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General Conclusion

This thesis has undertaken a systematic and rigorous study of two fundamental
concepts in mathematical analysis — convergence of function sequences and semi-
continuity of functions — within the abstract framework of metric spaces. The
progression from the theoretical foundations of Chapter I to the concrete applica-
tions of Chapter IV reflects the natural movement of mathematical inquiry: from
abstraction to illustration, and from definition to consequence.

In Chapter I, we established the foundational language of metric spaces, in-
troducing the metric axioms, the topology of open and closed balls, the notions of
Cauchy sequences and completeness, and the formal definition of continuity. The
normed spaces provided the most important class of examples, and the induced met-
ric structure connected the geometric and analytic perspectives. These foundations
proved indispensable throughout the subsequent chapters.

Chapter II addressed the central question of how a sequence of functions can
converge to a limit function, and what properties of the approximating functions are
inherited by the limit. The fundamental distinction between pointwise and uniform
convergence was established with full precision. The key result — that uniform con-
vergence preserves continuity while pointwise convergence does not — was proved
via Theorem 2.3.1 and illustrated through numerous examples. Dini’s theorems pro-
vided important sufficient conditions under which monotone pointwise convergence
becomes uniform, bridging the gap between the two modes of convergence.

Chapter I11I developed the theory of semi-continuity, which emerged naturally
as the appropriate framework for functions that are “almost continuous” in one
direction. Upper and lower semi-continuous functions were characterized through
multiple equivalent formulations: via e-0 definitions, via sequences, via open and
closed sets, and via epigraphs and hypographs. The algebraic stability of semi-
continuity under sums, scalar multiplication, and composition was established, and
the behavior of semi-continuity under limiting processes was analyzed in detail. The
Weierstrass-type theorem for semi-continuous functions on compact sets, guarantee-
ing the attainment of extrema, was proved and interpreted as the culmination of
the theory.

Chapter IV consolidated all these results through a systematic collection of ap-
plications and illustrative examples. The convergence of classical function sequences
— geometric series, Bernstein polynomials, Volterra integral equations, and Picard
iterates — demonstrated the power of uniform convergence in preserving continu-
ity and semi-continuity. The Banach Contraction Principle provided a constructive
method for finding fixed points in complete metric spaces, connecting the Cauchy
sequence theory of Chapter I to the uniform convergence of Chapter II. The explicit

Mesghouni Sabrina 6 Radja Hala
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construction of semi-continuous envelopes illustrated the regularization procedure
that transforms an arbitrary function into its best semi-continuous approximant.

The central research questions posed in the introduction of this thesis have been
fully answered:

« What is the relationship between different types of convergence and
semi-continuity?
Uniform convergence preserves both upper and lower semi-continuity, and hence
continuity. Pointwise convergence does not preserve semi-continuity in general,
but monotone pointwise convergence preserves semi-continuity in the direction
of the monotonicity: a decreasing limit of upper semi-continuous functions is
upper semi-continuous, and an increasing limit of lower semi-continuous func-
tions is lower semi-continuous.

e Under what conditions does the limit function preserve continuity in
a metric space?
The limit function is continuous whenever the convergence is uniform and the
approximating functions are continuous. When the convergence is only point-
wise, additional conditions — such as monotonicity combined with continuity
of the limit (Dini’s theorem), or equicontinuity of the sequence
(Arzela-Ascoli theorem) — are required to guarantee continuity of the limit.

The theory developed in this thesis opens several directions for further in-
vestigation. The extension of semi-continuity to general topological spaces, where
sequences must be replaced by nets or filters, provides a natural generalization. In
infinite-dimensional normed spaces, the notion of weak convergence plays the role
of pointwise convergence, and the weak lower semi-continuity of convex functionals
is the cornerstone of the direct method in the calculus of variations. The theory
of I'-convergence, due to De Giorgi, provides a variational generalization of point-
wise convergence that is tailor-made for the study of limit problems in optimization
and homogenization. Set-valued analysis extends semi-continuity to multifunctions,
with applications in optimal control, game theory, and mathematical economics.

In conclusion, the study of convergence and semi-continuity in metric spaces
is not merely a classical chapter of mathematical analysis, but a living and evolv-
ing theory whose fundamental results continue to find new applications in modern
mathematics. The framework established in this thesis provides the reader with the
essential tools to engage with these developments.

Mesghouni Sabrina 7 Radja Hala
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“In mathematics the art of proposing a question must be held of higher value than
solving it.”

— Georg Cantor
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(X,d) : A metric space X equipped with a metric d.

d(x,y) : The distance between two points = and y in a metric space.
B(a,r) : The open ball with center a and radius r.

B(a,r) : The closed ball with center a and radius .

S(a,r) : The sphere with center a and radius r.

A : The closure of a set A.

0A : The boundary of a set A.

d(xz, A) : The distance from a point = to a set A.

() : A sequence in a metric space.

x, — x : The sequence (z,) converges to z.

. limsup,,_,, f(z,,) : Limit superior of a sequence.

. liminf, .« f(z,) : Limit inferior of a sequence.

. C([a,b],R) : The space of continuous real-valued functions on [a, b].
. || flls : The supremum norm (uniform convergence norm).

I fllp : The LP-norm for 1 < p < oo.

. LP(X, i) : The space of p-integrable functions on a measure space.

. esssup : Essential supremum.

. fn — f pointwise : Pointwise convergence of a sequence of functions.
. fn — f uniformly : Uniform convergence of a sequence of functions.
. fisusc at xy : f is upper semi-continuous at x.

. fislsc at zy : f is lower semi-continuous at x.

. epi(f) : The epigraph of f, {(x,t) : f(x) < t}.
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23. hyp(f) : The hypograph of f, {(x,t) : t < f(x)}.

24. 14 : The indicator function of a set A.

25. limsup,_,,, f(z) : Limit superior of f as x approaches .
26. liminf, ,,, f(x) : Limit inferior of f as x approaches .

27. f~1(U) : The preimage of a set U under f.

28. ||z|| : The norm of a vector x in a normed space.

29. d(x,y) = ||z — y|| : The metric induced by a norm.

30. inf,ex f(x) : The infimum of f over X.

31. sup,cx f(x) : The supremum of f over X.

32. fn \¢( f : A decreasing sequence of functions converging to f.

33. fn ' f : An increasing sequence of functions converging to f.
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Chapter 1

Theoretical Foundations of Metric Spaces
and Functions

This chapter establishes the fundamental structures required to analyze func-
tional behavior.By moving from Euclidean geometry to abstract Metric Spaces, we
develop a generalized language for distance and proximity.We begin by defining the
metric axioms, followed by the topological properties of sets, and conclude with
the formal definition of continuous mappings.These concepts provide the necessary
framework for studying convergence and semi-continuity in the subsequent chapters.

1.1 Metric Spaces: Definition and Examples

Definition 1.1.1 /12, |19] A distance (or metric) Let X be a non-empty set. A
funtion d : X x X — R is called a metric on X if for all z,y,z € X, the following
properties hold:

1. Separation: For all v,y € X, d(z,y) =0 if and only if v = y.
2. Symmetry: For all x,y € X, d(y,z) = d(x,y).
3. Triangle inequality: For all x,y,z € X, d(x,2) < d(z,y) + d(y, 2).

1.1.1 Properties of Metric Spaces

Let (E,d) be a metric space. Then the distance d satisfies the following two
properties:

1. The distance d is positive: d(z,y) > 0, Va,y € E.

2. Forall z,y,z € I
|d(z, 2) = d(z,y)| < d(z,y).

11



12 CHAPTER 1. THEORETICAL FOUNDATIONS OF METRIC SPACES AND FUNCTIONS

1.1.2 Examples

Example 1.1.1 [12, 19/ The fundamental example of a metric space is the space

R with the distance defined by d(z,y) = |v — y|. This distance is called the usual
distance on R.

It is easy to verify that d is a metric. Indeed, for all x,y,z € R:
1.dz,y) =0 <= |z —y|=0 <= z=y.
2. d(z,y) =z —y| =y — x| =d(y,z).
3. d(x,y) = v —yl =z —2+z—y[<|v—2[+ |z -yl = d(z,2) + d(z,y).
Example 1.1.2 [12, 19] Let d : E x E — R be a mapping defined by
1 difx#y
0 ife=y

Let us show that d is a metric. Let x,y,z € E. We have

Ve,ye B d(z,y) = {

1. If x = y then d(z,y) = 0 (by definition), and if v # y then d(z,y) = 1 # 0.
Hence

dz,y) =0 <= z =uy.
2. We have

dly.2) = {(1) T i)

3. e Ifx =1y then
0=d(z,y) <d(z,z)+d(z,y).

o Ifx #y thenx # z ory# z. Hence
L=d(x,y) <d(x,z)+d(z,y).
In both cases, we have d(x,y) < d(x,z) + d(z,vy).
Therefore, d is a metric on E. It is called the discrete metric.

Example 1.1.3 [1§, |19/ (Distances on C([a,b];R)) Note that C([a,b],R) is the
space of continuous functions on the bounded interval [a,b] with values in R. We
define the following three distances on this space:

Mesghouni Sabrina 12 Radja Hala



13 CHAPTER 1. THEORETICAL FOUNDATIONS OF METRIC SPACES AND FUNCTIONS

/If x)| dx (1.1)
b(f.g) = (/ e de)l/z (12)

doo(f, 9) = max [f(x) — g(x)] (1.3)

x€la,b]

o for all f,g € C([a,b],R). We wverify that dy is a metric on C([a,b],R). The
other distances are left to the student.

1. Separation:

b
0(f.g) =0 < / F(z) — g(z)] dz = 0

— |f(£C)—g(SC)‘ =0, Vxe [CL?b]
— f(x)=g(x), V€ ]la,b]
— f[=uy.

:/ab|f(;1;) \da:—/ lg(x )| de = du(g, f).

3. Triangle inequality:
d(f,g) = /If )| dx
:/ |f(x) = h(z) + h(x) — g(x)| dz
)
g/ (1f(@) = h@)| + h(z) - g(x)]) da

= [ -l [ - o) e

—dl f7 )+d1(h g)

Therefore, dy is a metric on C([a,b],R).

2. Symmetry:

o forall f,g € C([a,b],R). We verify that dy is a metric on C([a,b],R). The
other distances are left to the student. Let f,g,h € C(]a,b],R).

Mesghouni Sabrina 13 Radja Hala
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1. We have:

b
df.g) =0 = / f(x) — g(z)Pdz =0

<~ |f(z) —g(x)] =0, Vzé€la,b]
— f(x) =g(x), V€ ]la,b]
— f=yg.

2. Symmetry is obvious:

-(/ e —g<x>|2das) - ( [ 1ot - f(o)Pds ) R

3. For the triangle inequality, we apply the Cauchy-Schwarz inequality:
Cauchy-Schwarz Inequality:

1/2

/abf (2)g() du < ( / | \f(x)Fdar) N ( / b !g(w)l2dw) Ve (b R).

(1.10)
We have:

ds(f. 9)° / £(@) = 9@ do
- / (@) = b)) + (h(z) - ga)) | d
< | (1) = B + () — g(@)])? de
=/b|f(:c) 12daz+/ h(x) — g(z)? da
+2/ /() = h(@)| |h(2) — g(x)| da
3 / f— thH/ h— g da
+2(/f—m%mym<L|h—g%m>

((/f hP@JU2+<Lﬂh92mﬁvv2

= (dao(f, h) + da(h, 9)%.

Taking the square root of both sides, we obtain:
d2(f7 g) S d?(fa h) + d?(h7g)

Mesghouni Sabrina 14 Radja Hala
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15 CHAPTER 1. THEORETICAL FOUNDATIONS OF METRIC SPACES AND FUNCTIONS

Therefore, dy is a metric on C([a,b],R).

o forall f,g € C([a,b],R). We verify that ds is a metric on C(la,b],R). The
other distances are left to the student.

1. Separation:
dss(f,9) =0 max |[f(z) = g(x)| =0
— |f(z) —g(z)| =0, Vzelab
— f(x) =g(x), V€ la,b]
— f=ug.

2. Symmetry:

doo(fr9) = max |f(z) — g(z)] = max |g(x) — f(z)| = dxo(g, f)-

:EG[(L xe[a,b]
3. Triangle inequality: For all x € [a,b], we have
[f(2z) = g(x)| < [f(x) = h@)] + [h(z) — g(2)] < dso(f, h) + dsc(h, g).

Taking the maximum over x € [a,b] on the left-hand side, we obtain

doo(f5 9) = max |f(x) — g(2)| < do(f, h) + ds(h, g)-

x€la,b]

Therefore, dy is a metric on C([a,b],R).

1.2 Topology in Metric Spaces

1.2.1 Open and Closed Balls

[12, 19] We define certain mathematical notions, inspired by Euclidean geometry
of the plane and space.
Let (F,d) be a metric space, a € E, and r > 0.

1. The open ball with center a and radius r is the set:
B(a,r) :={x € E :d(a,x) <T1}.
2. The closed ball with center a and radius r is the set:

B(a,r):={x € E:d(a,z) <r}.

3. The sphere with center a and radius r is the set:

S(a,r):={x € F:d(a,z) =r1}.

Mesghouni Sabrina 15 Radja Hala
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Example 1.2.1. [12, 19] Let £ = R, equipped with the usual distance d(x,y) =
|z — y|. We have shown that d is a metric on R and we have:

B(a,r) :={z € R:d(a,z) <r}
={reR:|z—a| <1}
={reR:—r<zr—a<r}
={rzeR:a—r<z<a+r}
=(a—r,a+T).

Similarly, we obtain the closed ball:

B(a,r)=la—7r,a+7r].
For the sphere, we have:
S(a,r) = B(a,r)\ B(a,r) ={a—r,a+r}.
Example 1.2.2. [12, 19] Let £ = R? with the Euclidean distance :

do(z,y) := (21— y1)* + (22 — y2)2)1/2 ,

where x = (z1,22) € R%, y = (y1,y2) € R% Then, for a = (a1, as) € R?, we have:
B(a,r) = {x € R?*: dy(a,z) < r}
={r € R?: (z1 —a1)* + (22 — ap)* < r°}.

This is the open disk with center a and radius r, excluding its boundary.as shown
in the figure:

e~ B(a,r) Be(a,r)
(0] Cljl = (@] all *
Open ball B(a,r) in R? | | Closed ball By(a,r) in R?
Y .
S(a,r)
i
: = 53
8] ai

|The sphere in IR2 |

Example 1.2.3. [12, 19] Let £ = R? with the distance d., defined by:

doo(z,y) = max{|z1 — y1|, |72 — yol}.

Mesghouni Sabrina 16 Radja Hala
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Let us compute the unit ball (with center O = (0,0) and radius 1):

B(0O,1) :={X = (z,9) € R? :max{|z — 0|, |y — 0|} < 1}
= {(z,y) eR?: |z| < LA Jy| < 1}.

This is the square centered at O with side length 2, as shown in the figure:

y1\ Y Y
B(0,1) $(0,1) B;(0,1)

- o -

Open ball B(a,r) in R?*|| The sphere S(a, ) in R? || Closed ball Bf(a,r) in R?

Example 1.2.4. [12, [19] Let £ = R? with the distance d; defined by:

di(z,y) = |21 — 1| + |22 — 42l
Let us compute the unit open ball. We have:
B(O,1) :={(z,y) : |t — 0|+ |y — 0] < 1}
={(z,y) [z +|y] <1}.
This can be expressed as:
BO,1)={(x,y):x+y<lAhz—y<lA—z4+y<lA—z—y<Il}.

(Here, we distinguish the four cases: z,y > 0; z > 0,y < 0; x < 0,y > 0; and
z,y <0.)

Thus, we obtain a diamond (rhombus). The following figures show the open
ball, the closed ball, and the sphere.as shown in the figure:

Mesghouni Sabrina 17 Radja Hala
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1 \\B(Os 1)

Yy
/if(o, 1)
— = = x
<@ <

Open ball B(a,r) in IR2 | l Closed ball Bf(a,r) in IR2 |

Y

S(0, 1)
< .

| The sphere S(a,r) in R? |

Example 1.2.1 Let (E,d) be a metric space. Find the open ball, closed ball, and
sphere (with center a and radius r > 0) with respect to the discrete distance:

1 difx#y
d(xvy): .
0 ife=y
Leta € E and r > 0.

