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Abstract

Our main goal in this thesis, is to improve or find some important inequalities related
to the usual operator norm and the numerical radius by using the K'y— Fan norm defined
on K(H) space of compact linear operators on the complex Hilbert space, we study the
most important properties of this norm, trying to get satisfactory results.

Key-words : Complex Hilbert space, bounded linear operators, compact operators, spec-
trum, numerical range, usual operator norm, spectral radius, numerical radius.
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Résumé

Notre objectif principal dans cette mémoire, est d’améliorer ou de trouver certaines
inégalités importantes liées a la norme de I'opérateur usuel et au rayon numérique en
utilisant la norme Ky — Fan. définie sur I'espace KC(H) des opérateurs linéaires compacts
sur I’espace de Hilbert complexe, nous étudier les propriétés les plus importantes de cette
norme, en essayant d’obtenir des résultats satisfaisants.

Mots clés : Espace de Hilbert complexe, opérateurs linéaires bornés, opérateurs com-
pacts, spectre, domaine numérique, norme usuelle des opérateurs, rayon spectral, rayon
numérique, norme de Ky — Fan.
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Notations

N : The set of natural numbers.
R : The set of real numbers.

C : The set of complex numbers.
F : Ror C.

H : Complex Hilbert space.

(.,.)  : The inner product of H.

M : The closure of M.

Mt :The orthogonal complement of M.

S :The sign of direct sum.

B(H) : Banach algebra of all bounded linear operators on Hilbert space H.
Z(H) : The set of invertible operators in B(H).

IC(H) : The set of compact operators in B(H).

T : A bounded linear operator defined on H.
7|l : The norm of T

T-1 : The inverse operator of 7.

T : The adjoint operator of T'.

R(T) : The real part of T
X(T) : The imaginary part of 7.

T : The absolute value of 7.



The range of T

The kernel of T'.

: The spectrum of 7.

: The point spectrum of T'.

: The approximate point spectrum of 7.
: The resolvent of T

. Spectral radius of 7.

: The numerical range of T

: The numerical radius of 7.

: The singularvalue of T'.

: The Ky-Fan norm of T



Introduction

In mathematics, operator theory is one of the most important theorems in Functional Analysis.
Operator theory is the study of linear operators on function spaces, and consideration may be
given to nonlinear operators. The study, which depends heavily on the topology of function
spaces. In the following, we will take a small overview about where this theory has come from
and some of the people who have brought it to this point.

The spectral radius of an operator T' € B(H), is given by

r(T) = sup [Al
Aeo(T)

The spectral radius, the usual norm on 7' € B(H) and the numerical radius are very important
values in the study of linear operators and its properties.

Let B(#H) denote the algebra of all bounded linear operators on a complex Hilbert space H
with usual inner product (.,.). For T" € B(H). The numerical range of T, denoted by W (T),
was introduced by Toeplitz in [28] as

W(T)={(Tx,z) :xz € H, ||| =1}

The Toeplitz-Hausdorff theorem has many proofs ( see [28], [14] and [16]).
The numerical radius of an operator T' € B(H), is given by

w(T) =sup{|(Tz,z)| : x € H, ||z| = 1}

the numerical radius is an equivalent norm to the usual norm on B(#). Moreover, this concept
was the subject of a wide literature carrying out many inequalities involving it. Some develop-
ments toward this subject have been done in [19], [18] by many researchers such as F. Kittaneh
and S.S.Dragomir , and there are many recent results (see [27]).

The spectrum of a bounded linear operator of T' € B(H) defined as follows

o(T)={A € C:T — X isnot invertible}

In this thesis, we will study the properties and some classifications of bounded linear operators
acting on a complex Hilbert space H, as well as the spectrum and the spectral radius of an
operator, numerical range and the numerical radius in detained. Lastly, we will define the
Ky — Fan norm on K(H), and we will study its properties and its applications, especially on
the inequalities between the numerical radius and the usual norm on B(H).

VII



This thesis is divided into this introduction four chapter, conclusion bibliography

In chapter 1, we give a selection of known properties in Hilbert spaces. Also we include some
vital theorems such as Orthocomplements and Riesz’s representation.

In chapter 2, the study of bounded linear operators. First, we define the adjoint of an op-
erator, and we study some properties of the adjoint. Then, we offer some bounded linear
operators classifications, and we go through their properties. Finally, we provide the definition
of the square root and the absolute value of an operator, and we give some of their properties.

In chapter 3, we study the spectrum of an operator and its properties in detailed, and we
provide the proof of every single property and theorem, then we consider the spectral radius
with its known properties.

The numerical range and the numerical radius with their properties, also we provide a some
kind of inequalities.

chapter 4 is the most important chapter in this thesis. First we define the compact operator
and its properties, also we define the Ky — Fan norm that is equivalent to the usual norm,
and we study some of its properties. Then, we obtain inequalities involving the new norm, the
usual norm and the numerical radius, and we obtain some new inequalities involving the usual
norm and the numerical radius, also we get a refinement for some inequalities .



Chapter 1

Preliminaries

In this chapter, we present the most important definitions and theorems, around inner product
space, Hilbert spaces and linear operator space, that we need throughout this thesis .

1.1 Inner product space and Hilbert space

Defnition 1.1 Let X be a vector space over F (R or C). X is said to be a normed space if
there exists a map ||.|| that is defined from X to R, satisfies the following:

1) ||z|]| = 0 if and only if z =0,
2) [|Ax|| = |M||z]| for any x € X and X € F,
3) Nz +yll < ll=ll + llyll for any z,y € X.
And we denote (X, ||.||) is a normed space.
Defnition 1.2 A sequence {x,} € X is called Cauchy sequence if and only if:

Ve>0, ANeN, n>Nandm > N = |z, — x| <€

Defnition 1.3 Let (X, ||.||) be a normed space. Then (X, ||.||) is said to be a Banach space if
every Cauchy sequence has a limit in X.

Defnition 1.4 Let X be a vector space over F. An inner product (or a scalar product) on X
is a map (.,.) : X x X — F such that the following three properties hold:

1) M +y,2) = Mz, z) + (y+ 2) for all x,y,z € X and N € F (Linearity in the first
argument),

2) (x,y) = (y,z) for all z,y € X (Conjugate symmetry),
3) (x,x) >0 for all x € X\{0} (Positive-definiteness).
The pair (X, (.,.)) is called inner product space.

Proposition 1.1 In the following properties, which result almost immediately from the defini-
tion of an inner product, x,y and z are arbitrary vectors, and X arbitrary scalar.

1



1.1. INNER PRODUCT SPACE AND HILBERT SPACE

1) (0,2) =0 forallx € X,
2) (z,y+2) = (z,y) + (z + 2),
3) (@, \y) = Mz, y).

Theorem 1.1 Any inner product space (X, (.,.)) is a normed space where ||z|| = |(z,z)|z and
this norm is called the associated norm of the inner product.

Theorem 1.2 (Cauchy-Schwarz inequality)
Let (X, (.,.)) be an inner product space. Then we have

[z, )l < llzllllyll forall z,y € X
Moreover if |{z,y)| = ||z||||y||, then x and y are linearly dependent.

Corollary 1.1 To have equality in the the Cauchy-Schwarz inequality for two vectors x and
y (that s, to have |(x,y)| = ||=||||y||) it is necessary and sufficient that x and y are linearly
dependent.

Lemma 1.1 Let X be an inner product space. Then (.,.) : X x X — F is continuous.
Lemma 1.2 Let (X, (.,.)) be an inner product space and suppose thal (xnen) and (Ypen) are

convergent sequences in X, with lim, .. x, = x and lim,_,o y, = y. Then

lim (7, yn) = (2, 9)

n—o0

Theorem 1.3 [6] (Buzano’s inequality)
Let (X, {(.,.)) be an inner product space and x,y,e € X with |le| = 1. Then we have

1
[z, e)e,p)l < S(llzllllyll + (2, ).
Proof. Let z,y,e be as in the theorem

2/{z, e) e, y)| = [(z,9)| [(z,2(e, y)e)| — [, )]

< [z, 2{e,y)e) — (z,y)]
= |(z,2(e,y)e —y)| (use Cauchy — Schwarz inequality)
< |llll2¢e, y)e =yl
So we have
2/(z, e){e, y)| — [z, 9)| < llzl12{e, y)e — y] (1.1)

Let us calculate [|2{e, y)e — ||

12{e, y)e —yl> = (2(e,

= (e,

ye-y2eye—y)
nPlel® + lyll* = 2(e, y){e,y) — 2(e, y)(y, e) (usinglle]|* = 1 and(y, e) = (e,y))
)

= 4{e.y)* + [lyl* - 4l{e, )|
= |yl
So [[2(e, y)e — yll = llyl-
Using (1.1)
2[(z, e){e, y)| — Kz, »)| < ll=|lllyl-
Hence 1
[z, e)(e.y)l < S(llzllyl + [, »1).



1.1. INNER PRODUCT SPACE AND HILBERT SPACE

Remark 1.1 1) Let x,y,z € X. From Buzano’s inequality we obtain

[, y)y. ) < Sl + K, 2) Dyl (1.2)

N | —

2) Buzano’s inequality is a generalization of Cauchy-Schwarz inequality, just put z = x in
(1.2) to obtain Cauchy-Schwarz inequality.

Proposition 1.2 Let (X, (.,.)) be an inner product space. Then we have
1) Va,y € X+ |z +yl® + o — ylI* = 2(|z|*[lyl]*) (Parallelogram law),
2)Vo,y € X ||z +yll> = |z]* + |yl + 2Re(x, y) (Polarization identity),

3) Vo,y,z € X llo —yllllzll + lly = zlllzll = [l ==l lyll (Ptolemy’s inequality),
4) if X is a real vector space, then Vr,y € X : (x,y) = i(||$ +ylI? = llz —yl*),
5) if X is a complex vector space, then
Vo,y € X @ (x,y) = i(Hx—H/HZ—Hl’—yH2+in+in2—z'H:U—inQ) (Polarization identity)

. Where ||z|| = [z, 2)|2 and i is the imaginary complex numbers.

Defnition 1.5 Let H be a vector space over C. H is said to be a Hilbert space if it is an inner
product space and H with associated norm is a Banach space, and we denote (H,{(.,.)) is a
complex Hilbert space.

Example 1.1 1) A Hilbert space is C* with the inner product:
Ve,y e C* (z,y) = ixlg
i=1
2) A Hilbert space is *(C) = {x = (2;);cy C C; Yo, |25]* < 00}, with the inner product:
Va,y € (*(C) (z,y) = ixzm
i=1

8) A Hilbert space is L*(A, ) = {f : A — C; f is measurable and [, |f(z)]?dp < oo} with
the inner product:

foe XA (f.g) = / f(@)g(@)dn.

From now on we consider (H, (., .)) a complex Hilbert space, and ||.|| is the associated norm of
the inner product.



1.2. ORTHOCOMPLEMENTS AND RIESZ’S REPRESENTATION OF HILBERT SPACE

1.2 Orthocomplements and Riesz’s representation of Hilbert
Space

Defnition 1.6 Two vectors x,y € H are said to be orthogonal if (x,y) =0, We also write in
this case x_Ly.

Defnition 1.7 Let M be subset of H. The orthogonal complement, written M*, of M is the
set
M-={zeH: (z,y)=0 Vyec M}

Corollary 1.2 If z,y € H\{0}are orthogonal. Then they are linearly independent.
Lemma 1.3 (Pythagoras). If x,y € H are orthogonal, then
2+ yll* = ll=l* + [yl

Defnition 1.8 M is said to be a closed linear subspace of H if it is a linear subspace of H,

and M = M.
Theorem 1.4 Let M be a subsets of H then
1) M= is a closed linear subspace of H,
2) M (MY
3) If M is a linear set of H, then M N M+ =1.

Defnition 1.9 Let M and N be two linear subspaces of H. Then H is said to be the direct
sum of M and N, and we write H = M &N, if

1) H=M+N,
2) MNN ={0}.

Lemma 1.4 Let M and N be two linear subspaces of H. Then H = M@ N if and only if for
every x € H there exist unique vectors y € M and z € N such that x = y + .

Theorem 1.5 (Orthogonal Decomposition)
Let M be a closed linear subspace of H. Then H = M & M=is the direct sum of M and M+
i.e. for every x € H there exist a unique y € M and a unique z € M= such that v =y + 2.

Proposition 1.3 Let M and N be two subsets of H then
1) H*+ = {0} and {0}* =H,
2) If M C N then N+ C M+,
3) (M)t =M,
4) H=Mo M+

Defnition 1.10 Let ¢ be a mapping from H to C. Then ¢ is said to be a linear function if it
satisfies:
Vo,y € H,VA € C oA+ 1) = Ap(x) + ¢(y)



1.3. MATRIX OF A LINEAR TRANSFORMATIONS AND B(H) SPACE

Defnition 1.11 Let ¢ be a linear function from H to C. Then ¢ is said to be a bounded linear
function if it satisfies:
de>0,VeeH: |o@)| <clz|.

Defnition 1.12 The set of all bounded linear forms on H is called the topological dual of H
and is denoted H', where the addition and the external product are defined as follows

vz et (p+9)(x) =)+ (),
2) Ve eH (Ap)(x) = Ap(x).

Proposition 1.4 Let f € H' and is a normed space when we equip it with the following norm
Let f € H'then

[ fll3er = sup{|f ()] - [lz]} = 1}.
Theorem 1.6 Let H' the topological dual of H, then (H',|||l3) is a Banach space.
Defnition 1.13 For all p € H', the range of x € H by ¢ is denoted (p,x).Then
peH o:H—F z— (p,x)=p)
Is called duality product.

Theorem 1.7 (Riesz’s representation theorem)
Let y be any arbitrary fived in H, we define p(x) by

pla) = (z,y) Ve eH
Then ¢ € H' such that ||¢||s = ||y||. Conversely, for any ¢ € H' there exists a unique y € H
such that

p(r) = (z,9) Vi eH
1.3 Matrix of a Linear Transformations and B(#H) Space

Defnition 1.14 A linear transformation is a map T : V. — W between vector spaces which
preserves vector addition and scalar multiplication. It satisfies

1) T(’Ul + ’Ug) =Tvi +Tvy Yvi,v9 €V,
2) T(Av) =XTv YveV and V) € R.

Theorem 1.8 FEvery linear transformation T : V. — W is uniquely determined by the values
T(v1),T(ve), -+ ,T(v,) when vy, ve, -+ v, form a basis of V .

Remark 1.2 v € V can be expressed as a linear combination
V= QU1 + QoUy + -+ - + U,
for some unique coefficients aq, aw, - - , o, and this implies that

T(v) = ai1T(v1) + aoT(ve) + -+ - + anT(vy,).



1.3. MATRIX OF A LINEAR TRANSFORMATIONS AND B(H) SPACE

Theorem 1.9 Let T : R® — R™ be a linear transformation. Then there exiset a unique

matriz A such that
T(x)=Ax for all z € R"

In fact, A is the m x n matriz whose ith column is the vector T'(e;), where e; is the ith column
of the identity matriz in R"

A=T(er) Tles) -+ Tley)]

Example 1.2 Consider the linear transformation T : R? — R? defined by

T T _ 17 —20 T _ 171’1 —20.1'2
T 12 —14 T ].21‘1 —14.732

Using the standard basis ey, ey of R?, we find that

=1 ([} = [5] - 7s 2

T(ey) =T (ED = {jﬂ =-20-e; —14-¢y

The matriz of T' with respect to the standard basis is

17 —20
A= {12 —14]

Defnition 1.15 A mapping T : H — H is said to be a linear operator on H if it satisfies the
following properties

1) T(x+y)=Tx+Ty Vr,y € H,
2) T(\x) = \XTx Yz € H and VX € C.

Defnition 1.16 A linear operator T : H — H is said to be bounded linear operator if there
exists 3 ¢ > 0 such that for every x € H we have that

[Tz]| < cfl]|
We denoted the set of all bounded linear operators from H to H by B(H).

