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Introduction

Fractional calculus is considered a generalization of classical differential operators from
integer orders to non-integer orders. The origins of this expansion date back to the 1695
scientific correspondence between Leibniz and L’Hopital regarding the definition of the
operator D" when n = 1/2. This inquiry led to the development of the Riemann-Liouville
and Caputo operators, which provide a more accurate mathematical formulation for

characterizing complex physical and engineering models.

Fractional calculus moves from the theoretical side to application through the formulation
of differential equations using the Riemann-Liouville and Caputo operators. These
operators are used in the study of simple physical problems such as thermal diffusion,
pendulum motion, and mechanical systems; these are models where the fractional derivative

emerges as a tool to describe change with greater precision than the ordinary derivative.

In this context, the importance of fixed-point theory emerges as a fundamental tool for
studying qualitative properties, namely the existence and uniqueness of solutions for these
problems. Banach’s contraction principle is applied to prove uniqueness, while Schauder,
Krasnoselskii, and Schaefer theories are employed to prove the existence of solutions in
Banach spaces, which allows for understanding the mathematical behavior of these models

and ensuring the stability of their solutions.
To explore these concepts systematically, this memory is organized as follows:

In the first chapter, we present some fundamental concepts used in our study, such
as Banach spaces, completeness, and compactness. We also devoted an important space
to introducing the field of fractional calculus, where we presented the definitions of the

fractional integral and derivative in the senses of Riemann-Liouville and Caputo, with the

I1I




Introduction v

most important properties for each of them. We concluded the chapter by presenting the
definitions and concepts related to the fixed-point theorems used in the proofs, which are

the theorems of: Banach, Schauder, Schaefer, and Krasnoselskii.

In the second chapter, we addressed the analysis of a mathematical problem involving
the Caputo derivative with initial conditions. The study begins by transforming this
differential problem into an equivalent integral equation, followed by proving the existence
and uniqueness of the solution through the application of the Banach and Krasnoselskii
theorems. The study was not limited to existence only, but also included the analysis
of the stability of the solution according to the Hyers-Ulam concept. In conclusion, the
theoretical results were supported by presenting numerical examples that illustrate how

to apply these results mathematically.

The third chapter was devoted to studying a more general problem, where the Caputo
derivative and the Riemann-Liouville operator were combined together, with the addition
of boundary conditions to the problem. We formulated the integral equation for this
mixed problem, and studied the existence and uniqueness of the solutions by relying on
the Banach and Schauder theorems. The chapter also included a study of the stability of
the solution in the Ulam-Hyers concept, and the chapter ended by presenting a numerical

application that embodies the theoretical side studied in this part of the dissertation.




Chapter 1

Theoretical Background

In this chapter, we will recall some basic definitions and theorems around Banach spaces,
normed spaces, convergent and Cauchy sequences, completeness, Compactness, compact
operators, Arzela-Ascoli theorem, Fractional Calculus, Gamma function, Riemann-Liouville
and Caputo fractional derivatives, and Fixed Point Theorems.

1.1 Banach Spaces

1.1.1 Normed Space

Definition 1.1 [5]

Let E be a vector space. A norm on E is a function || - || : E'— R such that for all
x,y € Fand VA € R:

L. ||z|| > 0 and ||z|| =0 <= x =0.

2. el = Al

3. |l + gyl < |l=]| + ||y]| (Triangle inequality).
We say that (F, || - ||) is a normed space.

Example 1.1

In the space R™ (or C"), the norm of any element z = (x1,xs, ..., x,) is:

. 1/2
]2 = (Z !ij2> = Vlw P+ 2P
j=1

is called the Euclidean norm.

1.1.2 Convergent Sequence

Definition 1.2

Let (E, || -|) be a normed space. A sequence (z,) is said to be convergent to a limit
¢ € F if for every € > 0, there exists n. € N such that for all n > n,:

lzn — )] < e.
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Example 1.2
Let , = + in the normed space (R, |- ). (x,) converges to £ = 0 because:

Let € > 0,3ny € N such that n > ny = |z, — 0| <e.
Since |z, — 0| =1 <e <= n> 1 we choose ng=[1]+1.

1 1
Vn>ng:lz, —0l==-<—<e
n N
1.1.3 Cauchy Sequence
Definition 1.3
Let (E, | -]|) be a normed space. A sequence (z,,) is said to be Cauchy sequence in
(B, [ - 1]) iff:
Ve >0,3ng e N:Vn,m >nyg = ||z, — x| <e.
Example 1.3

Let £ = C([0,1]) and f,(t) = L.

; B £t 1 1 .
| n_meoo_Org%Xl n ml In  mlamote

Remark:
In any normed space (E,||- ), every convergent sequence is a Cauchy sequence. However,

the converse is not generally true.

Proof. (Counter example)

Let E = (Q,|-|) and (x,)nen be the sequence in Q defined by:

L | 1 1 1

For every n € N, z,, is a sum of rational numbers. Thus, z, € Q.

1. The Cauchy Property:

this sequence is a Cauchy sequence because for any € > 0, there exists an N € N

such that for all n,m > N:
|z, — | < e

This means the terms of the sequence become arbitrarily close to each other as n and m
increase.

2. Failure of Convergence:
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in the larger space of real numbers R, this sequence converges to Euler’s number e:
lim xz, = e.

n—oo

However, since e is an irrational number (e ¢ Q), the limit does not exist within the space

Q.
Conclusion:

(z,) is a Cauchy sequence in QQ, but it is not a convergent sequence in Q.
This proves that the converse of the theorem (every convergent sequence is Cauchy) is
not generally true. O]

1.1.4 Completeness

Definition 1.4 Complete Metric Space

A metric space (E,d) is said to be complete if every Cauchy sequence (z,) in E
converges to an element of F.

(x, Cauchy in £) — (Jz € E: 2, — x as n — o0).

Example 1.4

Consider the real numbers R with the usual absolute value distance |- |. Every Cauchy
sequence (z,) in R converges to a real number. Hence,

(R,|-]) is a complete metric space.

Definition 1.5 Banach Space / Complete Normed Space

A normed vector space (E, || - ||) is called a Banach space (or complete normed space)

if every Cauchy sequence (z,,) in E converges with respect to the norm to an element of
E.

((z,) Cauchy in F) = (r € £ : ||z, — z|| = 0 as n — o0).

Example 1.5

Let C([a,b]) be the space of continuous functions on the closed interval |[a,b],
equipped with the sup norm:

[fllee = sup [f(x)]

z€[a,b]

Every Cauchy sequence of continuous functions with respect to this norm converges to
a continuous function on [a, b]. Therefore,

(C([a,b]), || - |lso) is a Banach space.
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1.2 Compactness

1.2.1 Compact sets

Definition 1.6
A subset K of a normed space E is said to be compact if every sequence in K has a
subsequence that converges to a limit in K.
Example 1.6
In R™, consider the set
K={zeR": |z| <1},
which is the closed unit ball.

This set is compact because it is closed and bounded in R".

Remark:

A is relatively compact <= A is compact.

In other words, a set is relatively compact if and only if its closure is compact.

1.2.2 Compact operators

Definition 1.7 [7]
An operator T': E — F (where E and F' are normed spaces) is called compact if any
of the following equivalent conditions hold:

1. The image of every bounded set in E' is relatively compact in F.
2. The image of the unit ball B(0,1) is relatively compact in F'.

3. For every bounded sequence (z,,) in E, there exists a subsequence (z,, ) such that

(T'(x,,)) converges in F.

Example 1.7

Consider the operator T': R — R defined by: T'(x) = 3.
T is compact.

Proof.
Let A C R be a bounded set. Since A is bounded, there exists a constant M > 0 such
that:
lz| < M, Vo € A.

For every x € A, we have:
|T(x)| = [3z]

thus,
()] < 3M.
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Hence, the set

T(A)={3z:2 € A}

is bounded in R.
Since every bounded set in R is relatively compact(endowed with the usual topology),
it follows that:
T(A)

is relatively compact.
Therefore, the operator 1" is compact.

Arzela-Ascoli theorem

Definition 1.8 Equicontinuous family

Let E and F' be normed spaces. A family of mappings F = {f; : E — F,i € I} is said
to be equicontinuous at a point zy € F if:

Ve>0,30>0,Ve e E,Viel : ||z —xo|lpg <6 = || fix) — fi(zo)||F < €.

If the family is equicontinuous at every point of E, we say it is equicontinuous on
E.

Example 1.8

Consider the family F = {f,(z) = ax : a € [0,1]} defined on [0,1]. This family is
equicontinuous since:

|[fa(z) = fa()| = lallz —y| < |z -y,
which shows that all functions in the family share the same Lipschitz constant.

Definition 1.9 Uniform Boundedness

A set S of functions from E to F' is uniformly bounded if there exists M > 0 such
that:
If(x)|| < M, VfeSVrekE.

Example 1.9

Consider the family of functions:

= {fn(x) _ sin(na) n> 1}

n

defined on [0, 1].