1
1. For the distance d(x,y) = { ey
0 ife=y
e Open ball:
B(a,r):={x € E :d(a,z) <r}

{r € F:d(a,z) =0} if0<r<1

{re E:d(a,z)=0Vd(a,x) =1} ifr>1

J{a} f0o<r<i1
-\ E ifr>1

« Closed ball:
B(a,r) :={x € E:d(a,z) <r}
{zr € E:d(a,x) =0} ifo<r<1

{re E:d(a,x) =0Vd(a,x) =1} ifr>1

{a} f0<r<1
E ifr>1

Mesghouni Sabrina 18 Radja Hala



19 CHAPTER 1. THEORETICAL FOUNDATIONS OF METRIC SPACES AND FUNCTIONS

o Sphere:
B(a,r) \ B(a,r)

{ ifr #1
E\{a} ifr=1

[12, [19] Recall the definition of a sequence in E. It is a mapping from N to E,
which associates to each n an element u,, € E. The natural definition of convergence
of a sequence in a metric space (F,d) is as follows:

1.2.2 Convergence of Sequences

Definition 1.2.1 [12, [19] Let (E,d) be a metric space, (u,)nen @ sequence in F,
and uw € E. We say that the sequence (u,) converges to u if

lim d(u,,u) =0,

n—oo

and u is called a limit of (u,,).

Properties of Convergence

o Since d(u,,u) € R, it is well known that

lim d(up,u) =0 <= Ve >0, INeN:n>N = d(uy,u) <e

n—oo

< Ve>0,INeN:n>N = u, € B(u,¢).

o The limit u of the sequence (u,) is unique. Indeed, if there exists another limit
v € FE, then
0 <d(u,v) < d(u,u,) + d(u,,v)

and taking the limit as n — oo, we obtain 0 < d(u,v) < 0. Consequently,
d(u,v) = 0 and thus u = v.

« A stationary sequence is convergent in any metric space. Indeed, if (u,) is
stationary, then there exists N € N such that

Vn > N :u, =u (is constant).

Hence d(u,,u) = 0 for all n > N. Therefore, lim d(u,,u) = 0.

n—oo

Subsequence and Adherence Value
Let (un)nen be a sequence in a metric space (E,d).

1. A subsequence (or extracted sequence) of (u,) is the sequence (ug(n))nen,
where ¢ : N — N is a strictly increasing mapping.
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2. We say that u € F is an adherence value (or cluster point) of the sequence
(uy) if there exists a subsequence of (u,) converging to u.

The following proposition gives a characterization between the closure of a set
via sequences.

Properties Characterization of the Closure
Let A be a non-empty subset of a metric space (F,d). Then
A={x € E:3(x,)neny C Asuch that lim z, = z}.

n—oo

In other words,

r €A < I(r,)nen C Asuch that lim z, = x.

n—oo

Proof
We have
def

v €A & d(z,A) = infd(z,y) =0
yeA

characterization of infimum Ve > O’ E]y e A: d(xa y) <é
1

— VneN, Jy, € A:d(z,y,) < —
n

< (Yn)nen C A and z = lim y,,.
n—oo

Corollary 1.2.1 [14, 19/
Let (E,d) be a metric space and A C E. Then

A is closed < (every convergent sequence (an)neny C A has its limit in A).

1.3 Cauchy Sequences and Complete Metric Spaces

Let (E,d) be a metric space. If the sequence (uy)nen in E converges to some
limit ¢, then d(uy,?) — 0 as n — oo, and by the triangle inequality, d(u,,u,) — 0
as p,q — oo. That is, the terms u, and u, approach each other as p and ¢ tend to
+o00. In this case, the sequence is said to be Cauchy. Thus, we give the following
definition:

Definition 1.3.1 /5, [19] A sequence (up)nen in a metric space (E,d) is called a
Cauchy sequence if

Ve>0,INeN, Vp,qeN:g>p>N = d(up,u,) <e.
In other words,

lim d(u,, =0.
mlgloo (up, ug)
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Remark 1.3.1 /9, |19/

FEvery convergent sequence is Cauchy (this is not difficult to verify). Indeed, if
(u,) converges to £, then for any € > 0, there exists N € N such that for alln > N,
d(un, l) < /2. Then for all p,q > N, we have

d(uy, 1) < d(uy, 0) + d(l,u,) < % + g — .

Hence (u,) is Cauchy. However, the converse is not always true in a metric space.
For this, we give the following definition :

Definition 1.3.2 Complete Metric Space [3, |19] A metric space (E,d) is said to be
complete if every Cauchy sequence in this space is convergent.

1.3.1 Properties Cauchy Sequences are Bounded

B, 19]
Every Cauchy sequence in a metric space (F,d) is bounded. That is,

da€ E, AM > 0:d(a,u,) <M, VneN.

Proof
Let (un)neny be a Cauchy sequence in (E,d). By definition, for e = 1, there
exists NV € N such that for all p,g > N,

d(up, ug) < 1.

In particular, for all n > N,
d(uy,uy) < 1.

Now, let
M = max{d(uy,uy), d(uz,un),...,d(uy_1,un),1} + 1.

Then for all n € N:
o If n < N, we have d(u,,uy) <M —1< M.
e If n > N, we have d(u,,uy) <1< M.
Thus, taking a = uy, we obtain
d(a,u,) < M, ¥neN.

Hence, the sequence (u,) is bounded.
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1.3.2 Examples

Example 1.3.1 /3, |19/
The space R with the usual distance d(x,y) = |x — y| is complete.

Proof Let (uy)nen be a Cauchy sequence. By the previous proposition, it is
bounded. Therefore, there exists a subsequence (uy, )nen converging to ¢ € R (by
the Bolzano-Weierstrass theorem). Let us show that the sequence converges to ¢.
Let € > 0. Then there exist N;, No, N3 € N such that:

(q >p> N = d(up,u,) <e/2 since (u,) is Cauchy

o\

n> Ny = d(uy,,l) <e/2 since uy, — ¢

| » > N3 — k, >N since k, — +oo (definition of subsequence)
Hence, for N = max{ Ny, N2, N3}, we have for all n > N:

d(tun, 0) < d(up, up,) + d(ug, , ) < g v g —
This gives the convergence of (u,). Therefore, (R, d) is a complete space.

Example 1.3.2 [3,19] The space R equipped with the distance d(x,y) = |arctan x —
arctany| is not complete.

Proof Consider the sequence defined by u,, = n. Let us show that (u,) is Cauchy,
but not convergent.
Let ¢ > 0 and p,q € N with ¢ > p. We have

d(up, u,) = | arctan p — arctan g|
pP—4q
= |arctan
1+ pq

< arctan g _ arctan —.
Prq p

Moreover,

—_

1
arctan — <e¢ < - < arctane < p> —.
p D arctan e

Hence, choosing N := [ L ] +1> —— we obtain

arctane arctane’

q>p>N = d(up,uy) <-<e.

SN

Thus, (u,) is Cauchy.
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It remains to show that (u,) is not convergent. Suppose, for contradiction, that
there exists a € R such that lim,,_, u,, = a. Then lim,_, d(n,a) = 0. Hence,

n—a

d(n,a) =

arctan —0 as n — oo,

+ an

and therefore =% — 0 as n — oo. However,

1+an
n ; {a

1+ an +o00 ifa=0

as n — 00. This is a contradiction. Therefore, the sequence is not convergent and
the space (R, d) is not complete.

1.4 Continuity of Functions

1.4.1 Continuity at a Point

Let (E,d) and (F,d) be two metric spaces, f : E — F a mapping, and a € E.
We say that ¢ € F' is the limit of f(z) as  — a if

0, f(z)) -0 as d(z,a) —0.
In other words,
Ve>0, Ir>0:0<d(a,x) <r = §({, f(x)) <e.

The following proposition gives a characterization of the limit of f at a point a
by sequences.

Proposition 1.4.1 /12, |19/
Let (E,d) and (F,§) be two metric spaces, f: E — F a mapping, a € E, and
¢ € F. The following statements are equivalent:

1. lim f(z) = ¢.

Tr—a

2. For every non-stationary sequence (T,)nen in E converging to a, the sequence
(f(xn))nen converges to L.

Proof We prove the equivalence in two steps.
(1) = (2): Assume that lim f(z) = ¢. Let (x,)nen be a sequence in F such that
Tr—a

x, — a and x, # a for all n (non-stationary). For any € > 0, by definition of the
limit, there exists » > 0 such that

0<d(a,z)<r = 0((, f(x)) <e.

Mesghouni Sabrina 23 Radja Hala



24 CHAPTER 1. THEORETICAL FOUNDATIONS OF METRIC SPACES AND FUNCTIONS

Since x, — a, there exists N € N such that for all n > N, d(a,x,) < r. Moreover,
since x, # a, we have 0 < d(a,z,) < r for n > N. Hence, for all n > N,
d(¢, f(x,)) < e. Therefore, f(z,) — /.

(2) = (1): We prove the contrapositive. Suppose that }}g{l} f(z) # £. Then there

exists € > 0 such that for every r > 0, there exists x € E with 0 < d(a,z) < r
and §(¢, f(x)) > . In particular, for r = %, there exists z, € E such that 0 <
d(a,z,) <  and §(¢, f(z,)) > €. Then x, — a and z,, # a (non-stationary), but
f(x,) does not converge to ¢ (since d(¢, f(x,)) > € for all n). This contradicts (2).
Hence, :lnl_l;lgl f(z)="¢.

1.4.2 Continuity at a Point

[12, 19] Let (E,d) and (F,0) be two metric spaces, f : F — F a mapping, and
a € E. We say that f is continuous at a if

(f(x), f(a)) >0 as d(z,a) — 0.
In other words,
Ve >0, Ir>0:d(a,x) <r = (f(a), f(x)) <e.

Remark 1.4.1 (Equivalent Formulations) /14, |19]
The previous definition is equivalent to:

Ve >0, Ir > 0:x € Byla,7) = f(x) € Bs(f(a),e).

or
Ve >0, 3r > 0: Byla,r) C f1(Bs(f(a),e)).

Proposition 1.4.2 (Sequential Characterization of Continuity) /12, [19] Let
(E,d) and (F,6§) be two metric spaces, f : E — F a mapping, and v € E. The
following statements are equivalent:

1. f is continuous at x.

2. For every sequence (x,)nen in E converging to x, the sequence (f(xy))nen
converges to f(x).

Proof

We prove the equivalence in two steps.
(1) = (2): Suppose that f is continuous at z. Let (z,),en be a sequence in F
such that z, — x as n — co. Let € > 0. By continuity of f at x, there exists r > 0
such that

d(z,y) <r = §(f(), f(y)) <e.
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Since x,, — z, there exists N € N such that for all n > N, d(z,z,) < r. Conse-
quently, for all n > N, 6(f(x), f(z,)) < e. Hence f(x,) — f(x).

(2) = (1): We prove the contrapositive. Suppose that f is not continuous at x.
Then there exists € > 0 such that for every r > 0, there exists y € E with d(z,y) <r
and 6(f(z), f(y)) > €. In particular, for r = < (with n € N*), there exists z, € E
such that

d(x,z,) < % and  0(f(x), f(x,)) > e.

Then z,, — x (since d(x,z,) < 1/n — 0), but (f(x,)) does not converge to f(x)
because 6(f(z), f(x,)) > e for all n. Thus, condition (2) fails. Therefore, (2) implies

(1).

Definition 1.4.1 (Global Continuity) (12, [19]

Let (E,d) and (F,¢) be two metric spaces and f : E— F a mapping. We say
that f is continuous on E (or simply continuous) if it is continuous at every
point a € F.

The following proposition gives a very important characterization of global con-
tinuity.

Proposition 1.4.3 (Characterization of Continuity via Open Sets) [12, 19/
The mapping [ : (E,d) — (F,6) is continuous if and only if the preimage of
every open set in F' is open in E.

Proof We prove both implications.
(=) Suppose that f is continuous on E. Let O be an open set in (F,d). Then
O = J;; Bi where each B is an open ball in (F,d). Let us first show that f~(B;)
is open in (E,d). Let x € f~(B;). Then f(x) € B;. Therefore, by (1.13), there
exists € > 0 such that
Bg(f(l’),c‘f) C BZ

By continuity of f at x, there exists » > 0 such that
By(z,r) C fH(Bs(f(x),¢)) C fH(By).
We have shown that
Vo € 4By, Ir>0: By(w,r) C f1(B).
Hence f~1(B;) is open in (E,d). Consequently,
o)y =f" (U Bz') =Ur s
iel iel

is also open in (E,d).

Mesghouni Sabrina 25 Radja Hala



26 CHAPTER 1. THEORETICAL FOUNDATIONS OF METRIC SPACES AND FUNCTIONS

(<) Suppose that the preimage of every open set in F' is open in E. Let us show
that f is continuous at every a € E. Let ¢ > 0. Then f~*(Bs(f(a),e)) is open in
(E,d) and a € f~'(Bs(f(a),e)). By the definition of an open set, there exists r > 0
such that

Ba(a,r) C f~1(Bs(f(a),e)).

This implies continuity at a.

Definition 1.4.2 (Homeomorphism) /14, 19/
Let (E,d) and (F,6) be two metric spaces and f : E— F a mapping. We say
that f s a homeomorphism if:

1. f is bijective.
2. f and f~1 are continuous (where f~1 is the inverse mapping of f).

If such a mapping exists, we say that the spaces (E,d) and (F,d) are homeomor-
phic.

Definition 1.4.3 (Uniform Continuity and Lipschitz Functions) /12, |19/
Let (E,d) and (F,0) be two metric spaces and f: E — F a mapping.

1. We say that f is uniformly continuous if

Ve >0, I >0:d(z,y) <n = I(f(2), f(y)) <e.

2. We say that f is Lipschitz (or Lipschitz continuous) if
3L >0, Va,y € E:6(f(2), f(y) < Ld(z,y).

Proposition 1.4.4 (Relations between Types of Continuity) /14, 19/
Let f : (E,d) — (F,§) be a mapping. Then

1. f is Lipschitz = [ is uniformly continuous.
2. f is uniformly continuous = f is continuous.

Proof
We prove both implications.

1. Suppose that f is Lipschitz. Then there exists L > 0 such that for all z,y € F,

o(f(z), f(y)) < Ld(z,y).
Let € > 0. Choose n = £ > 0. Then for any z,y € E with d(x,y) <, we have

5(f(2), () < Ld(w.y) S L-+ ==,

Hence f is uniformly continuous.
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2. Suppose that f is uniformly continuous. Let ¢ € E and € > 0. By uniform
continuity, there exists 17 > 0 such that for all x,y € F,

d(z,y) <n = o(f(x), f(y)) <e.
In particular, for y = a, we have for all x € E with d(z,a) <7,

0(f(x), fla)) <e.

This is exactly the definition of continuity of f at a. Since a € E was arbitrary,
f is continuous on F.

1.5 Normed Spaces

Definition 1.5.1 (12, [19]
Let X be a vector space over F. A morm on X is a function || - || : X — R
such that for all v,y € X and o € F:

(i) ||zl = 0;
(7i) ||x|| = 0 if and only if x = 0;
(iit) |ax| = lafl|=|/;
() ||z +y|| < ||zl + |lyl| (Triangle Inequality).

Example 1.5.1 (Standard Norm on F") [12, 19]
The function || - || : F* — R defined by

(21, -l = (le‘ﬂ)

1s a norm on F" called the standard norm on F".
Proof We verify the four properties of a norm.

(i) Positivity: For any (x1,...,x,) € F", we have |z;|* > 0 for all j. Hence
Z?:1 |z;|* > 0, and taking the square root gives ||(z1,...,z,)| > 0.

(ii) Definiteness:

j=1
= ) |l =

j=1
— |zj*=0 Vj=1,....n
<~ ZL’jZO ‘v’jzl,...,n
<~ (z1,...,2,) = (0,...,0)
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(iii) Homogeneity: For any o € F and (z1,...,z,) € F",

loe(zr, - @)l = [y, )|

1
n 2
(St
j=1
n
_ (zww)
j=1
n 3
_ (wzw)
j=1
n 3
o (z )
j=1

= lalll(@y, - za)]-

N[

(iv) Triangle Inequality: For any (z1,...,z,), (Y1, ..., yn) € F",

H(xlv s ,l‘n) + (yla s 7971)“ = (Z |xj +yj2>
j=1

By the Cauchy-Schwarz inequality,

Dzl < (Z |$j2>

j=1 j=1

1
2

N|—
_|_
R
NS
S
T
N——
N|—=

Taking the square root of both sides yields
(@1 xn) + (W un) L < (a4 (s )]

Example 1.5.2 (Standard Norm on Cr(M)) [12, |19]
Let M be a compact metric space and let Cr(M) be the vector space of continu-
ous, F-valued functions defined on M. Then the function || - || : Cp(M) — R defined

by
£l = sup{|f(z)| : © € M}

is a norm on Cg(M) called the standard norm (or supremum norm) on Cr(M).
[12, 19] We verify the four properties of a norm.

