < | T, thus r(T) < lim 77|

o Let [\ > r(T) = X € p(T). Recall that if |]\| > ||T||, then R(A) = A=t > A=,

n=0

Let f € B(H)', by the continuity of f, we have f(R(\)) = A1 i ATF(T™) for all || > ||T|.
n=0

AL ST AT F(T™) is a Laurent expansion of f(R()\)) about the origin when X € p(T) where |\| > ||T||. But we
n=0
see that f o R is analytic in the proof of Proposition 3.2 on p(T), so f(R(\)) has a unique Laurent expansion
about the origin for every A € p(T), and so is for |\| > r(T). We have that:
FRO) =A71 ZO AT for all |A] > [|T[| = r(T)
n=
By the uniqueness of Laurent expansion, we get that:
FROD) = A~ 52 A F(T7) for all [N > r(T)
n=0
Thus f(A~"T™) = X" f(T™) — 0 for all |\| > r(T) and f € B(H)".
n (oo}
Hence (A\™"T™) is weakly convergent to O for all |\ > r(T), thus (A\""T") is bounded for all |\| > r(T), then:

Je>0, VneN: | A7|T" = |I2"T"T"|| <c
= VneN: DT <o
= A7 lim 77 <1
— n1LH;O||TnH% <|A| for all |\ > r(T)
—

lim |77+ < lLm |\l =r(T)

n—oo Al —=r(T)

w < r(T), hence r(T) = lim | T D

Thus lim ||T"
n— oo n—oo

W = inf||T™
neN

Corollary 3.7. Let T € B(H) be normal. Then r(T) = ||T|.

Proof. By Theorem 2.5, we have Vn € N : |7 = |T||" = lim |77 = ||T].
n—oo
Since r(T) = lim |T"||x = r(T) = ||T]|.
n—oo
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Theorem 3.7. Let T, S € B(H) such that T commutes with S i.e. TS = ST. Then :

(1) r(TS) < r(T)r(S).
(2) r(T+S)<r(T)+r(S).

Proof. (1) r(TS) = li_)m (T8)™||, since TS = ST, then (T'S)™ = T™S™, therefore:

r(TS) = lim | T"S™|% < lim |77
n—oo

Ll (1T Tim (S7E =
1% = lim 7 F lim 1S7F = r(T)r(S)

Hence r(T'S) < r(T)r(S).
(2) Let € > 0, then there exists m € N large enough such that :
|77 < r(T) + € and ||S™||% < r(S)+e for all n > m.
Set A=1r(T)+ € and B =r(S) + ¢, then |[T"]| < A™ and ||S™|| < B™ for alln > m.
Forn > 2m, and using the fact that TS = ST, we have the following :

n

(T +8)" ) =11 ) CRT*S™ ¥ < > CRIT*|I1s™*|

k=0 k=
m—1 n—m n
= CRITHIS ™ 1+ Y CRITHIIS™ I+ Y CRIT*IlIS™ "]
k=0 k=m k=n—m-+1

When 0 <k <m — 1, then n —k > m (recall that n > 2m), thus ||[S"~*|| < B" % for all0 <k <m — 1.
When m <k<n-—m, thenk>mand —-n+m< —-k<-m,som<n—k<n—m, thusn—k >m for all
m < k <n—m, therefore |T*|| < A¥ and ||S"~*|| < B"* for allm <k <n—m.

Whenn —m+ 1<k <n, then k> m (recall that n > 2m), thus | T*|| < A* for alln —m + 1 < k < n.Then:

syl < S a3 opaterr e 3 cpars
k=0 k=m k=n—m+1
m—1 n m—1
< 0 CRITHIBTR + Y CpArETE 4+ ST op AT st
k=0 k=0 k=0

=p(n)B" + (A+ B)" +q(n)A"

Where p(n) and q(n) are polynomz'al inn of degree m — 1 given by:
p(n) = Z CP|T*||B=* and q(n) = Z CrA=F||S*||. For example
p(n) =1+ |T|B tn+2" 1||T2HB n(n—1)+--+m!~ 1HT’” HB=™ n(n—1)---(n—m+2).Then:

1 A 1
. ¥ < n n nyy : n LT
nl;ngo||(T+S) nhngo( p(n)B"+(A+B)"+q(n)A"™) (A+B)nlgrlgo(1+p(n)(A+B) +q(n)(A+B) )
Let’s prove that nh—%o(l +p(n)(A+B) +q(n )(ﬁ)n)% <1.

Since (%)" (A+B)” <1, then:
(1+p()(£55)" + a(n)(45)") 7 < (L+p(n) +q(n)) =
Since 1+ p(n) +q(n) = ag + arn+ - + ap_1n™ ', then:

(1+p(n) +g(n))= = exp(in(1 + p(n) + q(n))) = exp(Ein(ap + a1n + - + apm_n™ 1)) — 1

n—oo
1

= (L p() +an)F 23 1= lim (14 p(n)(afp)" + aln) )" ¥ <1
Therefore

T [[(T+ S)" < (4+ B) T (L+ p(n)(x25)" + a(n) (45)")* < A+ B
= li_)m (T +8)"||* <A+ B = r(T+S)<r(T)+r(S)+2 foralle>0

Hence r(T + S) < r(T) +r(S) as required.
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3.3 Numerical range of a linear operator

Definition 3.5. Let T € B(H). The numerical range of T is denoted by W (T), and it is defined as follows :
W(T) = {(Tw, z) : ||zf| = 1}

Proposition 3.5. Let T, S € B(H), o, 5 € C and U € B(H) be unitary. Then :

(1) W T +B8I)=aW(T)+={az+p:2€ W(T)}.

(2) W(T'+S)CcW(T)+W(S).

(3) W(T") ={z: 2 e W(T)}.

(4) WR(T)) = RW(T) = {Rz: z € W(T)} and W(3(T))

(5) W(

Proof. (1) Let x € H such that ||z|| = 1, then:

SW(T)={Sz:2e W(T)}.
U*TU) =W(T).

((aT + Bz, z) = (T, z) + Bla, z) = a(Tz, z) + B = W(aT + BI) = aW(T) + B
(2) Let x € H such that ||z| = 1, then:
(T + S)z,2) = (Tx,z) + (Sz,2) € W(T) + W(S) = W(T + §) C W(T) + W(S)
(3) Let x € H such that ||z|| = 1, then:
(T*z,x) = (v, Tx) = (Tx,x) = W(T*) ={z: 2 ¢ W(T)}
(4) Let x € H such that ||z|| = 1, we know that R(T) = 5(T + T*) and S(T) = 5:(T —T*), then :
1

" 1
§(T x,x) = §(<Tx,x> + (Tz,z)) = R((Tx,x))

Thus W(R(T)) = RW(T), and proceeding the same the way, we obtain W (I(T)) = SW(T).
(5) Let x € H such that ||z|| = 1, and since U is unitary, we have ||Uz|| = ||z|| = 1, then :

(R(T)z,x) = (%(T—i— T )x,x) = %(T:m@ +

({UTUz,z) = (TUz,Uzx) € W(T) = W(U*TU) Cc W(T)
Since U is surjective, then for all |z]| =1, Jy € H such that x = Uy, we have ||y|| = |Uy|| = ||z|| = 1, then:
(Tz,2) = (TUy, Uy) = (U*TUy,y) € W(U*TU) = W(T) ¢ W(U*TU)
Hence W(U*TU) = W(T).
Corollary 3.8. Let T € B(H) and o € C, then:
1) W(T) ={a} if and only if T = al.
2) If H is a finite dimensional space, then w(T') is compact.
Proof. 1) If T = «l, it is obvious that W (T) = {«a}.
Assume that W(T') = {a} = Vo € H where ||z|| = 1: (Tz,z) = a.
Then Nz eH (Tz,x)=a|z|?=calr,z) = Ve eH {((T-al)z,z)=0.
Thus T = ol as desired.
2) Since H is a finite dimensional space, then the unit sphere Sy is compact. (Sy ={zxeH: |z|=1})
Define f : Syy — C by f(x) = (Tx,x), then f is conlinuous, since: Yx,y € Sy :
[f(@) = f)| = [(Tz,2) — (Ty,y) + (Ty,x) — (Ty,z)| = [(Tx = Ty,z) + Ty, — y)|
< [(Tz =Ty, )| + [Ty, x —y)|
< Tlllz = ylll=ll + 1Tz = ylllyll = [Tz -yl

Therefore f is continuous, and since W(T') = f(Sy), then W (T') is compact.
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Remark 3.4. Let T € B(H) be self-adjoint, then W(T') C R.(by Theorem 2.2)

10

Example 3.2. Let T= , then W(T') = [0, 1]
0 0

Theorem 3.8. (Toeplitz-Hausdorff Theorem,)

The numerical range W(T') of any operator T is a convex set in C.

Proof. Let £ = (Txz,x) and n = (Ty,y) for any |z|| = |y|| = 1. We want to prove that the segment joining &

and n is in W(T). If £ =, then the segment is & and & € W(T).

1

g and

Suppose that £ # n, choose complex numbers a,b such that a€ +b =1 and an+ b = 0. Indeed a =
b= =% are the desired numbers. By Proposition 5.3, we have W (aT' + bl) = aW(T') + .
Consequently {0,1} € W (aT + bl) (since a§ +b=1 and an+b =0 where {,n € W(T)).

