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List of symbols

We use the following notations throughout this thesis

Notation

R: set of real numbers.

R?: the d-dimensional Euclidean space.

S?: the space of second-order symmetric tensors on R?

Q: an open, bounded, and connected set in R? with Lipschitz boundary.
I' = dQ: the boundary of Q.

[i(i=1,3,a,b): apartition of the boundary T..

measI': the d — 1 Lebesgue measure of the I';.

v: the unit outward normal vector to I.

uy: the normal component of the vector u.

uz: the tangential part of the vector u.

Oy: the normal component of the tensor ©.

o:: the tangential part of the tensor ©.

C'(Q): the space of continuously differentiable real functions on Q.
H=1*Q).

H = LQ)x4,

Hy =H'(Q).

s ={0ce€|Divo € H}.

H? (I'): the Sobolev space of order % onI.



H? (T): the dual space of H? (T').
H{. dual of Hr.

Y : Hy — Hr : the trace mapping for vector functions.

If X is a real Hilbert space and d € N*, we use the following notation:
X ={x=(x)|xeX,i=1,d}.

X4 = {x = (xij) | xij = xji € X, i, j = 1,d}.

(.,.)x: the scalar product of X.

||-|lx: the norm on X.

2X: the set of all parts of X.

X': the dual space of X.

(.,.)x'xx: the duality product between H' and H.
If moreover [0,7] is a time interval, k € N and 1 < p < +o0, we denote by

C(0,T;X): the space of continuous functions from [0, 7] to X.
C'(0,T;X): the space of continuously differentiable functions from [0, 7] in X.
LP(0,T;X): the space of measurable functions of (0,7) in X.

WkP(0,T;X): is the Sobolev space of parameters k and p of (0,7) in X.

For a function u, we denote by

u: the first derivative of u with respect to time.
du: the (classical) sub-differential of u.

Vu: the gradient of u.

Div u: the divergence of u.

domy ={veX|y(v) < +4oo}: domain of y.

epiy ={(v,a) € X xR | y(v) < a}: epigraph of y.
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Introduction

Contact mechanics is a very extensive field which embraces several phenomena of contact
between deformable solids or between a body and a rigid base. These contact phenomena
appear abundantly in our daily life as in the mechanics of structures, and more particularly in
the automotive sector, aeronautics (cracks in composites and fiber/matrix interfaces), energy
production ( assembly of structures, cracking in welded joints) and transmission systems. As
a result, a considerable effort has been done in its modelling and numerical simulations. See
for instance [28, 50, 55] and the references therein.

Piezoelectricity is the property possessed by certain bodies of becoming electrically po-
larized under the action of a mechanical constraint called the direct effect of piezoelectricity.
The inverse piezoelectric effect is the ability of a body to deform when subjected to an electric
field. More generally, the direct effect makes it possible to produce sensors (pressure sensor,
etc.). While the reverse effect is used in the manufacture of actuators such as piezoelectri-
cally controlled injectors in automobiles, piezoelectric dampers which play a fundamental
role in attenuating unwanted vibrations and ultrasonic transducers which apply in the field of
medical imaging in ultrasound for example. Many crystalline materials exhibit piezoelectric
behavior. A few materials exhibit the phenomenon strongly enough to be used in applica-
tions that take advantage of their properties. These include quartz, Rochelle salt, lead titanate
zirconate ceramics, barium titanate and polyvinylidene fluoride (a polymer film). They form
one of the categories of so-called intelligent materials. They are adaptive, scalable and com-
bine both material and functionality. The mathematical study of piezoelectric phenomena is
due to Voigt 1894 whose work is gathered in a work which serves as a reference [58] . Other
works followed [32, 41, 43, 45].