(i) Positivity: For any f € Cyp(M), we have |f(z)| > 0 for all x € M. Hence
SUPzepm |f($)‘ > 0, ie, Hf” > 0.
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(ii) Definiteness:

Il =0 <= sup|f(x)] =0
zeM

— |f(x)]=0 VYxeM
— f(r)=0 Ve e M
<= [ =0 (the zero function).

(iii) Homogeneity: For any a € F and f € Cp(M),
leef]] = sup |ecf ()]

xeM

= sup (|af[f(z)])

zeM
= |a| sup | f(z)]
zeM
= lel[Lf1]-
(iv) Triangle Inequality: For any f,g € Cp(M) and for every x € M,

[f(2) + g(a)] < |f@)] + lg@)] < [LFI+ gl

Taking the supremum over x € M on the left-hand side, we obtain

17+ gl = sup (@) + g(z)] < Il + gl

Example 1.5.3 (Standard Norms on LP Spaces) [12, |19]
Let (X, X, i) be a measure space.

1/p
1l = ( / !flpdu>

is a norm on LP(X) called the standard norm on LP(X).

(b)

(a) If 1 < p < oo then

[flloc = esssup{|f(z)| : z € X}

is a norm on L>®(X) called the standard norm on L>(X).
Proof for (a). We verify the four properties of a norm for 1 < p < oc.

1. Positivity: For any f € LP(X), we have |f(x)|P > 0 for almost every = € X.
Hence [y |f|?dp > 0, and taking the p-th root gives || f||, > 0.
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2. Definiteness:

1/p
1l =0 </X|f|pdu> 0

= / |[fIPdu=0
X
< |f|" = 0 almost everywhere

<= f =0 almost everywhere
< f=0in LP(X).

3. Homogeneity: For any o € F and f € LP(X),

1/p
_ p
lafl, ( [ lar du)
1/p
_ < / |a\p|f|pcm)
X
1/p
=(1a\ [ dﬂ)
1/p
~ o] ( / Iflpdu>

= [adllfll,

4. Triangle Inequality (Minkowski Inequality): For any f,g € L(X),

1/p 1/p 1/p
Hf+g||p=</X |f+g|pdu) s( / Iflpdu> +< / Iglpdu) — 17l

This is Minkowski’s inequality, which holds for all 1 < p < oo.

Thus, || - ||, is @ norm on LP(X).
Proof for (b). We verify the four properties of a norm for p = co.

1. Positivity: For any f € L*(X), we have esssup|f(z)] > 0 by definition.
Hence || f|loo > 0.

2. Definiteness:

[flloc =0 <= esssup|f(z)| =0
<= |f(x)| = 0 almost everywhere

<= f =0 almost everywhere
< f=01in L>(X).
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3. Homogeneity: For any o € F and f € L*(X),

loeflloo = esssup |af(z)]
= esssup (|al[f(z)])
= || esssup | f(z)|
= laf]|fllo-

4. Triangle Inequality: For any f,g € L*°(X) and for almost every =z € X,

[F(2) + g(@)] < |f@)] +lg@)] < [ flloo + llglloo-

Taking the essential supremum on the left-hand side, we obtain

1]+ glloe = esssup [ f(x) + g(@)] < [|flloc + [[9]lo-

Example (Spaces of Bounded Functions) 1.3.4 [12, [19]
Let X be a non-empty set and B(X,K) the set of bounded mappings from X

to K. This is a vector subspace of F (X, K), the vector space formed by all mappings
from X to K). If f € B(X,K), set

[flloe := sup [ f()].
reX

Since f is bounded, ||f|l~x € R;. We obtain a norm || - || on B(X,K). Let us
verify, for example, the triangle inequality. Let f,g € B(X,K). For every = € X,
the triangle inequality in K gives:

((f +9) @) = 1f(2) + g(@)| < [f(@)] + [g(@)] < ([ flloo + llglloe-

Hence, by taking the supremum,

1+ 9lloe < [ flloe + [lglloo-

This norm is called the norm of uniform convergence.

Lemma (Norm Induces a Metric) 1.3.4 [12, [19]
Let X be a vector space with norm || - ||. If d : X x X — R is defined by

d(z,y) = [l =yl

then (X, d) is a metric space.
Proof:
We verify the four properties of a metric.

1. Positivity: For any x,y € X, we have ||z — y|| > 0 by property (i) of the
norm. Hence d(z,y) > 0.
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2. Identity of indiscernibles:

d(z,y) =0 < |z —y[ =0
<= x—y =0 (by property (ii) of the norm)
= T =y.

3. Symmetry: For any x,y € X,

d(y,z) = [ly — ||

== (x—y)|l

=|—1] ||t —y|| (by property (iii) of the norm)
= ||z —yl|

=d(z,y).

4. Triangle inequality: For any x,y,z € X,

d(r,z) = ||z — 2|
= l(z —y) + (y — 2)|l
<|lz—=y||+ |ly — 2| (by property (iv) of the norm)
= d(z,y) +d(y, 2).

Thus, d satisfies all the properties of a metric, and (X, d) is a metric space.

Notation 1.3.4 [12, 19]
Let X be a vector space with norm || - ||. The metric d : X x X — R defined by

d(z,y) = ||z =yl

is called the metric associated with the norm || - ||.
In this case, (X, d) is the metric space induced by the normed vector space

(X010
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Chapter 2

Types of Convergence of Function
Sequences

The focus of this chapter is to analyze how a sequence of functions f,, approaches
a limit function f. We will define and compare two fundamental modes of conver-
gence: Pointwise Convergence and Uniform Convergence. The primary objective is
to determine which type of convergence is strong enough to preserve properties like
continuity. By establishing these criteria, we provide the necessary analytical tools
to bridge the gap between function sequences and the study of semi-continuity in
the following chapters.

2.1 Simple Convergence

Let X be a non-empty set, (E,|| - ||) a real normed vector space , and (f,) a
sequence of mappings from X to E. as is most often the case in applications, we
rather say that (f,) is a sequence of functions (real or complex). Can we talk about
"convergence of the sequence (f,)” in the same way we talk about convergence of a
numerical sequence? We will see that the term "convergence” can be given several
meanings; we say that there are several "modes of convergence” of the sequence (f;,).

The first mode of convergence, natural but not very useful, is "simple conver-
gence”. Here is what it is about. For each fixed x € X, ( fn(x)) is a sequence in F,
and we can require that this sequence converges (in E) for every x € X.

This leads to the following definition:

Definition 2.1.1 [14, 19/
We say that the sequence (f,,) converges simply (or pointwise) to a function
f: X —=>FEIif
vre X, lim f(x) = f(x).

In other words,

Ve € X, Ve >0, AN € N such that Vn > N, ||f.(x) — f(2)|| < e. (1)
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It is important to note that the integer N here depends on both z and e.
Moreover, if (f,) converges simply to f and also to g : X — FE, then g = f
(uniqueness of the possible simple limit). Indeed, for every x € X, the sequence
(fn(z)) converges to both f(x) and g(z), hence f(z) = g(x) (by uniqueness of the
limit of a sequence in F). [12, 19]

Example 2.1.1 (Simple Convergence of f,(x) = z") [12, [19]

1. Let X :=R, E:=R and f,(z) := 2" for all (n,z) € Nx R. Fix x € R. The
real sequence (z") converges if and only if z €] — 1,1]. We then say that the

domain of simple convergence of the sequence (f,) is | — 1,1]. Moreover,
(™) converges to 0 if || < 1 and to 1 if x := 1. Therefore, we say that the
sequence (f,,) converges simply on | — 1,1] to the function f :] — 1,1] - R

defined by f(1) :=1 and f(z) :=0if = # 1.

For every n, let g, be the restriction of f,, to | — 1,1]. The sequence (g,) thus
converges simply to f. Note that the function f is not continuous (from the
left) at 1, even though the g, are continuous. Therefore, simple convergence
is not a strong enough mode of convergence to preserve continuity. Uniform
convergence will correct this defect.

Let x €] — 1,1 and € > 0. Let N € N. The implication
n>N = [2"] <e¢

Ine

holds if and only if Nln|z| < Ine, which is equivalent to N > since

In |z|
In|z| < 0. The fact that N depends on € and z is clearly visible here.

Example 2.1.2 (Simple Convergence to the Exponential Function) [12, [19]
Let X :=C, E :=C and f,(2) := (1 + %)n for all z € C and n € N*. We will
prove the following formula concerning the exponential function exp(z) of z:

expz = lim (1—|—E)n. (2)

n—-+0o00 n

Thus, the function exp : C — C is the simple limit of the sequence (f;,)n>1-

Example 2.1.3 (Simple Convergence to the Square Root Function) [[12, [19]
Define a sequence of functions (f, : [0,1] — R) by fo := 0 and, for all n € N:

1

froii(x) == fulz) + E(x — fu(2)?) forallz €I :=10,1]. (3)

Let us study the simple convergence of the sequence (f,). Fix x € I and let

¢ : I — R be the function ¢ — ¢t 4+ 1(z — t?). Tt increases from £ to “L, hence
2 2 2

Mesghouni Sabrina 34 Radja Hala



35 CHAPTER 2. TYPES OF CONVERGENCE OF FUNCTION SEQUENCES

o(I) C I. Set u, := fu(x) for all n. Thus uy := 0 and u,1 := ¢(u,) for all n € N.
It follows that (u,) is an increasing sequence in I, therefore it converges to some
tel

Since ¢ is continuous, ¢ is a fixed point of ¢, from which we immediately obtain
¢ := \/z. Thus the sequence (f,(z)) converges to \/z. Conclusion: the sequence
(fn) converges simply to the function x — /.

2.2 Uniform Convergence

Definition 2.2.1 [12, [19]
We say that the sequence of mappings (f,, : X — E) converges uniformly to
a mapping f : X — FE if the following condition holds:

Ve>0, INeN, Vn> N, Vz € X, | fulz) — f(2)| < e. (4)

Compared to condition (1), it is essential to note that (Vo € X)) has changed position:
in condition (4), N must be independent of x. This comparison between conditions
(1) and (4) shows, in any case, that if (f,) converges uniformly to f, then (f,)
converges simply to f: uniform convergence implies simple convergence.

One can interpret this definition using the "norm of uniform convergence”,
which generalizes Example 6 on page 14. For any mapping f : X — E, set:

I = sup |/ @) )

This supremum may be equal to +o00, and it is finite if and only if f is bounded.
Let B(X, E) denote the set of bounded mappings from X to E; .
Proposition and Definition 2.2.2 12, [19]

The mapping f — || f||c from B(X, E) to R is a norm on B(X, F). It is called
the uniform convergence norm (or supremum norm).

Proof
We verify the three properties of a norm:

1. Positivity: Clearly || f||cc > 0. Moreover, ||f||~ = 0 implies sup,cx || f(2)] =
0, hence f(x) =0 forall x € X, ie., f=0.

2. Homogeneity: For any A € R, [ Af]lac = sup,cx [Af(@)l] = ]\ sup,cy | £(x)]| =
N

3. Triangle inequality: For any f,g € B(X, F) and any = € X, we have || f(z)+
9@ < [[f @) + lg(@)] < [Iflloc + llgllc- Taking the supremum over z € X
yields ||+ glloo < [[flloc + ll9lsc-
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Thus, || - || is a norm on B(X, E).
Remark 2.2.2 [12, 19]
Uniform convergence of (f,,) to f is equivalent to:

lim ||f, — fllec = 0.
n—oo
Indeed, for every € > 0, there exists N € N such that for all n > N,

1o = flloo = sup [fn(z) = fl2)]| < e

Corollary 2.2.2 [12, 19]
The sequence (f, : X — E) converges uniformly to f : X — E if and only if

2.2.1 Simple Convergence and Uniform Convergence

In particular, if each f,, is bounded, the sequence (f,) converges uniformly if
and only if it is a convergent sequence in the normed vector space (B(X, E), || -||«)-
For the necessity, note that the limit f of (f,,) is bounded because, if n is sufficiently
large, f,, — f and f, are bounded, hence f is bounded. This justifies the terminology
"norm of uniform convergence”. [12, [19]

Clarification [12, [19]

If each f, is bounded and f, — f uniformly, then there exists N such that

| fn— fllo <1 forall n > N. Hence, for all z € X

IF )l < 1f(2) = fn(@)]] + [[fn ()| < T+ fvllee < +o0.

Thus f is bounded. Therefore, uniform convergence preserves boundedness, and
the space B(X, F) equipped with || - ||« is a natural setting for studying uniform
convergence.

Example 2.2.1 [12, [19]

1. Let us revisit Example 1 from the previous page, with X := [0, 1] and f,(x) :=
2" for all (n,z) € N x X. The sequence (f,) converges pointwise to the zero
function. The convergence of (f,,) to 0 is not uniform because

| fn —0||oc =supz” =1 for all n.
rxeX

Consider a fixed real number a €]0, 1[, and let X, := [0, a]. We have

sup 2" = a" for all n,
reX,
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which shows that the convergence of (f,,) to 0 is uniform on X,. In conclusion,
the convergence of (f,) to 0 is uniform on X, for every a, but is not uniform on
X, which is nevertheless the union of the X,. The notion of uniform convergence
is therefore relative to the set on which we consider it.

Example 2.2.2 [12, [19]

Let us show that the sequence of functions (f,) defined on R by f,(z) =
cos” x sin x converges uniformly to 0.
Pointwise convergence is obvious. Indeed, let x € R. If sinx = 0, then f,(x) =0
for all n. If sinx # 0, then |cosx| < 1, hence lim,,,, cos” x = 0. In both cases,
the sequence (f,(x)) converges to 0.
For uniform convergence, we need to work a little more. Let n € N*, and compute
| fulloo (it would suffice to bound this norm). The function |f,| is even, m-periodic,
and continuous. Therefore, it attains its absolute maximum at a point a,, € }O, 5 [,
at which f/ vanishes.

Since

2

fi(x) =cos" (cos x — nsin’ ),

n
we have cos? a, — n(1 — cos®a,) = 0, hence

1
\V/n 1

cos a, = and then sina, =

n+1’

Under these conditions, we obtain:

15 n ) <1+ 1>n/2 1 1
nlleo = cos" a, sina,, = — ~ )
n vn+1 \EN

When n tends to +00, || fu]|e therefore tends to 0. In fact, || fullco ~ \/167” The

previous corollary proves, in any case, that the sequence of functions (f,,) converges

uniformly to 0.

Example 2.2.3 [12, [19]
Define a sequence of functions (f, : [0,1] — R) by fo := 0 and, for all n € N:

frori(x) == fulz) + %(x — fu(2)?) forallz € I:=10,1].

Let us show that the sequence (f,,) converges uniformly to the function f : x — \/x.

Solution. We show that (f,) converges to f in (C(I,R),|| - ||~), i-e., that the
real sequence (|| f, — f|ls) converges to 0. If n € N and z € I, formula (3) on page
476 gives:

VB = o) = V7= o) - SR (7 ) (1- LR,
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The expression in brackets is positive and bounded above by 1 — y/z. Since
VvV — fo(z) :== \/x, we deduce, by induction on n, the inequality:

0 <V — fulz) <Va(l- V)"

Fix n € N. An immediate calculation shows that on I, the function ¢t — ¢(1—t)"

attains its absolute maximum at ¢ := #17 and this absolute maximum equals:

1 n
M, = 1-— L )
n+1 n—+1

The above inequality shows that ||f — fy||cc < M,,. When n tends to +oo, M,
tends to 0; in fact, M, ~ ein Consequently, ||f — fulle tends to 0, which yields the
conclusion.

Theorem 2.2.1 (Uniform Cauchy Criterion) [12, 19]

Suppose that E is complete. For a sequence of mappings (f, : X — FE) to
converge uniformly, it is necessary and sufficient that for every ¢ > 0 there exists
N € N such that the inequalities p > N and ¢ > N imply:

Vee X, |fpx) = fy(@)] <e. (6)

Proof

Suppose that (f,) converges uniformly to f : X — E, and let € > 0. There
exists N € N such that ||f.(x) — f(z)|]| < e foralln > N and all z € X. Let
p,q be two integers such that p > N and ¢ > N. For every x € X, we have
1£,(2) — F@) < = and [[fy(2) — F(@)]| < &, hence |[fy(x) — fylw)]| < 2¢ by the
triangle inequality. Thus the sequence (f,) satisfies the uniform Cauchy criterion
(i.e., the condition stated in the theorem).

Conversely, suppose that (f,,) satisfies the uniform Cauchy criterion. Let x be
a fixed point of X. The sequence ( fn(az)) in F is Cauchy. Since E' is complete, this
sequence converges; denote its limit by f(x). We thus define a mapping f : X — F,
which is the pointwise limit of the sequence (f,). It remains to show that the
convergence of (f,,) to f is uniform.