Then we have the following:
vVt €[0,1]: tE+(1—tmeW(T) <= teW(aT +0bl)
o Let t& + (1 —t)n € W(T), then 3z € H where ||z|| =1 such that (Tz,z) = t{ + (1 — t)n, therefore:

a(Tz,z) +b=tal+ (1 —t)an+b=t(a+b)+ (1 —t)(an+b) =t
= t=a(Tzz2)+b

Hence t € W(aT + bI).
o Lett € W(aT + bl), then 3z € H where ||z|| =1 such that t = a(Tz, z) + b, therefore:

t= ﬁ(Tz,z}—ﬁ = (Tz,2) =t —n)+n=tE+(1—1)n
= t+1—-t)n=(Tzz)

Hence t&€ 4+ (1 —t)n € W(T).
Then to prove that t& + (1 —t)n € W(T) for allt € [0,1], it is enough to prove that [0,1] C W (aT + bI).
Set S = aT + bl, then:

(Sz,z) =a(Tx,2) +b=al+b=1
Therefore (Sz,x) = 1, and the same (Sy,y) = 0. Define g : R — C, by:
9(0) = (Sy,z)e™" + Sz, y)e”
It is obvious that g is continuous. Let § € R, and using e~ *0+™) = —e=% and 'O+ = —ei¥ e get :
9(0 +7) = (Sy,x)e O+ 4 (S, y) !t = —(Sy,z)e — (S, y)e" = —g(6)

Then g(0 + 7) = —g(6) for all 0 € R, which means that g(w) = —g(0), then Sg(m) = —Fg(0).
Since g is continuous, and the sign of S¢(0) and Sg(w) are different (because Sg(m) = —g(0) ), by intermediate
value theorem, there exists 6y € [0, 7] such that Ig(6p) = 0.

Put & = e%x. & and y are linearly independent, if not, Ia € C such that y = ai where |a| = 1 (since |y| = 1).
We have 0 = (Sy,y) = |a|?(S%, &) = |a|?*(Sz,2) = 1, contradiction.

Then, & and y are linearly independent. Therefore ||(1 —t)y + tZ|| # 0 for all t € [0,1]. Put

(1—t)y+t&

PO = eyl

forallt €10,1]
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Clearly ||p(t)|| =1 for allt € [0,1]. Furthermore (S¢(0),¢(0)) =0 and (Sp(1), (1)) = 1.
Define f(t) = (Se(t), o(t)) for all t € [0,1]. Set = |(1 —t)y + tZ|, using the fact that g(0y) € R, we get:

1—t)? t2 t(1—t
10 = (500.90) = S5y + Sisaa + 20
2 — . .
= o+ e sya) + e (s0)
2 _
= ;2+t(lﬁ2t)g(90) €R forallte]0,1]
Thus f is a real-valued function. Moreover f is clearly continuous and f([0,1]) C W(S). (since ||o(t)|| = 1)
Since f(0) =0, f(1) =1 and f is continuous, then [0,1] C f([0,1]) (by intermediate value theorem,).
And since f(]0,1]) € W(S), thus [0,1] C W(S).

Hence t& + (1 —t)n € W(T) for all t € [0,1], therefore W(T) is conver.

((Sy, ) + (S, y))

Proposition 3.6. Let T € B(H). Then:
(1) op(T), 0 (T) € W(T).

(2) oap(T) C W(T).
Proof. (1) Let A € 0,(T), then there exists x € H where ||z|| = 1 such that Tx = Az, then:
A= )z|? = Mz, 2) = Az, 2) = (Tz,2) = A= (Tx,z) = X € W(T)

Therefore o,(T) C W(T).

Let A € 0,.(T), then R(T — XI) # H, since H = R(T — X) & (R(T — XI))*, thus (R(T — AI))* # {0}.
Since N(T* — X ) = (R(T — X))+ # {0}, then X € 0,(T*), thus A € W(T*) (o,(T*) C W(T*)).
Hence A € W(T) (by Proposition 3.3), therefore o.(T) C W(T).

(2) Let A € 04,(T), then 3(x,) C H such that ||z,| =1 for alln € N and nh_)n;o(T — M)z, =0, then:

(T, 20) — Al = [(Trn, 2n) — Man, )| = (T — M) 2n, 20)| < (T = M) xp||[|zn|| = (T — M)z, njo 0

Thus lim (Txy,x,) = X. Since ((Txy,x,)) C W(T), then A € W(T).
n— oo

Hence o4,(T) C W(T).

Corollary 3.9. Let T € B(H). Then o(T) C W(T).

Proof. Since o(T) = 04p(T) Uo(T), and we have that oq,(T) C W(T), and o.(T) C W(T).

Then o(T) C W(T).
Another way, we have that 0o(T) C 04,(T) C W(T), and since W(T) is convez (the closure of convex is

convez), then o(T) C W(T).

Theorem 3.9. Let T € B(H) and o, € C such that o # 0. Then :

W(T) is a line segment i.e. W(T) ={at+ p:t € R} if and only if T = S + BI, where S is self-adjoint.

Proof. e Assume that W(T) is a line segment i.e. W(T) ={at + f:t € R}.

Since o~ (at + B) — a3 is real for allt € R. Set S = a T — a~1B1, then for any ||z|| = 1, we have :
(Sx,z) = a YTz, 2) —a B =at(at+ ) —a"1B, for somet € R, = (Sz,x) € R for all |z|| =1

Then S is self-adjoint. Since S = a T —a 18I, thus T = aS + pI.

o Now suppose that T = oS + B for some self-adjoint operator S.

Let ||z|| = 1, since S is self-adjoint, then (Sz,x) € R, so that:

(Tx,z) = a(Sz,z) + B € {at + §:t € R}, hence W(T) ={at + :t € R}.
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Corollary 3.10. Let T € B(H). If W(T) is a line segment, then T is normal.

Proof. By Theorem 3.9, there exist o, 5 € C and self-adjoint operator S such that T = S + BI.
Then T* = @S + BI, therefore:

TT* = (aS 4+ BI)(asS + BI) = |a|?S + |82 I + aBS + pas

T*T = (@S + BI)(aS + BI) = |a|?S + | B2 I + aBS + pas

Hence TT* =T*T.

3.4 Numerical radius

Definition 3.6. Let T' € B(#H). The numerical radius of T is denoted by w(T'), and it is defined as follows :
w(T)= sup |\ = sup [(Tz,x)]
AEW(T) flzll=1

Proposition 3.7. The numerical radius w defines a norm on B(H).
Proof. e If T =0, it is clear that w(T) = 0. Now assume that w(T) =0, then:
Vo € H where ||z|| =1 : Tz,2)=0= Ve eH (Tz,xz)=0.

Then T =0 (by Theorem 1.9). Hence T =0 <= w(T) = 0.
o Let T € B(H) and o € C. Using the fact that W(aT) = aW (T, we get:
w(@T)= sup [N = sup |aA=]|a| sup |A = |aw(T)
AEW (aT) AEW (T) AEW (T)
Thus w(aT) = |a|w(T).
o Let T,S € B(H). Using the fact that W(T +S) C W(T) + W (S), we obtain:
wT+S5)= sup A< sup (Al = sup A1 +A2] < sup  |A|+ sup  |Ag]
AEW (T+5S) AEW (T)+W (S) MEW(T), A€W (S) M EW(T) A2E€W(S)
Then  w(T+S) <w(T) + w(S).

Therefore w is a norm on B(H).

Proposition 3.8. Let T € B(H). Then:
w(T) < ||T]| < 2w(T) (3.1)
Proof. e Let x € H such that |z|| = 1, then:
(T, 2)| < ||Tallllz]] < [T)ll=]* = Tl

Thus sup [(Tz,x)| < ||T||, therefore w(T) < ||T].
llzll=1
o Let x,y € H, then:
r  x
(T o) S w(@) = (T, 2)] < w(T)]z
[ B
We have that (Tx,y) = ;((T(z +y), 2 +y) — (T(x —y),x —y) + (T (z + i), + iy) — (T (z — iy),z — iy)).

Therefore

(Tx,y)| < < ((T(x+y),z + )|+ T(x—y),z —y)| + [(T(x +iy),z +iy)| + (T(x —iy),z — iy)|)

< (lz +yl* + llz = yl* + llz + iyl* + |l — iyl*)

4
= w(T)(lzl* + llyl*)
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Thus [Tz, y)| < w(T)(||z||*> + |lyl|?) for all z,y € H, then:

1T = . 1|<Tff,y>| < Wit 1w(T)(||fE||2 +lyl?) = 20(T)
x||=||y||= ZlI=Yll=

Hence || T < 2w(T).
Remark 3.5. By (3.1), we deduce that usual norm on B(H) and the numerical radius w are equivalent norms.
Corollary 3.11. Let T € B(H). Then: r(T) < w(T).

Proof. By Corollary 3.9, we have o(T) C W(T). Then :

M(T) = sup A< sup [\ = sup [A]=w(T)
A€o (T) AeW(T) AEW(T)

Thus r(T) < w(T).

Corollary 3.12. Let T € B(H). If r(T) = |T||, then w(T) = ||T|.

Proof. Since r(T) = ||T||. And we have that r(T) < w(T) < ||T||, therefore w(T) = r(T) = ||T|.
Remark 3.6. Let T € B(H) be normal. Then w(T) =r(T)=||T||. (r(T)=||T|| by Corollary 3.7)
Theorem 3.10. Let T € B(H). If w(T) = ||T||, then r(T) = ||T|.

Proof. Since w(T) = ||T||, then I(x,) C H where ||x,|| =1 such that ILm (Txn, zn)| = ||T]-
n oo
Set A = 1i_>m (TTp,xn), so |\ =|T|, then:

(T, wn)| < [|Tzpllllznll = [Ton|| < [T
Thus lim ||Tx,|| = ||T||, therefore:
n—oo

I(T = AD)al2 = (T = AD), (T = AD)ra) = [T | + A2 = MT 20) — M, T
— (T = ADaa|]? —> 2IT|2 —2A12 =
n— oo
= Tim (T = Az, =0

Therefore X € 0qp(T), then X € o(T), and since r(T) < ||T|| and |A| = ||T||, hence r(T) = ||T|| as required.
Proposition 3.9. Let T € B(H). If A € W(T') such that |A| = ||T||, then A € o,(T).
Proof. Since A € W(T), then 3x € H where ||z|| =1 and A\ = (Tx,x). Since |T|| = |(Tz,z)|, then:
Al = [Tz, 2)] < |Tallliell < IT) = |(T2, )] = |(T2, )| = | Tzl
Then Tx and x are linearly dependent i.e. Iu € C such that Tx = px, then:
A=(Tx,z)=(uz,x) =p=A=p=Tr =\
Hence A € 0,(T') as desired.