Defnition 1.17 The set of all bounded linear operators on H is an unitary algebra over C
B(H), where the addition, the external product and the product are defined as follows
LetT,S € B(H)and A € C

1)VeeH, (T'+ S)x=Tx+ Sz,
2) Ve e H, (A\T)x = \Tx,
3) Vx e H, (T'S)x =T (Sz).

And the unitary element is I the identity(Ix = x,¥Yx € H ), moreover B(H) is a Banach algebra
when we equip it with the following norm

Let T € B(H), then

IT|| =inf{c>0:||Tz| <clz| forall xz e H}



1.3. MATRIX OF A LINEAR TRANSFORMATIONS AND B(H) SPACE

Theorem 1.10 Let T € BH). Then
1) |T] = sup{ || T[] : [|lz]| = 1},
2) | Txl| < | T\|l=]] vz € H.
Lemma 1.5 Let T € BH). Then
Vo,y e i ||T(2) =Tl < ITlll= -yl

Lemma 1.6 Let T € BH). Then

17|
]l

2) TN = sup{[{Tx, y)| - l|=ll = llyll = 1}.

Theorem 1.11 Let T,S € B(H). Then

1) T = sup{ s e H\{0}},

IS < 1T0S]
Corollary 1.3 Let T € B(H). Then for anyn > 1, T" € B(H) and [|T"] < ||T||".
Defnition 1.18 Let T € B(H). Then
1) The kernel of T is the set

Ker(T)={x € H : Tz = 0},

2) The range of T is the set
Ran(T) ={Tx:x € H}.

Ker(T) and Ran(T') are linear subspaces of H.
Proposition 1.5 Let T € B(#H). Then then Ker(T) is closed linear subspaces of H.
Remark 1.3 This is not necessarily true for Ran(T).
Theorem 1.12 LetT € B(H). Then
Ve e H (Tr,z) =0 = T =0.

Proof.Let z,y € H suppose that (T'z, x) = 0 for any x € H, then
Since (use Generalized polarization identity).

(Tw,y) = }L{<T(w+y),x+y> —(T(x —y),v —y) +i(T(x +iy), v +iy) —i{T(x —iy), v —iy) }.

— (Txr,y) =0 Vr,y € H.

Setting y = T'x we get
|Tz||* = (Tx,Tx) =0 Vo € H

—Txr =0 Vr e H.
There fore T = 0.



1.3. MATRIX OF A LINEAR TRANSFORMATIONS AND B(H) SPACE

Remark 1.4 Theorem 1.12 is not correct in real Hilbert spaces.
Considering the following real Hilbert space (R?, (., .)) and let T = (
0 for all v € R? but T # 0.

1

0
0 _1) note that (T'z, Tx) =

Corollary 1.4 Let T, S € B(H). If (Tz,z) = (Sx,x) for allx € H, then T = S.

Defnition 1.19 Let (T},)nen C B(H) be a sequence of operators and T € B(H). Then
1) (Ty)nen s said to be uniformly convergent to T if

lim [T, — T| =0
n—-m:oo

And we write T, = T,

2) (T)nen is said to be strongly convergent to T if

VeeH lim ||T,x—Tz|| =0
n——ao0

And we write T, > T,

3) (Th)nen is said to be weakly convergent to T if

Ve,y e H  lim (z, T,y —Ty) =0
n—oo

And we write T, = T.

Proposition 1.6 Let (T,,)nen C B(H) be a sequence of operators and T € B(H). Then

T,5T=T,>5T=T,5T.



Chapter 2

Definitions and basic properties of Bounded
Linear Operators

This chapter contains some definitions and basic properties of linear operators on Hilbert spaces,
and some other propeities and results.

2.1 The inverse and the adjoint of a linear operator

Defnition 2.1 Let T' € B(H). Then T is said to be invertible if there exists S operator such
that
TS =ST=1

1 is the identity operator.
We write S = T~ is the inverse of T

Theorem 2.1 Let T € B(H). If T is bijective, then T~ € B(H), we denotes to the set of all
invertible operators in B(H) by Z(H).
Theorem 2.2 Let T' € B(H) such that ||T'|| < 1. Then I — T is invertible and the inverse
given by

1
1T

(I-T7)'=) T, and |[(I-T)"|<
n=0

Corollary 2.1 Let T' € B(H). If T is bijective, then T' is invertible.

Lemma 2.1 Let Z(H) be the set of all invertible operators in B(H). Then Z(H) is open.

Proof.Let T € Z(H) and let € = ||T7!||7!, let’s prove that B(T,¢) C Z(H) where
B(T,e)={SeB(H): [T -S| <e}

Let S € B(T,¢) <= || T — S|| < € ,then
(T = S)T~ | 17— SIT

el T

1T =T =1

Then ||(T — S)T7 Y| < 1= I — (T — S)Tis invertible (using Theorem 2.2).

But I — (T —S)T~'=1—1+ST""= ST which means that ST~! is invertible.

We have S = ST7'T, since ST~! and T are invertible = S is invertible = S € Z(H).
Therefore B(T,e) C Z(#H), then Z(H) is open.

<
<



2.1. THE INVERSE AND THE ADJOINT OF A LINEAR OPERATOR

Lemma 2.2 Let T, S € I(H), and n € N. Then

1) The inverse of T~ is T,

2) The inverse of ST is TS~
Corollary 2.2 Let T € I(H), and n € N. Then the inverse of T™ is T~ ".
Theorem 2.3 F : Z(H) — Z(H) defined by F(T) =T~ is continuous.

Proof.Let (T,,) C Z(H) and T € Z(H) such that lim |7,,—T|| = 0. Since T,, —— T, then:
n—-=o0 n—=o0
dng € N Vn > ng:

1 B - _ 1
1Tn =) < A ¥n > n [T =TT, = [T7HT = T)ll < ITIT0 = Tl < 5
1
= Vn>no | -T7'T,| < 3
— VYn>ng T 'T, is invertible
1
And ||(T7'T) 7Y < T < 2 (by Theorem 2.2), then Vn > no|[(T~T,)7Y| < 2.
We have
Vn>ng |T,M = [IT,'TT7Y|
< Tt TT |
= (T T) T < 277
Then
Vn>mny [T, <277 = Sup 1T < max{[| 77 NT5 - 1T 2T < oo
Then

sup [T | <oco<=3Fec>0 ¥neN: ||T Y <ec
neN

Since [T, =T = |1, (T, — T)T | < 1T 1T = TIITH < e T = TIIT™H —— 0.
n—-ao0
Then
lim |7, =T =0+ F(T,) —— F(T).
n—aoo

n—so0

Therefore F' is continuous.

Lemma 2.3 Let T € B(H) be an invertible operator. Then
VeeH: [Tz 2Tl

Proof.Vy € H||T 'yl < T llyll, let = € H setting y = T, and since T is invertible
17| # 0, we get :

loll = |7 Tl| < | T 72| = | Txl| = [Tl for all z € H.

Lemma 2.4 Let T € B(H) be an operator. Assume that there exists a > 0 such that
|Tz|| > a||z|| for all x € H, then Ran(T) is closed.

10



2.1. THE INVERSE AND THE ADJOINT OF A LINEAR OPERATOR

Proof.Let (y,)neny C Ran(T') and y € H such that y,, — y, since (Y, )neny C Ran(T'), there
n—-ao0

exists (z,)neny C H such that Vn € N y,, = T'z,,, based on the assumption, we have:

Vn,m € N : |lyn — Ynll = T2 — Tanl > allz, — 2|, since (yn)nen is convergent, then
lim ||y, —ym| =0= lim ||z, — zn|| = 0 <= (z,)nen is a Cauchy sequence.
m—00 n,m—>00

Since (H, ||||) is a Banach space, then there exists © € H such that z, —— x.

n—aoo

We know that Vn € Ny,, = T'z,,, using the boundedness of T', we obtain :

y= lim y,= lim Tz, =T( lim z,)=Tr = y = Tx,theny € Ran(T).

n—> 00 n—>00 n—s 00
Hence Ran(T) = Ran(T) <= Ran(T) is closed.

Theorem 2.4 Let T € B(H). Then

da >0, ||Tz| > ||z|| forallx € H
Ran(T) =H

T'is invertible < {

Proof. Since T is invertible, then Ran(T") = H which means that Ran(T") is dense in H.

And from Lemma 2.3 we have that:
Vo € H o || Tl > |77 7).
Since Ran(T) is densein H <= Ran(T) = H, and since there exists a > 0 such that

|Tz|| > al|z|| for all x € H, and using Lemma 2.4 then Ran(T) is closed, then Ran(T) = H.
On the other hand, let

re€Ker(T)<—=Tr=0= 0= ||Tz|| > a|z| = ||z|| =0 <=z = 0.

Then Ker(T) C {0} = Ker(T) = {0} Hence T is bijective, using Corollary 2.1 we conclude
that T is invertible.

Theorem 2.5 Let T € B(H). Then there exists a unique T* € B(H) such that
(Tx,y) = (x, T*y), Va,y € H
And || T\ = [IT*]].

Proof.Fix y € H Define f,(z) = (Tz,y), x € H.
Since 7' is bounded linear operator and using Cauchy-Schwarz inequality, we can show that f,
is a continuous linear functional on H, that is, f, is linear and

@) < TNz lHlyll, vz e H.

Then by Riesz representation theorem, there exists a unique z € H such that f,(z) = (z, 2).
Therefore for each y € H, there exists a unique z € H such that f,(z) = (z, z) = (T'z,y).
Now, we define Ty = z, for each y € H. Thus

(x, T*y) = (Tx,y) Vr,y € H. (2.1)

11



2.1. THE INVERSE AND THE ADJOINT OF A LINEAR OPERATOR

We prove that T € B(H).
Consider y,z € H and A € F, we get

(2, T*( Ny +2)) = Tz, \y+ z)
= MNTz,y) + (T, 2)
(x, \T"y) + (x,T"2)
(x, \XT*y +T"z), Vo € H.
Hence T*(\y + 2z) = \T*y + T*z, Yy,z € H,VA € F.

That T* is leniar. Since the equation (2.1) is satisfied for all elements in H, choose z = Ty
and using Cauchy-Schwarz inequality, we get

I7*yll* < ITIITylllyl, vy €A
= Tyl < [Tyl Yy € H.

Therefore, T* is bounded and || 77| < ||T'||. By a similar argument using (2.1), we can show
that |7 < [|7™]

Hence T™* is bounded and ||T'|| = ||T™||

Then T € B(H). We just still need to prove the uniqueness of T*.

Assume that there exists 77 and Ty such that

(Tz,y) = {z,T7y) = (z,T3y) Yo,y € H
(x,(TY — Ty =0 Vae,y € H
Hence T7y —T5y =0 Vy € H, that T} = T5.
Defnition 2.2 The operator T* is called the adjoint of T.

Remark 2.1 If we have an operator S such that (x,Sy) = (T'x,y),Vx,y € H, then by unique-
ness T* = 5.

Example 2.1 1) Let I € B(H) be the identity operator on H. Then we have I* = 1,
2) A:R" — R", x — Ax. Then (Ax,y) = (Ax)Ty = (2TAT)y = 2T (ATy) = (x, ATy).
Therefore, the adjoint A* is the transpose AT of A.
Lemma 2.5 Let T, S € B(H) and X\, € F. Then
1) (AT + pS)* = A\T* + uS*,
2) (TS)* =S5*T.
Proof. 1)For all x,y € H that
(x, AT+ pS)y) = ((AT + pS)z,y)
ATz, y) + (S, y)
(2, XT9) + (. 7iS"y)
= (2, (A\T" +1S")y)

Henc (AT + uS)* = NT™* + 11S*.
2) For all x,y € H,that

(2, (TS)y) = ((TSz,y)
= (Sz,T"y)
= (z,5"T"y)

Henc (T'S)* = S*T*.

12



2.1. THE INVERSE AND THE ADJOINT OF A LINEAR OPERATOR

Theorem 2.6 Let T € B(H). Then
1) (T =T,
2) |T*T|| =TT = |IT|?,
3) The function f : B(H) — B(H) by f(T) = T* is continuous.

Proof. 1) We have (x, (T*)*y) = (T*z,y) = (y, T*x) = (Ty,z) = (x,Ty) Vz,y € H.
Henc (A*)*y = Ay Vy € H, then (A*)* = A.
2) Recall that the norm of composition operators ||[SH|| < ||S||||H]||. Hence, we get

|7\ < \T*||IT] = IT* (2.2)
For the other inequality, consider

|Ta? = (Tw,Ta) = (z, T"Ta)
e[| 7* T

<
< |7l

IT|* = sup ||Tz|* < sup |T*T|||=||* < |7°T|

[zl <1 flz]|<1
For the other inequality, consider
171 < | 77| (2.3)

From (2.2) and (2.3) we obtain ||[T*T|| = ||T|?.
3) We have [|f(T) = f(S)I| = T = 5*| = (T = S)*| = IT = S|
That, for all € > 0 choose 6 = € we have: Ve >0, 30 =€, [|T — 5| <e=|T" - S*|| <e.

Lemma 2.6 Let T € H. That
1) Ker(T) = Ran(T*)*,
2) Ker(T*) = Ran(T)*,
3) Ker(T)* = Ran(T*),

4) Ker(T*) = {0} if and only if Ran(T) dense in H.

Proof. 1) Suppose x € Ker(T), then Tz = 0. Thus (I"y,z) = (y,Tz) = 0, for all y € H.
Therefore, x € Ran(T*)* that Ker(T) C Ran(T*)*.

Suppose x € Ran(T*)*, that T*Tx € Ran(T*).

We have

(2, T*Tx) =0 = (Tx,Tx)=0=|Tx|*=0
= Trx=0andx € Ker(T)
= Ran(T*)* C Ker(T).

Therefore Ker(T) = Ran(T*)*.
2) We have Ker(T*) = (Ran((T*)*))*, and since (T*)* = T, hence Ker(T*) = (Ran(T))*.
3) We have

Ker(T) = Ran(T*)*" = (Ker(T))*" = (Ran(T*)*)* = Ran(T*)

4) We have Ker(T*) = 0 <= (Ran(T))* = 0 <= Ran(T) = H. Then Ker(T*) = {0} if and
only if Ran(T') dense in H.

13



2.2. CLASSES OF OPERATORS ON HILBERT SPACES

Corollary 2.3 Let T € H. That Ker(T*)* = Ran(T).

Lemma 2.7 Let T € H is invertible if and only if T* is invertible and (T*)™t = (T~1)*.

Proof.Suppose T is invertible, that 7! exist and we have TT~! =TT = I, so
(TT Yy =TTy =I"=1

And (T-HYy*T* =TT~ = I.
Hence T* is invertible, and(7T*)~! = (T!)*. Reciprocally if T* is invertible.

Corollary 2.4 Let T € B(H)

da >0, ||Tz| > a||z| for all x € H.

T is invertible. —
{KGT(T*) = {0}

Proof.By LemmaZ2.6 and Theorem 2.4.

2.2 Classes of Operators on Hilbert Spaces
Defnition 2.3 Let T € B(H) is said to be
1. Self-adjoint operator if : T* =T,
Normal operator if : TT* =T*T,
Positive operator if : Vo € H : (Tx,x) >0, and we denote T' > 0,
Unitary operator if : TT* =TT =1,
Isometry operator if : T*T =1,
Projection operator if : T?> =T,
Orthogonal projection operator if : T? =T = T*,
Quasinormal operator if : T(T*T) = (T*T)T,

© xRS T e

Hyponormal operator if : T*T > TT*.

Lemma 2.8 Let S(H) be the set of all self-adjoint operators in B(H). Then
1) Forall \,p € R and T, S € S(H), then X'+ uS € S(H),
2) S(H) is a closed subset of B(H).

Proof.1) Let \,p € Rand T, S € S(H), then

(AT + pS)* = NI + pS™ = XTI+ puS.

2) Let (T},)nen C S(H) convergent to T' € B(H).

The function 7' —— T™ is continuous, then Ty — T™.

But vn e N, T,, =T = Tn — T, from the uniqueness of the limit 7" = T™.
Then T' € S(H) and S(H) is closed.