Processes of adhesion are important in many industrial settings, adhesion is either direct
(it takes place only for very smooth and extremely clean materials (mica or silicon for ex-
ample), or mediated by an intermediate material. To model the process when bonding is not
permanent, and debonding may take place, there is a need to add the adhesion process to the
description of contact. Based on the ideas of M. Frémond [22, 23]; the idea is to introduce
an internal variable of surface called adhesion field, which takes its values between zero and
one and which describes the fractional density of active links on the contact surface. These
models can be found in a large number of recent publications, see for example [17, 33, 35]
where problems of contact with adhesion and without friction have been studied and [12]
where numerical treatments applied to the interface have been developed. An application of
the adhesive contact theory can be found in [48] where the importance of adhesion between
implanted bone and tissue has been described.
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Damage is a very important phenomenon in engineering because it directly affects the
structure of machines. Because of the importance of this topic, an increasing number of
engineering publications dealing with damage models have appeared. Models taking into
consideration the inuence of the internal damage of the material on the contact process have
been studied mathematically. Mathematical analysis of one-dimensional problems can be
found in [26] . The first models of mechanical damage from thermodynamic considerations
appeared in [21]. Recent general models in [24, 25, 27, 40] derive from the principle of virtual
power. In all these works the damage of the material is described by a damage function a
restricted to have values between zero and one. When o = 1, there is no damage in the
material, when o = 0, the material is completely damaged, and when 0 < o < 1, there is
partial damage and the system has reduced capacity.

The general theory of thermo-piezoelectricity was introduced by taking into account the
finite speed of thermal turbulence propagation by Chandrasekhariah [18, 19]. The study of
the effect of heat conduction on shift in the frequencies of a freely vibrating linear thermo-
piezoelectric body with the help of perturbation methods was made by Yang and Batra [59]
. Some problems in thermo-mechanics of contact with damage have been studied in [3, 8, 4,
40, 51].

This thesis represents a contribution to the analysis of some contact problems between a
deformable body and a foundation, under the assumption of small deformations, we study
quasi-static processes for electro-viscoelastic, electro-elastic-viscoplastic materials taking
into consideration the influence of the internal damage of the material and a thermal ef-
fect. The boundary conditions are normal compliance or instantaneous normal response or
Signorini with adhesion. The friction laws used are versions of Coulomb’s law with or with-
out adhesion. Electrical conditions are introduced in cases where the foundation is insulating
or conductive. Our study of contact phenomena includes the following steps: mathematical
modeling, variational analysis including results of existence and uniqueness of the solution.

This thesis consists of five chapters. which we briefly describe. In the first chapter,
we begin by review some results concerning functional spaces, some elements of nonlinear
analysis, variational equations and inequalities, Gronwall’s lemma and some theorems which
will be of great use for proofs. Then, we define the physical framework, the laws of behavior
of the different materials, the boundary conditions. In the second chapter we consider a
quasistatic problem with instantaneous normal response. We derive a variational formulation
of the mechanical problem, for which we show that there is a unique weak solution using
fixed point technique. Third chapter is devoted to the analysis of a thermo-electro-elastic-
viscoplastic contact problem with damage, for which we derive a variational formulation
and establish a result of existence and uniqueness of a weak solution. While in the fourth
chapter, one is interested in the study of a problem of contact with a version of the law of
friction of Coulomb. The contact is modelled by a normal compliance condition. We present
a variational formulation of the problem and we prove the existence and uniqueness of the
solution. Finally in the fifth chapter we study of electro elastic-viscoplastic contact problem
with damage and adhesion. Proofs are based on a general result of evolution equations with
maximal monotone operators, parabolic inequalities, differential equations and fixed point.



Chapter 1

Preliminaries and modelling

This chapter represents a brief reminder of the some results concerning functional spaces,
elements of non linear analysis, standard results inequalities and equalities and Gronwall’s
lemma. Then, we recall of the mechanics of continuums where we will introduce the physical
frameworks used in this thesis, the laws of behavior of the various materials, the boundary
conditions of contact. In addition, we specify in this chapter contact processes with adhesion,
electrical conditions at the contact surface and thermal conditions.

1.1 Preliminaries

1.1.1 Function spaces

We present in this paragraph preliminary material from functional analysis which will be
used in subsequent chapters. Some of the results are stated without proofs, since they are
standard and can be found in many references. We give some reminders about spaces of
real-valued functions which help us to understand the properties of spaces appropriate to
mechanics. We will define the spaces of continuous functions, continuously differentiable, p-
integrable functions and Sobolev spaces. For more details on this subject we refer the reader,
for example, to references [1, 11, 49].