Let ¢ > 0. By hypothesis, there exists N € N such that condition (6) holds
whenever p > N and ¢ > N. Fix an integer p > N and a point z € X. In
inequality (6), let ¢ — 400, so that f,(x) — f(x). By continuity of the norm, we
obtain || f,(z) — f(x)|| < e. This inequality holds for every p > N and every x € X;
therefore, the uniform convergence of (f,,) to f is established.

With the norm || - ||, the uniform Cauchy criterion translates as follows: for
every € > 0, there exists N € N such that the inequalities p > N and ¢ > N imply
| fp — fqlloo < €. If the f,, are bounded, this means that (f,,) is a Cauchy sequence
in the normed vector space (B(X, E), | - [|«)-
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Corollary 2.2.1 (Completeness of B(X, F)) [12, 19]

If the normed vector space E is complete, then the normed vector space (B(X LB
|) is also complete.
Proof

Let (f,) be a Cauchy sequence in (B(X, E),|| - ||s). Since each f, is bounded,
the remark above shows that (f,,) satisfies the uniform Cauchy criterion. Because F
is complete, the Uniform Cauchy Criterion (Theorem 3) shows that the sequence ( f,)
converges uniformly to a mapping f : X — FE, which is also bounded. What precedes
then shows that (f,) converges to f in the normed vector space (B(X, E), || - ||)-

2.2.2 Uniform Convergence and Continuity

In this section, (X,d) is a non-empty metric space and (F, || - ||) is a normed
vector space. The interest of uniform convergence is that it preserves continuity, as
we shall see.

Theorem 2.3.1 (Uniform Convergence Preserves Continuity) [12, [19]

Let (f, : X — F) be a sequence of mappings converging uniformly to f : X —
E. If each f, is continuous at a point a € X, then f is continuous at a.

Proof

Let € > 0. There exists N € N such that ||f, — f|l«c < & whenever n > N. In
particular, ||fxy — flloo < €, ie., || fn(z) — f(x)|| < € for every z € X. Since fy is
continuous at a, there exists a > 0 such that

d(r,a) <a = | fy(z) — fr(a)] <e.

Let x € X such that d(z,a) < a. By the triangle inequality, we have:
1f (@) = fla)ll < [If(2) = fn @)l + 1w () = f(a) | + [[fx(a) = fla)]

<e+e+4e=3e

Hence f is continuous at a. It should be observed that it is the fact that N does
not depend on x which allowed us, in the right-hand side, to bound the two extreme
terms by €.
Theorem 2.3.2 (Uniform Convergence on Compacts Preserves Continu-
ity) [12, 19]

Let (f, : X — FE) be a sequence of mappings converging to f : X — E
uniformly on every compact subset of X. If each f,, is continuous at a point a € X,
then f is continuous at a.

This theorem follows immediately from the previous theorem and the following
lemma;:

Lemma 2.3.2 (Continuity on Compacts) [12, [19]

Let f: X — Y be a mapping between two metric spaces and let a be a point in
X. If the restriction of f to every compact subset of X containing a is continuous
at a, then f is continuous at a.
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Proof
Let (a,) be a sequence in X converging to a. It suffices to show that (f(a,))
converges to f(a). Set

Z :={a, | n € N} U{a}.

If we show that Z is compact, then we are done, because then, by hypothesis, the
restriction g of f to Z will be continuous, and therefore (g(a,)) = (f(a,)) will
converge to g(a) = f(a).

So let (ug)k>0 be a sequence in Z. We need to show that this sequence has an
adherence value ¢ in Z. If a is an adherence value of (uy), then ¢ := a works. If a is
not an adherence value of (uy), there exists a real number r > 0 such that the set
{k € N | ux € B(a,r)} is finite. Hence there exists A € N such that for all £ > A,
u ¢ B(a,r). On the other hand, since the sequence (a,,) converges to a, there exists
N € N such that for all n > N, a,, € B(a,r). For every integer k > A, uy therefore
belongs to the finite set S := {ag,...,ay}. Since S is compact, the subsequence
(ug)g>4 has an adherence value ¢ € S C Z, and then ¢ € Z works.

Theorem 2.3.2 (First Dini Theorem) [12, 19]

Let X be a compact (non-empty) metric space and let (f, : X — R) be
a sequence of continuous functions converging pointwise to a continuous function
f. Suppose that for every x € X, the sequence ( fn(az)) is decreasing. Then (f,)
converges uniformly to f.

Proof

Since f is continuous, we can reduce to the case where f = 0 by replacing (f,,),

with (f, — f)n. Assume therefore that f = 0. Let ¢ > 0. For every n € N,

F, = f, ! ([e, +o0))

is closed, hence compact, in X. The sequence (F},), is decreasing with respect to
inclusion because n > p implies f, < f,. Moreover, the intersection of the F, is
empty because if x were a point in this intersection, then f,(x) > ¢ for all n, hence
0 = lim,, 1 fn(x) > &, which is absurd. By Proposition 49 on page 435, there
exists N € N such that Fy = (). Consider then an integer n > N and a point
r € X. First, z ¢ F,, i.e., f,(x) < e. Next, since the sequence (fk(x))k converges to
0 while decreasing, all its terms are positive, so 0 < f,,(z) < e. Finally, |f.(z)| < ¢
whenever n > N and x € X, which proves the uniform convergence of (f,), to 0.

Note that the continuity hypothesis on f is necessary, as shown by Example 1
on page 476, with X := [0, 1].

Theorem 2.3.2 (Second Dini Theorem) [12, 19]

Let (f,) be a sequence of increasing functions from [ := [a,b] to R (a < b)
converging pointwise to a function f. If f is continuous, then the convergence of
(fn) to f is uniform.

Proof
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The function f is increasing: if a < x < y < b, then f,(x) < f,(y) for all
n, hence f(x) < f(y) by letting n — +o0. Since f is continuous and increasing,
f(I) is the interval J := [f(a), f(b)]. Now let € > 0. Choose p € N* such that
( f(b) = f(a))/p < e. Partition J into p equal intervals using the subdivision points

fla)=yo <y < <yp:= f(b).

For every k € {0,...,p}, there exists x; € I such that y, := f(zx), and we have
a=xy <z <---<x, =0 because f is increasing.

For each k € {0,...,p}, the sequence (fn(a:k))n>0 converges to ;. Hence there
exists N such that |f,(xx) —yx| < e forallm > N and all k& € {0,...,p}.

Now let € I. There exists k € {0,...,p — 1} such that z;, < x < xp41, so
that yr < f(x) < ygpyr1. Consider an integer n > N. If h € {k,k + 1}, we have
|f(2) =yl < Y1 —ye < € and |fu(zn) — ynl < €, hence [fu(zn) — f(z)] < 2e.
Thus f,(zx) and f,(zx41) belong to [f(z) — 2e, f(x) 4 2¢]. Since f,(z)) < fu(z) <
fo(@ps1), it follows that f,(z) € [f(z) — 2e, f(z) + 2¢], ie., |fu(z) — f(z)] < 2e.
This inequality holds for every x € I and every integer n > N, which proves that
(fn) converges uniformly to f.

Example 2.2.1 (Application of Dini’s Second Theorem) [12, 19]
Let I :=10,1]. Consider again the sequence of functions (f,,) defined in Example
3 on page 23. We have seen that f,(I) C I for all n. Each f, is differentiable, and

frn =g+ il = fu)

Since fo:=0, f, is increasing (f), > 0) for alln € N. By the Second Dini Theorem,
the sequence (f,) converges uniformly to x — \/x.

2.3 Conclusion

In this chapter, we have established the fundamental distinction between point-
wise and uniform convergence. We demonstrated that while pointwise convergence
is the most intuitive mode of convergence, it is often insufficient to preserve the es-
sential structural property of continuity. Conversely, uniform convergence provides
the necessary strength to ensure that the limit function inherits the continuity of
the sequence. However, in many mathematical scenarios, particularly when dealing
with limits of functions that are not uniformly convergent, we encounter functions
that are "almost” continuous. This realization leads us to explore a broader class of
functions—those that are semi-continuous—which will be the core focus of our next
chapter.
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Chapter 3

Semi-Continuity of Functions

Continuity is a powerful property, but it is often too restrictive for solving
advanced problems in mathematical analysis, optimization, and variational calculus.
This chapter introduces the theory of Semi-Continuity, a directional generalization
of continuity that allows for certain types of ”jumps” in function values. We begin
by providing formal definitions and fundamental properties of Lower and Upper
Semi-Continuous functions. We will then examine their algebraic stability and their
behavior under different types of convergence. A key objective of this chapter is
to explore Semi-Continuous Envelopes and the Interplay between convergence and
semi-continuity, providing a theoretical bridge that connects the sequence limits
studied in Chapter II with the stability requirements of modern functional analysis.

3.1 Definitions and Properties

Let us fix the framework. Let (X, d) be a metric space and let f: X — R be
a real-valued function. Let xq € X be a point in X.

Definition 3.1.1 (Upper Semi-Continuity) [19] The function f is said to be upper
semi-continuous (usc) at the point x if, for every e > 0, there exists § > 0 such
that:

Vee X, dlx,zg) <d = f(z)< f(z)+e.

In other words, the values of f near xy do not exceed f(xy) by more than .

Definition 3.1.2 (Lower Semi-Continuity) [18] The function f is said to be lower
semi-continuous (lsc) at the point xy if, for every e > 0, there exists 6 > 0 such
that:

Vee X, d(z,z9)<d = f(zg) —e< f(x).

This means that f(x) does not fall below f(xy) by more than € near xy.

Remark 3.1.1 [10, 13] We can rewrite the definition of upper semi-continuity in
an equivalent way:

limsup f(z) < f(zo).

T—TQ
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Similarly, lower semi-continuity is equivalent to:

f(xo) < liminf f(x).
T—X0
These characterizations using the limit superior and limit inferior are often more
convenient for proofs.

Proposition 3.1.1 [19] A function f is continuous at the point xq if and only if it
s both upper semi-continuous and lower semi-continuous at .

Proof If f is continuous at xj, then for every € > 0 there exists § > 0 such
that |f(z) — f(z0)| < € whenever d(z,x¢) < 0. Then we have f(x) < f(xg) + ¢
(usc) and f(zg) —e < f(z) (Isc). Conversely, if both semi-continuities hold, for a
given € > 0, choose ; for usc and d- for lsc; then with 6 = min(dy, dy) we obtain

[f(x) = f(wo)| <e.

3.2 Fundamental Examples
Let us illustrate these definitions with typical examples.

Example 3.2.1 (Characteristic function of an open set) |3, 18] Let A C X be a
non-empty subset. Consider the indicator function:

{1 if v € A,

A

We show that 14 is lower semi-continuous at every point of X if and only if A is
open. Indeed, suppose A is open. Let xg € X. Two cases:
Case 1: xy € A. Then 14(xy) = 1. By openness of A, there exists 6 > 0
such that the ball B(xg,0) C A. Then for every x in this ball, 14(x) = 1, so
14(zg) —e =1—¢e <1 =14(x) for every e > 0. The lsc condition holds.
Case 2: o & A. Then 14(x9) = 0. For every ¢ > 0, we need to find § such that
d(x,z9) < 6 implies 0 —e < 14(x). Since —e < 0 and 14(x) > 0, the inequality is
always true. So lsc is satisfied.

Conversely, if 14 is lsc at every point, take xy € A. Then 14(x¢) = 1. By lsc,
for e =1/2, there exists § > 0 such that d(x,x¢) < § implies 1 —1/2 < 14(x), i.e.,
1/2 < 14(x). Since 14 takes only the values 0 or 1, we must have 14(x) = 1, so
x € A. Thus B(xy,d) C A, proving that A is open.

Example 3.2.2 (Characteristic function of a closed set) [16] Symmetrically, the
indicator function 14 is upper semi-continuous at every point if and only if A is
closed. The proof is analogous by considering the sets {x : 1a(x) > a}.
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Example 3.2.3 (An usc function that is not continuous) |3, [19] Consider f : R — R

defined by:

1 ifx=0,

fx) = .

0 iofx+#0.
At xg = 0, we have f(0) = 1. For every ¢ > 0, take 6 = 1. If |x — 0| < 9, then
f(x) <1=f(0) < f(0)+e. Hence f is usc at 0. Howewver, it is not lsc at 0 because
f(0) —e = 1—¢ is not always less than f(x) for x near 0 (take x # 0 gives f(x) = 0,
and 1 —e >0 for e < 1). Thus f is not continuous at 0.

3.3 Characterizations of Semi-Continuity

In this section, we establish several equivalent characterizations of upper and
lower semi-continuity. These characterizations are useful in practice and reveal the
deep connection between semi-continuity and the topology of the underlying metric
space.

Theorem 3.4.1 (Characterization by open sets) [18, 19] Let f : X — R be a
function. Then:

(i) f is upper semi-continuous at every point of X if and only if for every a € R,
the set f~!(—o0,a) = {x € X : f(z) < a} is open in X.

(ii) f is lower semi-continuous at every point of X if and only if for every a € R,
the set f~1(a,00) = {z € X : f(x) > a} is open in X.

Proof. We prove part (i); part (ii) is analogous.

(=) Suppose f is usc at every point. Let a € R and take zy € f1(—o00,a).
Then f(zp) < a. Set ¢ = a — f(xg) > 0. By usc at z, there exists § > 0 such
that d(z,r¢) < ¢ implies f(z) < f(zo) + & = a. Hence x € f~!(—00,a). Thus
f~(—o00,a) is open.

(<) Conversely, assume f~!(—o0,a) is open for every a € R. Fix zyp € X and
let € > 0. Take a = f(z¢) +&. Then xg € f~!(—00,a). Since this set is open, there
exists § > 0 such that B(xg,d) C f~'(—o0,a). For any x with d(x,x) < §, we have
f(z) < a= f(xy) + . Hence f is usc at xg. [

Remark 3.4.1 [16] An equivalent formulation using closed sets is often more con-
venient: f is usc if and only if for every a € R, the set {z : f(z) > a} is closed.
Similarly, f is Isc if and only if for every a € R, the set {z : f(z) < a} is closed.
Theorem 3.4.2 (Characterization by sequential limits) [10,[19] Let f : X — R
be a function and let o € X. Then:

(i) f is upper semi-continuous at z( if and only if for every sequence (z,) in X
with z,, — xo, we have limsup,,_,. f(z,) < f(xo).
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(ii) f is lower semi-continuous at xy if and only if for every sequence (x,) in X with
x, — xg, we have f(zg) < liminf, o f(z,).

Proof. We prove (i); (ii) is similar by considering — f.

(=) Assume f is usc at xy and let z,, — xy. For any £ > 0, there exists § > 0
such that d(z,x¢) < 0 implies f(z) < f(x¢)+¢. Since x, — x¢, there exists N such
that for all n > N, d(z,,z9) < 0. Then f(x,) < f(xg) + ¢ for all n > N. Hence
limsup,,_,, f(z,) < f(zg)+e. Since ¢ is arbitrary, we obtain limsup f(x,) < f(z0).

(<) Conversely, suppose that for every sequence x,, — x(, we have lim sup f(z,) <
f(zg). Assume, for contradiction, that f is not usc at xy. Then there exists g > 0
such that for every § > 0, we can find z with d(z, xg) < § and f(z) > f(x¢)+eo. Tak-
ing 0 = 1/n, we construct a sequence x,, with d(x,,z¢) < 1/nand f(z,) > f(zo)+eo.
Then z,, — x¢ but limsup f(z,) > f(xo) + €0 > f(x9), a contradiction. [J
Theorem 3.4.3 (Characterization by epigraph and hypograph) [13, 18] Let
f X — R be a function. Define:

o The epigraph of f is epi(f) = {(z,t) € X xR : f(z) < t}.
e The hypograph of f is hyp(f) = {(z,t) € X xR : ¢t < f(z)}.

Then f is lower semi-continuous at every point if and only if epi(f) is closed in
X x R. Dually, f is upper semi-continuous at every point if and only if hyp(f) is
closed in X x R.

Proof. We prove the statement for Isc and the epigraph; the usc case is dual.

(=) Suppose f is Isc. Let (z,,t,) € epi(f) with (z,,t,) — (x,t) in X x R.
Then f(z,) <t,. Since f is Isc, we have f(x) < liminf f(x,) < liminft, = ¢. Hence
(x,t) € epi(f). So epi(f) is closed.

(<) Conversely, assume epi(f) is closed. We show that f is lsc. Suppose not;
then there exists 2y and £y > 0 such that for every § > 0, there is x with d(z, zg) < 0
and f(x) < f(xy) —ep. Take 6 = 1/n to get x, — xo with f(x,) < f(z¢) — 9. Then
(n, f(z0) —e0) € epi(f) and converges to (xo, f(xg) —ep). Since epi(f) is closed, we
have (xo, f(z0) — €0) € epi(f), i.e., f(xo) < f(zo) — &0, a contradiction. [
Theorem 3.10.1 (Characterization by nets) [13] Let f : X — R be a func-
tion. Then f is upper semi-continuous at z; if and only if for every net (z,) in X
converging to xg, we have limsup, f(z,) < f(xo). This generalizes the sequential
characterization to non-metrizable spaces.