Lemma 3.3. [29] Let T € B(H), x € H such that ||z|| =1 and n € N. Then :

L= (T"2, ) anm )
" J” [l
. n
Where uj = 5 and z;=([1 1 —wT))x forallj € {1,--- ,n}.
k=1
k#j
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Proof. We have these two well-known polynomial identities :

ﬁ (1 —wugz) and 1

Zj

a JII 125

*Z ;1% (1 )

As desired.
Theorem 3.11. [29](Power inequality) Let T € B(H), and n € N. Then :
w(T™) < (w(T)"

Proof. By the homogeneity of w, it suffices to prove that if w(T) < 1, then w(T™) < 1. Since:

1 _@: wl(——TY\) = w 1 ny 1 w(T™
G = am =G = lgmy T = mapne ) <!
Then — w(T™) < (w(T))™

Assume that w(T) < 1. Let x € H where ||z|| = 1 and z € C such that |z| < 1, then :

R —2(Tx,2)) =1 —R(z(Tz,z)) >1— [z(Tz,z)| >1 - |2lw(T)>1—|2| >0

Then R(1 — z(Tz,x)) > 0. If R(1 — z"(T"x,x)) > 0, then w(T™) < 1, since:

R(1—2"(T"x,2z)) > 0= R("(T"zx,x)) <1
Choose 2™ = ‘égn:iil, note that |z| = 1, then:
RAL BT gy ) <1 s (T, 2)] < 1 = w(T7) < 1
(Tra, )™ T ST B

Therefore to prove w(T™) < 1, it is enough to prove R(1 — z"(T"x,x)) > 0 for all |z| < 1.
By Lemma 3.3, we have 1 — 2" (T"x,x) =1 — ((zT)"z,z) = 1 Z ||xj||2(1 - ZUj(THz;‘H’ Hij\l»' Then:

1 & T T

R — 2T 2, 2) = R(= Y Nl P (1 = zuy (T —50)
n ; ’ P gl
T
== > llzlPRO — zuy(T =)

Z ! T Dyl JH 25
Since |zu;| = e 2| = |z| <1 forallje{l,---,n}, and we have that R(1 — z(Tx,x)) >0
Then R(1 — zu; (T I?H’ H%H>) >0 forall j € {1, -+ ,n}, therefore R(1 — 2" (T™x,x)) > 0.

Hence w(T™) < 1.
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Proposition 3.10. Let T € B(H). If R(T) L R(T*), then w(T) = [T

Proof. We have that H = N(T) @ (N(T))*, and since (N(T))* = R(T*), then H = N(T) ® R(T*).
Since R(T) L R(T*), we can easily prove that R(T) L R(T*).
Let © € H where ||z|| = 1, then 31 € N(T) and Jz2 € R(T*) such that x = x1 + x2 and ||1]]* + ||lz2||* = 1.

Using the fact that x1 € N(T) and R(T) L R(T*), we get:

(Tx,xy = (T(x1 + x2),x1 + 22) = (Tx2, 1)
< 1Tz [l [|2=|l

1
— i

(lz1l® + [l==[%)

Thus w(T) < 3||T|, and we always have 5| T|| < w(T) by (3.1).
Hence w(T) = (7).

Theorem 3.12. [11] Let T € B(H). Then:
1 *
w(T) < T+ [T (3-2)

Proof. Let ||z|| =1, using Theorem 2.14, we get:

(T2, 2)] < /(|T|z, 2)\/(IT*|e, )

< ST, ) + (T2, 2))

= J{T]+ 17 e, 2)

IN

1
T+ |T*
5 1T+ 1]

Thus w(T) < ||IT| + T[]

1
2
Remark 3.7. (3.2) refines the right side of (3.1), since:

1 ! . 1

SN+ < S AN+ T = S AT+ 1T = 17
Lemma 3.4. Let T, S € B(H) be positive operators. Then :

r(TS) = [VTVS|?

Proof. By the commutativity of the spectral radius v, and using the fact that the spectral radius of any self-

adjoint operator is equal its the norm (by Corollary 3.7), we obtain :

H(TS) = r(VEVIVEVE) = r(VIVEVEVT) = r(VEVE(VVE)) = IVTIVE(/TVE)| = |VTVE?
Hence r(TS) = |[VTVS|?.

Corollary 3.13. Let T, S € B(H) be positive operators. Then :

IVTVS| < VITS||

Proof. By Lemma 3.4, we have |VTVS| = \/7(TS) < /TS| as desired.
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Proposition 3.11. [20] Let T € B(H). Then:

w(T) <

(UTI =+ V721D

N | =

Proof. By (3.2), we have:
1 *
w(T) < ST+ [T

And by (2.13), we have:
T+ NTH < max{ [T T3+ IWVITVIT

Since [|[[T[|| = [[[T*[[| = |T|l, then max{{|[T[|, ||} = [[T1].
By Corollary 3.13, we have ||\/|T|\/|T*||| < /IT|IT*||l,and by Proposition 2.11 |||T||T*||| = ||IT?|.
Then IWITIWVITH I < A/ IIT?||, therefore:
T+ 1T < 1T + VT2
Hence w(T) < 31T+ VT2

Corollary 3.14. Let T € B(H). Then :
(1) If T? = 0, then w(T) = 3||T.

(2) If w(T) = |T| = [|T%]| = |T*.

Proof. (1) By (3.3), we have:
w(T) <

(UTI =+ V721D

IT|l, and ||T|| < w(T) is always true.

N | =

Since T? =0, then w(T) <
Hence w(T) = £||T.
(2) Since w(T) < (Tl + /IIT?[)) < T, and we have that w(T) = ||T].

Then 5 (I T+ VIT2]) = IT| = VT2l = ||

Therefore | T?|| = || T|?.

1
2

Theorem 3.13. [21] Let T € B(H). Then:

1
T T+ 7T < w(T)? < 2| T*T + 7T

N |

Proof. e Let x € H where ||z|| = 1. Using Theorem 2.14, we get:

(T, 2)|* <(|T |z, 2)(|T* |2, )

IN

([T, 2))* + (T |z, 2))*)

IN

(NT[lf* + 11T*[]|*)

(TP, ) + (|IT*[*x, z))

NN~ NN~

(T*T +TT")x,x)
1
§§HT*T + 1T

Hence

W(T) < S| T°T +TT°|

DN =
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o T = R(T) +i3(T) such that R(T) = (T + T*) and S(T) = & (T — T*), and by simple calculation, we get
that T*T + TT* = 2(R(T)? + S(T)?). Let x € H where ||z|| = 1, since R(T) and S(T) are self-adjoint, and

using the convexity of the square function, we obtain:

(T, 2)]? = (R(T), 2)? + (S(T)a,2)? > S(R(T)a, ) + (S(T)ar))? > L (R(T) + (T, 2))?
—(T)? = sup (T 2)* 2 5 sup ((R(T) £ (), ) = JIR(T) £ (D) = JORT) = S|
Therefore
2w(T))? > | (R(T) + S(T)P] + 5 I(R(T) ~ S(T)?)
> SIRT) + S(T)? + (R(T) — S(T))?|
=IR(T)? + (7)) = |T°T + T7°)
Thus

1
T T+ 1T < (w(T))?
Remark 3.8. (3.4) improves (3.1), since:

L * * « 1
ST T +TT | < SUT T+ | TT) = AT + 171) = |1 T]*

DN =

|Tz||? = (T*Tx,z) < (T*Tx,z) + (TT*x,x) = (T*T + TT*)z,z)
Then ||T||? < |T*T + TT*|.
Theorem 3.14. [9] Let T € B(H). Then:

w(T)? < 5 (w(T?) +|T]?) (3.5)

|~

Proof. Let x € H such that ||z|| = 1. Using Theorem 1.3, we obtain:
* 1 * *
(T2, 2)]* = [Tz, 2) (2, T*2)| < S(IT2|[|T"2]| + (T, T"x))

1 *
= S(IT=[|IT" 2] + (T*, 2))

< SITIP +w(T?)
Therefore
W) < (T + |T]?)
Theorem 3.15. [1] Let T € B(H). Then:
w(T)? < %w(T2) - iHT*T + 1T (3.6)

Proof. Let x € H such that ||x|| = 1. Using Theorem 1.3, we obtain:

(Tz,2)? = (T, 2) (e, T*2)| < < (| T2|| T2 + (T, T"x))

1

2
1 *

= 5(ITz 17" + (T*, z))
1

< 5 (307alp + 4Toal?) + (720,2)
1 1

= 1((T*TJC,@ + T Tz, x)) + §<T2x,x>

1 1
< 5w(TQ) + Z||T*T + 1T
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Thus

w(T)? < —w(T?) + f||T*T+TT*||

l\:JM—l

Remark 3.9. The inequality (3.6) improves both (3.5) and the right side of (3.4). Since:
*||T T+TT| < (HT*TH +ITT ) = |IT?

1
2

Theorem 3.16. [2] Let T € B(H). Then:

o(r) < 5 (1) -+ ) )

Proof. Let x € H where ||z|| = 1, using Theorem 2.14, Corollary 2.13 and Lemma 3.4, we obtain:

—_

1 * *
W(T?) £ ST < LT T +TT|

(T, 2)] <(|T |z, )2 (| T* |2, z) %
1 *
<5 ({ITlz,2) +(|T*|z, )
= (7] +1T)z, )
< NT1+ 1)
; (I + 1 VITVTETI)
=5 (nTn + \/r<T|T*|>)
Thus
1
o(r) < 5 (11 + AT
Remark 3.10. (3.7) refines (3.3), since:
V(T < VT = V7]

Corollary 3.15. Let T € B(H). Then:
(1) If r(|T|IT*]) = 0, then w(T) = LT
(2) If wl(T) = <|T|| T ) then r(|T||T*]) = |T2]|.