Since
sin(nx)

<-<1,

1
n

n
the family F is uniformly bounded on [0, 1].
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Theorem 1.1 [7] Arzela-Ascoli

Let E (compact) and F' be normed spaces. A set H of continuous functions from F
to F' is relatively compact if and only if:

1. H is equicontinuous.

2. H is uniformly bounded.
Example 1.10

The family of functions defined on [0, 1]:

fole) = cosx’ I

n
1. Uniform boundedness:
Since

|cosz| <1,

then

CoOS ¥ 1

n n

Thus, the family is uniformly bounded.
2. Equicontinuity :
We have:

[fn(@) = fuy)] =

Since f, is differentiable on [0, 1], by the Mean Value Theorem, for any z,y € [0, 1],
there exists ¢ € [0, 1] such that:

cosx—cosy‘
- .

—sinc

1) = fulg)| = 1£200)] - o =yl =
As |sinc| <1,Vee€[0,1] and n > 1, we obtain:

|fo(2) = fuy)] < |z —yl.

The obtained bound is independent of n, which proves the equicontinuity.

Consequently, by the Arzela—Ascoli theorem, the family {f,} is relatively
compact on [0, 1].
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1.3 Fractional Differential Calculus

1.3.1 Gamma function

Definition 1.10 [16]
['(z) is defined by the following integral:
+o0
['(z) = / t*"tetdt, z€C, (Re(z)>0).
0

Properties :

1. Recursive property:
MNzx+1)=al'(x), z=>0.

2. Relation with factorial:
['(n)=(n-1)!, neN.

3. Basic value:
(1) =1.

4. Reflection formula:

T(2)(1 - z) = sz;x) 0<az<l.

5. The Gamma function is continuous and well-defined on (0, c0).

1.3.2  Fractional Order Integration [16]

Let f be a continuous function on the interval [a,b]. We have:

And:

19 () = [ 10 ()t

= /az (/atf(u)du> dt
:/jdt/atf(u)du.

By changing the order of integration, we obtain:

19f(@) = [ @=0fwa.

By integrating n times:

I™ f(x) :/axdxl /axl dxg---/axn_l dz, f(x,).
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We get: .
L) = gy [ =0 @ (1)

and that is for every n € N.
This formula is called the Cauchy formula using the Gamma function

[(n)=(n—1)L

Riemann and Liouville realized that the right-hand side of equation (1.1) could have
meaning even when n takes non-integer values.

Thus, the fractional integral of order « is defined as follows:

Riemann—Liouville Fractional Integral

Definition 1.11 [13]

Let Q = [a,b], € Ry and f be a function defined on [a,b]. The left-sided
Riemann—Liouville fractional integral of order « is defined by:

a 1 r a—1
L) = g [ =0 s (12)

where z € [a, b].

As for the Right-sided Riemann-Liouville fractional integral of order «, it is
written as:

1 7) = o [ =) p oy, (13)
where z € [a, b].

Remark:

We can write the fractional integral in the form:

1:5@) = [ gle =050t = (95 ))(w), (14)
where ot
g(x) = o) (1.5)
Properties:

In all the following, we assume that: a, > 0,n = [a| + 1, f € C|a, b].

e Linearity:

I2]e1f(2) + cag(a)] = 1 I8 f () + eaIog (). (L6)
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Proof. By the definition of the fractional integral:
8ler f(2) 4 eag(a)] = i [ (@ — 07 [erf(6) + eag(D)]d
a lC1 2 () Ja 1 2
S U €2 [% _ ja-1
= T(a) /a (x —t)* " f(t)dt + I'(a) /a (x —t)* g(t)dt
= ali f(z) + 217 ().
O
« Power Rule:[4]
I'(B+1)
al. _ \B — _ a)otB8
I3 (x—a) Tat it 1)(:1: a)®rr. (1.7)
Proof. Using the integral definition:
@ —a)f = —— / Y@ — )Yt — a)Pdt.
@ F(O{) Ja

Let t = a + s(x — a), then dt = (x — a)ds. For the limits: if t = a — s =0, and if

t =x — s = 1. Substituting these:

o _ 1 ! a—1
I%z —a)’ = T(a) /0 [z — (a4 s(x — a)]* [s(x — a)]’(x — a)ds
o (13 — a>0¢+5 ! a—1
= T) /0 (1—s)*sds.

1
The integral / s7(1 — s)* 1ds is the Beta function B(S + 1, a).
0

Since B(z,y) = Fr(égr%)7 we get:

r—a)*PT(B+ 1) () B+
M) TB+1+a) Tla+p+1)

I%(z —a)’ = (

» Semigroup Property:[16]

31 f() = 547 f ().

(x

(1.8)
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Proof. Using the definition twice and applying Dirichlet’s formula to switch the
order of integration:

1918 f(x) = F(a)lw) [w=o ([ = ) a

_ r(a)lr(ﬁ) [ (/(x et - u)ﬂldt) du.

The inner integral simplifies to (z — u)***~1B(a, 3). Thus,

R N O S (O i)

INCIING)
m
 Identity Operator:[6]
lim If(z) = f(z). (1.9)
a—0t
Proof. Using the fundamental theorem of calculus and the derivative relation:
I —I /
2(e) = I )=
m
« Derivative Relation:[4]
ﬁ]O‘ () =17"f(z), a>n (1.10)
dzn® - ’ ) ’

Proof. Using the semigroup property of fractional integrals, we can write:

I f () = 131" f ().

Applying the n-th order derivative operator d% to both sides:

dar dar
iy _
dxm @ (z) dx™ {

(I f(x))] .-

By the Fundamental Theorem of Calculus, the n-th derivative cancels the n-th
integral:

d’l’b

g laf@) = 7" f(2).
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1.3.3 Fractional Order Differentiation

Riemann—Liouville Fractional Derivative

Definition 1.12 [13]

Let « > 0 and let n = [a]| + 1. The Riemann-Liouville fractional derivative D¢ f of
order « is defined by:

dn

(D)) = o (L") (@),
that is,
dr e
(D) = g e ), = 0 (111
Properties:

In all the following, we assume that: a > 0,n = [a] + 1, f € Cla, b].

¢ Derivative of Constant:[lB]

Cr —a)™@
Rlpeg = =~/ 1.1
DeC T = a) (1.12)
Proof. For 0 < a < 1:
d d C @
RL oy — 7 ql—oapey 7 A e
DiC = [7°C = — <F<1 - / (@ —t) dt)
_d (Cz— a)™\  C(l—-a)(xz—a)®
Cdz\ T(2—-a) /] (1—-a)(1-a)
_C@—a)™™
- T(l—a)
]
 Left Inverse Property:[13]
RLDRIe f(x) = (). (1.13)
Proof.
RLDozIoaf(x) — ﬂjn—aja (.fl?)
a“a drn @ a
= ddilfnj 2f(z) (by semigroup property)
= f().
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« Fundamental Theorem Relation:[4]

IaRLDaf Z

ak

Oé _ k _|_ 1) [RLDg_kf(t>]t:a' (1].4)

Proof. Let ®(x) = I17~*f(z). By the definition of the Riemann-Liouville derivative:

BEDR () = ()

Applying the fractional integral I and using the semigroup property I& = I 13"

197 D8 f(2) = o (f e >)
_ jo-n S E-a)f
I? d(x) X_: o ' (a) .

Substituting ®(z) back and noting that I8 "®(z) = [¢ "I f(x) = f(x), and
evaluating the terms in the summation using the power rule for fractional integrals,
we obtain:

n

—k
[aRLDa r—a RL pya—k £(4)],
o) = o) = 32 Fe= s D)

Example 1.11

Calculate the RL fractional derivative of f(z) = (x — a)? with order a = 0.5:

T(2+1)
[(2-05+1)

RLD2'5(x _ a)Z — (1’ _ a)2—0.5 — 2 )1.5.

Caputo Fractional Derivative

Definition 1.13 [4]

Let o > 0 and n = [a] + 1. The Caputo fractional derivative of order « is defined by:

(CDg ) =177 (1) (@),

or equivalently,

1

(“Dg f)(x) = T(n—a) /j(z — )" () dt. (1.15)
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Properties:

In all the following, we assume that: a > 0,n = [a] + 1, f € Cla, b].

» Derivative of a Constant:[6]

“DeC = 0. (1.16)
Proof. By the definition of the Caputo fractional derivative forn — 1 < a < n:

1

C o ) =
Daf() F(n—a)

/ (z — )" L) (1) a.
If f(z) = C (a constant), its n-th order integer derivative is zero:

dn
fO(t) = %C =0, forn>1

Substituting this into the integral expression:

1

CDa —
- ['(n—a)

/ (@ — )"0 (0)dt = 0.

¢ Linearity:

“Dilerf(x) + cagla)] = 19Dy f(x) + 2 Dgg(). (1.17)

Proof. Using the linearity of the integer-order derivative and the fractional integral
operator [}

“Dlerf (@) + eagl)] = 17 | (e () + eagl@))
= [0/ (w) + 29 ()]
= oI} f" (@) + el g™ ()
= DL f () + § Diglr).