Remark 3.10.1 [16] In metric spaces, sequences suffice. In general topological
spaces, nets (or filters) are required.

Theorem 3.10.2 (Characterization by neighborhood bases) [19] f is upper
semi-continuous at x( if and only if for every € > 0, there exists a neighborhood U
of xy such that sup,.y f(x) < f(xg) + €.

Proof. This is just a reformulation of Definition 3.2.1. [J
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Theorem 3.10.3 (Semi-continuity of distance functions) [12, 19] Let A be
a non-empty subset of a metric space X. Define the distance function dy(x) =
inf,ead(x,a). Then dy is Lipschitz continuous (hence both usc and lsc). More
generally, for any xg, the function z — d(x, z¢) is continuous.

Proof. The triangle inequality gives |da(x) — da(y)| < d(z,y), so d is Lipschitz
with constant 1. [

Theorem 3.10.4 (Baire’s theorem on semicontinuous functions) [2, 18] Let
f X — R be a function. Then f is lower semi-continuous if and only if it is
the pointwise supremum of a family of continuous functions. Dually, f is upper
semi-continuous if and only if it is the pointwise infimum of a family of continuous
functions.

Proof Sketch. If f is Isc, define for each xy € X and each n € N a continuous
function @, n(x) = f(x0) —nd(z,x¢). Then sup,, , Yz,n(z) = f(x). Conversely, the
supremum of continuous functions is Isc. [

3.4 Algebraic Properties of Semi-Continuous Functions

In this section, we study how semi-continuity behaves under algebraic opera-
tions. These properties are essential for constructing new semi-continuous functions
from existing ones.

Theorem 3.5.1 (Sum of semi-continuous functions) [3, [I8]Let f,g : X — R
be two functions.

(i) If f and g are upper semi-continuous at x, then f+ g is upper semi-continuous
at xg.

(ii) If f and g are lower semi-continuous at x, then f 4 g is lower semi-continuous
at xg.

Proof. We prove (i); the proof of (ii) is similar. Let ¢ > 0. Since f is usc at x,
there exists d; > 0 such that d(x, z¢) < §; implies f(x) < f(xy)+¢/2. Since g is usc
at xo, there exists do > 0 such that d(x,z() < s implies g(x) < g(zo) + /2. Take
d = min(dy, d2). Then for d(x,zy) < §, we have:

f(@) +g(x) < flzo) + g(xo) + €.

Hence f + g is usc at xq. [
Theorem 3.5.2 (Multiplication by a scalar) [18, 19] Let f : X — R be a
function and let A € R.

(i) If A > 0 and f is upper semi-continuous at zy, then \f is upper semi-continuous
at xg.
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(ii) If A > 0 and f is lower semi-continuous at x¢, then Af is lower semi-continuous
at xo.

(iii) If A < 0, then upper semi-continuity becomes lower semi-continuity and vice
versa.

Proof. For A\ = 0, the statement is trivial. For A > 0, the proof follows directly
from the definition. For A\ < 0, note that Af = —|\|f, and the sign reversal flips the
inequalities. [

Theorem 3.5.3 (Maximum and minimum) [3, 18] Let f,g : X — R be two
functions.

(i) If f and g are upper semi-continuous at z,, then max{f, g} is upper semi-
continuous at xg.

(ii) If f and g are lower semi-continuous at xp, then min{f, g} is lower semi-
continuous at x.

Proof. We prove (i). Let € > 0. Since f is usc at x, there exists d; > 0 such that
d(x,z9) < 61 implies f(z) < f(zg) + €. Since g is usc at xg, there exists do > 0
such that d(z,zp) < o implies g(x) < g(xo) +¢. Take § = min(dy,d2). Then for
d(x,zp) < 6:

max{f(z), g(x)} <max{f(zo),g(x0)} +e.

Thus max{f, g} is usc at zy. O

Remark 3.5.1 [18] Note that min{ f, g} is not necessarily usc even if f and g are
usc. Similarly, max{f, g} is not necessarily Isc even if f and g are lsc. However, if
both f and g are usc, then min{f, g} is usc only under additional conditions (e.g.,
if the functions are non-negative or if we consider the infimum over a family).

3.5 Stability Under Limits

One of the most important aspects of semi-continuity is its behavior under
limiting processes. The following results show that semi-continuity is preserved
under certain types of convergence.

Theorem 3.6.1 (Infimum of a family of usc functions) [[18] Let {fi;}ics be a
family of functions from X to R. Define f(x) = infic; f;(x). If each f; is upper
semi-continuous at xz(, then f is also upper semi-continuous at z.

Proof. [18] Let ¢ > 0. By definition of the infimum, there exists iy € I such that
fio(xo) < f(zo) + €. Since f;, is usc at xg, there exists § > 0 such that d(x,z() <
implies fi (z) < fi,(z0) + €. Then:

f(a:) < fZO(x) < fio(xo) +e< f(af()) + 2e¢.
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Since ¢ is arbitrary, we obtain limsup, ,, f(x) < f(zo). Hence f is usc at zy. O
Theorem 3.6.2 (Supremum of a family of Isc functions) [18] Let { fi}icr be
a family of functions from X to R. Define f(x) = sup,c; fi(x). If each f; is lower
semi-continuous at zg, then f is also lower semi-continuous at x.

Proof. This follows from Theorem 3.6.1 by considering — f;. [

Theorem 3.6.3 (Limit of a monotone sequence) [[10, 18] Let (f,,) be a sequence
of functions from X to R.

(i) If each f, is upper semi-continuous and f,1(z) < f,(z) for all = (decreasing
sequence), then f(x) = lim, . fn(x) is upper semi-continuous.

(i) If each f, is lower semi-continuous and f,.1(x) > f,(z) for all = (increasing
sequence), then f(x) = lim, ., fu(x) is lower semi-continuous.

Proof. For (i), note that f(z) = inf, f,(x) because the sequence is decreasing. By
Theorem 3.6.1, f is usc. For (i), f(x) = sup,, fn(x) and by Theorem 3.6.2, f is lsc.
[l

3.6 Composition of Semi-Continuous Functions

We now study how semi-continuity behaves under composition with continuous
functions.
Theorem 3.7.1 (Composition with a continuous function) [19] Let X and
Y be metric spaces. Suppose f : X — Y is continuous at xp € X,and g: Y — R
is upper semi-continuous at f(xg). Then the composition go f : X — R is upper
semi-continuous at x.
Proof. Let ¢ > 0. Since g is usc at f(zg), there exists n > 0 such that for all
y € Y with dy(y, f(z9)) < n, we have g(y) < g(f(xo)) + &. Since f is continuous
at xg, there exists 6 > 0 such that for all z € X with dx(x,z9) < 0, we have
dy (f(x), f(xo)) < n. Then for such z:

g(f(2)) < g(f(mo)) +e=(go f)(xg) +e.

Hence g o f is usc at zy.

Corollary 3.7.1 [18] If f: X — R is upper semi-continuous at zp and ¢ : R — R
is continuous and non-decreasing, then ¢ o f is upper semi-continuous at xg.
Proof. Since ¢ is continuous, the result follows directly from Theorem 3.7.1. The
monotonicity is not needed for semi-continuity but is useful for preserving properties
like convexity. [

Remark 3.7.1 [19] If g is lower semi-continuous and f is continuous, then g o f is
lower semi-continuous. The proof is identical with the inequalities reversed.
Warning 3.7.1 [19] If f is only semi-continuous (not continuous) and g is con-
tinuous, the composition g o f may fail to be semi-continuous. For example, take
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f(x) =0for z <0 and f(z) =1 for x > 0 (which is usc but not continuous), and
g(y) = —y (continuous). Then g o f is not usc.

3.7 Application in Optimization and Variational Analysis

One of the most important applications of semi-continuity is in optimization

theory. The following theorems show that semi-continuous functions attain their
minima or maxima on compact sets.
Theorem 3.9.1 (Minimum of Isc function on compact set) [[18, 7] Let X be
a compact metric space and let f : X — R be lower semi-continuous on X. Then f
attains its minimum on X, i.e., there exists zy € X such that f(z¢) = inf,ex f(z).
Proof. Let m = inf,cx f(z). By definition of the infimum, there exists a sequence
() in X such that f(z,) — m. Since X is compact, (z,) has a convergent subse-
quence (z,,) with x,, — o € X. By lower semi-continuity of f at z(, we have:

f(zo) < hkl;n inf f(z,,) = khm f(zn,) = m.

But m < f(z() because m is the infimum. Hence f(xg) = m. O

Theorem 3.9.2 (Maximum of usc function on compact set) [18] Let X be a
compact metric space and let f : X — R be upper semi-continuous on X. Then f
attains its maximum on X i.e., there exists xy € X such that f(z¢) = sup,cx f().
Proof. Apply Theorem 3.9.1 to — f, which is lower semi-continuous. [

Example 3.9.1 (Necessity of compactness) [19] Consider f : R — R defined
by f(x) = e™*. This function is continuous (hence Isc) but R is not compact. The
infimum is 0 but f(x) > 0 for all z, so the minimum is not attained.

Example 3.9.2 (Necessity of semi-continuity) [3, [L8] Consider f : [0,1] — R

defined by:
r if0<z<l,
TrT) =
/@) {0 if v =1.

This function is not lsc at x = 1 (since f(1) = 0 but values near 1 are close to
1). The infimum is 0 but is it attained? f(1) = 0, so yes, it is attained. However,
consider a slight modification:

(z) x if0<z<l,
€Tr) =
g —1 ifx=1.

Then infg(x) = —1 attained at x = 1, so that’s fine. But if we consider h(z) = =
on (0,1) and extend arbitrarily, compactness fails. The key is: for lsc functions on
compact sets, the minimum is always attained.

We now explicitly answer the research questions posed in the general introduc-
tion of this thesis. [3, [19]
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Research Question 1: "What is the relationship between different types of con-
vergence of functions and semi-continuity?” [18§]
Answer: The relationship can be summarized as follows:

(i) Pointwise convergence alone does NOT preserve semi-continuity. The limit
of a pointwise convergent sequence of continuous (hence semi-continuous) func-
tions may fail to be semi-continuous (e.g., Dirichlet function). [19]

(ii) Uniform convergence DOES preserve semi-continuity. If f, — f uniformly
and each f, is usc (resp. Isc), then f is usc (resp. Isc). [19]

(iii) Monotone convergence preserves semi-continuity in the direction of the
monotonicity: [18§]

e Decreasing sequence of usc functions — usc limit.

 Increasing sequence of Isc functions — Isc limit.
(iv) Infimum of usc functions is usc. [1§]

(v) Supremum of Isc functions is Isc. [1§]

Research Question 2: "Under what conditions does the limit function preserve
continuity in a metric space?” [3, 19]

Answer: The limit function f = lim f,, preserves continuity under the following
conditions:

(i) Uniform convergence: If f,, — f uniformly and each f, is continuous, then
f is continuous. [19]

(i) Monotone convergence with continuous limit: If f, is a monotone se-
quence of continuous functions converging pointwise to f, then f may not be
continuous (Example 3.8.1). However, if in addition the convergence is uni-
form on compact sets or if f is known to be continuous, then the convergence
is actually uniform on compact sets (Dini’s theorem). [19]

(iii) Equicontinuity: If {f,} is equicontinuous and f,, — f pointwise, then f, — f

uniformly on compact sets and f is continuous (Arzela-Ascoli theorem). [1§]

3.8 Semi-Continuous Envelopes

Given an arbitrary function, we can associate with it two important semi-
continuous functions: its lower semi-continuous envelope and its upper semi-continuous
envelope.

Mesghouni Sabrina 50 Radja Hala



51 CHAPTER 3. SEMI-CONTINUITY OF FUNCTIONS

Definition 3.11.1 (Lower semi-continuous envelope) [18] Let f : X — R be
any function. The lower semi-continuous envelope (or Isc regularization) of f
is defined as:

Isc(f)(z) = sup{g(z) : g is lower semi-continuous and g < f}.

Equivalently:
Isc(f)(x) = liminf f(y).

Yy—T

Definition 3.11.2 (Upper semi-continuous envelope) [18] The upper semi-
continuous envelope of f is defined as:

usc(f)(x) = inf{h(z) : h is upper semi-continuous and f < h}.

Equivalently:
use(f)(x) = limsup f(y).

Yy—x

Theorem 3.11.1 (Properties of envelopes) [18, 10] Let f : X — R be any
function. Then:

(i) Isc(f) is the greatest lower semi-continuous function below f.
(ii) usc(f) is the least upper semi-continuous function above f.

)
)
(iii) Isc(f)(x) < f(z) < usc(f)(x) for all z.
) f
) f
)

(iv) f is lower semi-continuous at x if and only if Isc(f)(z) = f(z).

(v

(vi) f is continuous at x if and only if Isc(f)(x) = f(x) = usc(f)(z).

is upper semi-continuous at z if and only if usc(f)(z) = f(x).

Proof. We prove (i) and (iv); the others are analogous. For (i), note that lsc(f)
is Isc because it is the supremum of Isc functions. For any Isc g < f, we have
g <lsc(f) by definition. Hence lsc(f) is the greatest. For (iv), if f is Isc at x, then
liminf, ., f(y) > f(x), but also liminf, ,, f(y) < f(x) trivially, so equality holds.
Conversely, if Isc(f)(xz) = f(z), then liminf, ,, f(y) = f(x), which implies f is Isc
at xz. U

Example 3.11.1 [18§] Consider f : R — R defined by:

{sin(l/x) it x #0,

T@) =9, if 2 =0

Then Isc(f)(0) = —1 and usc(f)(0) = 1. The function is not continuous at 0.
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3.9 Applications to the Study of Convergence

We now return to the central questions of this thesis: the relationship between
convergence of functions and semi-continuity.
Theorem 3.12.1 (Pointwise limit of continuous functions) [18] Let (f,,) be a
sequence of continuous functions from X to R converging pointwise to f. Then:

(i) f is not necessarily continuous (as seen in Example 3.8.1).

(ii) f is always of Baire class 1 (i.e., the pointwise limit of continuous functions).
2l

(iii) f may fail to be semi-continuous. For example, define f,(x) = max(0,1 — n|z|)
on R. These are continuous, and their pointwise limit is f(0) = 1, f(z) = 0 for
x # 0, which is usc but not Isc. To get a function that is neither usc nor lsc,
consider a sequence whose limit is the Dirichlet function. [[18]

Theorem 3.12.2 (Semi-continuity of the limit under monotone conver-
gence) [18] Let (f,,) be a sequence of functions on X.

(i) If f, is upper semi-continuous and f,, \, f pointwise (decreasing to f), then f
1s upper semi-continuous.

(ii) If f,, is lower semi-continuous and f,, ' f pointwise (increasing to f), then f
is lower semi-continuous.

Proof. This follows from Theorems 3.8.1 and 3.8.2. [J
Theorem 3.12.3 (Semi-continuity of the limit under uniform convergence)
[19] If f, — f uniformly on X and each f, is semi-continuous (usc or Isc), then f

has the same type of semi-continuity.
Proof. This is Theorem 3.8.3. []

3.10 Interplay between Convergence and Semi-continuity

18, 19]

We now connect the notions of convergence studied in Chapter II with semi-
continuity.
Theorem 3.8.1 (Pointwise limit of usc functions) [[18] Let (f,,) be a sequence
of upper semi-continuous functions on X. Suppose f,(z) — f(x) p ointwise for all
r € X, and assume the convergence is decreasing, i.e., fy+1(x) < fu(x) for all x.
Then f is upper semi-continuous.
Proof. As noted earlier, f(z) = inf,, f,(z). By Theorem 3.6.1, the infimum of a
family of usc functions is usc. Hence f is usc. [
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Theorem 3.8.2 (Pointwise limit of lsc functions) [18] Let (f,,) be a sequence
of lower semi-continuous functions on X. Suppose f,(z) — f(z) pointwise for all
r € X, and assume the convergence is increasing, i.e., fu,11(z) > fu.(x) for all z.
Then f is lower semi-continuous.

Proof. This follows from Theorem 3.6.2 since f(x) = sup,, fn(z). O

Theorem 3.8.3 (Uniform limit preserves semi-continuity) [19] Let (f,,) be a
sequence of functions from X to R that converges uniformly to f on X. Then:

(i) If each f,, is upper semi-continuous, then f is upper semi-continuous.

(ii) If each f, is lower semi-continuous, then f is lower semi-continuous.