Proposition 2.1 Let T € B(H). Then

14



2.2. CLASSES OF OPERATORS ON HILBERT SPACES

1) TT*, T*T € S(H),
1
2) There ezist self-adjoint operators R and S such that T = R + iS where R = §(T +T7)
1
— (T —T).
and S 2@_( )
Proof. 1) Let T' € B(H), then

Hence TT* € S(H), the same for T*T.

2) We have R = %(T—i—T*) and S = %(T—T*), then
i
, 1 1
1 1 1 1
And B* = (ST + 1) =5(I" +(I7)) = R, S = (G(T = T"))" = —(I" = (I")") = 5.

Hence R, S € S(H).
Theorem 2.7 IfT € B(H)is self-adjoint, then ||T|| = sup, = (T, z)|.

Proof. Let m = supy,_; [(T'z, z)|. Note that [(T'z, z)| < m for each z € H with [[z|| = 1.
If ||z]| = 1, then by the Cauchy — Schwartz inequality,

(T, 2)| < [ T|ll«]l = ([Tl

Hence m < ||T.
To prove the other way, let x,y € H. Then (T'(z £ y),x +y) = (Tx,z) + 2R(Tx,y) + (Ty,y).
Therefore

AR (Tz,y) = (T(x+y)z+y —(T(@—y),z—y)
(T(z+y)z+y|+[(T(x—y)z—y)

m ([lz +yl* + [z — yl*)

= 2m(||z]|* + |ly|[*) (by the parallelogram law).

Now (Tz,y) = |(Tx,y)| exp(if) for some real §. Substituting = exp(if) in the above equation,
we get

AR(Tzexp(—10),y) < 2m(||z]]* + [|y[|*)4/({Tz, y)]
< 2m(flz]* + lyl*).
Substituting y = % Tz in place of y in the above equation, we get || Tx| < m||z||.
x

Hence ||T|| = m.
Theorem 2.8 Let T € B(H). Then

1) Let A\ = inf ;=1 (Tx, x). If there exists an x1 € H such that ||z1]| = 1 and A = (Txy, 1),
then X is an eigenvalue of T with corresponding eigenvector xq,

2) Let = sup, =Tz, x). If there exists a xo € H, ||zaf| =1 such that p = (T'xq, x2), then
1 s eigenvalue value of T with corresponding eigenvector xs.

15



2.2. CLASSES OF OPERATORS ON HILBERT SPACES

Proos.1) Let a € C and v € H, by defintion of A\, we have
(T(x1 + av), 1 + av) > XMz + av, x; + aw).

Hence
(Txy,21) +a(Txy,v) + (Tv,z1) + [a]*(Tv,v) > Xz, 1) + (v, 21) + Mo, 21) + Na|* (v, v).
That is

(Txy, 1) 4+ 20R(Tv, 1) + |a*(Tv,v) > Mz, z1) + Ma|?(v,v) + 2Ral(z, v).

Substituting A\ = (Tx1,21) and taking o = r{v, (T — A )x1), r € R, we can conclude that
(v, (T — A )z1) = 0 for each v € H. Hence Tz = A\z;.
The proof of the other statement follows by taking —7" in place of T.

Theorem 2.9 Let T € B(H). Then
Tis self-adjoint <= (Tx,x) € R for allx € H.

Proof.Assume that 7' is self-adjoint, then Vo € H, (T'z, z) = (x, T*z) = (x, Tz).
Then (Tz,z) = (Txz, ), therefore (Tx,z) € R for all x € H.

Conversely, suppose that (Tz,x) € R for all z € H, then

(Tx,x) = (x,Tx) = (T*z,z) = (T — T*)x,x) =0 for all z € H

We get T —T* =0= T =T, hence T is self-adjoint.

Lemma 2.9 Let T € B(H) be a normal operator, for all X € C, then T'—\I is normal operator.
Proof. We have TT* = T*T, then

(T — ANI)(T = XI)* = (T —X)(T* - \I)

TT* — \T — NT* + M\
T*T — XT* — T + A\
T*(T — M) — X[(T — M)
= (T* = MN)(T — \I)

= (T = XD)*(T — \)

Hence T'— Al is normal operator.
Theorem 2.10 (Fuglede’s theorem) Let T' € B(H) be normal operator and S € B(H). Then
TS =ST =TS =ST".
Lemma 2.10 Let T' € B(H) be normal operator, Then
1) |Tx|| = ||T*z|| for all x € H,
2) If there exists a > 0, ||[Tz| > a||z| for all x € H. Then Ker(T*) = 0.
Proof.

DT is normal <= T"T —TT* =0 VeeH: ((T"T —TT")x,z) =0

Vee H: (T"Tx,x) = (TT" z,x)
VeeH: (Tx,Tx) = (T"z,T"z)
Ve e H:||Tz|? = || T* x|
VeeH: ||Tx| = ||T"|.

171170

2) T'is normal <= Vz € H : ||Tz|| = ||T*z||, let x € Ker(T*) <= T*z =0
Then 0 = ||T*z|| = [|[Tz|| > a|lz|| = ||z|| =0 <= 2 =0 = Ker(T*) = 0.
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2.2. CLASSES OF OPERATORS ON HILBERT SPACES

Corollary 2.5 Let T' € H is a normal operator. Then the following are equivalent
1) T is invertible,
2) There exists o > 0 such that | Tx| > a||z| for all x € H.

Theorem 2.11 Let T' € B(H) be a normal operator and n € N, then ||T"| = ||T||" .

Proof. For all n € N: ||T™] < ||T'||" is always held.
So we need to prove that ||T||" < ||T"|| for all n € N, in case T is normal.
By induction. First, for n = 2, let x € H then:

|IT2|* = Tz, Tz) = (T"Tz,x) < ||T"Tx|]|z].
On the other hand, we have:
|T%x||? = (T?x, T?x) = (T"TTx,Tz) = (TT*Tx, Tx) = (T*Tz, T*Tz) = | T*Tz|?
Then ||T?z|| = || T*Tx|| for all x € H, therefore | Tz||* < ||T%z||||z|| < ||T?||||z||? for all z € H
Thus ||T* < |77
Second, suppose that ||T']|" < ||T™]| is true, and let’s prove that | T'||"** < ||T""!]] is also true.
Let x € H:
|T"z||? = (T"x, T"z) = (T*T"z, T" ‘a) < [|T*T"z||||T" 'z
But

|T*T"z||* = (T*T"x, T*T"x) = (TT*T"x, T"x) = (T*T"x, T"x) = (T 'z, T x) = || T" 2|2

Then
Ve e H: |[|T"T x| = ||T”+1:E||.
Thus
Vo e H: || T x||* < [T ||| T 2.
Therefore
T2 < ([T T < (et
So that

1 < Iz

But we have that [[Z]*" < |77]]%, then [T < [T+ [[|Z]]"Y, thus [T+ < 7741,
Hence ||T"]] = || T||" for all n € N.

Theorem 2.12 Let T € B(H) be a strictly positive operator with closed range Ran(T), then
T is invertible.

Proof.Let T € B(H) such that T' > 0 <= Vz € H\0, (Tz,z) > 0.

Assume that {0} ¢ Ker(T) = Jzg € H {0} : 29 € Ker(T) = Taxog =0 = (Txy, z0) = 0.
But this contradicts 7" > 0, then Ker(7T) = {0}.

On the other hand, since T' > 0 = T is self-adjoint=—= Ker(T) = Ker(T*) = {0}.

We know that Ker(T*) = (Ran(T))* = {0} = Ran(T) = H.

Since Ran(T) is closed = Ran(T') = H.

Hence T is bijective = T' is invertible.

Corollary 2.6 If H is finite-dimensional and if T € B(H) is strictly positive, then T is in-
vertible.
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2.2. CLASSES OF OPERATORS ON HILBERT SPACES

Proposition 2.2 Let T' € B(H) be a positive operator and n € N. Then
1) T™ is positive,
2) If T is invertible, then T~ is also positive.

Proof. 1) Since T is positive = T is self-adjoint, if n is even, then there exists k£ € N such
that n = 2k.
Let x € H

(T"z, ) = (T%x, 1) = (T*x, (T*)*z) = (T*x, (T*)Fx) = (T*z, T"z) = ||T"z|* > 0.

In this case T™ is positive.
If n is odd, then there exists k > 0 such that n = 2k + 1. Let x € H

(T, x) = (T x, 2) = (T" e, TF2) = (TT* 2, T*2) > 0 (becaus T is positive).

Overall Tn is positive for all n € N.
2) Assume that 7T is invertible, and we have Vo € ‘H : (T'z,z) > 0, then

Ve € H :(TT ', T 'z) >0
Thus Vo € H{x, T 'z) > 0= Vo € H: (T 'z,z) > 0, therefore T~! is positive.
Theorem 2.13 (Generalized Schwarz inequality) Let T € B(H) be a positive operator. Then
Va,y € H: [Tz, y)|* < (Tx,2){Ty,y).
Proof.Let t € R and x,y € H, since T' is positive we have :

0 <(T(x+ty),z+ty) = *(Ty,y) + t((Tz,y) + (Ty,z)) + (T, x)

But (Ty,z) = (y, T*x) = (y,Tx) = (Tx,y) = (Tx,y) + (Ty,z) = 2R{Tx,y).
Then Vr,yeH VieR:t*(Ty,y)+2tR(Tx,y) + (Tx,z) > 0.

Since  t*(Ty,y) + 2tR(Tx,y) + (Tz,x) < t*(Ty,y) + 2t|(Tx,y)| + (Tx, ).
Thus  Vz,y € H,Vt € R: t*(Ty,y) + 2t|(Txz,y)| + (Tz,z) > 0.

Therefore Vo, y € H : A = 4(Tx,y)|? — 4Tz, z){Ty,y) <O0.

Hence Va,y € H|(Tz,y)|* < (Tw,z)(Ty,y).

Lemma 2.11 Let U(H) be the set of all unitary operator in B(H), Then U(H) is a closed
subset of B(H).

Proof. Let (T),)nen C U(H) convergent to T' € B(H).
The function 7' —— T™ is continuous, then 7" — 7T™. and sinec the multiplication map

B(H) x B(H) 3 (X,Y) —s XY € B(H)

is continuous, have T*T = lim 7T, and TT* lim T,T7 , so we immediately get T*T = TT™.

n—aoo n—aoQ

Then T' € U(H) and U(H) is closed.
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2.2. CLASSES OF OPERATORS ON HILBERT SPACES

Corollary 2.7 Let T € U(H), then T* =T e U(H).
Theorem 2.14 Let T' € B(H) is unitary if and only if || Tx|| = || T*z|| = ||z|| for all x € H.
Proof. T'€ U(H), then

Vo € H||Tz|)? = (Tx, Tx) = (x, T*Tx) = (x, TT*z) = (T*x, T*z) = | T*z|*.

And
|Tx|)? = (Tx,Tx) = (x,T*Tx) = (x,z) = ||z|?

Hence |[Tz| = [[Tx| = |||
Proposition 2.3 Let T, S € B(H), Then
1) T,S €eU(H), then TS e U(H),
2) T € U(H) if and only if T is an isometry with Rar(T) = H.
Proof. 1) T, S € U(#), then
TS(TS)* =T(SS)T*=TT*=1=5*S = S(T*T"S = (TS)*TS

Hence T'S € U(H).

2) If T € U(H) = T is an invertible isometry, and since T is invertible, then Ran(T) = H.
Now suppose that T is an isometry with Ran(T") = H, since T is an isometry = Ker(T) = 0.
And we have that R(T) = H = T is bijective = T is invertible.

We have that T*T = [ = T*TT ' =T = T-! =T~

Then T*T =TT =TT ' =TT* =1 =TT =TT* = 1I.

Therefore T' is unitary.

Proposition 2.4 Let T € B(H), Then
T is isometry <= (Tz, Ty) = (x,y) Vx,y € H.
Proof.

Ve,ye H (Tx,Ty) = (z,y) <= Ve,yeH: (T"Tx,y) — (x,y) =0
— Ve,yeH: (T"T —Izx,y) =0

— T"T =1
<

T is isometry.

Theorem 2.15 T € B(H) is hyponormal if and only if |Tz| > ||T*x|| for all x € H.
Proof.

T is hyponormal <= T*T —TT* > 0 VeeH: (T°T —TT")z,z) >0
VeeH : (T"Tx,z) > (TT z,x)
VeeH: (Tx,Tx) > (T"x, T x)
Vo € H:||Tz|? > | T* x|

Ve e H: ||Tx|| > || T ||

1111t
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2.3. SQUARE ROOT AND THE ABSOLUTE VALUE

Proposition 2.5 Let T € B(H). Then
T is positive = T is self-adjoint = T'is normal = T'is quasinormal = T'is hyponormal.

Proof. T is positive = T is self-adjoint = T'is normal (clear).

Let T' be a quasinormal operator <= (T*T)T' = T(T*T), then (T*T)T = (TT*)T.

Thus Ve € H : (T*T — TT*)Tx =0 = Va € Ran(T) : (T*T — TT*)x = 0.

Let’s prove that Vo € Ran(T) : (T*T — TT*)x = 0, let x € Ran(T) <= 3I(xn)nen C Ran(T)

such that z,, —— z
n—o0

Vn e N: (T*T — TT*)z,, = 0, since T and T™* are bounded, we obtain :
lim (T*T — TT*)z, = 0 = (T*T — TT*) lim 2, = 0 = (T*T — TT*)x = 0.
n—>-s~o0

n—ao0

Then Vo € Ran(T) : (T*T — TT*)x = 0, therefore

(17T) = (TT7) (2.4)

|Ran(T) |Ran(T)

From theorem of orthogonal decomposition, we have H = Ran(T) & (Ran(T))*, also we know
that (Ran(T))* = Ker(T™).
Then H = Ran(T') & Ker(T*), let © € Ker(T*) <= T*z = 0. Then:
Vo € Ker(T*) : ((T*T — TT*)z,x) = (T*"Tx — TT*z,x) = (T*Tx,z) = (Tx,Tx) = ||Tz||*> > 0,
then

(T°T = TT") |Ker(r+) = 0 (2.5)

So Vx € H, there exist x; € Ran(T) and xo € Ker(T*) such that x = x1 + x5. Using (2.4), we
get:
(I =TTz, x) =
T*T — TT") a1, 1) + <(T T — TT")as, x2)
Y+ (T*T — TT*)x2, 21)
T*T — TT")xg, x9) + (x1, (T*T — TT™)x3) + (I"Tx9, x1)
)+ (a1, T*Txs) + (T*Txs, 1)

If x; € Ran(T), then Jy € H such that x; = Ty, using the fact that (T*7T)T = T(T*T') and
xy € Ker(T*), we get:

(1, T"Txe) = (Ty, T"Txs) = (T*TTy, x9) = (TT Ty, x9) = (T"Ty, T x5) = 0.

And since (T*Txq, x1) = (x1, T*Tx3), then (xy, T*Tx9) = (T*Tx9,x1) = 0 for all x; € Ran(T).
Let 21 € Ran(T), then there exists (y,) C Ran(T) such that lim y, = xy, then:
—00

Vn € N (yn, T"Txo) = (T"Txo,y,) =0 = lim (y,, T"Txy) = lim (T"Tx,y,) =0
n—aoo n—ao0
= (lim y,,T"Txe) = (T"Txs, lim y,) =0
n—--:oo n—-—ao0
= (11, T"Txy) = (T"Tx9,21) =0 for allxy € Ran(T).

Then (T*T — TT*)z,z) = ((T*T — TT*)x9,x2) > 0 for all z € H (by(2.5)).
2.3 Square root and the absolute value

Defnition 2.4 Let T € B(H). A square root of T is a positive operator S € B(H) such that
T =52
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Defnition 2.5 Let T' € B(H). Then the commutant of T is denoted by {T'} such that
{TYy={SeB(H):TS=5T}
Corollary 2.8 Let T € B(H). then
1) {T} C {T"} for alln € N,
2) If X € C {0}, then {\T} = {T},
3) {T} C {p(T)} where p(T') is a polynomial of T'.