« Power Rule[6]

CDQ(QI .

a

(1.18)

p_{07 p€N07p< ’70[|
a)

T(p+1 o
F(p(f:+)1) (.Z' - a)p y D> [a—l — L
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Proof. For the case p > n — 1, where n = [«]:

dn . Fip+1) bn
%(t—a) _—F(p—n+1)(t_a) :

Applying the fractional integral 1]}~

a b Ilp+1)
CDa(x—a) = m

~ TI'(p+1) I'lp—n+1)
_F(p—n+1)F(n—a+p—n—l—1)($_a
_ T+ p—a
_F(p—a—i—l)(x_a) .

]n a( _»a)p—n

)n—a+p—n

If p < n, the n-th derivative is zero, thus the Caputo derivative is zero. O]

 Left Inverse Property:[13]

DI f(x) = f(2). (1.19)

Proof.

DY () = T f()

a .
T dgn @ (517)

= f(z).

» Fundamental Theorem Relation:[6]

n=1 ¢(k) (g,
19D f(x) = flz) =Y / |( )<£L‘ —a)k. (1.20)

- K

Proof. By definition, © D% f(z) = I"~*f™(z). Applying I and using the semigroup
property (I¢12% = I"):

I3(“Dg f(2)) = I f™) ().

According to the Fundamental Theorem of Calculus for n-fold integration:

x—a)k.

I pm i
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Example 1.12
Let us compute the Caputo fractional derivative of f(z) = (x —a)® with order o = 0.5.

Given p = 3 and a = 0.5, since p > [a] — 1, we apply the power rule for the Caputo
derivative:

I'p+1) _
C’Da _ A\ — —a)P .
o) = o @)
substituting the values:
r'3+1) _
CPOS (g — q)3 = _ \3-05
T = e s T
_ T 25
= T(as) Y
_ 6 2.5
=T

1.3.4 Relation Between Riemann—Liouville and Caputo Derivatives

Theorem 1.2 [5, 6]

Let « > 0 and n = [a]. If f € C™([a,b]), then the Caputo and Riemann-Liouville
derivatives are related by:

n=1 ¢k,
i fla) =0z (1) - 5 P o).

Equivalently, one may express the Riemann—Liouville derivative in terms of the Caputo
derivative:
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1.4 Fixed Point Theorems

Definition 1.14 [17] Contraction Mapping

In a Banach space X, an operator 1" : X — X is said to be a contraction if there
exists a constant k € [0, 1) such that:

IT(z) =TI < kllz —yll, Ve,yeX. (1.21)
Definition 1.15 [5] Convex set

Let V' be a vector space, and let the set A be a subset of V. We say that A is convex
if:

Vu,v € A,VA € [0,1] : du+ (1 — N)v € A. (1.22)

1.4.1 Banach Fixed Point Theorem
Theorem 1.3 [17]

Let (X, ||-||) be a Banach space and let T': X — X be a contraction mapping, i.e.,there
exists a constant k € (0, 1) such that:

|T(z) =T < kllz—yll, Va,yeX.
Then there exists a unique element z* € X such that:
T(x*) =z
Moreover, the sequence {z,} defined by x,,1; = Tz, converges to z*.

1.4.2 Schauder Fixed Point Theorem
Theorem 1.4 [7]

Let X be a Banach space and C' C X be a nonempty, closed, and convex subset. If
T :C — C is a continuous compact map, then 7" has at least one fixed point in C.

1.4.3 Schaefer Fixed Point Theorem
Theorem 1.5 [7]

Let X be a Banach space and T': X — X be a continuous compact map. If the set

S={x € X |x= Nz, for some A € [0, 1]} (1.23)

is bounded, then T" has at least one fixed point.
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1.4.4 Krasnoselskii Fixed Point Theorem
Theorem 1.6 [17]

Let M be a closed, bounded, and convex subset of a Banach space E. Let T1,T5 be
two operators such that:

1. Thx +Toy € M for all x,y € M.
2. T} is a contraction mapping.
3. Ty is continuous and compact (completely continuous).

Then there exists at least one fixed point « € M such that x = Tix + Tha.




Chapter 2

Existence results for Caputo fractional
initial value problems

This chapter is devoted to the existence of solutions for fractional initial value problem
(FIVP) involving Caputo fractional differential equations.By transforming the differential
system into an equivalent integral equation,we establish the primary existence results
using fixed-point theorems. The approach and findings developed here draw directly from
the works of [2], [8], and [9].

2.1 Equivalent Integral Form of the FIVP

We consider the following nonlinear fractional integro-differential initial value problem
(FIVP):

CDag(t) — f(t,x(t))+/Otk(t,s,:c(s))ds+/01 Wt s,2(s))ds, teJ=[0,1],

z(0) =0
2'(0) = )\/O g(s,z(s))ds,

where:

(2.1)

« “D* denotes the Caputo fractional derivative of order o, with 1 < a < 2.
e f:JXxR—=Randg:J xR — R are continous functions.

e k,h : J x J xR — R are continous Volterra and Fredholm integral kernels,
respectively.

e )€ R is a real constant.

Proposition 1 [9]

Let J =[0,1] and let £ = C(J,R) be the space of all continuous functions defined on
the interval J. This space is a Banach space when endowed with the supremum norm
(also known as the uniform norm) defined by:

2]z = sup |(t)].
ted

Lemma 2.1
A function x € E' is a solution to the FIVP (2.1) if and only if it satisfies the integral

equation:
1 t a—1 !
o) = Frey /0 (t — )2~} [Wa] (s)ds + Mt /0 g(s, z(s))ds, (2.2)

18
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where the operator ¥ is defined as:

(Wz](t) = f(t,z(t)) + /Ot k(t,s,z(s))ds + /01 h(t,s,z(s))ds. (2.3)

Proof. Assume x satisfies (2.1). Integrating both sides with the Riemann-Liouville operator
I

o(0) = 1 [£(s.26)) + [ ks, mx)dr + [ h(s,ma(r))ar] + e+
Applying the first condition z(0) = 0:
2(0) = I"Uz(0) + o+ ¢1(0) =0 = ¢, =0.
To find ¢, we differentiate z(¢) with respect to t:

d
2 (t) = %[Q\Px(t) ey =170 (t) + .

Evaluating at ¢ = 0, and noting that a — 1 > 0, the integral term vanishes:

2(0)=04+¢ = ¢ =2(0).

1
Substituting the given integral condition z'(0) = )\/ g(s,x(s))ds, we obtain:
0

1 = A/Olg(s,m(s))ds.

Thus, substituting ¢y and ¢; into the solution expression yields (2.2).

Conversely, Assume that z(t) satisfies the integral equation (2.2). We shall show that
x is a solution of the FIVP (2.1).

First, applying the Caputo fractional derivative © D to both sides of (2.2), we get:
“Dx(t) =¢ D~ <]a[\11m](t) + At /01 g(s,x(s))ds) :
By the Left Inverse Property (1.19), we have:
DIV (t) = [Pa](t).

1
Since /\/ g(s,z(s))ds is a constant, and using the Power Rule (1.18) for Caputo
0
derivative where “ D%t = 0 for 1 < o < 2, it follows that:

“p~ ()\t /01 g(s, x(s))ds) = 0.

Consequently, we obtain:

CDow(t) = [Wa)(t).

Next, we verify the initial conditions.
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For x(0), by substituting ¢ = 0 into (2.2):

2(0) = F(la) /00(0 — )21 [Wa](s)ds + A(0) /01 g(s,2(s))ds = 0.

For 2/(0), we differentiate(2.2) with respect to t :

2 (t) = jt e + x| 1 ols,2())ds]

= SrW@I0) A [ gls.w(s))ds.

By applying the Derivative Relation (1.10), we obtain:

o' (t) = I°7HWa](t) + /\/01 g(s,x(s))ds.

Evaluating at ¢ = 0, and noting that since o > 1, we have o — 1 > 0, thus the integral
term vanishes:

2'(0) =0+ )\/01 g(s,z(s))ds = )\/01 g(s,x(s))ds.

Thus, z(t) satisfies all conditions of the FIVP (2.1), which completes the proof of the
equivalence.
O]

2.2 Existence Results via Banach Principle

In this section, we apply the Banach fixed point theorem (1.4.1) to prove the existence
and uniqueness of the solution for the problem (2.1).

First, for x € E/, we define an operator 7 by:

1

(T2 = 5 | ‘(= )0 W] (s)ds + M / " (s, 2(s))ds. (2.4)

We begin by noting that the operator T is well-defined. For any x € F, the continuity
of f, g,k and h implies that the image Tz is a continuous function on J.
Consequently, Tz € C(J,R), which ensures that T (E) C E.