Proof. (1) By (3.7), we have:

1
o(r) < 5 (1) -+ ) )

And since r(|T||T*|) = 0, then w(T) < 3| T||. And 3||T|| < w(T) is always held.
Thus  w(T) = 1|T|.

(2) We have that

1
2

1 1
o(r) < 5 (i1 + AT < 5 (1 + VT
Since w(7) = 4 () + TN ). then 4 (T + 7T ) = % (4 + VT°0 ).
Therefore — r(|T||T*|) = || T?.

Proposition 3.12. Let T, S € B(H). Then:
(1) w(TS) <4w(T)w(S).

(2) If TS = ST, then w(TS) < 2w(T)w(S).
(8) w(TS) < &||TT* + 5*5].
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Proof. (1) w(TS) <|TS|| < IITIISI < 2w(T)2w(S) = dw(T)w(S).

Hence w(TS) < 4w(T)w(S).

(2) By the homogeneity of w, it suffices to prove if w(T) =1 and w(S) =1, then w(T'S) < 2.
Assume T # 0 and S # 0, it is clear in case one of them equals 0, then:

w(gimT) =1 and w(glgS) = 1 = w(gmymm TS) <2 = w(T'S) < 2w(T)w(S)

Assume that w(T) =1 and w(S) = 1, since T'S = ST, then TS = 1 ((T +8)2 — (T - S)2>. Therefore:

IN

S(T8) = (T + 57 = (T =) <1 (o + 57) 40T - 57))

IN
N e N N N

(st + 82 + i - 9)7)

IA

((lr) + ()7 + (0l1) + ()7 =2

Thus  w(TS) < 2. Hence w(T'S) < 2w(T)w(S).
(3) Let x € H such that ||z|| = 1, then:

TSz, x)| = |(Sz, T"z)|

IN

17| S]]

IN

1 *
ST ) + |SoP)

%((TT*QT, x) + (S* Sz, z))

%((TT* + S*S)z, )

IN

%HTT* + 55
Thus
W(TS) < %HTT* + 55|
Theorem 3.17. [18] Let T, S € B(H) such that TS = ST and T*S = ST*. Then:
w(T'S) < ||IT[w(S) (3.8)

Corollary 3.16. Let T\, S € B(H) such that TS = ST. Then:
(1) If T is normal, then w(TS) < w(T)w(S).
(2) If T is unitary, then w(TS) < w(S).

Proof. (1) Since T is normal and TS = ST = T*S = ST* (by Theorem 2.6).
Then by (3.8), we have:
w(T'S) < ||ITw(S)

Since T is normal, then w(T) = ||T||, hence
w(TS) < w(T)w(S)

(2) Since T is unitary = T is normal, then w(TS) < w(T)w(S).
And we have that w(T) = ||T|| = 1. Thus w(TS) < w(S).

Lemma 3.5. [23] Let T, S € B(H) such that |T|S = S*|T|. Then:
TSz, 9)| < r(S) VTV Tyl for all 2,y € H
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Proof. By induction, let’s prove that:
TSz, )" < (|T|S?" 2, 2)(|T|a,z)" " Y| T*|y,y)>" " for alln €N and z,y € H
For n =1, let’s prove that |(T'Sx,y)|> < (|T|S?x, x){|T*|y,y). Using Theorem 2.14 and S*|T| = |T|S, we get:

(TSa,y)|* < (|T|Sz, Sz){|T" |y, y) = (S*|T|Sz, 2){|T" |y, )
(TSz,y)? < (IS, 2){|T" |y, y)

Assume that [(TSxz,y)|?" < (|T)S%" 2, z)(|T|z, 2)2" 1Ty, y)2" " is true.
And let’s prove that |(TSz,y)|2"" < (|82 z, 2)(|T |z, 2)2" ~2(|T*|y, v)2" is also true. Then:

(TS, )" = ((TSz,y)*")? < (T1S &, 2)(|T|w, )" ~H(|T* |y, )>" )2

(IT15% @, 2)*(|T |2, 2)*" (| T" |y, y)*"

By Theorem 2.14, we have:
(IT15% @, 2)* < (|IT|S*" 2, 5% 2)(|T |z, z)

Therefore
n+1 n n n__ * n
TSz, y)*" <(T|S%" 2, 8% &) (| T |z, a) (| |z, 2) " ~2(|T* [y, y)?
=((S¥")|T|S?" &, 2)(| T, )" (| T* |y, y)*"
=(|T|5%" 8" &, 2)(|T|a, z)2" ~H(|T*|y, y)*"
=(|T|8%" " &, a)(|T|a, z)* (| T* |y, v)*"
Hence
(TSa,y) > < (718 2, 2) (| T, )2~ (T [y, )"

Then — |(TSz,y)2" < (7|5 z, x)(|T|x,z)2" ~Y(|T*|y,y)2" " for alln € N and x,y € H. Therefore:

2n71

TSz, y) |2 T |, ) T |y, y)
—n n,o—n 1-n —1_o-—n « —1
TSz, y)| < T2 1S 12 " =) (T, )2 =2 (T |y, y)?

* < TS

Since
i TP P Yl (e )T (T ) = e (S)V AT, @)/ Ty, )
Then
(TS, y)| < r(S)VATlw,2) Ty, 5} = r(S)IV Tl Ty
Hence

(TSz,y)| <r)IVITIVIT |yl for all z,y € H.

Theorem 3.18. [2] Let T, S € B(H) such that |T|S = S*|T|. Then:

r(S
o(r8) < "2 () + /T 3.9)

Proof. Let x € H such that |z|| = 1, Using Lemma 3.5,Corollary 2.18 and Lemma 3.4, we obtain:

(TS, )| <r(S)IVIT|=[l[IvIT*]«]

r(S
< (2 (VT N]* + 11V/]T*|z(1?)

~—
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<" (|, ) + (77 29)

_r8)
2

r(S)
2

<" () + )V

2
O+ I

(T + 1Tz, )

<

T+ 17|

Hence
r(S)

w(TS) < = (||T|+ r(ITIT*I))

Theorem 3.19. [13] Let T, S, R € B(H). Then:

w(T'S + RT) < 2v2max{||S||, | Rl }w(T) (3.10)
Proof. Let x € H where ||z|| = 1, using (3.4), we obtain:

|{((T'S + RT)z,z)| <|(TSz,z)| + |(RTx, )|
=[(Sz,T*z)| + |(Tz, R*z)|
<[ISz{[[[T ]| + | T2 B* |
<RI ]| + [|S]T ]
< max{||S], [|1RI[}(IT=[| + [ T"z])
< max{||S||, [|RII}v/2(| T|® + | T*||?)
=V2max{|[S||, | RI}/(T*Tw,z) + (TT*z,x)
=v2max{|[S||. |RI}V((T*T + TT*)z,z)

<V2max{||S|, | RI}IT*T + TT*|

<2v2max{]|S], | R||}o(T)

Thus
w(TS + RT) < 2v2max{||S||, || R|| }w(T)

Remark 3.11. Let T,S € B(H). Then:
w(T'S + ST) < 2v2|T||w(T) (3.11)
Proposition 3.13. [21] Let T, S € B(H). Then:
w(TS £ 5T) < %HT*T—I—TT* + 5*S + 557 (3.12)
Proof. Let x € H such that ||z|| = 1, then:

[{(TS £ ST)z,z)| <|{T'Sxz,x)| + |{(STx, )|
<|T*2|[[|Sz|| + | T[] 5"
1 * *
<SUT )+ [182]* + | T2]* + [1572]1*)

:%(<TT*x,x> +(S*Sz,z) + (T"Tx,z) + (SS*x, x))
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1
:5((TT* +S*S+T*T + SS™)zx, x)

1
S§||T*T +TT* 4 5SS+ 557

Therefore
1
w(TS+8T) < §||T*T+ TT* + S*S + 55%|

Definition 3.7. Let T € B(H). Then ¢(T) is called the Crawford number of T, and it is defined as follows:

e(T) = inf |(Tx,x)]

llzll=1

Lemma 3.6. [3] Let T € B(H). Then:

7T + TT| < 4 (w(T)2 (R(T))? ;c(%(T)V)

Proof. We have that R(T) = (T + T*) and I(T) = (T — T*).
By a simple calculation, we get that 5||T*T + TT*|| = |R(T)? + S(T)?||, then we have:

1 1
T T+ T =S [R(T)? + (7))

<SR + I3(D)?)
=< (IT+ T + T = )
Since
(T, ) = |(R(T)z, 2} + (ST, )P
— c(RT) + IS < (1) and o(S(T))? + [RD)| < )2
Therefore
o(R(T))? +e(S(T)) + IR + ST < 2(T)?
— LT+ TP +IT = T*1) + S(lRT))? + e(3(T)?) < w(T)?
= ST+ TR+ T~ T°|?) < w(T)? — L(R(T)) + o(S(T)))
Since
AT T T < ST+ T2 + |7~ T°?)
Hence

|T*T + TT*| < 4 (w(T)2 _c(R(T))? + C(Q(TW)

2
Theorem 3.20. [2] Let T, S € B(H). Then:

R(T))? + c(S(T))°
2

w(TS £ ST) < 2\/§||S|\/w(T)2 _d (3.13)
Proof. Let x € H such that ||z|| = 1, using Lemma 3.6, we get:

(TS + STz, x)| <|(T'Sw,z)| + (ST, z)|
=[(Sz, T"2)| + [(Tz, S")|
<||SzIT*2[| + | T[|[|S™|
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<|ISI(T*z|| + | T=|)
<V2||S|[v/|T*x|)? + | T|?
:\/§||S||\/(TT*95,$> + (T"Tz, x)

<V2|S|VITT* + T°T|

<23y - SO+ ST

Thus

R(T))? + c(S(T))?
2

w(TS £ ST) < 2\/§||S\/w(T)2 _d
Remark 3.12. Clearly (3.13) refines (3.11).
Proposition 3.14. Let T, S, R € B(H) such that TS = ST and TR = RT. Then:
W(TS + RT) < 2(w(S) + w(R))w(T) (3.14)

Proof. Since T'S = ST, by Proposition 3.12 w(T'S) < 2w(S)w(T), and the same w(RT) < 2w(R)w(T).
Then

w(TS £+ RT) <w(TS) + w(RT)
<L2w(S)w(T) 4 2w(R)w(T)
=2(w(S) + w(R))w(T)

Hence
w(TS + RT) < 2(w(S) + w(R))w(T)

Remark 3.13. Note that (3.14) could be a refinement to (3.11) in some cases, exactly when

w(S) + w(R) < V2max{||S||, || RI[}
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hapter 4

A new norm and some inequalities

In this chapter, we define a new norm and we study its properties, as well as its applications on the inequalities between

the usual norm on B(H) and the numerical radius.