Given an open set € of R? and we note 9Q =T . Let x = (x1,...,x4) be an element of R4
and let @ = (@, ...,@,;) € N’ a multi-index such that |@| = Z?:l @;, we pose

pllo]
le/l(X) = CD'I—M(X)CD'd
ox;t...dx,
Spaces of continuous and continuously differentiable functions

The space of uniformly continuous functions on Q is denoted by C(Q) and it is a Banach
space for the norm given by
]l ¢y = sup{[u(x)| : x € @} = max{[u(x)| : x € Q}.

For m > 0, the space C"(Q) defined by
C"(Q) = {uc C(Q) | D®u c C(Q) for all @ such that |@| < m} .

4



1.1. PRELIMINARIES

It is the space of continuous functions on Q whose derivatives of order at most m are also
continuous on €. It is also a Banach space, it is endowed with the norm

H”HCm(Q): Z ‘DwL‘!c(Q)-
|@|<m

The space C*(€2) denotes the space of indefinitely differentiable functions
C*(Q) = ﬂ c"(Q).
m=0
Let u be a function in Q, the support of u is defined by

supp u = {u € Q| u(x) # 0}.

If supp u is a proper subset of , we say that u is a function with compact support in Q. The
space of indefinitely differentiable functions with compact support is given by

Co(Q) ={ueC”(Q)|suppu C Q}.

Lebesgue spaces L”

For p € [1,o0[,L?(Q) denotes the space of measurable functions in the Lebesgue sense defined
on Q with values in R

LP(Q) ={u:Q — R :uLebesgue measurable and |u|” Lebesgue integrable on Q}.

It is a Banach space, the norm of which is given by

1
[ul|Lr (@) = </Q !u(x)|pdx)1_7.

If p=ocand u : Q — R is measurable, then

][ = (@) = sup ess(u) = inf{c: [u(x)| < c}.

The L= () space is also a Banach space.
The space L?(Q) endows with the dot product

(u,v)12() = /Qu(x)v(x)dx Yu,v € L*(Q),

is a Hilbert space. In addition, the Cauchy-Schwarz inequality corresponding to the Holder
inequality is verified, i.e.

/QIu(X)V(X)\de lullz2@) VIl 20



1.1. PRELIMINARIES

Sobolev spaces

Let k € Nand p € [1,0]. We define the Sobolev spaces by
W5 (Q) = {u € L?(Q) such that D®u € L”(Q) with |@| < k}.

The norm over the space W*?(Q) is defined by

1
(o< 1D%ull}yq))" 1< p < oo,
lullwin o) =

max|g|< [D%ull ;=) if p=-co.

For p = 2, we denote by H¥(Q) the space W*?(Q) and the previous norm comes from a
scalar product
(V)1 :/ Z D®u(x)D®v(x)dx, u,ve HNQ).
Q @<k

For further details on Sobolev spaces we refer the reader to eg [1, 11].
Theorem 1.1. The Sobolev spaces W*P(Q), for k € N and p € [1,+o|, endowed with the

norm ||.||, are Banach spaces. Moreover, the spaces H* (Q), for any integer k, are Hilbert
spaces.

Functional spaces in contact mechanics

To model a mechanical problem, we will need to introduce of specific function spaces. We
give in this paragraph the spaces as well as some of their properties.
We denote by S? the space of second order symmetric tensors on R¢(d = 2,3), ”.” and
|.|| represent respectively the scalar product and the euclidean norm on R¢ and S¢
1
uv=uy;, |[v|=@v), Vu,veR?
1
c.t=0;7; |t|=(t.1)2, Vo,res

We introduce the following spaces

H= {u: (u;) | ui GLZ(Q)}y

H = {G = (0ij) | 01j = 0 €L2<Q)}’
Hy={u= ()| w e H'(Q)},
H={oceH|o;;EH}.