Proof. We prove (i); the proof of (ii) is similar. Let xy € X and let ¢ > 0. By
uniform convergence, there exists N such that for all n > N and for all x € X,
|fu(z) — f(2)| < ¢/3. Fix such an n. Since f,, is usc at x(, there exists § > 0 such
that d(x,z) < 0 implies f,(z) < fu(zo) + £/3. Then for d(z,xy) < 6:

F() < fule) + 5 < falw) + = < flao) +e

Hence f is usc at xq. [
Example 3.8.1 (Pointwise limit does not preserve semi-continuity) [3, [19]

Consider f, : [0,1] — R defined by f,(x) = 2". Each f, is continuous (hence both
usc and Isc). The pointwise limit is:

fx) =

0 if0<z<1,
1 ifz=1.

This function is usc at x = 1 (since f(1) = 1 and values near 1 are close to 0) but not
Isc at x = 1. Thus pointwise convergence alone does not preserve semi-continuity;
monotonicity or uniform convergence is required.

Theorem 3.14.1 (Weierstrass-type theorem) [7, [18] Let X be a compact metric
space and let f : X — R be lower semi-continuous. Then f attains its minimum on
X . Similarly, if f is upper semi-continuous on a compact set, it attains its maximum.
Proof. Let m = inf,cx f(x). By definition of the infimum, there exists a sequence
() in X such that f(x,) — m. Since X is compact, (x,) has a convergent subse-
quence (z,,) with z,, = xo € X. By lower semi-continuity:

f(zo) < th:n inf f(z,,) = khm f(zn,) = m.

Since m < f(x¢) by definition of the infimum, we have f(z¢) =m. [

Example 3.14.1 (Application to distance functions) [19] Let A be a non-
empty closed subset of a compact metric space X. The distance function da(z) =
inf,e4 d(z,a) is continuous (hence lIsc). By Theorem 3.14.1, it attains its minimum.
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This recovers the fact that a closed subset of a compact set is compact and that the
distance from a point to a closed set is attained.

Theorem 3.14.2 (Lower semi-continuity of the infimum) [7, 9] Let F': X X
Y — R be a function, where Y is compact. Define f(z) = inf,cy F(z,y). If F is
lower semi-continuous on X X Y, then f is lower semi-continuous on X.

Proof. Let x, — xy in X. For each n, choose y, € Y such that F(z,,y,) <
f(x,) + 1/n. Since Y is compact, (y,) has a convergent subsequence y,, — yo.
Then:

1
f(xo) < F(xo,y0) < li]gn inf F(z,,, yn,) < liminf (f(%%) + —> = liminf f(x,).
—00 ng

k—00 n—00

Thus f is Isc. [
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Chapter 4

Applications and Illustrative Examples

“The art of doing mathematics consists in finding that special case which contains
all the germs of generality.”

— David Hilbert

Introduction

The first three chapters of this thesis have developed, in a rigorous and pro-
gressive manner, the theoretical foundations necessary for a deep understanding of
convergence and semi-continuity in metric spaces. Chapter I established the ab-
stract framework of metric spaces, their topological properties, and the fundamen-
tal notions of continuity. Chapter II analyzed two principal modes of convergence
of function sequences — pointwise and uniform — and established the key result
that uniform convergence preserves continuity while pointwise convergence does not.
Chapter III developed the theory of semi-continuity, providing characterizations via
sequences, open sets, epigraphs, and envelopes, and established the essential con-
nection between semi-continuity and optimization.

The purpose of this final chapter is to consolidate and extend these theoreti-
cal results through a systematic study of concrete applications and carefully con-
structed examples. Rather than merely illustrating definitions, each example in this
chapter is designed to reveal a deeper mathematical principle, and each application
demonstrates that the abstract theory developed in the preceding chapters is an
indispensable tool in modern mathematical analysis.

4.1 Convergence in Classical Function Spaces

We begin by examining, in detail and with explicit computations, the behavior
of function sequences in the most natural and well-studied metric spaces. The goal
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is to make the abstract distinctions of Chapter II fully concrete, and to connect
them directly to the semi-continuity theory of Chapter III.

4.1.1 Pointwise Convergence: Detailed Analysis

Example 4.1.1 Let f, : [0,1] — R be defined by f,(z) = 2™ for all n € N*. This
1s perhaps the most classical example in the theory of function sequences, and it
illustrates with perfect clarity why pointwise convergence is insufficient to preserve
continuity and semi-continuity.

Step 1: Pointwise limit.
Fix x € ]0,1].

o If 0 < x < 1: since |z| < 1, the geometric sequence (") satisfies x" — 0 as
n — 00.

e Ifx=1: f,(1)=1"=1 for alln, so f,(1) — 1.

Therefore, the pointwise limit is:

flo)=ige" =

0 ifo<z<l,
1 ifx=1.

Step 2: Fach f, is continuous.
For every n € N*, the function f,(x) = z" is a polynomial, hence continuous on
[0,1]. In particular, each f, is both upper and lower semi-continuous at every point.

Step 3: The limit [ is discontinuous at xr = 1.
We have:
lim f(z) = lim 0=0%#1= f(1).

z—1- z—1-
Hence f is not continuous at x = 1.

Step 4: Semi-continuity of f at x = 1.
We analyze separately:

o Upper semi-continuity: We need limsup,_,; f(x
for all x € ]0,1), we have limsup,_,;- f(x) =0
Hence f is upper semi-continuous at v = 1.

N~——

< f(1) =1. Since f(x) =0
1. v

IN

o Lower semi-continuity: We needliminf, ,; f(x) > f(1) = 1. Butliminf, ,;- f(x) =
0<1. X
Hence f is not lower semi-continuous at v = 1.

Step 5: Non-uniform convergence.
We compute:

| = fllo = sup |fu(z) — f(x)|= sup z" =1 for all n.
xG[O,l] x€[071)
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Since || fo = [

Example 4.1.2 For n € N*, define f, : (—=1,1) — R by the partial sum of the

geometric series:
n+1

1 —a"
Zx =
1-x
Step 1: Pointwise limit.

For every fired x € (—1,1), since |z| < 1, we have "

— 0 as n — oo, so:

1
1 n
flz) = lim fu(z) = -—-.
The pointwise limit is the function f(x) = ﬁ, which is continuous on (—1,1).

Step 2: Uniform convergence on [—a,a] for 0 <a < 1.
For z € [—a,a] with0 <a < 1:

n+1 an+1

X

— 0 asn — oo.

[fulz) = flx)] =

<
l—z| 1—a

. n+l . . .
Since the bound $— is independent of x, the convergence is uniform on [—a,a).

Step 3: Non-uniform convergence on (—1,1).

For any fized n, choose x,, = (%)l/(nH) € (0,1). Then 2" = %, and:

xn+1 1/2

‘jh(xn)'_.f(xn)l 1'iifn 1 __(1/2)LKn+1)

— +00,

since (1/2)Y/(+) — 1=, Hence:

sup [fala) — F(@)] = +oo,
xe(—1,1)

confirming that the convergence is not uniform on (—1,1).

Step 4: Semi-continuity of the limit.
The limit function f(x) = = is continuous on (—1,1), hence both upper and lower
semi-continuous at every point. The uniform convergence on compact subsets [—a, al,

combined with Theorem 2.3.1, is consistent with this observation.

FExample 4.1.3 The Bernstein polynomtials provide one of the most elegant
proofs of the Weierstrass Approximation Theorem. For a continuous function f :
[0,1] = R, the n-th Bernstein polynomial is defined by:

_ ;iof(%) (Z) 21—z,
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Theorem (Weierstrass, 1885): B,(f) — [ uniformly on [0,1] for every f €
C([0,1],R).
Key estimate:

Using the probabilistic interpretation (each B, (f)(x) is the expected value of f applied
to a Binomial(n,x) random variable), one can show:

B - ) < (=),

where wy(0) = supy,_, <5 |f(x) — f(y)| is the modulus of continuity of f. Since f is
uniformly continuous on [0,1], we have w(1/y/n) — 0, giving uniform convergence.
Explicit example: f(x)= /.

The first three Bernstein polynomials are:

Bi(v)(@)=V0-(1-2)+VI-z=x

Bo(v/)(x) =0 (1 — ) +% 2¢(1 —x) 4+ 1-22 =V22(1 — z) + 22,

=R i)

As n — oo, By(v/") — /- uniformly on [0,1], and each B,(/-) is a polynomial
(hence continuous, hence both usc and lsc), so the limit \/- inherits continuity by
Theorem 2.3.1.

Connection to semi-continuity:

Since f(x) = \/x is continuous on [0,1], it is both usc and lsc everywhere. The
Weierstrass theorem guarantees that every continuous function is the uniform limit of
polynomials. Combined with Theorem 3.8.3, this means: every continuous function
is stmultaneously a uniform limit of usc and lsc functions. This is the strongest
possible reqularity statement.

4.1.2 The Role of Completeness in Uniform Convergence

Example 4.1.4 We illustrate the Uniform Cauchy Criterion (Theorem 2.2.1) and
the completeness of (B([0,1],R), || - [|~)-

Define f, :10,1] — R by:

S L
k N 2 3 n

k=1

This is the n-th partial sum of the power series of In(1 + x).
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Step 1: Uniform Cauchy criterion on |[0,1].
Forp>q> N:

p (_1)k+1 By p X P 1
o) sl = | 2 E e o m ey L

Since the harmonic series tail Z;O:NH% can be made arbitrarily small... Actually,
this bound is too crude. Using the alternating series estimate more carefully: since
each f, has alternating signs and decreasing coefficients for x € [0, 1]:

1 g—o0

— il € —— %,
1o = Fille < =5

Hence (f,) is uniformly Cauchy on [0, 1].

Step 2: Identification of the limit.
By the completeness of B([0,1],R) (Corollary 2.2.1), (f,) converges uniformly to
some bounded function f. By the theory of power series, this limit is:

f(z) =In(l+4+2), ze€]0,1].

Step 3: Continuity and semi-continuity.

Fach f, is a polynomial, hence continuous. By Theorem 2.3.1, the uniform limait
f(x) =1In(1+z) is continuous on [0, 1], hence both usc and lsc. At x =0: f(0) =0;
at x =1: f(1) =In2 = 0.693. The function is strictly increasing and continuous,
confirming both semi-continuity properties.

Proposition 4.1.1 Let (X,d) be a metric space and let (f,) be a sequence of lower
semi-continuous functions from X to R. If (f,) converges uniformly to f : X — R,
then f is lower semi-continuous.

Let xyg € X and e > 0. Since (f,) converges uniformly to f, there exists N € N
such that for allmn > N and all x € X:
£

fulw) = ()] < 2

In particular, fx(x) > f(x) — 5 for all x € X, and fx(zo) < f(x0) + 5.
Since fy is lower semi-continuous at xq, there exists 6 > 0 such that for all
r € X with d(z,xy) < 9d:
3

fn(z) > fn(xo) — 3
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Therefore, for all v € X with d(x, ) < 0:
£
f(@) > fn(z) =

3
>fN($0)—§—§
= f(wo) — ¢

Hence f is lower semi-continuous at xy. Since xog was arbitrary, f is lsc on X.

Remark 4.1.1 An entirely analogous arqgument shows that if each f, is upper
semi-continuous and f, — f uniformly, then f is upper semi-continuous. This is
Theorem 3.8.3 of Chapter III, and Proposition l4.1.1 provides its detailed proof for
the Isc case. Together, these results show that uniform convergence preserves both
types of semi-continuity, and hence, by Proposition 3.1.1, also preserves continuity
— recovering Theorem 2.3.1 as a special case.

4.1.3 Dini’s Theorem: Verification and Counterexamples

Example 4.1.5 We verify Dini’s First Theorem (Theorem 2.3.2) in a concrete
setting.
Let f, - [0,1] — R be defined by:

n

x
n(r) = —, N*.
fe) =", ne
Checking the hypotheses of Dini’s Theorem:
(i) X =10,1] s compact. v

(ii) Fach f, is continuous. Indeed, f, is a polynomial divided by a constant. v

xn-{—l "

(iii) The sequence is decreasing. We check: fui1(x) < fu(x) iff T4 < =, ie.,
nz" < (n+1)2", de, nex <n+1,de, < "TH = 1+%. Sincer <1 < 1+%,
this holds for all x € [0,1]. v/

Il
o

(iv) Pointwise limit. For any z € [0,1]: fu(z) =% <1 0. So f, = f
pointwise. v

(v) The limit f =0 is continuous. v’

Conclusion by Dini’s Theorem: All five hypotheses are satisfied, so (f,) con-
verges uniformly to f =0 on [0, 1].

Direct verification:

n 1
1fy — Ol = sUp — = = — 0.7
zel0,1] T n
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Example 4.1.6 (Failure of Dini when the limit is discontinuous) Let f, :
[0,1] — R be defined by:

1
n — ; N*.
f (x) 1+ nx ne

Checking Dini’s hypotheses:
(i) [0,1] is compact. v
(ii

) Each f, is continuous. v’
_ . L 1 1
(iii) The sequence is decreasing: for x > 0 > -V
)

7 1+nx 1+(n+1)

(iv) Pointwise limit:

1 1 =0
f(z) = lim — -
n—oo 1 4+ nx 0 xe(0,1].

(v) The limit f is not continuous at x = 0. X

Hypothesis (v) fails. Dini’s Theorem does not apply, and indeed the convergence

is not uniform:
1 1 1 1
2A=1—fl=)1=|=—0==+40.
) G027
Semi-continuity of f:

The limit f is upper semi-continuous on [0,1]: at o = 0, limsup,_,, f(x) =0<1=
f(0), and at all xqg > 0, f is continuous. This is consistent with Theorem 3.8.1: the
decreasing pointwise limit of usc functions is usc. However, f is not lsc at ry = 0
since liminf, ,o+ f(x) =0 <1 = f(0).

| fo = flloo =

Remark 4.1.2 Examples |).1.4 and |4.1.4 together demonstrate that the continuity
of the limit function in Dini’s First Theorem is an essential hypothesis that
cannot be weakened to mere semi-continuity. The precise statement is:

Hypothesis Can it be weakened?
X compact No

Fach f, continuous | Yes: lsc suffices for lsc limait
Sequence decreasing No

Limit f continuous No (Example |4.1.6)
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4.2 Applications to Optimization Theory

One of the most significant applications of semi-continuity in mathematical
analysis is the theory of optimization. The classical Extreme Value Theorem of
Weierstrass states that a continuous function on a compact set attains both its
minimum and maximum. The theory of semi-continuity generalizes this result by
relaxing the continuity requirement to its minimal form: lower semi-continuity for the
existence of a minimum, and upper semi-continuity for the existence of a maximum.
This section develops these results in detail and illustrates them through a series of
carefully chosen examples.

4.2.1 The Weierstrass Theorem for Semi-Continuous Functions

We begin by recalling the main theorem, whose proof was given in Chapter 111
(Theorem 3.9.1 and Theorem 3.9.2), and then examine its hypotheses through ex-
amples that show each condition s indispensable.

Theorem 4.2.1 (Weierstrass-type for semi-continuous functions) Let (X
be a compact metric space.

(i) If f : X — R is lower semi-continuous on X, then f is bounded below and
attains its infimum: there exists x* € X such that

f(a*) = inf f(a).

zeX

(i) If f : X — R is upper semi-continuous on X, then f is bounded above and
attains its supremum: there exists * € X such that

ﬂf)=$§ﬂ@-

Example 4.2.1 Let X = [0,2] with the usual metric and define f:[0,2] — R by:

(222242 ifze(0,1),
1

ﬂ@=<§ ifx =1,
\x2—29:—|—2 if x € (1,2].

Step 1: Analysis of f at xq= 1.
Note that x* —2x +2 = (x — 1)*> + 1, so:

lim f(z) = (1-1>%4+1=1, f(1)=

r—1

Since f(1) = 5 <1 =lim, 1 f(z), we have:

nmmw@g=1>%=fu)

rz—1
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Hence f is not lower semi-continuous at x = 1.

Step 2: Is the infimum attained?
Forxz#1: f(z)=(x—1)?+1>1.
Atz =1: f(1)=1.

Therefore infjy ) f = 3 = f(1), which is attained.

Step 3: Is [ upper semi-continuous?
At o = 1: 1
limsup f(z) =1> = = f(1).
z—1 2

Hence f is not upper semi-continuous at v = 1 either.

Conclusion:
This example shows that Theorem |4.2.1 gives a sufficient condition, not a necessary
one. Here f is neither lsc nor usc, yet the infimum is attained. However, one cannot

rely on this in general: the next example shows a case where the infimum is not
attained precisely because lsc fails.

Example 4.2.2 Let X = [0,1] and define g : [0,1] — R by:

_Jx difre(0,1],
g(x>_{1 if v = 0.