Now, Assume the following hypotheses hold:
(H1): There exists Ly > 0 such that |f(t,u) — f(t,v)] < Lf|lu —v|, Vte JVu,veR.
(H2): There exist Ly, L, > 0 such that:
\k(t,s,u) — k(t,s,v)| < Li|lu—wvl|, |h(t,s,u) — h(t,s,v)| < Lyplu —v].
(H3): There exists L, > 0 such that |g(s,u) — g(s,v)| < Lglu —v|.
(H4): There exist positive constants My, My, Mj, and M}, such that:

sup | f(t,0)| = My, sup |g(s,0)| = M,, sup |k(t,s,0)| = My, sup |h(t,s,0)| = M.
teJ seJ t,s€J t,seJ
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(H5): The constant A and the Lipschitz constant L, satisfy the condition: |[A\|L, < 1.

Theorem 2.1

With the assumptions (H1)-(H3), If the following condition is satisfied:

C Li+ L+ Ly,

=

+ ALy < 1, (2.5)

then the FIVP (2.1) has a unique solution on J.
Proof. Let x,y € E. For each t € J:

(Ta)(8) = (To)(O] < o [0 =9 [Wal(s) = (Bal(a)lds + Al [ la(s.2()) = s, (s)lds

< 1“(104) /ot(t — )7 (Lf|x(8) —y(s)| + /05 Lyla(r) = y(r)ldr

1
[ Lalo(r) = ol s + e =l
Since ||z — y|| = sup |z(t) — y(t)|, we have:
teJ

(Lf + Ly + Lh)

(T2)(0) ~ (Tw)(0)] < R [

[(c)
(Lf + Ly, + Lh)ta
< AL — |
< (BBt sy ) e -l
Taking the supremum over ¢ € J:
Ly+ L+ Ly,
— <|—————+ )L — vyl = Qllz — y]|.
172 =Tl < (s UL, ) e = ol = 2~
Since €2 < 1, the operator T is a contraction , F is a Banach space and 7 maps E into
itself. By the Banach fixed-point theorem, 7 has a unique fixed point on F. n

2.3 Existence Results via Krasnoselskii’s Fixed Point
Theorem

To establish the existence of at least one solution for the fractional system (2.1), we
partition the fixed-point operator 7T defined in (2.2) into two distinct sub-operators A
and S as follows:

(Az)(t) = At/ﬂlg(s,x(s))ds, teld

(S2)(t) = F<1a)/0t(t—3)°‘1 {f(s,x(s))+/()Sk(s,7,x(7))d7+/ol h(s, 7 2(7))dr| ds.
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1. Stability of the Ball B,

We seek to determine a radius 7 > 0 such that for any pair z,y € B, = {z € E : ||z| <
r}, the condition Ax + Sy € B, is satisfied.

Using the Lipschitz conditions (H1)-(H3) and (H4), we obtain :
l9(s, 2(s))] < lg(s,2(s)) — g(s,0)[ + |g(s,0)| < Lyl]| + My < Lgr + My,

wl(s)| < 17, uDI + [ (s my)lar + [ (s, y(r))ldr
S (Lfr + Mf) + S(LkT + M]c) + (LhT + Mh)
< (Ly+ Ly + Lp)r + (Mg + My, + M,,).

Let L\I/ :Lf+Lk+Lh and M* :Mf+Mk+Mh Then:

(Aa)(0) + (S9)(O] < ] [ la(s.o(s)lds + 5 [1(¢ = 9" [w)(s)lds
< (e + M)+ 2 [t

Lyr +M*

< AL MM, + ———

By taking the supremum over ¢ € [0, 1], the condition || Az + Sy|| < r becomes:

M* Ly
AMM, + —— ML, +=——|r<r.
Al 9+F(a+1)+<| | g+F(a+l)>T_r

Then, we have:

M* L
INM, + ———— <7 — (ng + q’) .

[Na+1) ~ ['(a+1)
Thus:
* L\Il
MM, + ——— <7r|1—[|\L -
A 9+F(a+1)—r (’ | 9+F(a+1)>]’
|>‘|M9 + r(ﬁf—l)

r> .
= L
L= (1AL + i)
This condition ensures the stability of the solution within the ball B,.

e BB, is convex:
For all z,y € B,, and for all a € [0,1], let z = ax + (1 — a)y. We have:

2]l = flex + (1 = a)y]|
< aflz]| + (1 = )]yl

Since ||z|| < r and ||y|| < 7, then: ||z|| < ar + (1 — a)r = r. Thus, z € B,.
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e B, is closed:
Let the complement of B, be U ={z € E : ||z|]| > r}. We show that U is an open

set.
Let xg € U, then there exists € > 0 such that ||z¢|| = r + ¢. We choose § = €. For

any y € B(xg,0), we have:

1yl = [lzo = (2o — y)
> [lzoll = llzo — -

Since [|zo|| =r+eand ||[zg—yl| <d =€ |ly]| > (r+¢€) —e=r.
Thus, ||y|| >r = yeU.

Therefore, U is an open set; consequently, its complement B, is closed.
2. Contraction of Operator A

For any x,y € B, and for each t € J, we evaluate the difference:

(An)(2) = ()] = 3¢ [ (s, o(s))ds = M [ gls,()ds
< DI [ lgts, #(5)) — gl y(s))lds
< WLl =yl [ ds = WElle — .

Taking the supremum over ¢ € [0, 1], we obtain || Az — Ay|| < [A|L,||z — y||. By the
assumption (H5): |A|L, < 1, the operator A is a contraction.

3. Compactness and Continuity of Operator &

The complete continuity of S is established by proving its continuity and compactness
through the Arzela-Ascoli theorem.

Continuity: Since f, k, and h are continuous, the composite operator ¥ is continuous.
Consequently, S being an integral of a continuous function is also continuous.
Uniform Boundedness: For all x € B,, we have already shown:

Lyr + M*
Sx -~
ISl < Tty

This constant bound proves that the set S(B,) is uniformly bounded.

Equicontinuity:
Let t1,to € J with t; < t5. Let ]\/[tf SUpgeg, ||Vl We compute:

(82)(t2) = (Sz)0)| = g5 /2(t2 — )" W (s)ds — /0 (ty — )2 W (s)ds
< Fj\(/i:) / (ty — 8)* ™t — (t; — 5)* V]ds + : (ty — 5)* tds
- F]\(i:) /t1 (ty —8)* ' = (ty — 85)* Hds + : (ty — 5)* ds
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MT (o o a
M [t — 15+ 2(ty — 1)
T D(a+1)t 2 2k

The right-hand side of the inequality is independent of x € B, and, by the continuity of
t* and (ty — t1)®, approaches zero as t; — ts.

By the Arzela-Ascoli theorem, S(B,) is relatively compact. Hence, S is completely
continuous.

Conclusion

We have demonstrated that:
1. B, is a closed, convex, and non-empty subset of the Banach space C(J,R).
2. Az + Sy € B, for all z,y € B,.
3. A is a contraction mapping.
4. S is continuous and compact.

All hypotheses of Krasnoselskii’s fixed point theorem are satisfied. Therefore, the
operator 7 = A + S has at least one fixed point z* € B,, which is the solution to the
fractional integro-differential equation (2.1).

2.4 Hyers-Ulam Stability

In this section, we investigate the Hyers—Ulam stability of the fractional integro—differential
equation given by problem (2.1).

Definition 2.1 [1]
The fractional initial value problem (2.1) is said to be Hyers—Ulam stable if there exists a
constant C' > 0 such that for every £ > 0 and for any function y € C(J,R) satisfying

1

CDy(t) ~ Flty(t)) — [ kit u(s))ds — [ bt y(s)ds| <.

for all t € J = [0, 1], there exists an exact solution z of problem (2.1) such that

ly —zf| < Ce.
Stability Result

Theorem 2.2
Assume that the functions f, k, h, g satisfy the following Lipschitz conditions:

\k(t,s,x) — k(t,s,y)| < Lg|lx —yl,

|h(t, s, 2) = h(t,s,y)| < Lnlz —yl,
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lg(t,x) — g(t,y)| < Lylz —yl.
If the constant

L=L;+ L+ L+ ML,
satisfies L < 1, then the initial value problem (2.1) is Hyers—Ulam stable.

Proof. Let y be an approximate solution satisfying

t 1
CD%y(0) = Fltul0) — [ ko s,u()ds — [ bt s, u(s)ds] < =
Applying the fractional integral operator I* on both sides, we obtain:
1 t ) 1
y() = o [ (=9 y(s)ds + [ gls,y(s))ds + B,
I'(a) Jo 0

where |E(t)] < Cie.
Let x(t) be the exact solution of equation (2.1). Then

z(t) = F(la) /Ot(t —5)* W (s)ds + At /01 g(s,z(s))ds.

Subtracting the two expressions gives

1

) ~2(0) < gy ) (" () wa(lds AT | [ Tats. () — gl 2(s))Jds]+ Cre

Using the Lipschitz conditions, we obtain:
t
y() =@ < L | ly(s) - o(s)lds + Cre.
Applying Gronwall’s inequality yields

ly(t) —2(t)] < Cs,

for some constant C' > 0. Therefore

ly ==zl < Ce.
Hence, the fractional initial value problem (2.1) is Hyers-Ulam stable.
O]
2.5 Applications
Example 1:
Consider the following fractional integro-differential initial value problem:
DVSp(t) = ~etsin(a(t) + | —a(s)ds+ [ —(x(s) + 1)ds
10 o 10 o 10 ’
x(0) =0, (2.6)

2'(0) = 411/01 z(s)ds,
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where ¢ € [0, 1].