Here € : H] — ¢ and Div : 7] — H are the deformation and divergence operators, respec-
tively, defined by

e(u) = (&), & u)=

(ui,j+uj,i) , DiV(G) = Gijj-

| =



1.1. PRELIMINARIES

The sets H, Hy, ¢ and 7] are real Hilbert spaces endowed with the canonical inner products

(u,v)Hz/uividx Yu,v € H, (G,”L’)%J:/Gijrijdx Vo,t e A,
Q Q

(), = (u,v)m + (€(u),€(v)) e, Vu,v € Hi,
(0,7) = (0,7) ¢+ (Dive,Divt)y, ©0,7€ 4,

the associated norms are denoted by ||.||x, ||.||a,, |||~ and ||.]| 4.
For any vector field u € H; we use the notation u to denote the trace yu of u on I'. We
recall that the trace application y: H; — L?(I')? is linear and continuous, but is not surjective.

The image of H; by this application is denoted by Hr = H 2 (T')? this subspace is continuously
injected into L2(T)¢.
Now, we define the closed subspaces of H' (Q)¢
¥ ={{eH"(Q)|{=00nT UL}, (1.1)
Let 7} denote the closed subspace of L?(Q) given by
N={¢clX(Q)|&({) Q)] =H'(Q), (1.2)

and we denote by ¥’ the dual space of ¥, and #{'the dual space of #]. Let V denote the
closed subspace of H!(Q)? defined by

Vv={veH"(Q)"|v=00onTy}. (1.3)

Also, Green’s following formula is satisfied

/o.s(u)dx+/ DiVG.v:/Gv.vda v e HY(Q). (1.4)
Q Q r

Korn’s inequality
Let measI'; > 0. Then there exists a constant C; > 0 dependent only from € and I' such that

leWlle = Cllvllm, YveV. (1.5)

A proof of this inequality can be found in ([44] p.79).
We consider in the space V, the inner product and the associated norm given by

(w,v)y = (e(u),e(v))ses [Ivllv = leM)lle, u,y V. (1.6)
By the Korn inequality, it comes that ||.||, and ||.||v are equivalent norms on V' and therefore
(V,(.,.)v) is a real Hilbert space. Moreover, using Sobolev’s trace theorem, (1.5) and (1.6),
there exists a constant Cy depending only on Q, I'; and I'3 such that

[¥ll 2y < Collvllv, Wwev. (1.7)



1.1. PRELIMINARIES

For a scalar function, which represents the adhesion field on the contact surface I'3, we define
the set

2={B:T3x[0,T] =R 0<B(r)<1 on T3}. (1.8)

Below, we define the Sobolev spaces associated with the electric unknowns (electric dis-
placement field D and the electric potential.) Of the electro-mechanical problems which will
be presented in next chapters of this thesis For the electric displacement field we use the
Hilbert space

W ={DeH|divDe*(Q)}, (1.9)
endowed with the inner products
(D,E)y = (D,E)y + (divD,divE) 2@,
and the associated norm ||.||. The electric potential field is to be found in
W:{geHl(Q),gz()onra}. (1.10)
Since meas(I'y) > 0, the Friedrichs-Poincaré inequality holds:

IVElla = crllSllm ), Y6 eW, (1.11)

where ¢y > 0 is a constant which depends only on Q and T',.
Here and below we write & for the trace of an element £ € H!(Q), on I[,E(¢) = —Vo,
while V is the gradient operator

VE=(Gi), YEeWw.

On W we use the inner product

(¢7§)W: (VQD;Vé)H, (1.12)

and ||.||w the associated norm. It follows from (1.11)-(1.12) that ||.|| 1 () and ||. ||w are equiv-
alent norms on W and therefore (W, ||.||w) is a real Hilbert space. Moreover, by the Sobolev
trace theorem, there exist a positive constant Cy dependent only of Q, I';, a and I'3, such that

1011205 < Collllw, Vo eWw. (1.13)

Moreover, when D € # is a regular function, the following Green’s type formula holds
(D,VE)n+(divD, {) (g :/D-vé’da, V¢ e HY(Q). (1.14)
r

Spaces of vector-valued functions

Spaces of vector-valued functions will be needed in the study of time-dependent variational
problems. Let (X, ||.||x) be a Banach space. In the contact problems studied in this thesis
[0, T] denotes the time interval where T > 0.