4.1 A new norm and its properties

Theorem 4.1. Let T € B(H) and o, B € RY.. Then:

I T|la,s = sup /a|Tx|]? + BT+

llzll=1

|.lla.p defines a norm on B(H).

Proof. e If T =0, it is obvious that ||T|la.s = 0.

Conversely, assume that ||T||o,s =0, then:

Vo € H where ||z]| =1: o Tz|* + B||T*x||? = 0 = Vo € H where ||z| = 1: |Tz| = 0.
Thus ||T|| =0, hence T =0. Therefore T =0<= ||T|las=0.

o Let \€ C and T € B(H), then:

[RYAIIPAN :HSIHIEI\/Oéll(/\T)ﬂcll2 + Bl (AT)|?

— sup y/af| AT + BXT*x|?
[lz]=1

= sup \/@IWIIT?EH2 + BIART |2
llzll=1

=”8h1p1|A|\/0<HTﬂCII2 + BTz
x||=

=T,

Then | ATlap = A Tlas-
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o LetT,S € B(H), then:

1T+ Slla.s = sup Val|Tz + Szl + BT+ + S*x|?
B

|zl|=1

< sup /o Tz|? + af|Sz[2 + 2| T[Sz + BIT*2|]? + BlIS* | + 28| T*2[|| S*«]

llzll=1

We have that al| Tz||[| Szl + BIT*z||[[S*z|| < /alTz[]? + BT[>/ al|Sz|? + B[ S*=[2.

Since: (| Tz ||| Szll+BIT*2|[[[S*2()* = o | Tx||?||Sx||*+B2(|T*||* || S*z||* + 208 T | Sz ||| T* ||| S*=|
< || T ||| Sz|>+82|T*||* || S* 2|1 +aB|| T ||| S*[|* +|| S| Tz ||
= (a||Tz|? + BT |*) (e[ Sz + BIIS*=[|*)

Therefore al| T )|[|Szl| + BIT*z|[[S*z]| < v/allT=]? + BIT*2]2 /ol Sz[|? + B]lS*«]>.

Thus

1T+ Slla.p S|»<11”1131\/0é||Ta?|2 + BTz + o[ Sz + BllS*z (| + 2/ al|Tz | + BTzl /ol Sz> + Bl|S*=]>

= sup \/(\/a||Ta:||2 + BT 2|2 + V/al Sz + B[ S*«|}?)?
1

llzll=

= supl(\/OéIITwII2 + BT 2|2 + Vol Sz | + B[S 2[?)

llzll=

< sup Vo Tz|? + B[ T*z|? + sup /al|Sz|? + 5]|5*z|?
Jall=1 Jall=1
=Tl + lSllas

Then 1T+ Slla.s < [Tl + [1Sla.s-
Hence ||.|la,p defines a norm on B(H).

Remark 4.1. Ifa =0 and 8 € R (or 8 =0 and o € RY), then || T||a,s = VBT (or |T|la,s = V| T|), that
is why we take o, 8 € R

Corollary 4.1. Let T € B(H) and o, 3 € RY.. Then:

IT|la,s = V/1aT*T + BTT™|

Proof.

1T Nlap =”SIH1§1\/OéIIT%H2 + B[ Tx|]?

= sup \/o(T*Tz,z) + B(TT*z, x)
llzll=1

= sup \/((aT*T + BTT*)x, x)

llzll=1

—\/ sup ((aT*T + BTT*)x, x)
llzll=1

=/ ||aT*T + BTT*||

Lemma 4.1. Let T € B(H) and o, f € RY.. Then we have:

max{va, VBT < Tl < Vo + BIT] (4.1)
V2min{y/a, /BYw(T) < ||T]las < 2max{v/a, v/B}w(T) (4.2)
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Proof. e Let © € H such that |z|| = 1, then:

ValTz|? + BT+ <v/a|T|? + 5T+
al|T)* + B(T1?

=va+ 8|

Therefore 1T a8 < Va+ BT
First of all, we have that: \/a||T|| = sup va|Tz| < sup /al[Tz|]2 + B|T*z|> = [|T||a,s-
lzll=1

llzll=1

And the same, we have that: VBIT| < 1T | ,p-
Thus

max{v/a, VBT < ||ITa,s

Hence

max{va, VBIT| < |IT]lap < Vo +BIT|

e Using Theorem 3.13 and Corollary 4.1, we obtain:
2 1 * *
W) <3| 7T + 7|

1
=7 Sup (T*T+TT")x,x)
llzll=1

B8
min{a, 5}

1 . )
= Zminfa, gy up, (T Tw,2) + BT T 2, 2)

(T*Tx,x) + (TT x, x))

<1 ( a
S Sup (———5v
2|z)=1 min{a, B}

1
=————|aT*T + BTT*

2min{a B} lo +5 I

2m1n{a B}H I,
Thus

1
TY? < ——||T|?
w( ) — 2m1n{04,6}” ||a,,8

Therefore

V2min{v/a, \/BYw(T) < [T|a,s
On the other hand, we have:

1 * *
w(T)? 1||T T+ TT|

—_

=—sup (T"T +TT")z,x)
4jz)=1

_Bs
max{a, f}

(07

Zinih‘il(m (TT*z,z))

(T*Tx,x) +

1
= |aT*T + BTT*
Tmax{a, gy 10T T+ ATT7

1
E——— ol
4max{a,ﬂ}” la.s
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Thus
Tty Tl < w07
Therefore
1T la,s < 2max{v/a, v/B}w(T)
Hence
V2min{va, v/8}(T) < ||Tllas < 2max{va, v/Bw(T)
Remark 4.2. (4.1) and (4.2) mean that ||.||a,g, ||I.|| and w are equivalent norms.

Corollary 4.2. The norm ||.||a,5 does not satisfy the power inequality in general i.e.

T € B(H), Ine N: 1T, > 1T |0 5
1 n
For instance, take H = C? and T = , by stimple calculation, we get that T" =
0 1 0 1

Also we find that | T, < /3(a+8) and [|[T"]|ap > V(02 +1)(a+ 5). When 3(a+ ) <1 and forn € N
large enough, we obtain that:

(2 + 1)(a+B) > (3(a+p5))?

And this is because (Bla+A): — 0 and n2+1)(a+8) — oo.
n—oo n—oo

Hence for n large enough, we have

1Tl > Tl
Remark 4.3. The norm ||.||a,p ts not an algebra norm, that is
T, 5 € B(H) : ITSllep > 1T |81 e 8

Proof. If ||.||la,g s an algebra norm = |.||a.5 satisfy the power inequality.

Since ||.||a,z does not satisfy the power inequality, then ||.||q,g is not an algebra norm.
Theorem 4.2. Let T, S € B(H) and o, B € R, Then:

Vath
< — .
ITShos < e 3 Tl sl (43)

Proof. Using Lemma 4.1, we obtain:
ITS|%, =HSIH1§1(04||TS$H2 +BI(TS) x|?)

<a|TS|* + BI(TS)"|I?
=(a+ B)||ITS|?
<(a+BAITI?]S]*

a+p
@) 12 112,

e IT

Therefore
voa+

B
ITSa,s < max{a, A]

[Tl 115,
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Proposition 4.1. Let T,U € B(H) where U is unitary, and let o, f € R%, n € N. Then:
DT g = IT].-

2) If T is normal, then | T™||a.p = Vo + B||T||™.

3) If T is normal, then | T"||a.s = (a+ B) 2" | T2 5.

) N0 TUlap = Tl a,-

Proof. 1) IT*lap = sup /ol T*x][? + BI[(T*)"=[?

llzll=1

= sup /ol T*z|? + B[ Tz

loll=1
= ITlp.a

2) If T is normal, then [T = | T*]| for all x € H, and |7 = |T]}". Then:
Il = Sup ValTa|? + BT[]
z||=1

= sup /ol Tz[]? + B[ Tz|?

lz]|=1
=Va+B|T|
Thus

1T las = v+ BIIT||

Then 1T lap = Ve + BIIT"||
=va+p|T|"

Hence
1T la = Vo + BIT|"
3) If T is normal, then ||T|la.p = Vo + BT, and |T"||a,s = Vo + B||T||".

—n 1—n
Then 1T o = Vet Bla+ B) 2 TIG 5 = (a+B) 2 T3 5-
Hence
n 1—n n
1T la, = (2 +8) = [Tl
4) Let ||z|| = 1, since U is unitary, then |Uz| = ||z|| = 1, also there exists a unique y € H such that Uz =y,

which means that ||y|| = 1. Then:

IUTU | = s VallU*TUz|? + B|(U*TU )* x|
z||=1

= sup /a|U*TUz|2 + B|U*T*Ux|2

|]|=1

= sup /o(U*TUz, U*TUz) + B{U*T*Ux, U*T*Ut)

llzll=1

= sup \/a(TUz, TUz) + B{T*Uz, T*Ux)

llzll=1

= sup ValTyl]? + 5[ T+y]?
y||=1

=[Tllos

Hence N U*TU| a8 = IT||a.8-

Remark 4.4. ||T|o,3 = vVa+ B||T|| does not implies that T is normal.
0 1 0 0 01
As counterezample, let H = C? and consider T= |0 0 0|, thenT*=|1 0 0

1 0 0 0 00
By simple calculation, we get that |T|| =1 and |T||a.g = Vo + B, but TT* # T*T.
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4.2 Inequalities

Theorem 4.3. Let T € B(H) and o, B € RY.. Then:

(T € 5(T%) + eI, (44)
1
wl) < 5 (WnTna,ﬁ + \/r<|T||T*|>) (4.5)

Proof. e Using Theorem 3.15 and Corollary 4.1, we obtain:

w(T)?