Method 1: Existence results by Banach Principle
a) Verification of Lipschitz conditions (H1 — H3)
We have a = 1.5, A = 1 and g(s, z(s)) = z(s).

L [f(t.a(t) = f(ty()] < f5lsin(x(t)) —sin(y(t))] < f5le —yl. Thus, Ly = .
2. |K(t,s,z(s)) — K(t,5,y(s))] = |f52(s5) — 159(s)| = 55lr —y|. Since t € J, then
L=+ =0.1.

10
3. |h(t,s,x) — h(t,s,y)| = |55(@ + 1) — 55(y + 1)| = 75|z — y|. Then, L, =0.1.
4. |g(s,z(s)) — g(s,y(s))| = |x — y|. Then L, = 1.

Consequently, the total Lipschitz constant Ly for the operator W is:

Lo=1Li+Li+Ly= %+0.1+0.1 ~ 0.4718.

b) Uniqueness Conditions (Theorem 2.1)

To apply the Banach Fixed Point Theorem, we evaluate the condition {2 < 1 using formula
(2.5):

Ly
= ——— +|A|L,.
Tarn A
With I'(1.5 + 1) = I'(2.5) ~ 1.3293, we substitute the values:
04718 |1
Q= =Tom || % 1~ 0.3549 + 0.25 ~ 0.6049.

Conclusion: Since 2 ~ 0.60 < 1, all the hypotheses of Theorem (2.1) are satisfied.
Therefore, the fractional integro-differential initial value problem has a unique solution on

0,1].

Method 2: Existence results by Krasnoselskii’s Fixed Point Theorem

Consider the operator 7 = A+ S defined on the ball B, by:

(Az)(t) = jlt / " (s)ds

and
(Sz)(t) = mlg)) / (= ) Hoe sina(s)) + [ oa(r)dr + 01110(;(;(7) +1)dr] ds,
where t € [0, 1].

a) Contraction of operator A:

For all z,y € B,., we have:
1 1
Az — Ayl < 3t [ [a(s) = y(s)lds < 0.25]jz ]|

Since 0.25 < 1, the operator A is a contraction.
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b) Compactness and Continuity of S:

Continuity: The operator S is continuous since the functions f, h, k are continuous.
Uniform Boundedness: from hypothesis (H5), we have M; =0, M, = 0,
M;, = 0.1, M, = 0 which implies M* = 0.1. For all z € B,:

Lyr +M*  0.4718r + 0.1

Szl < = ~ 0.355 0.075.
IS2ll = T T(2.5) r
Thus, S(B,) is uniformly bounded.
Equicontinuity:
Let tq,ty € J with t; < t3, and let M, = sup ||¥x||. We have:

xEBr

|(S2)(t2) — (Sz)(t)] < Tlatl) [t5 — 7 + 2(t2 — t1)°]
_ 0.4718r + 0.1

33 (57 — 17 + 2(t2 — 11)"7].

The right-hand side of the inequality is independent of x € B, and approaches zero as
t1 — to. Therefore, by the Arzela-Ascoli theorem, the operator S is completely continuous.

c) Stability of B5,:

To show that Az + Sy € B,, we must have ||Az 4+ Sy|| < r. Using the constants from our
example:

> | Al M, F(Oc-‘rLl\z = 002‘5())750 =F ~ 0.1809.
L= (MLy + atyy) 1 (025+0355)

The condition is satisfied for any r > 0.189.
Conclusion: By Krasnoselskii’s fixed point theorem, there exists at least one solution
for the problem in B,.

Study of Hyers-Ulam Stability
Let y(t) be an approximate solution satisfying :

1

CDy(0) — S(6y(0) — [ (s y(s)ds — [ hit,s,y()ds] < =
By applying the fractional integral operator, we get:
y(t) = Yy(t) + E(t) where |E(t)| < Che.
For the exact solution x(t) = Wx(t), we have:

ly =zl <Qly =zl + Cre = (1 =)y —zf| < Che

Cy
_ <t
ly ==l < =5 %501

Thus, Example 1 is Hyers-Ulam stable with C' = 2.531C.

€ ~ (2.531C) )e.
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Example 2

Consider the second problem:

)’ 1 "1 82

cD15 ‘ ( - 1
m)/ Vi |(sﬂd 20k TrpE et el

z(0) =0, (2.7)
'"(0) = 110/0 sz (s)ds

a) Verification of Lipschitz Conditions
We have v = 1.5, A = 5 and g(s, z(s)) = s%x(s).

lz|l vl _ :
el — Tgl| < |z —y|, we get:

1. Using the inequality ‘

K (t,s.2(s)) = K (t,5,9(s)| < Y32 |w =y,

Vits V2 _ V2
Stlel? 50~ = 55+ Lhus, Ly, = ¥5 ~ 0.0707.
seJ

2. Using the Lipschitz property for rational functions, we have:

[h(t,5,2) = h(t,s,9)| < 552z e — ],

since s € J then Lj, = m = 555 ~ 0.0055.

3. lg(s,z(s)) — g(s,y(s))| = s*lx — y| < |& —y|. Thus, L, = 1.

The total Lipschitz constant Ly is:

Ly =Ly+ Ly + L, =0+ 0.0707 + 0.0055 = 0.0762.

b) Uniqueness Condition (Theorem 2.1)

Ly
Q= =" L
Tatn A

= 0?7;2 +0.1 x1=0.1573.

Conclusion: Since 2 &~ 0.1573 < 1, the uniqueness condition is satisfied, and the
problem has a unique solution on [0, 1].

c) Study of Hyers-Ulam Stability

To establish the stability results for the rational functions problem, let y(t) be an
approximate solution satisfying the inequality

CDy(t) — Flty(0)) — [ kit s, y(Dds — [ hit,s,y()ds] < e
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For the unique exact solution x(t), we establish the following integral inequality:

1

) =2(8) < gy ) (= () wallas AT | [ Tats. () — gl 2(s))Jds]+ Cre

By substituting the specific Lipschitz constants: Ly = 0.0762, L, = 1 and A = 0.1,
the inequality becomes:

0.0762 1
— < _ gl ) —
ly — = < < T | t=srtas+o1 | (1)ds> ly — 2|l + Cie

0.0762
< | = 1 — .
< (Fag +01) ly—al + e

Substituting I'(2.5) ~ 1.3293, we obtain:

0.0762
Iy = ol < (a5 +0.1) Iy — 2l + Cre

< (0.0573 4 0.1)[Jy — z|| 4 Cie
< 0.1573||ly — z| + Ce.

After simplifying the previous inequality, we obtain:

4 -
0.8427

(1-0.1573)|ly —z|| < Cie = |y —z| <

Setting C' = 555-C1 ~ 1.1866C", we find that C' > 0.

Conclusion: The fractional integro-differential problem is Hyers-Ulam stable on
[0,1].




Chapter 3

Study the existence of solutions of
boundary value problems

This chapter is devoted to the study of the existence and uniqueness of solutions for a
mixed system of fractional differential equations involving Riemann-Liouville and Caputo
derivatives, which represents a class of fractional Langevin equations. By transforming the
problem into an equivalent integral form, we establish our main results using fixed point
theorems. The uniqueness of the solution is proved via the Banach Fixed Point Theorem,
while the existence is established using the Schauder Fixed Point Theorem. These
results provide the necessary qualitative analysis for the proposed fractional boundary
value problem, which extends and generalizes earlier models of this type studied in
([10],[12],[14],[18]).

3.1 Problem Formulation

Consider the following boundary value problem:

RE D (€ Deg(t) + Aa(t)) = f <t,x(t), / K, 3,x(s))d3> L ted=[01],
(0) =0,
(3.1)
“/
CD“ =0,
where:

o “D? denotes the Caputo fractional derivative of order o, with 0 < o < 1
(° D is continous).

« RLDB denotes the Riemann-Liouville fractional derivative of order 3,with
1< p<2

e f:JXR xR — Risa continuous function.

e K:JxJxR—Risa continuous Volterra integral kernel.

A, 1 € R are real constants such that p # 8+ a.

30
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Proposition 2 [3]

Let E = C(J,R) be the Banach space of all continuous functions defined on .J endowed
with the supremum norm:

2]z = sup |(2)].
teJ

Lemma 3.1
Let h € C(J,R). The linear fractional boundary value problem:

RHW@DQ®+XtD—hU ted

3.2
z(0) =0, u/ ds, “D“z(0) = 0. (3.2)
In view of (3.2), then z is a solution of the following integral equation:
B+a—1
z(t) = I°Ph(t) — A“x(t) + ®(z, h), (3.3)

A

where the non-resonance constant A and the functional ®(x, h) are defined as:

A_l—gi—#o

(2, h) = pI*PR(1) — I°TPR(1) — pAT* (1) + M x(1).