1.1. PRELIMINARIES

Spaces C"'(0,7;X)

we denote by C([0,T];X) the spaces of continuous functions on [0, T'] with values in X, with
the norm

lullcorsx) = max {|u(t)]lx.

1€[0,T]
The space C(0,T;X) is a Banach space. For m > 0, we define the space
C"(0,7:X) = {u e C(0,7:X) :u)) € C(0,T:X),j=1,2,...m} .

It is a Banach space with the norm

H”HC'"(O,TX Z max
t€lo,T]

In particular, C' ([0, T]; X) denotes the space of continuously differentiable functions on [0, 7]
with values in X. It is a Banach space with the norm

u vy = max ||u(t + max |{u(z .
Juler om0y = max o)+ max [l(0)]1x

Spaces L”(0,7;X)

For p € [1,00), we denote by LP(0,7;X) the set of classes of measurable functions such that
for all t € [0,7], the function defined by ||u(t)||x is in LP([0,T]) . For p = e, L*(0;T;X) is
the set of measurable functions u defined on [0, T, such that there exists u®)|lx <C,
almost everywhere in [0, T]

Remark 1.2. (1) The space L”(0,7T;X) are endowed with the norms

p . < -~
el zr0,7:x) (/ Jut |de) if 1 < p < oo,
inf{c>0|||u(r)|[x <caet €(0,T)} if p=oo.

(2) For all 1 < p < oo, Banach spaces C([0,7];X) is dense in L”(0,7T;X). (3) The space
L?(0,T;X) is a Hilbert space, if X is a Hilbert space.

Spaces W (0,T;X)
Fork € Z, and 1 < p < co. We define the space
WhP(0,7:X) = {u € LP(0,7:X)  [|u"™| 1o 1) < o0, Ym < k} .
The norm is defined by
1
P

T
||”HWk,p(0 TX) = </O Z H”(m) (t>H§dt) if 1 < p < oo,

0<m<k
maxo<m<k €s85up,c(o.71 |[u™ (t)x if p = +oo.

9



1.1. PRELIMINARIES

If X is a Hilbert space and p = 2, then the space
H*(0,T;X) =Wk?(0,T:X),

is a Hilbert space with the inner product
T
(V) gk 0,7:%) = ) / (”(m) (1), (I))th-
0<m<k”0

1.1.2 Some elements of nonlinear analysis

In this paragraph we will recall some notions of nonlinear analysis. some results on mono-
tonic operators, lower convex and semi-continuous functions, differentiability and sub differ-
entiability. We will also mention some of the lemmas made in thesis [13]. For more details
on the reminders appearing in this section, we refer for example to references [10, 53, 52].

Linear operators

Let (X,]|.|lx) and (Y,||.|]]ly) be two normed spaces and let L : X — Y be an operator. an
operator L : X — Y is linear if

L(owy+Puz) = oL (ur) + BL(u2) Vur,ux €X, a,peR.

A linear operator is continuous if and only if it is bounded, i.e. there exists a constant M > 0
such that
|L(u)|ly <M|ullx VuceX.

Nonlinear operators

In the study of the mechanical problems approached in the thesis, the non-linearity of the
operators used implies the use of properties that we described below.

We begin here with a brief reminder of the strongly monotonic and Lipschitz operators.
For this, we consider a Hilbert space X endowed with the scalar product (.,.)x and the asso-
ciated norm ||.|[x. Let A : X — X a non-linear operator

Definition 1.3. Operator A is said:
(1) monotonous if
(Av—Aw,y—w)x >0 YvuecX,

(2) strongly monotonic if there exists m> 0 such that
(Av—Aw,y —w)x > m|v—w||3 VYvweX,
(3) of Lipschitz if there exists M> 0 such that
|Av —Aw|x < M|v—w|x Vv,weX.

In the study of evolutionary nonlinear equations we will consider operators defined on a
normed space with values in its dual. X’ the dual space of X, denoting by (.,.)x/xx for the
duality product between X" and X, an extension of Definition 1.3 to this case is as follows.