Step 1: Semi-continuity at xyo = 0.
g(0) =1 and liminf, o+ g(z) =0 < 1 = ¢(0).
Hence g is not lower semi-continuous at v = 0.

Step 2: Is the infimum attained?

infy 1) g = inf{z : 2 € (0,1]} = 0.

But g(x) > 0 for all x € (0,1], and g(0) =1 > 0.
Hence the infimum 0 is not attained.

Step 3: FExplanation.

The failure of Isc at x = 0 is precisely what prevents the infimum from being attained.
Had we defined g(0) = 0 instead, g would be lsc on [0,1] (the indicator of the open
set (0,1] is Isc, but here g would equal x everywhere, which is continuous), and the
minimum would be attained.

Example 4.2.3 We demonstrate that compactness of the domain is an essential
hypothesis in Theorem |}.2. 1.

(a) Non-compact domain, continuous function:

Let f:(0,1) = R, f(z) = x. f is continuous (hence lsc), and inf ) f = 0, but
f(x) > 0 for all z € (0,1). The infimum is not attained. The domain (0,1) is
bounded but not closed, hence not compact.
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(b) Unbounded domain, continuous function:

Let f:[1,+00) = R, f(z) = L. [ is continuous, infyy 1o f = 0, but f(x) > 0 for
all x > 1. The infimum is not attained. The domain is closed but unbounded, hence
not compact.

(c) Compact domain, lsc function:

Let f:]0,1] —» R,
_Jr 2 e (0,1],
fle) = {O r=0.

f(0) = 0 and liminf, ,o+ f(z) = 0 = f(0), so f is Isc at 0. At all x > 0, f is
continuous. Hence f is lsc on [0,1]. By Theorem |4.2.1(7), the minimum is attained:

min[o,l] f == f(O) = 0. \/

4.2.2 Optimization Problems with Semi-Continuous Objectives

Example 4.2.4 Consider the optimization problem:
Minimize f(x,y) over K =[0,1] x [0, 1],
where f:[0,1]* — R is defined by:

2 2
flay) = Ixiz if (x,y) # (0,0),

0 if (z,y) = (0,0).

Step 1: Lower semi-continuity of f.

For (z,y) # (0,0), f is a ratio of continuous functions with positive denominator
(for (z,y) € [0,1])*\ {(0,0)} with x +y > 0), hence continuous there.

At (0,0): along the path x =y =1t — 0" :

21
Along the path y =0, x =t — 07

t2
f(t,0) = — =t = 0= f(0,0).

More generally, writing (x,y) = r(cos@,sin ) with 6 € [0, 7/2]:

7“2 r

cos @ + sin @ - cos @ + sin 6 -

f(rcosf,rsinf) =

Since cos 0+sinf > 1 for € [0, 7/2], we have f <r — 0. Henceliminf, )00 f(z,y) =
0= £(0,0), so f is lsc at (0,0).

Step 2: K =10,1]* is compact. v
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Step 3: By Theorem [4.2.1(i), the minimum is attained.
Since f >0 and f(0,0) = 0, the minimum is:

(x{ryl;gKf(x, y) = f(0,0) =0.

Step 4: Finding the maximum.

By the AM-QM inequality: % >4 On (0,12 f(z,y) < % <z+y<20 At
(z,y) = (1,1): f(1,1) =32 =1. At (z,y) = (1,0): f(1,0) = 1 = 1. The mazimum
is 1, attained at (1,0) and (0,1) and (1,1).

Example 4.2.5 We consider a minimax problem, which arises naturally in game

theory and convex analysis.

Let F:[0,1] x [0,1] — R be defined by:
F(z,y) = 2* — 2zy + y.
We study the functions:

f(z) max (z,v), 9(y) Juin, (z,v)

Computing f(x) = max,cp 1 F(x,y):

For fired x € [0,1], F(x,y) = (1 — 2x)y + 22 is linear in y.
1.
5

o If1—2x >0, ie, <3 mazimum at y = 1, giving f(z) = 1 — 2z + 2% =

(z —1)%
e If1—-22x<0, ie,z> % mazimum at y = 0, giving f(z) = 2°.
o Ifx= % F:%lfm“ all y, so f(%) =1

1
Therefore:

——
)

|

—

N—

ro

o

VAN

S

VAN

— N | —

8
DO —
N
&
INA

Upper semi-continuity of f:

By Theorem 3.6.1, the infimum of a family of usc functions is usc. Dually, the
supremum of a family of functions continuous in y (and hence usc in x) might lose
usc. However, here f is the maximum over a compact set, so by Theorem 3.14.2
and continuity of F' in x, f is lower semi-continuous.

Indeed: at x = %

1
. . . . 2:_: 1
i T = T (=17 =3=76),

1
li = i 2=_=f(3).
Jm, f@) = lim @ /)
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So f is continuous at x = %, and hence both usc and Isc there. f is continuous
everywhere.

The minimax value:

. o P |
vel0.1 /() 2el0,1] yelo.1 ()

On [0,1/2]: f(z) = (x — 1)?, minimized at x = 1/2: f(1/2) = 1/4.
On [1/2,1]: f(x) = 2%, minimized at x = 1/2: f(1/2) = 1/4.

Hence min, max, F'(z,y) = 1, attained at x* = 3.

4.2.3 Lower Semi-Continuity and Existence of Minimizers

Proposition 4.2.1 Let (X,d) be a complete metric space and let f : X — RU
{+00} be a proper, lower semi-continuous function that is coercive: f(xr) — +oo
whenever d(x, xg) — 400 for some fired xy € X. Then f attains its infimum on X.

Let m = inf,cx f(z) € RU{—o00}. Since f is coercive, there exists R > 0 such
that f(x) > m+1 for all x with d(x,zo) > R. Hence m = inf, g, g f(x), where

B(xg, R) s the closed ball.

In general metric spaces, B(xg, R) need not be compact. However, by the coer-
civity, there exists a minimizing sequence (x,,) with f(x,) — m and d(x,,z¢) < R for
all n. If X is a finite-dimensional normed space, the Bolzano-Weierstrass theorem
gives a convergent subsequence x,, — x*. By lsc of f:

f(z*) < liminf f(z,,) = m.

k—o00

Since m < f(x*) by definition of infimum, f(x*)=m.
Example 4.2.6 Let f : R?2 — R be defined by:
fla,y) = (x =1+ (y+2)° + |z —y].

Lower semi-continuity: [ is the sum of continuous functions, hence continuous,
hence lsc. v

Coercivity: As (z.y) — oo, (x —1)2+ (y +2)? = +00, so f(x,y) = +00. v

By Proposition |{.2.1, f attains its minimum on R?.

Finding the minimizer:
The function f is convex (sum of convex functions). Setting Vf = 0 away from
{z =y}: forz >y,

of B 1
%—2(37—1)%—1—0 — x—2,
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of 3
— =2 2)—1= = ——.

Check: x:%>—%: .V
The minimizer is (%, —%), with:

P =G0+ (34D + - (Dl - +1+2- 1

Example 4.2.7 Let (X,d) be a metric space and A C X be a non-empty closed
subset. Define the distance function to A by:

dg(x) = infd(z,a), z€ X.

a€A
Claim: dy is Lipschitz continuous with constant 1, hence both Isc and usc on X.

Proof:
For any x,y € X and a € A:

da(z) < d(z,a) < d(z,y) + d(y,a).
Taking the infimum over a € A:
da(r) < d(z,y) + da(y)-
Ezchanging © and y: da(y) < d(z,y) + da(z).
Hence |da(z) — da(y)| < d(z,y), so da is Lipschitz with constant 1.

Application to optimization:
If X s compact, then by Theorem l4.2.1, ds attains its minimum and maximum
on X. The minimum is 0 (attained at any point of A, since A is non-empty and
closed). The mazimum is maxX,cx da(r) = maxgey infueq d(z, a), which is attained
at some point x* € X farthest from A.

Explicit example:
Let X =10, 1] with the usual metric and A ={0,1}. Then:

ds(z) = min{|x — 0|, |x — 1|} = min{z, 1 — z}.

This function is continuous (piecewise linear), Isc and usc. minyg ds = 0 (attained
atz =0 and x =1).
maxy 1) da = 3 (attained at © = 1).

4.3 Fixed Point Theory in Complete Metric Spaces

Fixed point theory occupies a central position in modern mathematical analysis.
The existence of a fized point — a point * satisfying T (x*) = x* for a given mapping
T — underlies the solution theory for a wvast range of equations, from algebraic
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systems to integral and differential equations. The connection to the themes of this
thesis is profound: the iterative sequence generated by repeated application of T
is a Cauchy sequence in a complete metric space, and its convergence is a direct
application of the theory developed in Chapter I. Moreover, the fived point inherits
the reqularity properties of the iterates through the uniform convergence established

in Chapter II.
4.3.1 The Banach Contraction Principle

Theorem 4.3.1 (Banach Contraction Principle, 1922) Let (X,d) be a com-
plete metric space and let T : X — X be a contraction mapping, that is, there exists
a constant k € [0,1) such that:

d(T(z),T(y)) < kd(z,y) Va,yeX.
Then the following conclusions hold:
(i) T has a unique fized point x* € X, i.e., T(z*) = x*.

(ii) For any initial point xo € X, the iterative sequence defined by x,+1 = T(x,)
converges to x*.

(iii) The following error estimates hold:

kn
1—k

d(x,, ") < d(x1,z0) (a priori estimate),

d(x,, ") < ﬁd(xn,a:n_l) (a posteriori estimate).

Step 1: The iterative sequence is Cauchy.
Let xg € X be arbitrary and define x,41 = T(x,). By the contraction condition
applied repeatedly:

d(anrl; xn) = d(T(iEn), T(wnfl)) < kd(:cn; xnfl) <o < knd(mla 370)-
Forp>q> N, by the triangle inequality:

d(xp, xq) < d(xp, xp—1) + d(2p-1, Tp—2) + - + d(Tg11, 7g)
< (KPP kPP 4+ k) d(2, 20)

1 — kra
k4 00
< 1— % d(l‘l,QS()) L) 0.

Hence (x,,) is a Cauchy sequence in (X, d).
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Step 2: Convergence to a fixed point.
Since (X, d) is complete, there exists x* € X such that x, — x*. By the contraction

property:
d(T(x*),2") < d(T(x"), T(xy,)) + d(T(xy),2") < kd(z*, z,) + d(xps1, 7).

As n — 00, both terms tend to 0, so d(T'(z*),z*) =0, i.e., T'(z*) = z*.

Step 3: Uniqueness.
Suppose T'(y*) = y* for some y* € X. Then:

d(z*,y*) = d(T'(z"),T(y")) < kd(z",y).

Since k < 1, this implies d(x*,y*) = 0, hence x* = y*.

Step 4: Error estimate.
For the a priori estimate, letting p — oo in Step 1 gives d(x,,x*) < ﬁ—nkd(:vl,xo).

Example 4.3.1 Let X = R with the usual metric and define T : R — R by:

x 3
T(x)=—-+-.
(2)=5+7
Step 1: T is a contraction.
For any x,y € R:
Ty 1
T(z)—T :#——{:— _yl.
T(z) =TWY)l = |5 — 5| = 35lz —¥l
So T is a contraction with constant k = %
Step 2: Finding the fixed point.
Solving T'(x*) = z*:
x* N 3 N 3 L 3
2 4 4 2 2
Step 3: Iterative convergence from xzy, = 0.
3
=T(0) =
o3y 8 9
4 8 4 8
[0y 0 B 2_1,
8 16 16
_ (L) Z 2_ _ B
16 32 32

One can verify that x, = % — 2n+1, SO T, — 3
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Step 4: Error estimate.
d(z1,x0) = [3/4 — 0| = 3/4. Hence:

/2" 3

_3.1_ 3
_2 2n_2n+1'

¥ < .
dlen ) < 1797571

Indeed, |x, — z*| = 2,%, confirming the estimate is sharp in this case.

Connection to semi-continuity:

The function T is continuous (linear), and by Theorem 2.3.1, the uniform conver-
gence of the Lipschitz functions f,(x) = x, (constant sequences) to x* is trivial.
More meaningfully, the mapping x — T(x) is both usc and Isc (being continuous),
and the fized point x* inherits this reqularity.

Example 4.3.2 We apply the Banach Contraction Principle to prove the existence
and uniqueness of a solution to the equation:
3]

r =cos(x), x€ [O,

DD |

Let T : [0,7/2] — R be defined by T'(x) = cos(z).
Step 1: T maps [0,7/2] into itself.

For x € [0,7/2]: T(x) = cos(x) € [0,1] C [0,7/2]. vV
Step 2: T is a contraction on [0,7/2].

By the Mean Value Theorem, for x,y € [0,7/2]:

T'(x) = T(y)| = | cos(x) — cos(y)| = |sin(§)[|z -y

for some & between x andy. Since |sin(€)| < sin(n/2) = 1, this gives |T(x) =T (y)| <
|z — y|, which is not a strict contraction on all of [0, 7/2].

However, on [0,7/2], |sin(¢)| < sin(7w/2) = 1, and we need a value strictly less
than 1. Restricting to [0.5,1]: |sin(§)| < sin(1) ~ 0.841 < 1. So T is a contraction
with k = sin(1) on [0.5,1].

Step 3: The fized point exists and is unique.
The equation x = cos(x) has the unique solution x* ~ 0.7391 (the Dottie number),
which lies in (0.5,1).

Step 4: Iterative computation from xy=1.
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n | x, = cos(x,_1) | [T, — =¥
0 1.000000 0.260787
1 0.540302 0.198893
2 0.857553 0.118358
3 0.654290 0.084905
4 0.793480 0.054285
) 0.701369 0.037826
6 0.763960 0.024765
7 0.722102 0.017093
8 0.750418 0.011223
9 0.731404 0.007791
10 0.744237 0.005042

The iterates converge to x* ~ 0.739085, the unique solution of cos(z*) = x*.

4.3.2 Application to Integral Equations

Example 4.3.3 We apply the Banach Contraction Principle to prove existence and
uniqueness of solution for the Volterra integral equation of the second kind:

u(t) = g(t) + )\/OtK(t, s)u(s)ds, tel0,1],

where g € C([0,1],R), A € R, and K : [0,1]*> = R is continuous.

Setting:
The complete metric space is (C([0,1],R),] - ||«), which is complete by Corol-
lary 2.2.1. Define the operator T : C(]0,1],R) — C([0,1],R) by:

(Tu)(t) = g(t) + )\/0 K(t,s)u(s)ds.

Step 1: T is well-defined.

If u € C([0,1],R), then since K and u are continuous, the function (Tu) is also
conlinuous. v’

Step 2: Estimating |T"u — T"v|| -

Let M = maxy 2 | K(t, s)|. Foru,v € C([0,1],R):

|(Tu)(t) = (Tv)(1)] < W/O (K (2, 5)] [u(s) = v(s)| ds < [A[M[Ju = ]|
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Applying T again:
(T*u)(t) — (T*0)(t)] < [N M2 j v = vl

By induction:
(IAlM)"

| T"u — T"|| o <
n!

[ = |-

Step 3: Contraction of T" for large n.
Since % — 0 as n — oo, there exists N € N such that M < 1. Hence TV
is a contraction on C([0,1],R).

Step 4: Conclusion.

By the Banach Contraction Principle applied to T, there exists a unique fized point
u* of TV: TN (u*) = u*. Moreover, T(u*) = T(T™ (u*)) = TN(T(u*)), so T(u*) is
also a fized point of TV . By uniqueness, T(u*) = u*, i.e., u* is the unique solution
of the Volterra equation, valid for any \ € R, without restriction on |\|.

Example 4.3.4 Consider the Fredholm integral equation of the second kind:

t)+/\/1K(t,s)u(s)ds, t €[0,1],

with g(t) =%, K(t,s) = ts, and A = §

Step 1: Setting up the operator.
(Tu)(t) = zfoltsu s)ds = t* + %folsu (s)ds.
Let c(u fo su(s)ds (a constant depending on u). Then (Tu)(t) =t + ey,

Step 2: Contractzng estimate.
M =max) 2 [ts| =1 and |A| = 5. So [A\|M =3 < 1:

[Tu —Tv| < 5 /\tSHU —v(s)lds < Sllu— vl

Hence T is a contraction with k =

Step 3: Finding the exact solutzon.
The fized point satisfies u(t) = t* + St where ¢ = fol su(s)ds. Substituting:

1 1 1
_ P ls)ds= | s f/ 3 M
C /Os<s —|—25 S /05 s—|—203 S 4+6'

Solving: ¢ — ¢ = i, 50 %C = i, giving ¢ = %.
The unique solution 1s:
3
ut(t) =t + —t.
() =t"+5;

Verification:

I 3 t(1 3 t 3 3t
P4~ | ts| S+ —s|ds=t"+-(-+— )=+ - —='+_—-./
+2/0 S<S +208> ’ +2<4+60) HE AT
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4.3.3 Application to Differential Equations

Example 4.3.5 The Picard-Lindelof Theorem guarantees local existence and
uniqueness of solutions to the initial value problem:

y'(t) = F(t,y(t)),
y(to) = o,
under the Lipschitz condition on F. We illustrate with:

(1) = y(t) — 2+ 1, y(0) = %

Converting to integral form:
By integration from 0 to t:

y(t) = % + /0 (y(s) — s>+ 1) ds.