Defnition 2.6 Let (T,,)nen C B(H) be a sequence of self-adjoint operators, then (T,)nenis said
to be bounded monotone increasing, if there exists T € B(H) such that
NH<hh<---<T,<---<T.

Theorem 2.16 If (T,,),en C B(H) a sequence of positive operators is bounded monotone in-
creasing, then there exists a positive operator T € B(H) such that T, 5T

Corollary 2.9 If (T),)nen C B(H) is bounded monotone increasing, then there exists T € B(H)
such that T,, > T.

Theorem 2.17 Let T € B(H) be positive. Then T possesses a unique positive square Toot
denoted by Tz. Moreover, if S € B(H) is such that TS = ST, then T3S = ST=.

Proof. First of all, if ' = 0 = S = 0 verifies S? = T, S = 0 is the unique positive square
root of T = 0, because if 35" € B(H) a square root of T’ such that

S" £ 0= ||Sz|]* = (S'z,S'x) = ((§")%*x,z) = 0,Vx € H.

Then S’ =0 = T2 = 0 is the unique positive square root and {T'} = {0} = {T'z}.

1 1
Assume that T # 0, we know that 7" < ||T'||I, then mT < I let T = WT, thus 7" < [.
Let S,, be defined as follows :

1
So=0 and VYn €N SnH:SnJri(T’—Sﬁ)

1
Note that S, is written as a polynomial of 77 , and its coefficients are real, for example S; = §T’

1
and Sy =T"— g(T’ )2 and so on, and it can be easily proved by induction. By Lemma 2.8 S, is
self-adjoint for all n € N, moreover {T"} C {S,,} for all n € N by Corollary 2.8. We have that :

So< S < <8, << T (2.6)

1 1 1 1
1 1
Then Vn>0: I — S, = 5([ -7+ §(Sn —I)2
Since 7" < I, and (S,, — I)? > 0 for all n > 0, therefore Vn > 0: I — S, >0
Since Sy = 0, we obtain that Vn > 0: S, < I.
Now we just need to prove that, Vn > 0: 5, < 5,11
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1
By induction. First, for n = 0, we have Sy = 0 and S; = §T’ — 5, < S
Second, assume that S,, < S, is true, and let’s prove that 5,1 < .S,,12 is held.

Spio— Sty = Spiit %T’ 25,3“ S, — %T’ + %s};
= 28— Sut St — 55
= %(1 + 82 -28,) — %(1 + 52,1 —2S,41)
= U= S0P = Sun)?

We have I — S,, — (I — Spy1) = Spy1 — Sn >0, then I — S, <1 -—5,.

1 1
Therefore (I — S,11)? < (I —S,)* (by Corollary 2.8), so that 5([ —Sn)? — 5([ — Spt1)? > 0.
Hence S, 12 — Sp11 > 0, which means that S0 > Sp41.

Then (2.6) is held. By applying Theorem 2.16 on (Sy),en, 3 S € B(H), a positive operator
such that S,, = S.

Since S, 41 = S, + %(T’ — S52), then S =S + %(T’ — S§?), thus S? =T"

Now let’s prove that {T"} C {S}, let R € {T"} and x € H. Using the fact that R is continuous
and {1} C {S,}, we obtain :

RSz = R( lim S,z) = lim RS,z = lim S,Rx = SRx, hence RS = SR
n—> 00 n—» o0 n—00
Then {T"} C {S}.
Now let’s prove the uniqueness of S that satisfies S? = T” , assume that there exists a positive
operator S" € B(H) such that (S")? = T". Then:

TS = (528 =9T = S c¢ {T'y = 5" € {S} (since {T} C {S})

Then (S — 5')(S+ 5") = 5% — (8)? — S8 + 5'S =0 (since S? = (§)? =T and S'S = S9")
Thus (S —S")z =0 for all z € R(S+5’). Let’s prove that (S —5")z =0 for all x € R(S + 5").
Let © € R(S + 57), then there exists (2, )neny C R(S +5’) such that lim z, = z, then:

n—aoo

VneN: (S-S5, :O:>nli_r>noo(S—S’)xn =0= (S—S')nli_r)nooxn =0= (S—-5)z=0.
Then (S — S")z =0 for all z € R(S + 5). By orthogonal decomposition we have
H=R(S+S5)DR(S+9)"

And R(S+S5")t = N((S+5")*) = N(S+5’) (since S+’ > 0), then H = R(S + S")®N(S+5").
Let x € N(S+5') <= Sz + Sz =0

Since (Sz,x), (S'x,x) > 0, and (Sx + Sz, x) = (Sz,x) + (S'z,z) = 0.

Then (Sz,z) = (S'z,z) = 0, and since S > 0, then IR € B(H) a positive operator such that
R? = S. Then:

(Sz,x) = (R*r,r) = (Re, Rx) = |Rz||> =0 = Rt =0 = Sz = RRx = 0 = Sz = 0.

Since Sz + S’r =0 = S’z = 0 as well, then Sx = S’z =0 for all z € N(5 + 5").
Therefore (S — S")z = Sx — S’z =0 for all z € N(S + 5).
Thus (S — S")z =0 for all x € H, then S = 5’. Hence S is unique.

We get, that there is a unique positive operator S? = T” and {T"} C {S}, and since T" = ||T||

Then T = ||T5% = (||T)|25)% and {T'} = {7} c {S} = {(||T||S)z}. ( Corollary 2.8).
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The uniqueness of S gives the uniqueness of ||T]|2S. then T2 = ||T||2S is the unique positive
square root of T, and {T} C {T2}.

Then for all T > 0, there exists a unique positive square root /T, and {T'} € {T'2}, and T is
a limit of a polynomial of T as we have seen in the proof.

Corollary 2.10 Let T,S € B(H) be two positive operator such that T'S = ST. Then
(TS)z =T257.

Proof.Since T is positive, it admits a unique positive square root, which we denote by Ts.
. . . . 1

Since S commutes with 7', it commutes with T2 as well.

Let x € H. We may write (remembering that positive operators are necessarily self-adjoint)

(T'Sx,x) = (T%T%Sx,x) = <T%Sa:,T%x) = <ST%x,T%x> >0

as S is positive. Therefore, T'S > 0. Since T" and S are positive, both T2 and S exist and
are welldefined. Since T' and S also commute, TS is positive and it makes sense then to define
(T'S)z. If we come to show that

(T252) =TS
then by the uniqueness of the square root, the desired result follows. Now since 7" and S
commute, so do their square roots and we have

(T282)> = T38:T287 = T2T2525% = TS — (T252)2 =TS
The proof is complete.
Proposition 2.6 Let T € B(H) be a positive operator. Then
1 1
1) [T = T2,
2) Ker(T?) = Ker(T),
3) Ran(T?) = Ran(T).
Proof.1) Let € H, then
|IT22|)* = (T22,T2x) = (Te,z) = sup | T2z = sup (T'z,z)
ll=[I=1 [[=]l=1
Since T' > 0, then T is self-adjoint, by Theorem 2.7 ||T|| = supy -1 {1z, x).
Then || T%(|* = |||, hence || T2|| = ||T|z.
2) Ker(T) C Ker(T?), let € Ker(T) <= Tz = 0, and we have |[T2z||2 = (T, z) = 0.

Then

N|=

|T2z|| =0 < T2z =0 <= 2 € Ker(T
Therefore Ker(T) C Ker(T?).

)

Ker(T2) C Ker(T), let x € Ker(T2) < T2z =0 = T2T2z =0 = T = 0.

Then z € Ker(T), thus Ker(T2) C Ker(T). Hence Ker(Tz) = Ker(T).

3) Since Ker(T2) = Ker(T), and we have Ker(T2) = Ran(T2)* and Ker(T) = Ran(T)* (T
and Tz are self-adjoint)

Then Ran(T2)* = Ran(T)* = (Ran(T2)4)* = (R(T)4)* = Ran(Tz) = Ran(T).
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Corollary 2.11 Let T, S € B(H) be two positive operators, then

TS = ST <= T2S2 = S27T2
Proof. (=) Suppose that T'S = ST. Since T'S = ST and {T'} C {Tz}, then T2S = ST.
And since T2S = STz and {S} C {S2}, hence T2S2 = S27T%.

(=) Assume that 7252 = $2T2, then:

[NIES

— G395

[NIES

TS =T:T2535% = T283T352 = §3T353T
Thus T'S = ST.
Proposition 2.7 Let T, S € B(H) be two positive operators such that TS = ST. Then
1)IfS<T= S2<T:3,

= ST

2) (T+8)2 <T3+ 853
Proof. 1) If S < T, then T — S > 0, let
€M (T?—82)(T2+52)x, (T2 +52)x) = (T—S)a, (T +52)z) = (T2 +57)(T— Sz, z).
Since T%, Sz > 0, then T + S3 > 0, and we have that T'— S > 0, and since
(T2 + S2)(T — S) = (T — S)(T2 + S2)
Then, we get (T2 + S2)(T — S) > 0, therefore
((T% - S%)(T% + S%)x, (T% + S%)@ >0 forallz e H
Thus (T2 — S2)y,y) > 0 for all y € Rom(?ié + S2),

Let y € Ran(Tz + 52), I(yn)nen C Ran(T§ + S2) such that lim yn =y, then:

n——oo

VYn € N: ((T2—52)yn,yn) > 0= lim ((T2—52)yn,yp) > 0= ( lim (T2—52)y,, lim y,) >0
n—-aoo

n—ao0 n—aoo

Therefore ((T% — S%)y, y) >0 forall y € Ran(Tz + S%), thus
. 1
T2 -S> >0 (2.7)
|[Ran(T'24S2)

Using orthogonal decomposition theorem, we get H = Ran(T% + S5 %) @ (Ran(T 24+ 5 %))L.
But (Ran(Tz + S2))* = Ker((T'2 + S2)*) = Ker(T2 + S2), then
H = Ran(Tz + S2) ® Ker(Tz + S7).
Let 2 € Ker(Tz + S2) < T2z + Stz =0+« Sex = —Tzz, then:

(T? — 82z, 2) = (2722, 2) = 2(T2z,z) > 0
And (T2 — S2)a,z) = (2822, 2) = —2(S2x,2) <0
Thus (T2 — S2)z,z) =0 for all z € Ker(Tz + 52).
Let 2 € H, there exist #; € Ran(T2 + S2) and x5 € Ker(T2 + S2) such that © = z, + x5, then

1

(T2 — S2)z,2) = (T2 — S2) (21 + 22), 21 + 22)
= (T2 — S2)ay, 21) + (T2 — S2)as, x5)
+ (T2 = 82)zy, ) + (T2 — S2)wa, 7:)
= <(T% — S%)fﬁhxﬁ + ((T% — S%)xl,xg) + ((T% — S%)xg,xﬁ
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1

If z; € Ran(Tz + Sz), there exists y € H such that z; = (T2 + S2)y, recall that

vy € Ker(T? + %) and using the fact that (T2 + 52)(T2 — §2) = (T2 — §2)(T= + S2), we
obtain :
(T% = S2)zy,20) = (T2 — S3)(T3 + S2)y, x)
<av+s%a%—s%%@>
= ((T% = S7)y, (T + S2)az) =0

Ju

And since <(T% — 8219, 11) = <(T% — 93

(T2 — S2)ay, 25) = (T2 — S2)a9,2,) =0 Va; € Ran(T? + S2)

And we can easily extend it to Ran(T2 + S2), and we get:

(T2 — S%)ay,m9) = (T2 — S%)ag, 1) =0 Va, € Ran(T% + S3)

Then (T2 — S2)a,z) = (T2 — S2)xy, 1) > 0 (using 2.7)
Thus T2 — S2 > 0, hence S3T3.
2) We have that 7252 = S27T'2, then:

T+S—(T:+822=T+8—(T+8+2T257) = 27152

Since 7252 > 0, then —27'252 < 0, which means that 7+ S — (T2 + S%)2 <0
Thus T+ S < (T2 +52)2, since (T'+ S)(T2 + S2)2 = (T2 + S2)2(T + S), and using 2) we get:

(T +8) < ((T% +52)°)z
Since Tz + 52 > 0, then (T + S)2 < T2 + S.
Corollary 2.12 Let T € B(H) be a positive operator, then
T<I+—=T*<T+—|T| <1

Theorem 2.18 Let T, S € B(H) be two positive operators. Then

17+ 5] <X QWWHWW+V|ﬂII$D+4M‘SW) (2.8

Corollary 2.13 Let T, S € B(H) be two positive operators. Then

IT + 5| < max{|| T, [|S|I} + VT V5] (2.9)

Proof.By (2.8), we have that :

1 —
T+ < 3 (HTH RNV ”S”>2+4HT252H2>
1 .
< 3 <||T|| + IS+ TN = IS + 2||T252||>

Since max{|[ T[], S|} = 5 (I + IS+ [T} = [IS]]]), then:

1

2
1 1,1

17+ S < 5 (2max{ 7], ISI} + 2] 5¥))

Hence L
|7 + S|l < max{[|T']|, [[S|I} + |T=5=].
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Defnition 2.7 Let T € B(H), the absolute value of T is the unique positive square Toot of the
1

positive operator T*T, and we denote it by |T|, that is |T| = (T*T)z.
Proposition 2.8 T € B(H). Then

1T =171,

2)|T| =T if and only if T > 0,

3) |T| = |T*| if and only if T is normal.

Proof.1) ||| = [[(T°T)2|| = |T*T|]> = (ITI]*)2 = |T]. (we used 7] = |T|> and
7T = | TJ?). 1 1

2) First assume that |T'| = T, since (T*T)2 = T and (T*7T)2 > 0, then 7' > 0. Now suppose
that T > 0, then:

T"=T—=T'T=T> = (T*T)? =T < |T| = T.
3) Assume that |T'| = |T%|, then:
(T*T)z = (TT*)? = ((T*T)?)* = TT** = T*T = TT* <= Tis normal.
Suppose that T is normal, then T*T = TT* = (T*T)2 = (TT*)2 < |T| = |T*|.
Proposition 2.9 LetT,S € B(H) be such that T'S = ST. If T is normal, then |T||S| = |S||T.

Proof. Since T'S = ST and T is normal, we have T*S = ST*. We then clearly have from the
previous two relations:

TS =ST=T"TS =T"ST = ST*T

Hence
TS = S|T|.

Since |T| is self-adjoint, the previous equality gives (by taking adjoints) |T'|S* = S*|T'|. Hence

S*T|S = |T|S*S = S*S|T| = |T|S*S = |S||T| = |T||5],
as required.
Theorem 2.19 Let T, S € B(H) be self-adjoint such that TS is normal. Then

)
Since T" and S are self-adjoint, we may write
S(TS)=STS =(TS)*S.
Since T'S and (7'S)* are normal, the Fuglede-Putnam theorem gives
S(TS)* = (TS)*Sor merelyS*T = T'S>.
Consequently, S?T? = T'S?*T = T%S?. On the other hand, we easily see that
ITS|> = (TS)*TS =TS(TS)" = TS*T =TS

and so ) ) )
TS| = (T%5%)2 = (T?)2(5%)> = |T]|S],

as required.
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Theorem 2.20 Let T, S € B(H) be such that T'S = ST. If T is normal, then
TS| = T[S
Proof. Since T'S = ST and T is normal, we get T*S = ST* or T'S* = S*T. Hence
ITS|> = (TS)*TS = S*T*T'S = T*S*T'S = T*TS*S.
We have, T*T'S*S = S*ST*T. Consequently,
TS| = (T*TS*S)z = (T*T)2(5*S)z = |T||S].
as required.
Corollary 2.14 Let T € B(H) be normal and invertible. Then
[T =T

Proof. It is clear that
[ =TT =|T||T""|.

So, the self-adjoint |7’| is right invertible and so it is invertible and:

T =T,
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Chapter 3

Spectral Values: Definitions and Properties

We give in this chapter the main concepts of the spectrum, numerical range, spectral radius
and numerical radius of operators and give the basic results concerning them that will be used
later.