\ /\

w(T?) + f||T*T +TT||

)+ 1 sup ((T"Tx,x) + (TT"z,x))

=1

£
~
]

N = N = N = N = M\HM\H
€
—
~
[}

)+ 1 sup (9<T*Tx,x> + g(TT*a:,a:>)

=1 &

IN

1 * *
T T, gy o, (T T o 2) + ST, x))

w(T?) +

£
N
>

1
——|aT*T TT*
e Syl T+ BTT"|

£
N
no

)+ 113, 5

4 mln{oz B}

As required.

o Using Theorem 3.16 and Lemma 4.1, we get:

1
o(r) <5 (I + /D))
1
=3 (mdx{f f}HT”a,ﬁ TV |THT* >
As desired.
Remark 4.5. It is obvious that (4.4) refines the left side of (4.2).

Corollary 4.3. If T? =0, then w(T) = 3|

Proof. By (4.4), we have w(T)? < 3w(T?) + ;1T

Since T? = 0, then w(T) < 3||T|1,1-

On the other hand, by (4.2), we have that IT1,1 < 2w(T), thus T € w(T).
Therefore w(T) = $||T|l1,1-

Corollary 4.4. Let T, S € B(H) and o, 3 € R%.. Then:

a+p

2 1 2
W(TS)? < G0((TS) + e ISl
Proof. Depending on (4.4) and (4.3), we have:
1 1 ,
SIS Sgl(TSV) + e ITSIE
1 9 a+f
Siw((TS) )+ 4max{a?, f?} min{«, 5} P

As desired.
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Lemma 4.2. Let T,S € B(H) and o, f € R.. Then:

w(T'S) < [T1a,811S]

1
max{«, 5} o

Proof. Using Corollary 4.1, we get:
w(TS) <[ TSl

1
_max{\/a,\/ﬁ}g\l e[Sl

1
= [|ITlas 1Sl
(a5 TllesllSllas

As required.

Remark 4.6. When o= =1 in (4.6), we get:

w(TS) < \/IT*T + TT*||\/]|S*S + SS*|| < 4w(T)w(S)
Theorem 4.4. Let T, S € B(H) such that T commutes with S i.e. T'S = ST, and let o, 3 € RY.. Then:
w(TS)? <

(ISI* + 1S*DIT 2, 5

1
4minf{e, 8}
Proof. Let ||z|| = 1, using the fact that T'S = ST, Theorem 1.3 and Corollary 4.1. We obtain:

(TSz,2)] = (TSw,z)(x,(TS) x)l S%(IITSIHH(TS)*III + (TS, (TS)"x)|)

1 * ik *
=5 (IST|[|S*T || + [($*T, T*2)))

IN

= =N

SIS TNl + | S* T T*]l)

IN

UISIZ + IS AUT ] + 17" (1)

(ISIP + 182 (T T, ) + (T "0,)

(ISI* + I1S*DllaT™T + BTT™|

1
P
~4min{a, 5}
1

- 2 2 2
= Tamnra gy U + 1S DITIZ.s

As desired.
Remark 4.7. We can replace T by S and S by T in (4.7) i.e.
1
TS < ——
w(TS)” = 4min{«, 8}
Corollary 4.5. Let T,S € B(H) such that TS = ST. Then:

(T + 1T DISIZ, 6

(TS < (ISIP + IS IITIR
Recall that |T||11 = \/|[T*T + TT*|.
Remark 4.8. It is clear that
i(HSII2 + ISP IINTT + TT*|| < | T|[|S|I?
Also
%(IISII2 +ISPIDNTT + TT*|| <(|IS]]? + [|15? ) (T)?

=2||S|Pw(T)?
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Thus
1 * *
Z(IISH2 + ISP DITT + TT*|| < 20(T)?||S|? (4.9)

Hence (4.8) is a refinement of w(T'S) < 2w(T)w(S) in case w(S) = ||S||. Moreover, (4.8) may give better
estimation then w(TS) < 2w(T)w(S) when w(S) # ||S].

Remark 4.9. Let T € B(H), then T is normal = | T?|| = ||T||?. And the converse in not true in general.

Proof. By Theorem 2.5, if T is normal, then | T"| = |T||". Conversely, let H = C* and consider
010 0 0 0
T=10 0 of,thenT?>= 1|0 0 0], and we have that |T?|| = |T||*> =1, but T is not normal.

1 00 01 0

Corollary 4.6. Let T, S € B(H) such that TS = ST and ||S?|| = ||S||?. Then (4.8) refines w(TS) < 2w(T)w(9).

Proof. Since ||S?|| = ||S||2, then ||S|| = /]1S?]] < /2w(S?), thus ||S|| < v2/w(S?).

1 * *

JUSIF IS DITT + TT*| <2|[S]*w(T)?
<4w(SH)w(T)?
<4w(8)?w(T)?

Corollary 4.7. Let T, S € B(H) such that TS = ST and S* = 0, then:

1
w(TS) < ISIIT s < [[S]lw(T)

Recall that ||T|11 = /|| T*T + TT*|.

Proof. By (4.8), we have that:

w(TS)* < Z(ISI* + IS*IDIT

|2
1,1

N

Then
1
w(T'S) < SISIIT e < ISl (T)

Remark 4.10. Let T,S € B(H) such that TS = ST and +/||S||? + ||S?|| < 2w(S). Then (4.8) improves
w(TS) < 2w(T)w(S).

1 1 1 2
Example 4.1. 1) Let H = C2, and consider T = and S = , by simple calculation we get the
0 1 0 1

following: TS = ST, w(T) = 2, |T*T + TT*|| = 5, w(S) = 2, 5.8 < ||S||*> < 5.84, V17.8 < ||S?|| < V/18 and
15112 # 115]].
By w(TS) < 2w(T)w(S), we get that w(T'S) < 6, and by (4.8) we get that w(T'S) < 3.55.
010 020
2) Let H = C3, and consider T= |0 0 0| andS=10 0 0], by simple calculation we get the following:

0 01 0 0 1
TS =ST, w(T)=w(S) =1, |T*T+TT*| =2, ||S|| =2, and ||S?| = 1.
By the previous date, we get that \/[|S]2 + [[S2]] > 2w(S), and by w(T'S) < 2w(T)w(S), we get that w(TS) < 2,
and by (4.8) we get that w(TS) < \/g ~ 1.58.
Hence (4.8) gives a better estimation then w(T'S) < 2w(T)w(S) in this case even though \/[|S[[2 + [|S2| > 2w(S).
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Therefore +/||S]|2 + [|S?]] < 2w(S) ensures that (4.8) gives a better estimation then w(TS) < 2w(T)w(S).
However, if it is not satisfied this doesn’t mean that (4.8) will not give a better estimation then w(TS) <
2w(T)w(S).

Theorem 4.5. Let T, S € B(H) such that TS = ST and T**S? = S*T*?, and let o, 8 € R%.. Then:

1
2
w(TS)” < 4min{a, B}

Proof. Since T'S = ST, then T?S? = S?T?, and we have that (T%)*S? = S?(T?)*, by Theorem 3.17, we have

ISIPITIZ 5 + *||52||w(T2) (4.10)

W(T?5?) < (1))
Let ||| = 1, Applying Theorem 1.3 and Corollary 4.1. We get:
(TSa, ) = (TS, ), (TS)"a)| <3 (ITSI(TS)"al + (TS, (TS) )
< IS NTNIT 2] + 51(T2%, )
< ISIPT2I? + 1Tal?) + S (7287)
B

. 1
B<TT 2, 7)) + 5 157 [lw(T?)

ISIPITIZ 5 + *IISQIIw(Tz)

]' *
<;Isl? ( (T"Tw,z) +

1
= 4min{a, 8}

As required.

Remark 4.11. We can replace T by S and S by T in (4.10) i.e.

w(TS)? TS 1%, + 5 7% (5%)

1
= 4min{a, 8}
Remark 4.12. Let T, S € B(H), then T?S? = S*T? does not imply that TS = ST.
0 0 1 010
Proof. Let H =C3, consider T=11 0 ol andS=10 0 1|. After calculation we get that

0 00 0 00
T25% = 8212, but TS # ST.
Remark 4.13. By Remark 4.12, T*?S2% = S2T*? does not imply that T*S = ST*.

Corollary 4.8. Let T, S € B(H) such that TS = ST and T**S? = S?T*%. Then:
1 1
w(TS)* < ||SH 1IR3+ S1S2w(T?) < w(D2S]? + Sw(T?)]1S] (4.11)
Recall that ||T|11 = /|| T*T + TT*|.

Corollary 4.9. Let T, S € B(H) such that TS = ST and T**S? = S>T**. Then:

w(TS) < gw(T)IISII

Proof. Using (4.11), we get:

1
w(TS)* <w(T)?|IS|* + w(T*)IS?|
1

Sw(T)?[18]?

<w(TPIISI + 5

3
=Zw(T)?S|?

As desired.
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Corollary 4.10. Let T, S € B(H) such that TS = ST and T**S? = S?T**. Then:
1) Ifw(S) = ||S||, then  w(TS) < YBw(T)w(S).
2) IF||S2| = [IS]?, then  w(T'S) < v3w(T)w(S).