Proof.
Consider the differential equation in (3.2). To solve it, we apply the Riemann-Liouville
fractional integral I° to both sides. We obtain:

CDx(t) 4+ Ax(t) = IPh(t) + c1tP ™1 + cptP 2, (3.4)

where ¢y, co are arbitrary constants in R. We must now examine the boundary condition
“D2z(0) = 0. In equation (3.4), as t approaches 0, the term #°~2 becomes unbounded
since 5 — 2 €] — 1,0]. Specifically, for any 1 < g < 2:

lim 7% = +0.
t—0+

According to the continuity of “D®x(t) at t = 0, we must eliminate this singularity.
Therefore, we set ¢ = 0. The equation reduces to:

CD(t) = I°h(t) — \o(t) + c tP L. (3.5)

Applying the Caputo fractional integral I* to both sides of (3.5) :

1°(°Dx(t)) = I*IPh(t) — M2 (t) + ¢, I*t°1.

Since z(0) = 0, the left-hand side becomes z(t). Using Semigroup Property (1.8)
I°1° = [°*F and the power rule for the integral (1.7) of t*~!, we obtain the general form:

x(t) = I°TPh(t) — A@x(t) + Cll%tﬂ+a_l' (3.6)
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1
To determine the constant ¢i, we impose the condition z(1) = pu / x(s)ds. Evaluating
0

(3.6) at t = 1:

(1) = I°PR(1) — A°x(1) + Clr(g(i)a)' (3.7)

Now, we compute the integral part by integrating (3.6) over [0, 1]:

1 1 1 T 1 »
/o x(s)dSZ/O ]O‘+f8h(s)ds—)\/() [o‘x(s)ds+c(ﬁ))/0 sPro=lds

I'(+a
o1l
= ]a+6+1h(1) — )\[O‘+1;c(1) + Fc(lﬁr_(fi) [;B—:a]
0
= [T (1) — AT (1) + F(ﬁcf(fil) (38)

1
Substitute (3.7) and (3.8) into the boundary condition z(1) — u/ z(s)ds = 0:
0

(Iwhu) — Mz(1) + Cl%) — (I"‘*ﬁ“h(l) — A (1) + %) — 0.

Grouping the terms involving c;:

amg@a) (1 "3 : a> = I R(1) = I PR(1) = pAI* (1) + M (1).

Let A =1 — 5l and the right-hand side be ®(z, h). We find:

. LB+ a)
LoT(BA

Substituting this back into (3.6) yields the final integral representation (3.3).

O(z, h).

3.2 Existence of a Unique Solution

( Banach Fixed Point Theorem )

In this section, we apply the Banach fixed point theorem (1.4.1) to prove the existence
and uniqueness of the solution for the problem (3.1).

First, we define the operator T : ' — E as follows:
B+a—1

A

(Tx)(t) = I*TP f(t, 2, Kx) — \N[*2(t) + O (z, f). (3.9)
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Hypotheses:
(H1): The function f:J x R x R — R is continuous.
(H2): There exist constants Ly, Ly > 0 such that for any ¢t € J and z,y,u,v € R:
|f(t2,u) = f(ty,v)| < Lafe =yl + Lofu —v].
(H3): There exists Ly > 0 such that for any t,s € J and z,y € R:

[K(t,s,2) = K(t,5,y)] < L|lz —yl.

Combining (H2) and (H3), we define the composite Lipschitz constant L = Ly + Lo L.

Theorem 3.1
Suppose that (H1)-(H3) hold. If the condition §2 < 1 is satisfied, where
_ L L e+ MAul+ e+ 1)
Ma+8+1) T(a+1) Al [T(a+p+1) ['a+2) ’
then the problem (3.1) has a unique solution on J.
Proof.
Let z,y € E. For any t € J, we have:
B+a—1
(@20 - @il = (17 e.n. 0 - et + 0 )
B+a—1

- (Wf(t, 0. Ky) = Aoy(t) + oy, f))‘ (3.10)
< 190 f(z,Kx) — f(y, Ky)| + NIz — ]

1
+m|¢’(ﬂf,f) — oy, f)l. (3.11)

From the Lipschitz conditions, we have |f(z, Kz) — f(y, Ky)| < L||z — y||. Thus:

5 5 Liet?
Il f(x) = fly)] < I° LHfU—yIIZF

s le—yll. (312)

IS a5

For the boundary term &:

() = @(y)| < |l (@) = f)I(1) + I f(2) = f(y)](1)
+ A1 2 (1) = y(1)] + A2 (1) — y(1)]

< (el s il el )t
" \Ia+p+2) TI(a+p+1) TI'(a+2) I'(a+1)

(3.13)
L(pl+1)  [A(pl+a+1)
= (F(a+5+1) T T Tat2) >V|~"f—yH- (3.14)
and
M|z (t) — y(t)] < IJ(/\O|4) /Ot(t —5)* Mz —ylds < r(oﬁn”x — . (3.15)
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Substituting (3.12), (3.13) and (3.15) back into (3.10) and taking the supremum over
teJ:

L A
o0~ 701 < (a7 * gy ) el

) lL(\MHl) Al(pl + o+ 1)
LB +a)|Al [T(a+5+1) Pla+2)

[l = yll

Then :
[Tz — Tyl < Qlz - ylle.

Since 2 < 1, the operator 7' is a contraction mapping, E is a Banach space and T’
maps E into itself. By the Banach fixed point theorem, there exists a unique fixed point
x € E, which is the unique solution of (3.1). O

3.3 Existence of at least one solution

( Schauder Fixed Point Theorem )

Theorem 3.2
Assume that the function f: J x R x R — R is continuous and satisfies the following
condition:

(H4): There exists a continuous non-decreasing function v : [0, co[—]0, co[ and a positive
continuous function p € C(J,RT) such that for all t € J and (z,u) € R?:

[f(t 2, u)| < p@)(llz]).

If there exists a positive constant r > 0 such that:

r
> 1 (3.16)

llplle(r) [Alr 1 [ [lpll)(ul+1) Ar(pltet+)] — 77

F(a+5+1)+r(a+1)+w[ T'(a+B+1) + T'(a+2)

then the problem (3.1) possesses at least one solution on the interval J.

Proof.

The proof is constructed to verify the three core hypotheses of Schauder’s Fixed Point
Theorem:

continuity, uniform boundedness and equicontinuity of the operator 7'
Let us define a bounded, closed and convex set B, = {x € E : ||z|| < r}, where r is chosen
to satisfy (3.16).

1. T(B,) C B,.
Let x € B,.
Then
]| <.

Using assumption (H4), we have:
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(£, 2(8), (Kx) ()] < pt)e((lx]]) < llplle(r).

For any ¢ € J, from the definition of the operator T, we obtain:

a+p—1
(T2)(B)] < 17| f(t, 2, Ka)| + N ()] + N |[®(z, )]
Pl WL

_|_
“Tla+p+1) Tla+1) |4
Now, using the estimate of ®(x, f), we get:

plle(r)(ul+1)  Ar(u[+a+1)

@, f) = MNa+p5+1) ['a+2)
Hence
Iplle(r) Al
DOt 1 5+1) ¥ Tla+1)

oL el (pl +1) (el +a +1)
Al | T(a+pB+1) T+ 2)

By condition (3.16), we obtain:

| Tx|| <.
Therefore,
Tx € B,,
for every x € B,. Thus,
T(B,) C B,.

2. Continuity of the Operator T:

The continuity of T is a direct consequence of the continuity of the function f and the
kernel K, and we can check that by the following method:

Let {z,} be a sequence in B, such that z, — = as n — oco. By the continuity of f,
we observe that:

f(s,2n(s), (Kzn)(s)) = f(s,2(s), (Kx)(s)), Vs € J.

Since the functions are bounded on B,., we can apply the Lebesgue Dominated Convergence
Theorem to the integral terms of the operator 7.
This ensures that:
|Tx, —Tx|| -0 as n— oo,

thus establishing that 7" is a continuous operator on B,..
3. Uniform Boundedness:

We demonstrated that 7" maps B, into itself, we evaluate the norm of Tz for any
r € B,.
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Utilizing the condition (H4), we have:

B+a—1
(T2)(O] < 1721 F(t, 0, Kar) |+ M Ta(t)] + - A |®(z, f)]
Pl B 1

“T(a+p+1) T(a+1) A

By substituting the bound for |®(x, f)| and following the condition (3.16), it follows
that ||Tz|| < r. This confirms that 7'(B,) C B,, meaning the operator is uniformly
bounded on B,.

4. Equicontinuity and Compactness:
Let x € B, and let t1,to € J with 0 <t <ty <1.

From the definition of the operator 1", we have:

|(T'r>(t2) - (Tx)(tlﬂ < ‘Ia+ﬂf<t27I7Kx) - IOH_Bf(tlvx?Kx)’

+ A [T (tg) — I%2(ty)|
ta+6—1 . ta+B—1
2

+ A ! q)(x,f)‘.

We estimate each term separately.