3.1 Spectrum and resolvant of linear operator

Defnition 3.1 Let T' € B(H). The resolvent set of T is denoted by p(T'), and it is defined as
follows

p(T) ={\ € C: T — A\is invertible}.
And the spectrum set of T is given by

o(T) =C\p(T) ={\ € C: T — \is not invertible}.

Defnition 3.2 A complez number A € C is called an eigenvalue of T € B(H) if there exists
x € H\{0} such that Tx = \x.

Corollary 3.1 Let A is an eigenvalue of T' € B(H) then, A € o(T).
Proof.

Since A is an eigenvalue of T = 3Jzx € H\{0} : Tz = Az
(T—M)z=0, 0£zeH
x € Ker(T — M)

Ker(T — X)) # {0}

(T — AI)is not invertible
Aeo(T)

el

Defnition 3.3 Let T' € B(H), the resolvent function of T is the map R defined by

R:p(T) — B(H)
A (T =Xt

Lemma 3.1 (The resolvent equation)
Let T € B(H), and let R be the resolvent function of T. Then

R(T; \) — R(T; o) = (A — A)R(T; NR(T; Mo), YA, Xo € o(T).
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Proof.Let T € B(H).

R(T;A) = R(T; 0) = (T=M)"' = (T = XI)™"
(T = ADTH(T = NoI) = (T = ADNT — NoI) ™
= (A=) R(T; ) R(T; Mo).

Lemma 3.2 [fT,5S € B(H) and T'S = ST, then for any X\ € p(T) and u € p(S) the operators
T,S,R(T;\) and R(S;p) all commute with each other.

Proof. It is clear that TR(T;\) = R(T; \)T, TR(S; n) = R(S; )T, SR(T; \) = R(T; \)S and
SR(S;p) = R(S; 1)S.

If A\ = p, then R(T; N)R(S; 1) = R(S; u)R(T; A). Assume that A # p, from (Lemma 1.1) we
have :

RITSNR(S: ) = 3= (R(TSN) = R(S:)) = —(R(S:p) = R(T5A)) = R(S: i RT3

Remark 3.1 If || > ||T||, then A € p(T). This is because
T ! < (T\"
R(T:N)=(T-XN""t=Xx1==-1T) =2\ —
(T:3) = (T = ) (5-1) g;(k)

T
This series converges uniformly and absolutely because ”X” <1

Theorem 3.1 Let T € B(H). then o(T) # 0.
Proof.Suppose that o(T) = 0, then p(T) = C. Fix h,k € H and define f,; : C — C by
fh’k(z) = <h, (T - )\I)_IIC>

One shows that this function is analytic on all of C and uses the Neumann series to show that
as |z| — oo we have |fy(2)] — 0. This in turn implies that f, ; is bounded. A result in
complex analysis says that any bounded entire function is constant. Since it tends to 0 it must
be the 0 function. Setting z = 0 we see that (h, T~'k) = 0 for every pair of vectors. Choosing
h =T~ 'k yields that ||T~'k|| = 0 so that T—! = 0, a contradiction.

Hence, o(T) must be non-empty.

Theorem 3.2 Let T € B(H). Then
1) o(T) is a closed set,
2) If I\ > ||T||, then X ¢ o(T).

Proof. 1) Define the map F': C — B(H) by F'(A\) = T'—XI. We have ||[F'(A\)—F(p)|| = |[A—pl,
so that F'is continuous.

We have o(T) = F~1(B(H)\G) where G denotes the set of invertible operators. Since G is
open (Lemma 2.1), we deduce that T € B(H)\G and o(T') are closed.

2) Suppose that |[A] > ||T||. Then |[A\7'T| < 1, and it follows that I — A7'T is invertible
(Theorem 2.2). Hence, T — A = —\(I — A\~'T) is also invertible. This show that X ¢ o(T).
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Remark 3.2 1) The spectrum of T is closed and bonded, then o(T') is compact,
2) It is clear that o(T) C {\ € C: |\ < ||T}.
Lemma 3.3 Let T € B(H). Then
o(T*)={\eC:xea(T)}.
Proof. Let T € B(H)

A€ p(T) <= T — M is invertible
<= (T — \I)* =T* — )\ is invertible
— e p(T)

Theorem 3.3 Let T € B(H)
1) for all P is a polynomial then o(P(T)) = P(o(T)),
2) If T is invertible then o(T~') ={\"' e C: X € o(T)}.

Proof. 1) Let A € ¢(T) and consider Q(x) = P(x) — P(A) then A is a root of Q(x) and so
there is a polynomial B € C[z| such that Q(x) = (x — \)B(z). Thus

P(T) = P(\) = (T — X)B(T) = B(T)(T — \I)

Since (T'— AI) is not invertible for A\ € o(T"), P(T') — P(\)is not invertible, soP(\) € o(P(T))
Conversely, let A € o(P(T)) then, by factoring we obtain that

Plz) = A=alz —m)--(z = )

and
P(T) ~ A= a(T — pul) - (T — i)
Since A € o(P(T)), P(T) — X is not invertible and so there is some ¢ € {1,--- ,n} such that
T — pi is not invertible.
This pi € o(T) but P(ui) = A by the first part of this discussion
2) Since T is invertible, then 0 ¢ o(T), therefore A™! is defined when \ € o(T).
Let A € C\{0} T~ ' = A" = - X\"'T"YT — XI), and A\"'T~! is invertible for all A\ € C\{0}.
Then

A€ a(T) T — Al is not invertible.
— AT — XI) is not invertible.
T-' — X7 is not invertible.

AN leao(T™).

= 1100

Hence o(T ') ={\"': X ea(T)}.

Corollary 3.2 Let U € B(H) is unitary operator,then

oU)={ e C:|\=1}
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Proof. Since |U|| = ||[U*]| =1 and U~! = U*, then:
o(U)={ e C: A\ <1}
oU)={AeC:|N\<1}

Then

ocU)={ eC:N"'eoU H)=0U"}=0lU) = {AeC: |\ <1}
- ez}

Hence o(U) ={A € C: |\ =1}

Theorem 3.4 Let T, S € B(H). Then o(TS)U {0} = o(ST) U {0}.

Proof. Let A € p(T'S)\{0} <= T'S — A is invertible.

Set R = (T'S — \)™!, then:

(TS~ AD)R = R(TS — \[) = I — TSR — AR = RT'S — AR = I
Therefore TSR = RTS =1+ AR.

(ST — M)(SRT —I) = STSRT — ST — ASRT + \I
= S(I+AR)T — ST — ASRT + A
= ST+ ASRT — ST — ASRT + \I
Y

Since A # 0, then : (ST—A[)%(SRT—[):[.

(SRT — I)(ST — A\I) = SRTST — ASRT — ST + AI
— S(I+AR)T — ASRT — ST + AI
= ST+ ASRT — ASRT — ST + AI
= Al

Since A # 0, then :

X € p(ST)\{0}.
Hence p(TS)\{0} = p(ST)\{0} <= o(T'S) U {0} = o(ST) U {0}.

Theorem 3.5 Let T € B(H) is self-adjoint, then o(T) C R.

(SRT — I)(ST — M) = I. Therefore ST — A is invertible, then

> =

Proof. Suppose A = a +ib € C with b # 0, then for any v € H
(T =Dzl = (T = M)z, (T = A)z)
= (T —al)a|* + b*[|=[|* + (T, (=ib)x) + ((=ib)z, T(x))
= (T = al)z|* + b°||=|*
> bl
where the third equality holds because (T'(x),z) = (x,T(x)) which implies that
(Tw, (=ib)x) + ((=ib)z, T(x)) = ib(T(x), x) — ib{z,T(x)) = 0

Then |[(T' = Az > bz

Hence, (T'— M) is invertible, and A ¢ o(T').

Therefore YA € C such that b # 0 we have A € p(T') <= X ¢ o(T).
Thus ifA € p(T) , then b = 0, which means that (7)) C R.
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Corollary 3.3 Let T' € B(H) be positive. then o(T) C Ry

Proof. Since Tis positive = T is self-adjoint = o(T") C R.
Suppose A € R with A < 0, then for any z € H

—Allz]]* = =Mz, 2) < (Tw,2) = Mz, 2) = (T = Nz, 2) < (T = Na||||2|
Thus —Aljz|| < |[(T'— AN)x||. T'— A is invertible, hence A € p(T).
Therefore for all A < 0, then A € p(T) <= X ¢ o(T), thus if A € o(T).
Then A > 0, hence o(T') C R;..

Defnition 3.4 Let T € B(H). Then

e The point spectrum of T is the set:

0,(T) ={A e C: Ker(T — XI) # {0} }.

e The approximate point spectrum of T is the set:

0up(T) = {A € C:3(2) C H: ||zl =1 and lim (T — M)z, =0},

Remark 3.3 We let 0,(T) denote the set of eigenvalues of T.
Lemma 3.4 If H is a finite-dimensional Hilbert space, then o(T) = 0,(T) VT € B(H).

Proof.Let T € B(H), H is a finite-dimensional, then dim(H) = dim(Ker(T)) + dim(Ran(T))
If A€ o(T)=T — A\ is not invertible

o/f T — A\ is not injective <= Ker(T — X)) #0
< J 0#x € Ker(T'— )
— Tr=M
< Aeo,(T)
o/ f T — A is not surjective <= dim(Ran(T — X)) # dim(H)
< dim(Ker(T — X)) #0
< J0#xe€ Ker(T— )
— Tr=)X\r
= Ieog,(T)

Hence o(T') = 0,(T).
Proposition 3.1 Let T € B(H), Then
op(T) C aap(T)

Proof. Let A € 0,(T), so there is a vector x € H such that Tx = Az and = # 0, it sufficies
taking x,, = ﬁ for all n € N, then A € 0,,(T).
x
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3.2 Spectral radius

Defnition 3.5 Let T' € B(H). The spectral radius of T is denoted by r(T'), and it is defined
as follows

H(T) = sup{|\| : A € o(T)}
r(T') defined when o(T) # 0.
Example 3.1 Let U € B(H) is unitary. r(U) =1 .
Remark 3.4 It is clear r(T) < ||T|| .
Lemma 3.5 Let T € B(H). Then

1) r(T7) = r(T),

2) r(T") =r(T)" Vn €N,

3) If T >0, then r(T2) = r(T)z.
Proof. 1) Since o(T*) = {\: A € o(T)}(Lemma 3.3), then:

r(T7) = sup{|A| : A € o(T")} = sup{[A| : A € o(T)} = sup{|A| : A € o(T)} = (T

Hence r(T%) = r(T).
2) We have o(T") = (o(T'))", then:

r(T") = sup{|A| : A € o(T™)} = sup{|\[" : A€ a(T)} = (sup{|A\| : A € o(T)})" =r(T)"

Therefore r(T™) = r(T)"
3) We have o(T'2) = o(T)z, then

r(T7) = sup{\: A € 0(T2)} = sup{VA: A € o(T)} = \/sup{A: A € o(T)} = r(T)
As desired.
Proposition 3.2 Let T, S € B(H), then
1) r(aT) = |alr(T),
2) r(TS)=r(ST).
Proof. 1) We have o(aT') = ac(T) = {aX: A € o(T)}, then:
r(al) =sup{A: A € o(al)} =sup{|aA| : A € o(T)} = |a|sup{|A| : A € o(T)} = |a|r(T)

Therefore r(aT) = |a|r(T).
2) We have o(T7'S) U {0} = o(ST) U {0}, then:

sup{A: A € o(T'S)U{0}} =sup{A: A € a(ST)U{0}}

ol

But
sup{A: A € o(T'S)U{0}} =sup{A: A € o(TS)}
sup{A: A € o(ST)U{0}} =sup{A: X € o(ST)}
Then
sup{A: A € 0(T'S)} = sup{\: XA € 0(ST)}
Hence

r(TS) =r(ST)
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Theorem 3.6 (Gelfand’s formula) Let T' € B(H). Then

: 1
M) = lim |||
Proof. 1) Let a,, = log||T"|| ¥n € N,We want to show that fn conveges.
n

Since Vn,m € N : ||T™™|| < ||T"|||T™ |l
We have
apm < Pl a0d Gpim < G + G

2) We write n = pm + g with 0 < ¢ < m and p € N. Then :

L
n n n
m 1

Since 22 1, and g___, 0, then P 2 1t follows that -

n n—o0 n n—oo n n—oo M

. Qn A
limsup — < —
n—soo 1 m

Then we take m — oo to obtain

. G, ..o Qm
limsup — < liminf —
n—soco 1 m—>o0 N

which implies that In s converges.
n
3) Let us denote lim ||77|= by p.
n—r-—=o0
We shall show 7(7") = p.

e First, we expand (A — T)~! formally as a Neumann series
1o (T\"
()

From the definition of p, we see that this Neumann series converges if L

Al

< 1 and diverges

P
if — > 1.
RY

o Forif 2 < 1 it means that we can find an N such that for any n > N

R

L n
T o 1T
R DR

with n < 1. Thus, the Neumann series converges. Similar argument for the divergence
proof.

e Thus, we get f{\:|A| > p} C p(T") from the convergence argument,
and f{\: |\ < p} C o(T) from the divergence argument. These two imply p = (7).

Corollary 3.4 Let T € B(H) be normal. Then r(T') = ||T.
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Proof. we have Vn € N: [|[T"|| = |T||* = lim ||T"|» = ||T|(Theorem 2.11)
n—-=o0

Since .
r(T) = lim [|T"» = r(T) = ||T|

n——oo

Remark 3.5 Notice that r(T) = 0 does not imply T = 0. For instant, the matriz
(b o)
00
has zero spectral radius but it is not zero. A bounded operator is called nilponent if r(T) = 0.
Theorem 3.7 Let T € B(H), such that T commutes with S i.e. T'S = ST. Then :
r(TS) < r(T)r(S)

Proof. r(TS) = lim ||T'S"||x, since T'S = ST, then (T'S)" = T™S", therefore:
n—oo
r(TS) = lim |[T"S"|[» < lim |[|T"=[|S"|* < lim ||T"||7 lim [|S™|* = r(T)r(S)
n—>r:o0 n—>:o0 n—>-r:o0 n—>-r:o0

Hence r(T'S) = r(T)r(5).

3.3 Numerical range of a linear operator

Defnition 3.6 Let T € B(H). The numerical range of T is denoted by W (T'), and it is defined
as follows

W(T)={(Tx,z) :x € H, ||| =1}

Defnition 3.7 Let A € M, (C). The numerical range of A is denoted by W(A), and it is
defined as follows
W(A) ={2"Ax : 2 € C", 2"z = 1}

And z* its conjugate transpose.

Example 3.2 In C? let T be the operator defined by the matrix

(33

If v = (x1,29), ||z|| = |21] + |22] = 1, we have Tx = (22,0) and (Tx,x) = w977 .

1 1
Notice that |[(Tx, )| = |xa||z:1] < 5(\1:1]2 + |z9)?) < 5 and thus

W(t)C{z:|z|§%}.

Letting z = re’?, 0 < r < =, if we choose x = (cos a, € sin ), where sin2a = 2r < 1, and

N | —

™
0<a< 4 e see that

(Tz,z) = e”sinacosa = re®.

Then W(T) = {= : |2| < %}.
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Proposition 3.3 Let T, S € B(H). o, 8 € C and U € B(H) be unitary. Then
(T) = {a} if and only if T = al,

2) W@l +pl)=aW(T)+f=az+p:2e€W(T),

(T7) ={z: 2 e W(T)},

4) WRT) = R(W(T)), and W(ST) = S(W(T)),

5) W(T + S) c W(T) + W(S),

6) W(U*TU) = W(T).

Proof. 1) If T' = al, then W(T') = {{ax,z) : ||z|| = 1} = {a}.

Assume that W(T') = {«a} Vo € Hwherel|z|| =1: (Tx,x) = a.

Vo € H(Tx,z) = a|z|]* = alz, z)
Ve € H{(T — al)z,z) = 0.
T = ol as desired.