Theorem 4.6. Let T, S € B(H) such that T'S = S*T', and let o, B € RY.. Then:
2 2
w(TS)” < |15l (MHT;B + ;w(T2)> (4.12)

Proof. Since T'S = S*T, then S*T* =T*S. Let ||z|| = 1, using Theorem 1.3 and Corollary 4.1. We get:

* 1 * *
(TSz, )" = TSz, z)(w, (TS) )| <5 (ITSzl||[(TS) =] + TSz, (TS)"x)|)
1 * * ik )k
=S (IS T |5 T2 + (TS, 5°T"a))
1 * * * *
<SS NT= T 2[| + TSz, T*Sz))
1 . 1
< ISIPAT]® + 1T72]%) + SKT*Sw, Sx)]
1 @ B 1 Sx Sz
=—|IS|I2(=(T*Tx,x) + S(TT*z,z)) + =||Sz|*|(T? ,
LIS Ta.a) + S{TT"0,0)) + 3ol (T o, 7!
1 1
<——————||S|PlaT*T + BTT™|| + < ||S||?w(T?
< Trma g ISP IeT T 4 BT 4 51 w(r?)
_(1Ql2
=15l (MTn;ﬁ;w(T?))
As required.
Corollary 4.11. Let T, S € B(H) such that TS = S*T. Then:
3
(TSP < IS (31718, + dutr®) ) < S1SIPlD)? (4.13)
Recall that ||T|11 = /|| T*T + TT*|.
Corollary 4.12. Let T, S € B(H) such that TS = S*T and T? = 0. Then:
w(TS) < |[S]lw(T)
Theorem 4.7. Let T, S € B(H) such that |T|S = S|T|, and let o, f € R.. Then:
1
w(TS) < ST o, 414
(T9) € e IS (1.19)

Proof. Let ||z|| =1, since |T|S = S|T|, then \/|T|S = S\/|T|. Using Theorem 2.14 and Corollary 4.1, we get:

(TSz,z)|* <(|T|Sz, Sx)(|T* |z, x)

(
(S|T )z, Sz){|T" |z, z)
(IT|x, S*Sx){(|T* |z, x)

<||S*Sz|[[[[ T[T

<SISIPANT Il + 1T | ]1*)

—= N =

ISI*(T* T, x) + (TT"w, z))
<1
~ 2min{«, 8}

T2
IS1*(AT* T, z) + B(TT ", x))
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1
= 2min{a, 5}
1
:2min{a, B}

ISI*|aT™T + BTT"|
ISIPITZ, 5

Hence w(TS) < ISTHIT |-

VEminl a3y
Corollary 4.13. Let T, S € B(H). Then:

TS =ST and T*S = ST* = |T|S=S|T|

And the converse is not true in general.

Proof. e Assume that TS = ST and T*S = ST*, then:
|T|2S = T*TS = T*ST = ST*T = S|T|?, then |T|2S = S|T|?, therefore |T|S = S|T|.
0 1 0 0 0 1 1 0 0
e LetH=C?and consider T=10 0 ol,thenT*=1]1 0 ol andT*T=|0 1 0
1 0 0 0 0 0 0 0 0
01 0
Also we have that (T*T)? = T*T, thus |T| = VT*T =T*T. Let S= [0 0 0
0 0 O
By simple calculation, we get that |T|S = S|T|, but TS # ST and T*S # ST*.
Corollary 4.14. Let T, S € B(H) such that |T|S = S|T|. Then:

w(TS) < IIISHIITII11<WHSIIw( ) (4.15)

Recall that | T11 = /|| T*T + TT*||, also
||SH\/||T*T+TT*| HS||\/||T||2+ 172

Corollary 4.15. Let T, S € B(H) such that |T|S = S|T'|. Then:
1) If () = IS, then  w(TS) < Vaw(T)w(S).
2) If ISl = [IS|I, then  w(T'S) < 2w(T)w(S).

Corollary 4.16. Let T, S € B(H) such that |T|S = S|T| and T? = 0. Then:

w(T'S) < —Z=|ISIIT

f'
Theorem 4.8. Let T, S € B(H) such that |T|S = S*|T|, and let o, 3 € RY.. Then:

w(TS) < r(ST |,

1
NSOy 8 (4.16)

Proof. Let ||z|| =1, using Lemma 3.5 and Corollary 4.1, we obtain:
(T Sz, 2)* <r(S)?[V/ITl= | V/IT* |||
=r(S)*(|T|z, 2)(|T" |z, z)
(8 (| Tla,2)? + (T |z, 2)?)

r(S)2 (Tl + 17| ]%)

<

<

w\»—w\H
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:%T(S)Q“T*Tx, x) + (TT x, )
1
=2min{a, 8]
1
=2min{a, 8]

() (dT*Tx, x) + B(TT*x, x))
(S)?||aT*T + BTT™||

_; 2 2
_2 min{oz, B}T(S) ||T||04,B

1
Thus w(TS) < mﬂ&‘ﬁ”mﬂ

Corollary 4.17. Let T, S € B(H) such that |T|S = S*|T|. Then:
1
W(TS) < —=r(S)| Tl < V2r(S)w(T) (4.17)

2
Recall that | T||1.1 = /] T°T + TT~].

Corollary 4.18. Let T, S € B(H) such that |T|S = S*|T|. Then:
1) If w(T) = %\/T*T +TT*, then  w(TS) < r(S)w(T).
2) If T? =0, then w(TS) < %T(S)HTH

Theorem 4.9. Let T, S,R € B(H), and o, 3 € R%. Then:

2 2
W(TS + RT) < W max{ |||, [ RI} a5 < fa;ﬁ max{||Sllas. [Blas}|Tlap  (418)

Proof. Let ||z|| =1, using Corollary 4.1 and (4.1), we obtain:

[{(TS + RT)z,z)| <|{T'Sxz,z)| + |(RTx, x)|
<[|Sz([[[T*2|| + | RTx||
<[ISINT" [l + [ R T=|
< max{|| S]], [|RI[F(IT" || + [|T])
<V2max{|[S|, | RI}ITx|? + || T*||?
=v2max{||S||, | RI}/(T*Tx,z) + (TT*x,x)

V2

< e ma|S|, | RI}/alT T 2] + BT T 2]
_L max
_min{\/a, VB} {ISTNRIIT a6

V2

:max{\/a7 V/B} min{\/a, v/B} max{max{v/a, \/B}HS”v max{v/a, \/IE}”RH}HT”aﬁ

V2
< ——=max{[|S]la.; [ Rllas}HT o,

N {ISlass [[Bllas 1T llap
Corollary 4.19. Let T, S € B(H), then:

w(TS £ ST) < V2| S|l Tl < 2v2(|S|lw(T)

Recall that || T|11 = /|| T*T + TT*|.

Theorem 4.10. Let T, S, R € B(H) such that T'S = ST and TR = RT, and let o, 3 € RY.. Then:

w(TS + RT)? <

1
IS+ NRIDAIT NG + 5 <w(T252) + w(T2R2)> +ISHIRINT| (4.19)

1
4min{«, 8}
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Proof. Let ||z|| =1, using Theorem 1.3 and Corollary 4.1. We obtain:

(TS + RT), x)|* <({T'Sx,)| + |(RTz, x)])?

(TSz,2)|* + |(RTz,z)|* + 2(T S, z)||(RTz, z)|

TSz, x)(x,S*T*x)| + |(RTz,z){x, T*R*x)| + 2|(T'Sx, x){x, T*R*x)]
<L
2
TSz || T R*x|| + (T'Sz, T* R )]

ko *rrk 1 * % * %
(I TSz|[|S*T"z || + TSz, S*T"2)]) + 5 (1RT ||| T" B*2[| + (RTz, T" R*x)|)

1 k rk 1 * ik

=5 (15T ||| S*T || + (T?S%x,x)]) + SURTz[[|B* T x| + (T?R*z, x)|)
+ |STa|||[R*T* || + [(T?Sx, R*z)|
1 . 1 . 1

§5||S||2||TxIIHT || + 5||R||2||TxIIHT x| + 3 (w(T252) +w(T2R2))

+ (ISR T T2l + IS RINT])

1 § 1
=5 (ISI7 + IRI* + 2SI RDIT= T2 + 5 (w(T252)+w(T2R2)> + [ISIIRINT?|

1 1

< (UISI+ IR AT + 1T 2l*) + 5 <w(T252) +w(T2R2)> +ISHIRINT|
i
B
S+ NRIDAITNG s + 5 (w(T2S2) +w(T2R2)> + ISIIRINT|

i(I\SII +IIRI)? ( (T"Tx,x) +

1
~4min{«, 5}

As desired.

Corollary 4.20. Let T, S, R € B(H) such that T'S = ST and TR = RT. Then:

1
WIS BTV < LS| + I RIVITIZ ) + (w(TQSQ) +w(T2R2)) L ISIIRIT)

N

Recall that | T|11 = /I T*T + TT*|. In addition, we have:
St PT,S,R) = J(IS1 -+ IRIPITIE + 3 ((7252) + w(r2m2) ). then:

1
F(T,8,R) + [SIIRINT[ <(1S] + [RI)*w(T)* + 5 (w(T2S2) +w(T2R2)> +ISIIRINT|

1
<UISI+ 1R (T)? + ST S + 172 R2|]) + 20IS |1 Rll(T2)

<(ISIl+ 1 RI)?w(T)* + %(IITQHIISQH TR + 20 S| Rllw(T)
<ISI+ I1RINw(T)? + (TSI +w(T*) | RI?) + 2/l Rllw(T)?
<UISI+ IRIN*w(T)* + (W(T)*IS* + w(T)* | RII?) + 2[[ S|l Rllw(T)?

=(ISI + 1RID* + [ISI* + 1 BII* + 20| S| Rl (T)*
=2(|IS]l + [|1BII)*w(T)?

Hence
1 1
2SI+ IRIDTIZ, + 3 <w(T252) +w(T2R2)) + ISIHIRINT? <2(/IS]| + | RI))w(T)?