Define T : C(]0,1],R) — C([0, 1], R) by:

(Ty)(t) = % +/O (y(s) — s> + 1) ds.

Contraction:
[(Ty)(t) — (T'=)(t)] < /0 y(s) — 2(s)[ds <ty — 2zl < [ly — 20

This gives k = 1, which is not a contraction on [0,1]. We restrict to [0, h] for h < 1:
then k = h < 1.

Picard iterates from yy(t) = i:
1 ! 1 3t
t) = = — sl )ds =4+ = — —
1 t
yQ(t):§+/ (yl(s)—32—|—1) ds
0
1 1o 3s 82
=3 e il 1)d
2—|-/0 (2 5 3 s° + ) S
_1+3t+3t2 ¢
202 4 3 12

FExact solution:
The ODE y' —y = —t> + 1 is linear with integrating factor e t:

Y () = (t+1)* — %et.

The Picard iterates converge uniformly to y* on [0, h|, confirming Theorem |4.3.1.
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Remark 4.3.1 The Banach Contraction Principle connects to semi-continuity the-
ory in the following way. The operator T : X — X is continuous (being Lipschitz),
hence both usc and Isc as a mapping. The iterative sequence (x,) converges uniformly
(in the sense that d(x,,z*) < fkd(:vl, xg) independently of any free parameter), and
by Theorem 2.3.1, the limit x* inherits the continuity of the approximants. In the
function space setting (Examples |4.3.344.5.9), the fized point v* € C([0,1],R) is
itself a continuous function, confirming that uniform convergence in the complete
metric space (C([0,1],R), || - [|[) preserves continuity.

4.4 Semi-Continuous Envelopes: Explicit Constructions

Given an arbitrary function f: X — R defined on a metric space (X,d), one
of the most natural questions in analysis is how to associate with f the “best” semi-
continuous function that approrimates it from below or from above. This leads to
the concept of semi-continuous envelopes, introduced in Definition 3.11.1 and Defi-
nition 3.11.2 of Chapter III. In this section, we construct these envelopes explicitly
for a variety of concrete functions, illustrating both the regularization procedure and
its role in connecting convergence theory to semi-continuity.

4.4.1 Definition and General Properties
We recall the definitions from Chapter I1I for convenience.

Definition 4.4.1 Let (X,d) be a metric space and f: X — R any function.

(i) The lower semi-continuous envelope (or Isc reqularization) of f is the
function f : X — R defined by:

flx) = 1i:zrjri>ixnff(y) = lim inf f(y).

0—=0" d(y,z)<d

(ii) The upper semi-continuous envelope of f is the function ]/”\: X —- R
defined by:

f(z) =limsup f(y) = lim sup f(y)-
y— 0=0% q(y,z)<5
Proposition 4.4.1 Let f : X — R be any function. Then:
1) fF<f< ]/”\pointh'se on X.
(i f s the greatest lsc function that is everywhere < f.

(iii

)
) f
(iv) f is Isc at x if and only if f(z) = f(z).
)
)

f is the least usc function that is everywhere > f.

(v) f is usc at z if and only if f( )= f(z).
(vi) f is continuous at x if and only if f(x) = f(z) = A(x)
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4.4.2 Explicit Computations of Envelopes
Example 4.4.1 Let f : R — R be the generalized Heaviside function defined by:

0 ifz<O,
1

f(z) = 5 if x =0,
1 fx>0.

Computing f (Isc envelope):

For x < 0: f is locally constant equal to 0, so z(a:) =0.
For x > 0: f is locally constant equal to 1, so f(x) =1
At x = 0:
f(0) = liminf f(y) = min( lim f(y), lim f(y)) = min(0,1) = 0.
y—0 y—0~ y—0+
Hence:
— 0 ifx <0,
fla) = .
1 ifxz>0.

This is the indicator function 1( i), which is lsc (indicator of an open set, by
Ezxample 3.2.1).

Computing f (usc envelope):
Forx <0: f(x)=0.

A~

Forxz>0: f(x)=1.

At x =0:
f(O) = limsup f(y) = max( lim f(y), lim f(y)) = max(0,1) = 1.
y—0 y—0 y—07t
Hence:
~ )0 dfz <,
fl) = {1 if © > 0.

This is the indicator function 1y i), which is usc (indicator of a closed set, by
Ezxample 3.2.2).

Verification of Proposition |.4. il
« Atz=0: f(0)=0<f(0)=1

f(0)=1.
(0) =0 3= f(0) and f(0) =1 # 1 = £(0).

<

o fisneither Isc nor usc atxz = 0: f
v

e Atallz#0: f(z) = f(x) = f(z), so [ is continuous there. v
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Example 4.4.2 The Dirichlet function D : [0,1] — R is defined by:

D(x) = 1 ifzeQnlo,1],
Yo iz e\ Q.

This is the most extreme example of a discontinuous function: it is discontinuous
at every point of [0, 1].

Computing D (Isc envelope):
Fiz any x¢ € [0,1]. Since every interval (xg— 6, x9+9) contains irrational numbers,
at which D = 0:

D(zp) =liminf D(y) < lim D(y) = 0.

Y—To irrationals

Since D > 0, we have D(xg) > 0. Hence:
D(z)=0 forallxc[0,1].

Computing D (usc envelope):
Since every interval contains rational numbers, at which D = 1:

D(z) =limsup D(y) > lim D(y) = 1.

y—x0 rationals

Since D < 1, we have D(zq) < 1. Hence:
D(z)=1 forallz e l0,1].

Interpretation:

The lsc envelope of D is the zero function (continuous, hence lsc), and the usc
envelope is the constant function 1 (continuous, hence usc). The gap D-D=1is
maximal everywhere, reflecting the total discontinuity of D. In particular:

D(z)=0< D(z) <1=D(z) Vzelo,1],

with equality on the left iff x is irrational, and equality on the right iff x is rational.
Hence D is neither Isc nor usc at any point of [0, 1], as expected.

Example 4.4.3 Let f : R — R be defined by:
n(1) iz
sin| — if x :
flz) = z
0 if £ = 0.

Behavtor near r = 0:
As x — 0, sin(1/x) oscillates between —1 and 1 infinitely often. More precisely,

Mesghouni Sabrina 76 Radja Hala



7 CHAPTER 4. APPLICATIONS AND ILLUSTRATIVE EXAMPLES

along the sequence x! = m we have sin(1/x}) =1, and along =, = m
we have sin(1/z,) = —1. Hence:

limsup f(x) =1, liminf f(z) = —1.

z—0 z—0

Isc envelope at © = 0:

f(0) = lng;n_gglff(:c) =—1.
usc envelope at ©r = 0:
f(O) = limsup f(z) = 1.

x—0

Semi-continuity of f at v = 0:

o Isc condition: f(0) = —1<0= f(0). So Isc holds? NO — the Isc condition is

f(xo) = f(xg), i.e., =1 =02 NO. Hence f is not lsc at x = 0.

-~ ~

o usc condition: f(0)=12>0= f(0). But usc requires f(0) = f(0), i.e., 1 =07
NO. Hence f is not usc at x = 0.

At all x # 0, f is continuous (composition of continuous functions), so both lsc and
usc there.

Complete envelopes:

- -1 r=0, . [1 v =0,

fle) = {sin(l/x) x # 0, fle) = {sin(l/x) x # 0.
Example 4.4.4 Let f : R — R be the floor function f(x) = || (greatest integer
<z).

Structure of f:
f is constant on each interval n,n+ 1) forn € Z, with f(x) =n for x € [n,n+1).
At each integer n € Z:

lim f(z)=n-1, lim f(z)=mn, f(n)=n.

T—n" z—nt
Semi-continuity at integer points n € Z:
e Isc: liminf, ., f(z) =min(n—1,n) =n—1<n= f(n). So f is not lsc at n.
o usc: limsup,_,, f(x) =max(n —1,n) =n= f(n). So f is usc at n. v
Isc envelope:

f(z) = liminf|y| =

{nl ifr=neZ, -1,
Y=

n ifx e (n,n+1),
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where [x] denotes the ceiling function. More precisely: f(z) = |z| for x ¢ Z, and
f(n)=n—1 forn € Z.
usc envelope: R

f(z) =limsup|y]| = [z] = f(z) VzeR

Yy—T

This confirms that f is usc everywhere (Proposition [§.4.1(v)).

Example 4.4.5 We now connect envelope theory to the convergence results of
Chapter II. Let (f,) be the sequence of Example l4.1.1: f.(x) = a" on [0,1], with

pointwise limait:
0 z€|0,1),
ﬂ@—{ 0

1 x=1.

Envelopes of the limit f: R
For x € [0,1): f is continuous (equal to 0), so f(z) = f(z) =0 = f(z).
Atz =1:

J(1) =liminf f(y) =0, f(1) = limsup f(y) = 0.

y—1 y—1

Wait: f(y) = 0 for all y € [0,1), so both liminf and limsup as y — 1~ equal 0.

~N

Hence f(1) =0# 1= f(1) and f(1) =0# 1 = f(1).

Interpretation:
Since f(1) =0 < 1= f(1), the function f violates the usc condition at x = 1. Since
f(1)=0< 1= f(1), it also violates lsc. Hence the pointwise limit f is neither usc

nor lsc at x =1 from the left — or rather:

F)={o we .1 (ﬂw{oxem"

1 =1

So ]?: f, meaning f is usc at v = 1 (since limsup,_,; f(y) =0 < 1= f(1), the usc
condition limsup < f(x) is satisfied). And f(1) =0 < 1= f(1), so f is not Isc.

This confirms the analysis of Example l4.1.1: the pointwise limit of the continuous
functions f,(x) = x" is usc but not lsc at x = 1. The usc envelope equals f itself,
while the lsc envelope f is the zero function on all of [0, 1].

4.4.3 Envelopes and the Baire Characterization

Proposition 4.4.2 Let (X,d) be a metric space and f : X — R any bounded
function. Then:

(i) f(x) =sup{g(x): g < f, g is continuous}.

~

(ii) f(z) =inf{h(x) : h > f, h is continuous}.
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In other words, f is the supremum of all continuous minorants of f, and f s the
nfimum of all continuous majorants of f.

We prove (i); the proof of (ii) is analogous.
Let ¢(x) = sup{g(z) : g < f, g continuous}.
Step 1: ¢ < f.
For any continuous g < f:

g(x) = lim g(y) < liminf f(y) = f(x).

Yy—x Yy—x

Taking the supremum over all such g: ¢(z) < f(z).

Step 2: f < ¢. B

For any xp € X and € > 0, by definition of f(xo), there exists 6 > 0 such that
infd(y,aco)<5 f(y) > f(ZC()) —¢&.

Define g-(z) = f(xg) —e — %ci(x, x9) (a continuous function). One verifies
that g. < f on B(xo,9d) and g-(x¢) = f(xg) —e. A global continuous minorant can
be constructed by multiplying by a Lipschitz cutoff. Hence ¢(xg) > f(xg) — . Since

e > 0 is arbitrary, ¢(xg) > flxo).

Example 4.4.6 We illustrate Proposition |.4.4 for the floor function f(x) = |x|
on [0,2].

Continuous minorants of f:
Any continuous function g < |xz]| satisfies: g(x) < 0 for x € [0,1), g(1) < 1,
g(x) <1 forx ell,2), g(2) <2. The supremum of all such g must satisfy:

¢(x) = sup{g(x) : g <[], g cont.}

At © = 1: any continuous g with g(x) < 0 for x < 1 must satisfy g(1) < 0 (by
continuity). So ¢(1) =0. Forxz € (1,2): ¢(z) = 1.
Hence ¢(x) = f(x), confirming the proposition.

Continuous majorants of f:

Any continuous h > |x| must satisfy h(x) > 1 for x > 1 and h must jump smoothly
near integers. The infimum of all such majorants gives f(x) = |z| = f(x), con-
firming the usc of f.

4.4.4 Stability of Envelopes Under Convergence

Proposition 4.4.3 Let (f,) be a sequence of functions from X to R converging
pointwise to f. Then:

(i) f(z) < liminf,_ o fu(z) for allv € X,
(i) limsup,, .. fa(z) < f(z) for allz € X.
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(iii) If f, — f uniformly, then f, — f and ﬁl — f uniformly.
We prove (iii). Suppose || fn — flloo < €n — 0. Then for any z,y € X:

faly) 2 fly) = en = liminf f(y) —c0 = f(x) —en.

Taking liminf,_,,:

ﬁ(x) = liminf f,,(y) > f(z) — e,.

Yy—x

Similarly, f(x) > fu(z) — en. Hence |fu(x) — f(z)| < e, for all x € X, giving

~

uniform convergence of f, to f. The proof for f, is analogous.

Example 4.4.7 Let f,(x) = 2™ on [0, 1], with pointwise limit f as in Example|}.1.1.
We compute the envelopes of f, and verify that they do not converge uniformly to
the envelopes of f, consistent with the non-uniform convergence of (fy).

Since each f,(r) = 2" is continuous on [0,1], we have f, = f, = ]/”,\1 for all n. The
Isc envelope of f, is f, itself.

The lsc envelope of the limit f is:

T(x) = {0 ze0,1],

(the zero function on all of [0,1], as computed in Example |4.4.5).
Now:

1fo = fllc = Ifa = Ol = sup 2" =1+ 0.

x€[0,1]

This confirms Proposition |.4.3(iii) in the contrapositive direction: since the en-
velopes do not converge uniformly, the original sequence cannot converge uniformly
on [0,1]. This is fully consistent with Step 5 of Example |4.1.1.
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o Résumé:

L’objectif principal de ce mémoire est d’étudier la relation entre les différents types de conver-
gence de suites de fonctions et la préservation de la semi-continuité dans les espaces métriques.
La question centrale est la suivante : sous quelles conditions la fonction limite préserve-t-elle
la semi-continuité de la suite ?
Le mémoire est divisé en quatre chapitres. Le premier chapitre présente les concepts fonda-
mentaux des espaces métriques et de la continuité. Le deuxieme chapitre expose les types de
convergence : ponctuelle, uniforme et sur les compacts. Le troisiéme chapitre étudie en dé-
tail la semi-continuité et les fonctions semi-continues inférieurement et supérieurement, avec
leurs caractérisations et propriétés. Le quatriéme chapitre contient des exercices appliqués,
des exemples et des remarques supplémentaires qui integrent et appliquent ce qui a été étudié
dans les chapitres précédents.
Les principaux résultats sont les suivants :

— La convergence ponctuelle ne préserve pas la semi-continuité inférieure.

— La convergence uniforme préserve la semi-continuité inférieure et supérieure.

— Les limites ponctuelles monotones préservent la semi-continuité inférieure.

Le mémoire conclut que le lien entre convergence et semi-continuité est déterminé par le
type de convergence utilisé, et que la convergence uniforme est la garantie la plus forte pour
préserver la semi-continuité.

e Mots clés :




Espaces métriques, convergence, semi-continuité, convergence uniforme, convergence ponc-
tuelle, fonctions semi-continues inférieurement, fonctions semi-continues supérieurement, ana-
lyse fonctionnelle, optimisation.

e Abstract:

The main objective of this thesis is to study the relationship between different types of conver-
gence of sequences of functions and the preservation of semicontinuity in metric spaces. The
central question is: under what conditions does the limit function preserve the semicontinuity
of the sequence?

The thesis is divided into four chapters. The first chapter presents the fundamental concepts of
metric spaces and continuity. The second chapter introduces the types of convergence: point-
wise, uniform, and compact convergence. The third chapter studies in detail semicontinuity
and lower and upper semicontinuous functions, with their characterizations and properties.
The fourth chapter contains applied exercises, examples, and additional remarks that integrate
and apply what has been studied in the previous chapters.

The main results are:

— Pointwise convergence does not preserve lower semicontinuity.
— Uniform convergence preserves both lower and upper semicontinuity.
— Monotone pointwise limits preserve lower semicontinuity.
The thesis concludes that the link between convergence and semicontinuity is determined by

the type of convergence used, and that uniform convergence is the strongest guarantee for
preserving semicontinuity.

e Keywords:

Metric spaces, convergence, semicontinuity, uniform convergence, pointwise convergence,
lower semicontinuous functions, upper semicontinuous functions, functional analysis, opti-
mization.
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