—
—
—
—
2) Let « € H such that ||z|| = 1, then:

(T + BNz, x) = a(Tx,z) + fl{z,x) = a(Tx,z) + = W(aT + BI) = aW(T) + .
3) Let € H such that ||z|| = 1, then:

(T'"z,x) = (x,Tz) = (Tw,2) = WT™)={z: 2 W(T)}.

1

T—-1T"
22( )7

1
4) Let € H such that ||z| = 1, we know that R(T) = §(T +T7*) and S(7T') =
then :

1 1 1 1
(R(T)a, ) = {5(T + T*)e,2) = £ (T, a) + (T, 2) = (T, 2) + (T, 2)) = R((Tw, ).

Thus W(R(T)) = R(W(T)), and processing the same way, we obtain
W(S(T)) = S(W(T)).
5) Let x € H such that ||z|| = 1, then:

(T'+ S)x,xz) = Tz, z) + (Sx,x) e W(T)+W(S) = W(T +S) Cc W(T)+W(S).
6) Let x € H such that ||z|| = 1, and since U is unitary, we have ||Uz| = ||z|| = 1, then :

({UTUz,2) = (TUz, Uz) € W(T) = W(U'TU) € W(T).

Since U is surjective, then for all ||z|| = 1, 3y € H such that z = Uy, we have
lyll = Uyl = [|z|| = 1, then:

(T, z) = (TUy, Uy) = (UTUy,y) € W(U*TU) = W(T) ¢ W(U*TU).
Hence W (U*TU) = W (T).
Corollary 3.5 Let T € B(H), then

1) W(T) C R if and only if T is self-adjoint,
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2) If H is a finite dimensional space, then W (T') is compact,
3) For all z € W(T), then z < ||T].
Proof. 1) Let T € B(H) is self-adjoint, sinec Vo € H (Tz,z) € R, then W(T) C R.

2) Since H is a finite dimensional space, then the unit sphere Sy = {z € H : ||z|| = 1} is
compact. Define f : Sy, — C by f(x) = (T'x,z), then f is continuous, since: Vx,y € Sy :

|f(z) = fW)] = T2,2) — (Ty,y) + (Ty,x) = (Ty,x)| = [(Tz—Ty,z)+(Ty,v —y)|

[(Tz — Ty, z)| + Ty, z — y)|
17Nz = yllllzll + 1Tz =yl Iyl
2[ T [lz = yll

IA A CIA

Therefore f is continuous, and since W(7T') = f(Sy), then W (T') is compact.
3) Let z € W(T) and ||z|| = 1, then

2= (Tx,z) < [(Tz,z)] < |T|||l=]* = [T
As desired.

Theorem 3.8 Let T € B(H). Then o,,(T) C W(T).

Proof. Let us take A € 0,,(T) and a sequence {x,} of unit vectors and lim (7" — A\)z,, =0

n—oQ
that satisfies
(T — A)x,|| — 0

The Cauchy-Schwarz inequality then gives us that

(T = ML), )

| < IK(T = ADan) [zl = [[(T = A)an|| — 0.

From the inequality above we can conclude that (T'x,, z,) — A, so A € W(T).
Proposition 3.4 Let T € B(H). Then o,(T) C W(T).

Proof. Let A € 0,,(T'), then there exists x € H where ||z| = 1 such that Tx = Az, then:
A= Az||* = Mz, 2) = Mz, 2) = (To,2) = A= (Tx,z) = A € W(T)

Therefore o,(T") C W(T).

Theorem 3.9 (Toeplitz-Hausdorff Theorem). Let T € B(H). Then W(T) is convex.

Proof. Let £ = (T'z,x) and n = (T'y,y) for any ||z|| = ||y| = 1. We want to prove that the
segment joining & and 7 is in W(T'). If £ = n, then the segment is £ and £ € W(T).
Suppose that & # n, choose complex numbers a,b such that a{ +b = 1 and an + b = 0.

Indeed a = and b = are the desired numbers. we have W (aT + bI) = aW (T') + b.

-0 -n
Consequently {0,1} € W(aT +bI) (since a§ +b =1 and an+b = 0 where ,n € W(T')). Then
we have the following:

Vie [0, 1] :té+(1—t)pe W(T) <=t e W(al +bl)
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o Let t&+ (1 —t)n € W(T), then 3z € H where ||z]| = 1 such that (T'z, z) = t£ + (1 — t)n,
therefore:

a(Tz,z) +b=tal+ (1 —t)an+b=1t(al +b)+ (1 —t)(an+0b) =t
Then t = a(Tz,z) + b. Hence t € W(aT + bI).

o Let ¢t € W(aT + bl), then 3z € ‘H where ||z|| = 1 such that t = a(T'z, z) + b, therefore:

1 U
= - = — =t 1-1
t f_77<T2‘,Z> = (Tz,z) =t —m)+n=1+(1—1)n
= &+ (1 —-t)n=(Tzz2)
Hence t£ + (1 —t)n € W(T).
Then to prove that t§ + (1 — t)n € W(T) for all ¢t € [0,1], it is enough to prove that
0,1] € W(aT + bI).
Set S = aT + bI, then:

(Sz,x) =a(Tx,x)+b=al+b=1
Therefore (Sz,z) = 1, and the same (Sy,y) = 0. Define g : R — C, by:
9(0) = (Sy, x)e™ + (Sz,y)e”

It is obvious that g is continuous.
Let 6 € R, and using e “+™) = —e=# and e'+7) = —¢? we get :

9(0 + ) = (Sy,x)e T + (Sx,y)e T = —(Sy,z)e " + (Sz, y)e? = —g(0)

Then g(6 + 7) = —g(0) for all § € R, which means that g(7) = —g(0), then
Sg(m) = —39(0).
Since g is continuous, and the sign of J¢(0) and Jg(7) are different (because Jg(m) =
—S¢(0)), by intermediate value theorem, there exists 6y € [0, 7] such that Sg(6y) = 0.
Put & = e®x. & and y are linearly independent, if not, 3a € C such that y = aZ where
o] =1 (since [|y[| = 1).
We have 0 = (Sy,y) = |a|*(S%,2) = |a|*(Sz,z) = 1, contradiction. Then, & and y are
linearly independent. Therefore ||(1 — ¢)y + tz|| # 0 for all ¢ € [0, 1]. Put
(1-t)y+tz

o(t) = 0=ty ] for all t € [0, 1]
Clearly ||¢(t)|| = 1 for all ¢ € [0,1]. Furthermore (S¢(0), $(0)) = 0 and (S¢(1), ¢(1)) = 1.
Define f(t) = (S¢(t), #(t)) for all t € [0,1]. Set 8 = ||(1 — t)y + tZ||, using the fact that
g(ei®) € R, we get:

70 = (S6,0) = =gy 4

I t(1—1t)
52

32 B?
2 t1-t), ;
= o+ e sy ) + (s
2 tl—t)
i + %g(e’eo) € R forallt € [0,1]
Thus f is a real-valued function. Moreover f is clearly continuous and f([0,1]) C W (S).
(since [}6(t) | = 1)
Since f(0) = 0, f(1) = 1 and f is continuous, then [0,1] C f([0,1]) (by intermediate
value theorem).
And since f([0,1]) € W (S), thus [0,1] C W(S).
Hence t£ + (1 — t)n € W(T) for all ¢ € [0, 1], therefore W (T') is convex.

(52,2) + ((Sy, 2) + (5%, y))
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3.4 Numerical radius inequalities

Defnition 3.8 Let T' € B(H). The numerical radius of T is denoted by w(T'), and it is defined
as follows

w(T) = sup{|A| : A € W(T)} = sup{[{Tz, )| : ||z[| = 1}
Corollary 3.6 The numerical radius w defines a norm on B(H).

Proof e If T'= 0, it is clear that w(7") = 0.
Now assume that w(7) = 0, then:

VAeW([T): A=0 <<= VoeeH,|z||=1: (Tz,z) =0
= Ve e H{Tz,z) =0
= T =0.

Hence T'= 0 <= w(T') = 0.

e Let T € B(H) and u € C. We have W (uT') = uW (T'), we get:

w(pT) = sup{[A[ : A € W(uT)} = sup{[pA[ : A € W(T)} = |p|sup{|A] : A € W(T)}
Thus w(aT) = |a|w(T).

o Let T, S € B(H). We have W(T'+S) Cc W(T') + W(S), we obtain:

w(T +8S)=sup{|Al : Ae W(T'+S5)} < sup{|A\:Ae W(T)+W(S)}
= sup{|p + pio| 1 a1 € W(T), s € W(S)}
< sup{|pa| s pa € W(T)} + sup{|po| - p2 € W(S)}
= w(T)+w(9).

Then w(T' + S) < w(T) 4+ w(S). Therefore w is a norm on B(H).
Theorem 3.10 (Equivalent norm) Let T € B(H). Then
W(T) < 1Tl = 20(T) (3.1)
Proof. Let T' € B(H). Then:
e Let x € B(H) such that ||z]| = 1, then:
[Tz, )] < [Tz < [TN]l* =T
Thus sup{| (T, 2)] : ] = 1} < |7, therefore w(T) < |,

o Let x,y € H, then:

We have that
(Tz,y) = i(<T(r+y),x+y>—(T(l‘—y),x—y>+i<T(fC+iy),x+iy>—i<T(fE—iy),x—iy>)-
Therefore
(Tz,y)| < iw(T)(Hx +yll?+ o =yl + [z +iyl® + [lz —ayll*)
= w(@)([l=]* + llyl*)
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Thus [(Tz,y)| < w(T)(||lz||* + ||y||?) for all z,y € H, then:

17 < W T y)l < W lw(T)(HﬂUH2 +lyl*) = 2w(T).
Z||=Y|l= x||=||Y||=

Hence || T < 2w(T).
Theorem 3.11 Let T € B(H). Then
1) Ifw(T) = ||T|l, then r(T) =T,
2) If € W(T) and |\ = ||T||, then A € 0,(T).
Proof. 1) Since w(T") = ||T||, then 3(x,) C H where ||z,|| = 1 such that nli_r}rloo [(Txp, x,)| =
|T]]. Set A = n@@(Txn,xn>, so [A| = ||T||, then:
(T, xn)| < | Txnlllzn]l = | Twnll < |7
Thus lim ||Tx,| = ||T||, therefore:
(T = XDyzn|2 = (T = AD)n, (T — AD)n) = | T2 + A2 = AT, ) — M, T
— (T = A F —— 2T = 2\ =0
= lim |[(T— M)z,||=0
n—s00
Therefore A € 0,,(T"), then A € o(T), and since (1) < ||T'|| and |A| = || ||, hence »(T") = ||T||

as required.
2) Since A € W(T), then Jx € H where ||z]| =1 and A = (T'z, z). Since ||T|| = [(T'z, z)|, then:

Al = [T, z)| < || Txfll«]] < T = KTz, 2)| = [Tz, )| = || T[]
Then Tz and x are linearly dependent i.e. 3 n € C such that Tz = nz, then:
A= Tz, z)=nr,xy=n=—=A=n=—=Tzr =\

Hence A € 0,(T) as desired.

1
Theorem 3.12 Let T € B(H), If Ran(T)LRan(T*), then w(T) = §||T||

Proof. We have that H = Ker(T) ® (Ker(T))*, and since (Ker(T))* = Ran(T*), then
H = Ker(T) @ Ran(T*). Since Ran(T)LRan(T*), we can easily prove that Ran(T)LR(T™).
Let # € ‘H where ||z|| = 1, then 3z, € Ker(T) and 3xo € Ran(T*) such that z = x; + x2 and
Ja? + lall? = 1.

Using the fact that x; € Ker(T) and Ran(T)LR(T*), we get:

<T.CE, .Z’> = <T(£171 + Z’Q),Qfl + .TQ) <TZ’2,.171>

1Tl [
1
TNzl + [l )

IN

IN

1
= 5ITl

1
Thus w(T") < ||T||, and we always have §HT|] <w(T) by (3.1).

1
Hence w(T) = §||TH
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Lemma 3.6 [2/] Let T € B(H), x € H such that ||z|| =1 and n € N. Then

1 - Z ;121 Ty,

H JH 5

Where u; = eV and wj = ([Tjoy 4z, (1 — 0 T))w for all j =1,2,--- ,n.
Proof. We have these two well-known polynomial identities:

1—-2" ﬁl—ukz and 1= — Z H (1 — ug2).
k=1

] 1 k=1,k#j

Since these identities remain valid when we replace z by T, then we have :

= ;Z((I—T")xaxﬂ

- <(I—T”)x,%z II @-wDzy)

j=1 k=1,k+#j
= (I —-T")x,x)
= 1—(T"x,x)

Theorem 3.13 [2/] (Power inequality) Let T € B(H), and n € N. Then

w(T") < (w(T))"

Proof. By the homogeneity of w, it suffices to assume that w(7") < 1 and prove w(T™) < 1. If
we do, then:

1 w(T) 1 1 1

oD “ =G = ey

w(

Then w(T") < (w(T))™.
Assume that w(7") < 1. Let x € H where ||z|| = 1 and z € C such that |z| < 1, then :

R —2(Tz,z) =1 —-R=Tz,x) >1—|z(Tz,z)| > 1 —|2|w(T) >1—]|2| >0
Then R(1 — z(Tz,z)) > 0. If R(1 — 2" (T"x,z)) > 0, then w(T™) < 1, since:

R(1—2"(T"x,x)) > 0= RE"(T"z,z)) <1

Tn
Choose 2" = Uﬂ note that |z| = 1, then:
(T, )|
R(ALL D) iy )y < 1= (T, 2)] < 1 = w(T™) < 1
—_— T,x)) < T,2T)| = w >
(T, )]
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3.4. NUMERICAL RADIUS INEQUALITIES

Therefore, to prove w(T™) < 1, it is enough to prove R(1 — 2"(T"z,x)) > 0 V|z| < 1
1

By Lemma 3.6, we have 1—2"(T"z, v) = 1—((2T)"z,x) = — 320, |l2;]]*(1—zu; (T
n

Then:

€X.:

=)

[EA] JII 5]

R (0] = RGNl = (T )

51 [l

x.
= —ZH:U PR(L — 2 (T =)
’ P gl JH 5

27r]1

Since |zu;j| = |e™» ?| =|2] < 1for all j € {1,---,n}, and we have that (1 — 2(Tz,x)) > 0
Then R(1 — 2 (T+—2—, 2} > 0 for all j € {1,-.- ,n}, therefore R(1 — ((2T)"z, z)) > 0.

[EA] g|| el
Hence w(T™) < 1.

Theorem 3.14 [11] Let T € B(#H), Then
1 %
w(T) < ST+ 1T (3.2)

Proof.Let ||z|| = 1, using Theorem 2.15, we get:

VT, )/ T, 7)
STl 2) + {7}z, )

IN

[(T'z, )

IN

S(IT]+ [T}, )

IN

1
|+ |T
ST+ 1T

Theorem 3.15 [18] Let T € B(H), Then

W(T) < ~(IT) + VI (3.3)

M

Proof. By (3.2), we have:
1 ‘
w(T) < ST+ 1T

And by (2.8), we have:

T+ 1T < max{[[[ 7] T+ VATV
Since [|[T[[] = /7|l = [T}, then max{[}[T[}, [T} = [|T]-

We have [[/[T]V/IT[Il < IITIT[I, and [|TIT*||| = T2 Then [\IT]\IT*[[| < /T,

therefore:
T+ 171l < |11+ VIT]]
Hence 1
w(T) < S(IT) + VI
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Theorem 3.16 [9] Let T € B(H), Then

w(T)? < S (W(T) +ITIP) .

DN | —

Proof. Let z € H such that ||z|| = 1. Using Theorem 1.3, we obtain:

(T, 2)* = (Tz,z)(z,T"z)| < %(IITHSHHT*wII+<T%T*x>)

STl + (T, 2))
< (T +ITIP).

As desired.
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Chapter I

Ky-Fan norm: Definitions and basic properties

In this chapter we give some general properties about compact operators, Ky — Fan norm and
its properties.