This means that (4.20) improves w(TS + RT) < 2v/2max{||S|, || R|}w(T), also it refines
w(TS £ RT) <2(w(S) +w(R))w(T) in case w(S) = ||S|| and w(R) = ||R|.
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Remark 4.14. Let T,S, R € B(H) such that TS = ST and TR = RT. Then:
w(TS £ RT) < V2(|S| + | R)w(T)

Corollary 4.21. Let T, S, R € B(H) such that TS = ST and TR = RT, also ||S?|| = ||S||? and |R?|| = ||R|*.
Then (4.20) refines w(T'S £ RT) < 2(w(S) + w(R))w(T).

Proof. Since ||S?|| = ||S||?, then ||S|| = /[S?]] < /2w(5?) < V2w(9), thus ||S|| < v2w(S) and
IR]| < V2w(R). Set F(T, 8, R) = (S| + | RIN?(|T

11435 | w(T28?) +w(T2R2)), then we get:

F(T, 8, R) + [ISIIRINT?|| <(IS]| + | BRI ?w(T)* + % (w(T252) + w(T2R2)) + ISIIRINT]]
<(ISI + |1 RIN?w(T)* + %HT2||||52II + %IITQHIIRQH +2[[S|l[[Rllw(T?)
<(ISI+ IRI?w(T)* + (IS]1* + 1 RI* + 2] S RIDw(T?)

<2(|IS|l + [[R])*w(T)?

<A(w(8) + w(R))*w(T)?

Therefore

LS+ DRDATIR s+ 5 (w(2252) + w(r2m) ) + ISTIRIIT? < 4((8) + )Pl

Remark 4.15. Let T, S, R € B(H) such that TS = ST and TR = RT. If ||S|| + | R|| < V2(w(S) +w(R)), then
(4.20) is a refinement of w(T'S + RT) < 2(w(S) + w(R))w(T).

=

1 1 1 2 1
Example 4.2. 1) Let H = C?, and consider T = , 8= and R = 2 , after calculation

0 1 0 1 0
we obtain the following: TS = ST, TR = RT, w(T) = 3, |[TT* + T*T|| = 5, |T?|| < V5.84, w(S) = 2,
VB3 < IS]| < VESL, w(R) = 5, V6 < || < VI6I, w(T25?) = 4 and w(T*R?) = 3.
Then 2v/2 max{||S||, | R||}w(T) > 3v/2/5.8 = 10.22, on the other hand, we have 2(w(S) + w(R))w(T) = 9.75.
Thus w(T'S+ RT) <9.75. However, by (4.20), we get that w(T'S + RT) < 5.28.

—_

1 1 0 1 0 4 01 0
2) Let H = C3, consider T = |0 1 of|, S=1|0 1 ol and R= 10 0 0], after calculation we
0 0 1 0 0 1 0 0 O

obtain the following: TS = ST, TR = RT, w(T) = 2, |T*T + TT*|| = 5, |T?] < v5.84, w(S) = 3,
VIT8 < |S]| £ V18, w(R) = 3, |R| =1, w(T?5?) < 6 and w(T?R?) = 0.

Then 2+v/2 max{||S||, || R|}w(T) > 3v/2V17.8 = 17.9, on the other hand, we have 2(w(S) + w(R))w(T) = 10.5.
Thus  w(T'S + RT) < 10.5. Also we have that ||S|| + || R|| > 5.21 and v2(w(S) + w(R)) = \%

Hence ||S|| + | R|| > v2(w(S) +w(R)). By (4.20), we get that w(T'S + RT) < 6.9, see that (4.20) gives a better

estimation even though ||S|| + || R|| > v2(w(S) + w(R)).

Theorem 4.11. Let T, S, R € B(H) such that T'S = ST and TR = RT, and let o, 3 € RY.. Then:

1
w(TS + RT) < TRV

Proof. Since TS = ST and T*R* = R*T*. Using (4.7), we get:

(VIISIZ +115%] + VIRI? + [R2DIT a5 (4.21)

w(TS £+ RT) <w(TS) + w(RT)
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=w(TS) + w(TR)
1
5|2 S2T| o ————/|IR|? R2|||IT |
VP H TN o + e e VIR TR s

(VIRI? + B2 + VISI? + 152D T e s

1
=S min{va, v
1
~2min{ya, B}

As required.

Theorem 4.12. Let T, S, R € B(H) such that |T|S = S|T| and |T*|R = R|T*|, and let o, 3 € RY.. Then:

w(T'S + RT) < ST+ IRIDIT o5 (4.22)

1
V2min{y/a, B}
Proof. We have that: |T*|R = R|T*| < |T*|R* = R*|T"|
Since |T|S = S|T| and |T*|R* = R*|T*|. Using (4.14) and (4.15), we obtain:

w(T'S + RT) <w(T'S) + w(RT)
=w(TS) +w(T*R")

1 1
< S Tlas + —=||R*INIT*T + TT*
Tt o7 ST les + IRV ||

ST Nl + IRV ||aT*T + BTT*|

1
V2min{v/a, vB}
ST+ IRIDIT o,

1
= VZmin{ya, V5)

1
~V2min{ya, B}
As desired.

Corollary 4.22. Let T, S, R € B(H) such that |T|S = S|T| and |T*|R = R|T*|. Then:

1

w(TS £ RT) < —=([ISI[ + I RIDIT |11 (4.23)

Sl

2

I

Recall that | T|l11 = /|IT*T + TT*||, and note that (

this case. Since:
1
V2
Corollary 4.23. Let T, S € B(H) such that |T|S = S|T| and |T*|R = R|T*|. Then:
1) If w(S) = ||S|| and w(R) = ||R||, then —w(TS £ RT) < V2(w(S) + w(R))w(T).
2) If |S? = |ISII* and ||[R?[| = | RI*, then —w(T'S + RT) < 2(w(S) +w(R))w(T).

:23) refines w(T'S £ RT) < 2v/2max{|| S|, ||R|}w(T) in

S+ IRDVITT + TT*|| <V2(|S|| + [ RIw(T) < 2v2max{|| S|, | R|[}e(T)

Theorem 4.13. Let T, S € B(H) such that |T|S = S*|T'| and |T*|R = R*|T*|, and let o, 5 € RY.. Then:

1
w(TS + RT) < NS

Proof. Since |T|S = S*|T| and |T*|R = R*|T*|. Using (4.16) and (4.17), we get:

(r(S) + r(B)ITap (4.24)

w(TS £+ RT) <w(TS) + w(RT)
=w(TS) +w(T*R")

1
SINT|ag + —=r(R* T+ TT*
(NNT e ﬂr( VI |

1
= VZmin{va, B}

(T Ml + (R)V/|aT*T + BTT™|

1
VZmin{va, VB}

1
= Zmin{ya, VB
! (r(8) + 7(R) | Tllo5

~V2min{y/a, B}

As required.
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Corollary 4.24. Let T, S € B(H) such that |T|S = S*|T| and |T*|R = R*|T*|. Then:

w(T'S + RT) < —=(r(S) +r(R)[IT]|1.1

Sl

Recall that || T|11 = /|| T*T + TT*|.

Theorem 4.14. Let T,S € B(H), and o, 3 € RY.. Then:
1) If TS = ST and |T*|R = R|T*|, then:

1 IS1% + 1152l
w(T'S + RT) < A mina, f}( 7 +IRIDIT |,
2) If TS = ST and |T*|R = R*|T*|, then:
1 [1S11% + 152l
w(TS + RT) < VT \F}( 7 + r(R)IT|a,p
3) If |T|S = S|T| and |T*|R = R*|T™*|, then:
(TS £ RT) < (1514 r(R)ITs

Proof. 1) Since |T|S = S*|T| and |T*|R* = R*|T*|. Using (4.7) and (4.14), we obtain:

w(TS + RT) <w(TS) 4+ w(RT)
=w(TS) + w(T*R*)

—/IIS|? S2|T| e —||R* T + TT~||
Qmm{f T VISP T Tl + 7 H\/II -

<1 ISEFISNIT.
<smmrve vz VP IS s +
! ISP+ 1571

NG min{\/a, VB

= + | RIDIT|a,
e A IRDIT
As desired.
2) and 3) Proceeding the same as 1).
Corollary 4.25. Let T, S € B(H). Then:
1) If TS = ST and |T*|R = R|T*|, then:
1511 + 1152]]
TS £ RT —(—————+ |R)||T
w( ) < f( 7 [RIDNT [}2,2
2) If TS = ST and |T*|R = R*|T*|, then:
1512 + 197
TS+ RT —(———+r(R)|T
( ) \[( \/§ ’I’( ))” ”1,1

3) If |T|S = S|T| and |T*|R = R*|T*|, then:

1
w(T'S + RT) < E(HSII +r(B)IT 1

Where |T||11 = /|| T*T +TT~|.

IRV ||aT*T + BTT*|

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



Conclusion

Here we summarize our work, and we discuss prospects for future research.
After presenting four chapters in this thesis, our conclusion is summed up as follows.

First, we give some preliminaries (important theorems and properties) on Hilbert spaces. Then,
we study bounded linear operators in detailed, and we provide some vital linear operator classes, also
we define the square root and the absolute value of an operator. After that we present the following
notions, spectrum, spectral radius, numerical range and the numerical radius of an operator, and we
study them thoroughly with their known properties. As we mentioned before, we provide some recent
inequalities involving the usual operator norm and the numerical radius. Our work in this thesis is
that we give easier proofs to many properties and theorems, which will help beginners to better under-
stand them. More importantly, we define a new norm on B(#) that is equivalent to the usual operator
norm, and we study some of its properties. Also we see its applications on the inequalities between
the usual operator norm and the numerical radius, and we obtain new inequalities, in addition we get

a refinement for some inequalities as we see in the last chapter.

However, we think that further results can be obtained out of this norm, since we have not studied
all the applications and the consequences of the obtained inequalities, therefore there might be oppor-
tunities for improvements. Moreover, we have not covered all the applications of the new norm in all
the types of inequalities involving the usual operator norm and the numerical radius, so that there may
be chances to product new inequalities or get an improvement for others.
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