Estimate of the first term
By assumption (H,), we have:

[f(tx(8), (Kx)(@)] < p)¢([l])-

Since z € B,, then ||z|| < r. Since ¥ is non-decreasing, it follows that:

P(llll) < ¥(r).
Moreover,
p(t) < pll, vee
Hence,
£t (), (Kx)(6))] < [Iplle(r).
Therefore,

(1949 f(t, 2, Ka) — IV f (11,2, K)

t1

:F(al—i_ﬁ)‘ /0t2<t2 - 3)0&,371]0(871,,[(%) ds _/0 (tl . S)aJrﬁilf(s,x, K:L‘) ds|.

Splitting the integral over [0, ¢1] and [t1, t2], we obtain:
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B 1

T(a+58) /[:l(tz — )" f (s, 2, Ka) ds + tQ(tQ — 5) TP f (s, 0, Kx) ds

t1

't
—/ (t; — s)*TP7 1 f(s, 2, Kx) ds
0

1)

B A YT PN 1 Iy SV
0

“Tla+p) T(a+5) Ju
Now, for the second integral,
to B (t2 _ tl)a+5
ty —s) P lds = 2L
(1o = s s = 2
Thus,
to B (t2 _ tl)a+/3’
ty —s)* P s = - ——T :
/t1(2 2 T Ta+p+1) (a+5)

Similarly, the first integral tends to zero as to — ¢; by continuity of the kernel.
Consequently,

1947 f(ta, 2, Kar) = 170 f (1, @, Kr)| = 0,

as ty — t1, uniformly for z € B,.

Estimate of the second term
Since [[z|| <, we have:

192 (ts) — I°2(ty)] gw/o

4+ /tQ(t —5)*d
F(a) " 2 S S.

Evaluating the second integral gives

/t2 (ty — 8)* ds = 7(752 _ tl)a.

(t2 — 5)* 1 = (1 — )™ | ds

t1 8
Hence,
|[I%x(ty) — [%z(t1)| = 0
as ty — 7.
Therefore,

IM[ 1%z (t2) — I%x(t1)] — 0.

Estimate of the third term
Since ®(z, f) is bounded on B,, there exists M > 0 such that

|[®(x, )] < M.

Hence,
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M | oip- a+B—
A0 ) < T =

— 1A

Since the function

t— tOH*,B*l

is continuous on J (continuous on a compact set, hence uniformly continuous), we
obtain:

|tgz+/5—1 . ttlx-é—ﬂ—l’ 0

as ty — .
Thus,

A

O(z, f)| — 0.

Combining all previous estimates, we deduce that:
|(Tz)(ty) — (Tx)(t1)| = 0 asty — ty,

sup |(Tz)(te) — (Tx)(t1)] — 0 as ty — t5.
JEGBT

Therefore, the family 7'(B,) is equicontinuous on .J.

Since we have already proved that T'(B,) is uniformly bounded, the Arzela-Ascoli
theorem implies that T'(B,) is relatively compact in F.

Hence, the operator 71" is compact.
Since T' is continuous and maps B, into itself, all conditions of Schauder Fixed Point
Theorem are satisfied.
Consequently, T" admits at least one fixed point in B,, which is a solution of problem
(3.1).
m

3.4 Hyers-Ulam Stability

Definition 3.1 [1]

The fractional differential equation (3.1) is said to be Ulam-Hyers stable if there exists a
real constant C'y > 0 such that for each ¢ > 0 and for each solution z € F of the following
inequality:

LD (CD%2(t) + Az (1)) — f(t 2(1), (K2) (1) e, e, (3.17)
there exists a unique solution x € E of problem (3.1) such that:

|z —z|| < Cre, VteJ
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Remark:
A function z € F is a solution of the inequality (3.17) if and only if there exists a
function h € E (dependent on z) such that:

L |h(t)| <e, Vte .

2. REDO (CDoz(t) + Az(t)) = f(t, 2(t), (K2) (1)) + hlt), VEeJ.

Main Stability Theorem

Theorem 3.3
Assume that the hypotheses (H1)-(H3) hold. If the condition 2 < 1 (as defined in (3.1))
is satisfied, then the nonlinear problem (3.1) is Ulam-Hyers stable.

Proof.
Let € > 0 and let z € E be a function satisfying the inequality (3.17).
Let z € E be the unique solution of the problem (3.1).
From Lemma 3.1, the solution z(¢) can be represented in its integral form as:

B+a—1
2(t) = 1P f(t, 2, KC2) — M@2(t) +

®(z, f)

tﬂ—l—a—l
+ Ih(t) + —5— I h(1) = 1P h(1)]

Applying the triangle inequality to the difference |z(¢) — (7'z)(t)| and using the property
|h(t)| < €, we derive the following bound:

[2(t) = (T2)(1)] < I°*P|h(t)] + |A1, (I 1 B + I+ [()])

< € +1< eE N € )
e+ s+l JAI\T(a+5+2) Tla+ps+1))

Let A denote the constant factor of € in (?7), so that |z(t) — (T2)(t)| < Ae.
Now, we evaluate the norm of the difference between z and x:

|2() — ()] = [2(t) = (Tx)(t)]

< [2(t) = (T2) ()] + [(T2)(t) — (Tx)(1)]

< Ae+Qf|z — z]|.
By taking the supremum over t € J, we obtain:

|z — z|| < Ae+ Qllz — z||.
Rearranging the terms, we get:

|z — z||[(1 — Q) < Ae.

Since 2 < 1, we can divide by (1 — ) to yield:

A
1-Q

Iz = =]l < €.

By setting Cy = 25, the requirement ||z — z|| < Cye is satisfied. This demonstrates that
the problem is Ulam-Hyers stable, concluding the proof. O
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3.5 Applications
Example 3.1
Consider the following nonlinear fractional boundary value problem:

RLDS (ODia(t) + fa(t)) = 5 (@(t) + (Kx)(t), te€[0,1],

“D2x(0) =0,

where the Volterra integral operator is defined by:

(Ka)(t) = /Ot ‘/”2(8)(15.

From the problem, we identify the following constants:

1 3
= — = — :2
a 27 5 27 O{—i_ﬁ )
1 1
10 0.1, 1 1 0.25

The interval is

7 =10,1].

Method 1 : Existence and uniqueness by Banach Fixed Point Theorem
1. Verification of Lipschitz conditions
The nonlinear function is given by:
(b2, u) = oo + )
o) = oo (T tu).

For any z,y,u,v € R, we have:

)| = | @+ ) = oy +0)

= ol =)+ (=)

< eyl Lju—vl
D LA L

|f(t,9c,u) —f(t,y,?)

Hence,
1 1
L =— Ly=—.
o0 2720
Now consider the kernel
T
K(t = —.
(t:52) =55
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Then,
K(t,s,2) — K(tos,) = | %~ L= Loy
5,x) — ;Y === — = = =z —y|.
b b b ’y 20 20 20 y
Therefore,

1
20
Thus, the global Lipschitz constant becomes

Ly,

L = L1 —+ LQLk
Substituting the values:
1 1 1
L=—+— —.
20 + 20 20
Hence,
21
L =—=10.0525.
400
2. Computation of A
We compute
1
A=1-—
a+p3
Thus,
0.25
A=1———.
2
Hence,
A = 0.875.
Since
A # 0,

the integral operator is well defined.

3. Computation of the contraction constant 2
Using Theorem 3.1, we have:

L A U L +1) (el +a+1)

TlatB+1) Ta+D) A |[TatptD) | Tla+2)

Since

r3)=2,  T(1.5)~0886,  I'(2.5)~ 1.329,

we obtain:
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q_ 0.0525 N 0.1 N 1 0.0525(1.25) n 0.1(1.75)
) 0.886  0.875 2 1.329
Now,
.052
0-0525 = 0.02625,
and
0.1
— ~0.1128.
0.886 0 8
Also,
0.0525(1.25) ~ 0.0328,
2
and
0.175
—— ~0.1317.
1.329 0-1317
Therefore,
2~ 0.02625 + 0.1128 4 1.143(0.1645).
Hence,
Q ~ 0.13905 + 0.188.
Thus,
0~ 0.327.
Since
<1,

the operator T' is a contraction mapping.
Therefore, by Banach Fixed Point Theorem, the problem admits a unique solution on
[0, 1].

Method 2 : Existence by Schauder Fixed Point Theorem

We now verify assumption (H4).
Since

we have:

Choose
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Then,

|f(t,2,u)] < p(t)e(r).
Thus assumption (H4) is satisfied.

Choose
r=1
Then,
Il = 5 = 0.05
PI= 50 =77
and
b(1) =2,
Hence,
Iplle(r) = 0.1.
Now we verify condition (3.16):
Pl (r) Alr 1 el ) (pl +1) | [Alr(p] +a+ 1)
MNa+p+1) T(a+1) JA]| T(a+8+1) o +2)
Substituting the values:
_ 01 N 0.1 n 1 [0.1(1.25) n 0.1(1.75)
2 0.886  0.875 2 1.329 |’
Thus,
=0.05+ 0.1128 + 1.143(0.1941).
Hence,
= (0.1628 + 0.2218.
Therefore,

~ 0.3846 < 1.