4.1 Compact operators on Hilbert space

Defnition 4.1 Let H be a Hilbert space, we call an orthonormal system {x, : n € N*} if

<xivxj> = {0 P77

1 i=j
Defnition 4.2 Letxy,xo,--+ ,x, € H. The span of x1, %, - , T, written span{xy, Ta, -+, Tp}
18 the set of all linear combinations of x1, o, , Xy, SO

span{xy, xa, -+ ,xn} = {onz) + agra + - + Ty, ay, Q0,0 € F}

Defnition 4.3 A set {x, : n € N*} is a basis of H if
1) {z,} is orthonormal system,

2) For allx € H.

o0

T = Z(x,xn>xn

n=1

every x € H can be expressed uniquely in the form

[e9)
xTr = E (0791179
n=1

Defnition 4.4 The space is called about H that it is separable if and only if it has a countable
orthonormal basis.

Defnition 4.5 Let T' € B(H). Then T is called a finite rank if Ran(T) is finite dimensional,
we denoted by r(T) = dim(Ran(T)).

Defnition 4.6 A linear operator is compact if, for any bounded sequence {x,} € H, the se-
quence {Tx,} € H contains a convergent subsequence.

The set of compact linear operator will be denoted by K(H).
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4.1. COMPACT OPERATORS ON HILBERT SPACE

Theorem 4.1 Let T € K(H). Then T is bounded. Thus K(H) C B(H).

Proof.Suppose that T is not bounded. Then for each integer n > 1 there exists a unit vector
x, such that ||Tz,|| > n. Since the sequence {z,} is bounded, by the compactness of T" there
exists a subsequence ||Tz,,, || which converges.

This contradicts [|7%,, || > n(r). (ie. convergence implies boundedness)

Theorem 4.2 Let T, S € K(H), and o, f € C, then oT + S is compact.
Thus KC(H) is a linear subspace of B(H).

Proof.Let {z,} be a bounded sequence in X. Since S is compact, there is a subsequence
{@n@ } such that {7z, } converges. Then, since {2y} is bounded and T" is compact, there is
a subsequence {Zn((s))} of the sequence {@,)} such that {Sx,q ()} converges.Since the sum
of convergent sequences converges, it follows that the sequence {7y (r(s)) + SZTn(r(s)) } converges.
Thus o' + S is compact.

Lemma 4.1 Let S be a compact operator on a separable Hilbert space H and suppose that
{T,,} C B(H) and T € B(H) are such that for each x € H, the sequence T,z — Tx. Then
T,S — TS in the norm of B(H).

Proof.Suppose that ||7,,S —T'S|| - 0. Then there exists a 6 > 0 and a subsequence {7}, S’}
such that
| TS — TS| > 6.

Choose unit vectors {z,s} of H such that
||(Tn(T)S - TS)@%(S))H > 0.

Since S is compact, we get a subsequence {Z,()} of {x,)} such that Sz, is convergent.
Assume that Sz,,;) — y. Then

0 < [(TnnS = TS)an| = (T = T)(S@ny = 9 + [Ty = Tyl (4.1)

Since Sxy(y — y, there exists n such that for n(r) > n,
4]

Sz —yll < =—-

1520y =yl < g5

Also as T,,-yy — T'y for ach y € H, there exists m such that n(r) > m implies

J

T~ Tyl < °.

Since {T},} € B(#) is bounded, then ||T,|| < C and ||Tz| = lim ||T,z| < C.
Hence [|T" — T[] < 2C. Now from 4.1

o o0 0

a contradiction.

Theorem 4.3 FEvery compact operator on a separable Hilbert space H is a norm limit of a
sequence of finite rank operators. In other words , the set of finite rank operators is dense in
the space of compact operators.
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4.1. COMPACT OPERATORS ON HILBERT SPACE

Proof.Let {z, : n € N*} be an orthonormal basis for H and H,, := span{z;}7_;. Then the
orthogonal projections P, : H — H defined by

n

Py =Y (y,x:);.

i=1

has the property that P,y — y for each = € H.
Now, if K is compact, then by Lemma 4.1, it follows that P, K — K in the operator norm of

B(H).
Here Ran(P,K) C Ran(P,) = H, is finite dimensional.

Example 4.1 1) If dim(H) < oo, the identity operator I is a compact operator,

2) Let H = Uy and {e,} be the standard orthonormal basis of H.

Define D : H — H by
Ty T
D(xtha"'):(x1a§)§7”')

Then D is bounded. Next, we show that D € K(H). Define D, : H — H by

n

D,z = Z(:L’,el)ei.

i=1

Then D, is finite rank bounded operator and D, — D as n —> 1. Hence by Theorem
4.3, D 1is compact,

3) Let k(-,-) € L?[a,b]. Define K : L*[a,b] — L?[a,b] by

b
(Kf)(s) = / k(s,t)f(t)dt, for all f € L*[a,b].

It can be verified that K € B(L*[a,b]). Let {x, : n € N} be an orthonormal basis for
L?[a,b]. Then @ n(s,t) = Tns)Tm) for all s,t € [a,b] and for all m,n € N forms an
orthonormal basis for L*([a,b] x [a,b]). Hence

[e.9]

k(s t) = Z <k(5>t)7@m,n(svt»gpm,n(‘s?t)

n,m=1
Let
N
kv (s,0) = D (k(s,1), @mn(s, 1)) omn(s,t)

n, 1

Now define ky : L*[a,b] — L*[a,b] by

b
(Knf)(s) :/ kn(s,t)f(t)dt, for all f € L*[a,b).

Note that Ky s a finite rank operator and Ky — K as N — oo.
Hence by Theorem 4.3, K € K(L?[a,b]).

Theorem 4.4 T, S € B(H) and at least on of the operators T, S is compact, then TS € B(H)
18 compact.
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4.1. COMPACT OPERATORS ON HILBERT SPACE

Proof.Let {z,} be a bounded sequence in X.

e If S is compact then there is a subsequence {,} such that {Sx,.)} converges. Since
T is bounded (and so is continuous), the sequence {T'Sx,y} converges. Thus T'S is
compact,

e If S is bounded but not compact the the sequence {Sz,} is bounded. Then since T must
be compact, there is a subsequence {Sz,} such that {T'Sx,.)} converges, and again
TS is compact.

Theorem 4.5 Let T € B(H). Then
1) T is compact <= T*T or TT* is compact,
2) T is compact <= T* is compact.

Proof.1) If T is compact, then T*T is compact by Theorem 4.4. To prove the converse, assume
that T*T is compact. If {z,} C H is a bounded sequence with bound M > 0, then 77Tz, has
a convergent subsequence namely T*1T'x,,say T*Tx, — y. For notational convenience we
denote the subsequence {x,u} by {,}.

For n > m, we have

| T2p — Tn|* = (T(xn —2m), T(2, — 7))
= (T"T(xp — ), (TnTm))
|T*T (2n — Zm) ||| 20 — T

<
< 2M|T*T(xp — @) |-

Hence {T'z,} is Cauchy and hence convergent.

Similarly, TT* € K(H).

2) Let {z,} € H be a bounded sequence. As TT* is compact, {TT*x,} has a convergent
subsequence, say 11"z, converging to x. Now for r > s.

1T 0y = T*2ao)lI* = (TT"(@n) = Tn(s))s Tn(r) — Tn(s))
< ||TT*(:L‘H(T) — In(s))H”l’n(r) — In(S)H —» 0 as n — oo.

That is {T" 2,4 } is Cauchy, hence convergent. Thus 7™ is compact.
By the above argument, T™ is compact implies that T** = T" is compact.

Proposition 4.1 Let T € B(H), we have
1) If T has finite rank then T is compact,
2) If either dim(#H) is finite then T is compact.

Proof. 1) Since T has finite rank, the space Ran(T') is a finite-dimensional.

Furthermore, for any bounded sequence {z,} in X, the sequence {T'z,} is bounded in Ran(T),
so by the Bolzano-Weierstrass theorem this sequence must contain a convergent subsequence.
Hence T' is compact.

2) If dim(#H) is finite then r(T') < dim(H), so r(T) is finite. Thus, the result follows from
the previous part of this proof.

Defnition 4.7 A complex number \ € C is called an eigenvalue of T' € B(H) if there exists a
vector 0 # x € H such that Tx = \x. The vector x is called an eigenvector for T corresponding
to the eigenvalue .
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4.1. COMPACT OPERATORS ON HILBERT SPACE

Example 4.2 Let H = (?. Define T : H — H by

To I3

1,?,3,---). forall (z1,75,23,---) €H

T(l’l,l‘g,fﬁ;}, o ) = (l'

Let{e, : n € N} denote the standard orthonormal basis for H. Then Te, = te,.
Hence {%} is a set of eigenvalues of T with corresponding eigenvectors e,,.

Proposition 4.2 Let T' € B(H) be self-adjoint, then eigenvectors corresponding to distinct
eigenvalues are orthogonal.

Proof.Let A and u be distinct eigenvalues of T" and x and y be the corresponding eigenvectors.
Then Tx = Ax and Ty = py. Now

pla,y) = (x, py) = (2, Ty) = (Tx,y) = Mz, y).
Since A, u € R and distict, it follows that (z,y) = 0.

Theorem 4.6 [8] Let T' € B(H) is compact and self-adjoint, then at least one of the numbers
T or —||T|| is an eigenvalue.

Proof.By Theorem 2.8, there exists a sequence {z,} C H with ||z,|| = 1 for each n such that
and A € R such that (Tx,,z,) — X\, where A = +||T|| or A = —||T.
Now

| T2, — Axp||> = [|Tx,||* + A2 = 2X Tz, 7,,)
< 222 —2XMTzp, 7,) —> 0 as n — o0.

Since T' is compact, there exists a sub sequence {1z} of {T'z,} such that Tx,,) — .

So Ty — AZyp(y — 0 as n — oo. That is z,, — Xy Hence y = lim T'z,,(,y = XTy.

Hence A is an eigenvalue.
Corollary 4.1 If T € K(H) be self-adjoint, then max =1 [(Tz,z)| = ||T].
Theorem 4.7 Let T € K(H), and X\ # 0, then

dim(Ker(T — X)) < 0.

Proof. Assume by contradiction that dim(Ker(T — X)) = oo. Then we can find a sequence
orthonormal {e, }nen C Ker(T — M), then {e,} € Ker(T — \I), we have Te,, = \e,,.
Formn # m:

[Aen — Aewm||? = 2X%.

so the sequence {\e,} cannot have a convergent subsequence. This gives a contradiction and
prove that dim(Ker(T — \)) < oc.

Theorem 4.8 Let T € K(H), then
1) If dim(H) = oo, then 0 € o(T),
2) 0# X € o(T) if and only if it is an eigenvalue of T,

3) a(T)\{0} is finite or is given by a sequence of eigenvalues tending to 0.
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4.1. COMPACT OPERATORS ON HILBERT SPACE

Proof. 1) Assume that 0 belongs to the resolvent set of 7. Then I is the composition of the
compact operator T with the bounded operator T}, so I is a compact operator. This implies
that dim(H) < oo.

2)Let A € R* (or C*). Then we have T'— A\ = A(A™'T — I). Since A\"'T is compact, Theorem
4.7 shows that (7" — \) is bijective (with bounded inverse) if and only if it is injective, so A is
in the resolvent set of T if and only if it is not an eigenvalue.

Moreover, if X is an eigenvalue of T" we have

dim(Ker(T — X)) = dim(Ker(\™'T — I)) < oc.

3) Since K is a bounded operator, the set of eigenvalues of K is bounded in R(C).

Assume that {\,},en is a sequence of distinct non-zero eigenvalues of 7' tending to some .
We prove that A = 0. For n € N we consider ¢,, € H\{0} such tha T'¢,, = \,¢,.

Then for n € N we set H,, = span{po, ¢1, - ,¢n_1} and we consider u,, € H, such that
|u,|| =1 and u,, € H- | if n > 1. Then for j € N and k > j we have

>1
YRRV =

— + up — U

Tuk TUj
e \;

_ H Tup — Mguy  Tu; — Njuj

Since Tup—Apug, Tuj—Ajuj, u;€ Hi_1. If X # 0 we obtain a contradiction with the compactness
of T.

Remark 4.1 If T is compact operator and M is a closed subspace of H, then the restriction
operator T|pq is also compact.

Theorem 4.9 [31] (The Spectral theorem). Suppose T € K(H) be self-adjoint. Then there
exists a system of orthonormal vectors x1,xo,x3,--- of eigenvectors of T and corresponding
eigenvalues A1, Ay, Ag, - -+ such that [\ > |Aa] > |Ag] > -+ > 0.

Ty = Z My, Tx) T, for ally € H.
k=1

If {\.} is infinite, then A\, — 0 as n — oo. The series on the right hand side converges in
the operator norm of B(H).

Proof.We prove the theorem step by step.

Step 1 : Construction of eigenvectors

We use Theorem 4.6 repeatedly for constructing eigenvalues and eigenvectors.

Let H; = H and T} = T. Then by Theorem 4.6, there exists an eigenvalue \; of T} and
an eigenvector x; such that ||z;|| = 1 and |\ | = ||T3]].

Now span{x;} is a closed subspace of H;, hence by the projection theorem,

H, = span{z,} © span{z}*.

Let Hy = span{x;}*. Clearly H, is a closed subspace of H; and T(Hs) C Ho.
Now let Ty = T} |3,. Then T is a compact and self-adjoint operator in B(Hs).
If T; = 0, then there is nothing to prove. Assume that 75 # 0.

Then by Theorem 4.6, there exists an eigenvalue Ay of Ty with |[Ay| = ||T3]| and a cor-
responding eigenvector xo with ||| = 1. Since T3 is a restriction of T3, |As| = ||T3|| <
T3] = Al
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Step 2

Step 3

By the construction z; and x5 are orthonormal.

Now let Hz = span{xy, z2}t. Clearly Hy C Ho. It is easy to show that T(Hz) C Has.
The operator T3 = T'|3, is compact and self-adjoint.

Hence by Theorem 4.6, there exists an eigenvalue A3 of T3 and a corresponding eigenvector
xg with ||z3|| = 1. Here |A3| = ||T3]].

Hence |A\3] < [Aa] < [N\

Proceeding in this way, either after some stage n, 7,, = 0 or there exists a sequence
A of eigenvalues of T' and corresponding vector x,, with ||x,|| = 1 and |A,| = ||T,.||- Also
| Ans1| < |An| for each n.

Af {\.} is infinite, then A\, — 0
If A\, = 0, there exists an € > 0 such that |\,| > € for infinitely many n. If n # m,

1T 2p — Tzm|* = | Ann — Am@ml|]? = A2 4+ A2 > €

This shows that {T'x, } has no convergent subsequence, a contradiction to the compactness
of T.
Hence \,, — 0 as n — oc.

:Representation of T’
Here we consider two cases

Case 1 :T,, = 0 for some n

Let y, =y — > 1 (¥, x) k. Then y, La; for 1 <i < n. Hence

0="Twyn =Ty — Z Ak Y, T) T

k=1

That is Ty =, Me(y, Tp) Tk

Case 2 :T), # 0 for infinitely many n

For y € H, by Case 1, we have

1Ty = > Ay wzel = 1Tl < 1 Tllllyall
k=1

= [alllzall < Aalllz]] — 0

Hence Ty = > 70 Me(y, ) T

Example 4.3 Define D : {5 — {5 by

To T
D(SU179627373,"')=($17§7§37"') (1, 29,--+) € {5

1
Then D € K(H) and self-adjoint. Note that De,, = %en. Hence — is an eigenvalue with an
n

: 1
eigenvector e,. Also — — 0 as n — oo. We can also represent D as

n
D(z) = Z ﬁ<$’ en)en, enien for allx = (z,) € ls.
n=1
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4.2. KY-FAN NORM AND ITS PROPERTIES

Defnition 4.8 An orthonormal system {1, xs,---} of eigenvectors of T € B(H) with corre-
sponding non zero eigenvalues A1, Ao, A3, - -+ is called a basic system of eigenvalues and eigen-
vectors of T if

Ty = Z A, Tp) T
k

The Spectral Theorem guarantees the existence of a basic system of eigenvalues and eigenvectors
for a compact self-adjoint operator.

Defnition 4.9 If T € K(H) and X is an eigenvalue of |T| = VT*T, we call X a singularvalue
of T', and we define
s(T) = A(IT).

4.2 Ky-Fan norm and its properties

Defnition 4.10 [13] Let T € K(H), {en}>, be orthonormal basis for H, The trace of T,
denoted by T'r is given by

Tr(T) = (Tex, )

k>1

where this sum equals oo if it does not converge.

Proposition 4.3 Let T, S € B(H) and o € C, Then
1) Tr(T'+ S)=Tr(T)+Tr(S),
2) Tr(aT) = aTr(t)

Proof.1) Let T\, S € B(H), then:

Tr(T+S) = Y {(T+S)ex ex)

k>1

= Z<T€’“ ex) + (Sex, ex)

k>1

= Tr(T)+Tr(S).

2) Let T,S € B(H) and « € C, then:

Tr(aT) = Z(aTek, ex)

k>1

= Za(T@k,ek)

k>1

= oTr(T).

Defnition 4.11 [22] Let T € K(H). For p € [1,00), we define the Schatten p — norm of as

=

17, = (Tr(IT17))
o Ifp=11is called the trace norm (also known as the nuclea rnorm or the Ky Fan norm),
e If p=21s called the Hilbert — Schmidt norm,

e [fp =00 is called the operator norm (||.]|c)-
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Remark 4.2 Since |T| = (I*T)z, Then the Schatten p — norm can be pet as
P\ 1
1Ty = (Tr((T7T)2))*
Defnition 4.12 Let T € B(H). define the trace norm as
1Tl = Tr(IT1)

Proof.e If T'= 0, it is obvious that ||T||; = 0.
Conversely, assume that ||7]|; = 0, then:

Tl =Tr(T) =0 = ) (ITler,ex) =0

k>1
= ) ((T"T)Ze ) =0

k>1
— ((T"T)Zep,ex) =0 forallk>1 ((T*T)Z be positive)
— (T*T)% =0 ( Use Generalized polarization identity)
— T"T' =0
— (IT"Tz,z) =0 forallz e H
— (Tz,Tz)=0 forallzeH
— Tx=0 forallzeH
— T=0

Therefore T'= 0 <= ||T'||; = 0.
o Let o € and T € B(H), then:

laT|ly = Tr(jaT) = Y (|aTlex,ex)

k>1

= ) (&PT"T)%ey, ex)
k>1
— ) |al(Tex, Tex) = o] ||

k>1

Hence ||aT||y = |a|||T|];-

o Let T, S € B(H), then:

1T+ Sl =Tr(T+5) < Tr(T[+[5])
Tr(|T]) +Tr(15])

IT[|2 + 11511

IA A

Example 4.4 Define T € B(F*) by T(21, 22, 23, 24) = (0,321, 229, —324).
A calculation shows that

T*T (21, 29, 23, 24) = (921,422,0,924).

Thus
Vv T*T(Zl, 22, %3, Z4) = (3217 222, 0, 324).

Hence ||y =3+3+2+0=38.
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4.2. KY-FAN NORM AND ITS PROPERTIES

Theorem 4.10 [12] (Courant min-maz theorem). Let H be an infinite dimensional Hilbert
space and let T' € KK(H) be a positive operator. If k € N then

in (T = M\(T) = s,(T). 4.2
diﬁlas’ikxefgﬂfﬁ\ﬂ( z,x) = M(T) = s(T) (4.2)

and

dim Sh—1 ne £i§||:1<Tx’ ) = M(T) = (). (4:3)

Proof. |T'| is compact and positive, so according to Theorem 4.9 there is an orthonormal set
{e, : n € N} such that

Tx = Z $n(T)(z, en)en.
n=1
For k € N, let Sy = \/°°, {en}. Si- = \/"_}{e,}, s0 Sy has codimension k—1. (The codimension
of a closed subspace of a Hilbert space is the dimension of its orthogonal complement.) If S is
a k dimensional subspace of H, then there is some x € S NS with ||z|| = 1. This is because
if V is a closed subspace with codimension k — 1 of a Hilbert space and W is a k dimensional
subspace of the Hilbert space, then their intersection is a subspace of nonzero dimension. As
x € Sk, there are o, € C, n > k, with

oo oo
r=Y e ol =3 ol
n=~k n=~k

As the sequence s, (T') is nonincreasing,

(Tx,z) = <Z sn(T)(z, en)en, x>

n=1
= < Sn(T) <Z amemaen>6nazamem>
n=1 m=k m=k
_ <z o) anbnen, 3 mm>
n=1 m=k m=k
— <Z Su(T) 0 X > k() En> Z amem>
n=1 m=k
- <Z Sn(T>anena Z am6m>
n=k m=k
= an(T)’O‘nP
n==k
< skl(T)D ] Jam)?
n=k
where we write
_J1 n= k
Xzh(a) = 0 n<k

23



4.2. KY-FAN NORM AND ITS PROPERTIES

This shows that if dimS = k then

inf  (Tx,z) < s(T).

z€S,||z||=1

Let M = infycg z=1 (T, ) < s,(T), and let z,, € S, ||z,]| = 1, with (T'x,,, z,) — M.
As S is a finite dimensional Hilbert space, the unit sphere in it is compact, so there a a
subsequence x4,y that converges to some z € S, ||z|| = 1. We have

(T2,2) = (Tanand] < [T2,2) = (T, 2)] + (T, 2) = (T, 22)
(T(z = @a), 2)] + (T, 2 — 2)
< TNl = @allll=l + [Tz - 2l
2Tz — .

As xqn) — 2, we get (TZq(n), Tam)) — (T2, 2). As (T, x,) — M, we get

(Tz,z)y =M= inf (Tz,x).

z€eS,||z||=1
As z € S and ||z|| = 1, we have in fact

min (Tr,z) = inf (Tx,z) <sp(T
96657|le:1< ) :ceS,||x||:1< ) x(T)

This is true for any £ dimensional subspace of H, so

sup min  (Tz,z) < s.(T).
dimS=k z€S,||z||=1

If S =S, then ex € S, |lex]| =1, and
<T6k, 6k> = <Sk<T)6k,€k> = Sk(T)

so in fact
i T = s.(T).
Juax, win (Tw,2) = si(T)

which is the first of the two formulas that we want to prove.

For k> 1, let S, = \/*_ {e,}. If Sis a k — 1 dimensional subspace of H, then S* is a closed
subspace with codimension k — 1, so the intersection of Sj, and S+ has nonzero dimension, and
so there is some z € S, NS+ with ||z]] = 1.
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4.2. KY-FAN NORM AND ITS PROPERTIES

As x € Sy there are oy, -+ , oy wWith o =) " _| aye,, giving

(Tx,z) = <

m=1 m=1
0o k k
= <Z Sn(T) Z Oémfsm n€n, Z O4m6m>
n=1 m=1 m=1
o k
= <Z Sn(T)O{nXSk(n)ena Z Clfmem>
n:l i m=1
= <Z Sn(T)CMnen, Z Oémem>
n=1 m=1
k
= Z $n(T) |t |?
n=1 .
> sp(T) Z [
n=1

This shows that
sup  (Tz,x) > s,(T).
zeSL ||z||=1
Define M = sup,egr |j,=1(Tz,z). Because M is a supremum, there is a sequence z,, on the
unit sphere in Sy_; such that (T'x,,x,) — M. The unit sphere in Sy_; is compact because
Sk—1 is finite dimensional, so this sequence has a convergent subsequence x,,) — z. As

(T2, 2) = (Twn, wn)| < 2[| T[]z — 20|

and x,,) — 2, we get
(Tz,z) =M= sup (Tz, ).

zeSt ||z]|=1
whence
max (Txz,x) = sup (Tx,x) > s;(T).
€S+t ||z|=1 z€St ||z||=1

As this is true for any k — 1 dimensional subspace S,

inf max (Tx,x) > si(T).
dz’mS:k—l;peSi,Hx||:1< @) = 5k(T)

But for S = S;_; we have e, € S+, ||ex|| = 1, and
<T€k, 6k> = <81€(T)6k, €k> = Sk(T)
which implies that
min max (Tz,z) = si(T).

dimS=k—1 "Z‘GSJ‘,”‘%H:l

Corollary 4.2 T is positive operator => T is self-adjoint operator (T* =T ).
si(T) = M((T*T)2) = M((T*)2) = M(T).

95



4.2. KY-FAN NORM AND ITS PROPERTIES

Theorem 4.11 [2] Let T € K(H), then

T) = ' Tx|.
)= e S, 11

Proof. By Theorem 4.11 we have

2 _ * o : *
s (T) = M\(T7T) = max gl”lil”:l<T Tz, x)

= max min (T, Tx)
dim S=k ze S,||z||=1

= max min |Tz|?
dim S=k ze S,||z||=1

Hence

)= R i T

Remark 4.3 Let T € B(H). Then the singular values of T are the nonnegative square root of
the eigenvalues of T*T i.e.
Sz‘:\/)\i ’i:O,l,Q,--'

Theorem 4.12 [25] Let T, S € K(H), then

Proof. By Theorem 4.11 we have

se(T+S) =  min max ||(T+ S)z||

dim S=k—1 xe Si’Hxnzl

< min max  (||Tz|| + [|Sz]|)
dim S=k—1 xEe SJ‘,H"L‘HZI

=  min max [|[Tz||+ min max  [|Sz||
dim S=k—1 g€ SL ||z|=1 dim S=k—1ze SL ||z|=1

= Sk(T> + Sk<S)

Theorem 4.13 [10] Let T € K(H) and s1(T) > so(T) > --- > 0. the singular values of T.
The Ky Fan k —norm defined as

k

Ty = 5i(T) k=12,

j=1
Proof.

e The singular values of T'= 0 are all zero, so ||T||) = 0.
Furthermore, as singular values are always non-negative, there does not exist a operator
T with negative singular values, so for ||7'||) = 0, 7" can only be 0.
Hence T'= 0 <= ||T||(x) = 0.

(k)
ITlw =0 = > s;(T)=0
j=1
= s5;,=0 foralll<j<k(s; non— negative)
— T =0.
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4.2. KY-FAN NORM AND ITS PROPERTIES

e Let o € and T € K(H), then:
The singular values of oT" are eigenvalues of v a?T*T, so

V2T = |a|VT*'T = s;(aT) = |a|s;(T)
k
= |laTllw = Z |a]s;(T)

k
— laT|@ Z

o Let TS € K(H), from Theorem 4.12 we have

k
IT+ Sl = > s(T+S)

1

J

IN
-

k
SJ +Zsj
7j=1
= [Tl + ||S||
Lemma 4.2 [17] Let T € K(H), then

Proof. By Theorem 4.11, then

sp(T) = min ma Tx
k(1) o SL’H?;”:lH |
=  min max  ||T"z|
dim S=k—1 g€ §L |z||=1
= Sk(T*)
As desired.
Corollary 4.3 Let T € K(H), then
1T ey = 11T (| ky

Theorem 4.14 [17] Let T € K(H), and S € B(H), then
15T [y < ISTIT M ry

Proof. By Theorem 4.11, then

T) = i a Tz||.
si(T) dimn.%'lzr}ﬂflxegin};\\:l” l
Hence
s(ST) = min max [|[STz|| <  min max  (||S]|[|7Tz]])
dim S=k—1ze S+ ||z||=1 dim S=k—1ze St |z|=1
= |IS] min max |7zl
dim S=k—1 e SJ‘,HI”:l
= [ISTIT e
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4.3. INEQUALITIES

Corollary 4.4 Let T € K(H), and S € B(H), then
IS ky < ST vy
Proof. Since ||T'||x)y = || T ||(x), then
TSy = (TS My = 15T Ny < NSTINT Ny < WSTHIT M ry -
As desired.

4.3 Inequalities

Lemma 4.3 Let T € K(H), then ||T|| = ||T||, = s1(T).

Recall that s1(T) > so(T) > - - -
Proof. Let T € K(H). By Corollary 4.1, then
max [(T*Tx,z)| = A\ (T*T) = | T||*.

[[=]|=1
Hence
s1(T) = [T
Recall that A\ (T) > \o(T) > --- .
Theorem 4.15 Let T € K(H),then

1
E”T“(k) < TN < T k=1,2,---.

Proof. e Since ||T|| = s1(T), then

k
Tl =s:(T) < su(T)+> s(T) k=23,

Jj=2
k'=1 k
= si(T) + ) s;(T) k=23,
i=1 j=2
k
= > si(T) = ITllw) k=12,
j=1

e Let T € K(H),then
AT) € 0p(T) = MT) <|T|
= (AT"T))* < (IT)P)?
= MT) < |7
— s(T) < |7
For all 5;,(T), j=1,2,--- ,kand k =1,2,--- we have

WE

s;(T) < [IT| = s;(T) < k||

1

<.
Il

= Tl < I

ol

As desired.
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4.3. INEQUALITIES

Corollary 4.5 Let T € K(H),then
o 1Tl < (T) < [T
Proof. By Theorem 3.10 and Theorem 4.15, we get inequality.
Remark 4.4 ||T||), |T|| and w, are equivalent norms.
Theorem 4.16 Let T € K(H), then
(k= 1)sp(T) + w(T) < ||T]|& k=1,2,---.

Proof. Let T' € K(#), and by Theorem 3.10 we have

w(T) < ||T.

Thus
k

s;(1) <Y s5(T)

J=1

k
W) < Tl =5:(T) = w(I)+,

On the other hand, we have:

sk(T) <'s; j=12---k = s(T) <s; j=2,---

j=2
Hence
k
(k= Dsp(T) +w(T) < w(T)+> s k=23,
j=2
k
< 7|+ 5 k=23,
j=2
= ||T||k k=12,
Therefore

(k= Ds(D) + (D) < [Tl k=12,

Theorem 4.17 Let T € K(H) and S € B(H), then

1
WA(TS) < S1ISI (111 + 1T llw)

Proof. By Theorem 3.10 and Corollary 4.5 we have
W) < 5T+ 1Tl
Thus
W(TS) < (TS| + |TS]w)
< ZISIATI + T ).
As desired.
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4.3. INEQUALITIES

Theorem 4.18 Let T € K(H),then

n 1 n—
W(T) < SIT* AT+ 1T ls)-
Proof. By Theorem 3.10 and Corollary 4.5 we have

W) < 5T+ 1Tl o)

Thus
W) < ST+ 1T )
< ST T+ 1T W T ) (using Corollary 4.4)
< IO+ 1T
As desired.

Theorem 4.19 Let T € K(H),then
17"l < N7 T Ny < TN
Proof. By Corollary 4.4, then
1Tl < 1T T ey < DTGy TNy = 1T I1Gy-

Corollary 4.6 Let T' € IC(H) is a normal operator, then
1T @y = T[Ty == Tl xy = 2(T).

Proof. By Theorem 4.19, we have

1T = 1Ty = ITI = 17" 1T s
= Tl = ) =
=TI = s(T)
= Tl = 5:(T).
Theorem 4.20 Let T € K(H),then
AT < I BT+ 1Tw).

Proof. Using Theorem 3.16, we obtain:

WTP < () TP

2
1
(G171 QT+ 1) + 1717

1
3 1

= Z|\IT|I>+ =TT
TITIP + TN

VAN

2
1
= Il GITI+ 1T Nl wy) -
Therefore

1
w(T)* < ZITIGITI+ T los) -
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Conclusion

It this thesis, we give some preliminaries on Hilbert spaces and important theorems and prop-
erties. Then, we study bounded linear operators in detailed, and we provide some vital linear
operator classes, also we define the square root and the absolute value of an operator. After
that we present the following notions, spectral radius, numerical range and the numerical radius
of an operator. And we provide some recent inequalities involving the usual operator norm and
the numerical radius. Our work in this thesis, we define the Ky — Fan norm on K(#H) that
is equivalent to the usual operator norm, and we study some of its properties. Also we see its
applications on the inequalities between the usual operator norm and the numerical radius. We
obtain some inequalities, and a refinement for others, as we see in the last chapter.
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