Hence all assumptions of Schauder Fixed Point Theorem are satisfied.
Consequently, the problem possesses at least one solution on [0, 1].
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Ulam—Hyers Stability

We now study the Ulam—Hyers stability of the problem. From Method 1, we already
proved that:

o the hypotheses (H1) — (H3) are satisfied,

o the operator T' is a contraction,

e and
0 ~0.327 < 1.

Therefore, all assumptions of Theorem 3.3 are fulfilled.

Let z € X satisfy the inequality

1 1
RL D} (Cpéz(t) 4 mz(t)) )+ (K@) <e telo1].
According to Definition 3.1, there exists a function h € X such that:

1.
W) <e Ve lo1].

"t (CDia(r) + 1102(15)) = L)+ (K2)(0) + he).

Using Lemma 3.1, we obtain:

A(0) =1 f (b2 K2) = 56 T32(1) + 0z, )

+ I?h(t) + i uI*h(1) — I*h(1)] .

Using the triangle inequality, we get:

|2(t) = Tz(t)] < IP|h(t)] + |A1’ (Il P?|R()] + P2[R(1)]) -
Since
|h(t)] <e,
then
9 €
IF|h(t)| < E
Also,
I’lh(1)] < (@)
and
PIh(1)] € =
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Therefore,

c 1 0.25¢ €
|4w—wah£N$+@8%<p@)+r@Q'

Since
'3) =2, I'4) =6,
we obtain:
€ 0.25e ¢
t)—Tzt)| < =-+4+1.143——+ = ).
2(0) = T=(0)] < 5 + 1143 (=2 + 5
Hence,
|2(t) — Tz(t)| < 0.5e + 1.143(0.5417¢).
Thus,
|2(t) — Tz(t)| < 0.5 + 0.619¢.
Finally,
|2(t) — Tz(t)| < 1.119e.
Let
A =1.119.
Then

|z(t) = Tz(t)| < Ae.
Now let x € E be the unique solution of the problem. Then

[2(t) — ()] = |2(t) = ()]

Using the triangle inequality,

|2(t) —x(t)] < [2(t) = Tz(t)| + [T=(t) — Tx(t)].
Thus,

|z(t) — z(t)] < Ae +Q||z — ||

Taking the supremum over t € [0, 1], we obtain:

|z — z|]| < Ae +Q|z — x|

Hence,

Iz — 2] (1 - Q) < Ae.

Since

0~ 0.327 < 1,
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we get:
e~ 2l < -2
-zl < —ge
Substituting the values:
o —all < o
Z—x ——¢.
—1-0.327
Therefore,
|z — z|| < 1.662¢.
Setting
Cy = 1.662,
we conclude that
e —all < Cye.

Hence, the fractional boundary value problem is Ulam—Hyers stable on [0, 1].

Example 3.2

Consider the following nonlinear fractional boundary value problem involving both
Riemann-Liouville and Caputo derivatives:

et o (t .
RL [)3/2 (CD1/2 a:(t)) = Goren (14|r|(z()t|)\ + sm(le(t))) ,t €]0,1],
z(0) =0,

3.18
z(1) = Z/o x(s) ds, (3.18)
“DY22(0) =0,

where the Volterra integral operator K is given by:

t e_(s_t)

(k) (1) = /0 ——a(s) ds.

From the problem (3.18), we extract the following constants values:

e Orders of derivatives: [ = 1.5 and a = 0.5, which implies o + [ = 2.
e System parameters: A = 5= = 0.05 and p = 7 = 0.25.
o The interval is J = [0, 1].

Existence results by Banach fixed point theorem

1. Verification of Lipschitz Conditions:
The nonlinear function is

et || )
flt,z,u) = 10—|—et<1+]m\+sm(u)>'
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We calculate the Lipschitz constants L; and Ly as follows:

(el ol [
0000 = 10001 = 1 ([ = T2+ i) s

1
< (e =yl + Ju— o]

Thus,

For the kernel

the Lipschitz constant is

L, = —.
710

The aggregate Lipschitz constant is therefore:

1 11 11
L=L 4+ Lolp= —+(—x—)=— —01.
1 Lol 11+<11X10> 170 =V

2. Calculation of A:

" 0.25
A=1-— =1——=0.875.
a+p 2

Since A = 0.875 # 0, the integral operator is well-defined.
3. Computation of the Contraction Constant ():

Using the formula derived in Theorem 3.1:

L A U Lpl+1)  M(pl+a+1)

F(a+ﬁ+1)+F(a+1) Al | T(a+B8+1) o +2)

Substituting the values

r3)=2, T(1.5)~0.886,  I'(2.5)~ 1.329,

we obtain:

g~ 01, 005 1 [01(125)  0.05(175)
2 088 0875 2 1.329
~ 0.05 + 0.056 + 1.143[0.0625 + 0.0658]
~ 0.106 + 1.143(0.1283)
~ 0.106 + 0.1467
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~ 0.2527.
Hence,
Q ~ 0.253.
Conclusion:
Since
0~ 0.253 < 1,

the operator T' is a contraction.
Consequently, according to the Banach Fixed Point Theorem, the fractional problem
(3.18) has a unique solution on [0, 1].

Verification of Ulam-Hyers Stability:

Finally, we verify the Ulam-Hyers stability of problem (3.18) by applying Theorem 3.3.
From the previous computations, we obtained:

Q~0.253 < 1.

Since all hypotheses (H1)-(H3) are satisfied and the contraction condition holds, the
assumptions of Theorem 3.3 are fulfilled.

Now, we compute the stability constant A.

Using the expression:

A — ; + i ”u’ + 1
S T(a+B+1) A \IN(a+8+2) T(a+p+1))’
and substituting
r'3)=2  I4)=6, A=087, p=0.25,

we obtain:

2 0875\ 6 2

=0.5+1.143(0.0417 4+ 0.5)
= 0.5+ 1.143(0.5417)
=0.540.6192

~ 1.119.

The Ulam-Hyers stability constant is then

Substituting the computed values:




CHAPTER 3. STUDY THE EXISTENCE OF SOLUTIONS OF BOUNDARY VALUE
PROBLEMS 49

1.119

F = 120253
1119

-~ 0.747
~ 1.498.

Hence,

Therefore, for every approximate solution z € E satisfying

RL )32 (CD1/2z(t) + 2102(15)> — (2 (8), (K2) ()] < e,

there exists a unique exact solution x € F such that:

|z — 2] < 1.50e.

Conclusion:
The fractional boundary value problem (3.18) is Ulam-Hyers stable on [0, 1].




Future Research Perspectives

Based on the results obtained in this thesis, and building upon the study conducted
in Chapters 2 and 3 regarding fractional integro-differential equations, we suggest the
following research directions that could extend this work:

e Studying the Impact of Changing Boundary Conditions: The scope of the problems
studied can be expanded by replacing the boundary conditions used in Chapter
3 with more complex or nonlinear ones, which may lead to new existence and
uniqueness results reflecting different dynamic behaviors of the problem.

» Investigating Various Fractional Operators: This work opens the door to studying the
same problem using other fractional derivative operators (such as the Hadamard or
Caputo-Fabrizio operators) instead of the Caputo and Riemann-Liouville operators,
as each operator allows for a mathematical description that varies according to the
nature of the physical or engineering model being studied.

o Analyzing Different Types of Stability: Although Hyers-Ulam stability was studied in
this work, researchers can investigate other types of stability, such as Hyers-Ulam-Rassias
stability or stability in the exponential sense, to enrich the qualitative aspect of
fractional problems.

« Expanding towards Fractional Systems: The individual models studied can be
developed into systems of coupled fractional differential equations, which represents
a significant mathematical challenge and a fundamental requirement for modeling
many complex natural and biological phenomena.

These suggestions represent a first step towards deepening the mathematical understanding
of these problems, and we hope they will serve as an incentive for further research in this
promising field.
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Abstract

In this memory, we address the existence, uniqueness, and stability of solu-
tions for certain classes of non-linear fractional differential equations under the
Caputo and Riemann-Liouville concepts. This study is conducted by applying the
fixed-point theorems of Banach, Schauder, and Krasnoselskii. Regarding the sta-
bility analysis, the Ulam-Hyers stability concept has been applied.

Key words: Fractional integro-differential equations, Riemann-Liouville
fractional integral, Caputo and Riemann-Liouville fractional derivative, fixed
point, stability of solutions.

Résumé

Dans ce mémoire, nous abordons l'existence, 'unicité et la stabilité des solu-
tions pour certaines classes d’équations différentielles non linéaires d’ordre frac-
tionnaire au sens de Caputo et de Riemann-Liouville. Cette étude est menée en
appliquant les théorémes du point fixe de Banach, Schauder et Krasnoselskii. En
ce qui concerne l'analyse de la stabilité, le concept de stabilité d’Ulam-Hyers a été
appliqué.

Mots clés : Equations intégro-différentielles d’ordre fractionnaire, Intégrale
fractionnaire de Riemann-Liouville, dérivée fractionnaire au sens de Caputo et de
Riemann-Liouville, point fixe, stabilité des solutions.
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