10



1.1. PRELIMINARIES

Definition 1.4. Let A : X — X’ an operator defined on X. Operator A is said
(1) monotonous if
(Au—Av,u—v)yryx >0 Vu,veX.

(2) hemicontinuous if
Vu,v € X the application 7 — A(u+1v) : R — X' is continuous.

Banach fixed-point theorem
The Banach fixed-point theorem will be used several times in this work to prove the existence
of solutions to variational problems in contact mechanics.

Theorem 1.5. Let X be a Banach space, and K be a nonempty and closed set in a Banach
space X, A : K — K an operator satisfies Definition 1.3 (3) with 0 < M < 1. Then operator A
admits a unique fixed point u € K, i.e. Au = u and we call A a contracting operator.

Proof of Theorem 1.5 can be found in ([28], Ch. 1), for instance.

We also need a version of the Banach fixed point theorem which we recall in what
follows. To this end, for an operator A, we define its powers inductively by the formula
A™ = A(A™ 1) form > 2.

Theorem 1.6. Assume that K is a nonempty closed subset of a Banach space X and A : K —
K. Assume also that A" : K — K is a contraction for some positive integer m. Then A has a
unique fixed point.

Proof. By Theorem 1.5, the mapping A” has a unique fixed point # € K. From
A" (u) = u,
we obtain
A™(A(u)) = A(A™ (u)) = Au.
Thus Au € K is also a fixed point of A”. Since A” has a unique fixed point, we must have
Au=u,

1.e., u is a fixed point of A. The uniqueness of a fixed point of A follows easily from that of
A",
]

Lax-Milgram Theorem

Definition 1.7. A bilinear form a : X x X — R is continuous if there exists M > 0 such that
la(u,v)| < M||ul|x||v||x VYu,veX.

Definition 1.8. A bilinear form a : X x X — R is said to be coercive if there is a constant
m > 0 such that
a(u,u) > mljul|} YueX.

Theorem 1.9. Let X be a Hilbert space, a : X X X — R a continuous coercive bilinear form.
Let | : X — R be a continuous linear form. Then, there exists a unique solution u € X which
satisfies

a(u,v)=1(v) WweX.

11



1.1. PRELIMINARIES

Convex lower semicontinuous functions

Convex lower semicontinuous functions represent a decisive component in the study of vari-
ational inequalities. To introduce them, we consider a function ¥ defined on a real vector
space X and with value in | — oo, 4+-c0]. Such a function is said to be proper if it is not identi-
cally equal to +oo, i.e. if there exists vo € X such that y(vy) < 4eo. The function y is said to
be convex if

y(v+(1—0w) <ty(v)+ (1 -0)y(w) YvweX,rel0,1].

The function y is said to be strictly convex if this last inequality is strict for all v,w € X such
that v # w. For any function y : X —] — oo, +oo|, we define the domain and the epigraph of y
respectively by:

domy ={veX|y(v) < e}, (1.15)
epiv ={(v,a) e X xR | y(v) < a}. (1.16)

It is clear that the following results can be established

1) y is proper if and only if dom y # 0.

2) The domain of y is a convex set of X if y is convex.

3) vy is convex if and only if epiy is a convex set of X x R.

We now assume the vector space X endowed with a topology (in general X will be a
normalized vector space or even more particularly a Hilbert space). A function v : X —
| — 00, +00] is said to be lower semi-continuous (1.s.c) if

liminfy (v,) > y(v),

for all v € X and v, — v in X. The lower semi-continuity property can be characterized by

Lemma 1.10. Let y : X —| — oo, 400, then the following properties are equivalent

1) y is lower semi-continuous.

2) The epigraph of y is closed in X x R.

Since in a normalized vector space every convex set is simultaneously closed for the
strong topology and the weak topology, the previous lemma leads to the following result.

Theorem 1.11. Let X be a Hilbert space and y : X —| — oo, 40| a convex and proper func-
tion. Then y is lower semi-continuous if and only if  is lower semi-continuous with respect
to the weak topology of X.

Let now be K C X. We call an indicator function of K, the function @g : X —] — oo, +-o0]
defined by

Osivek,
Pk (v) = { teosivé K. (1.17)

Using this definition, we can easily prove the following result

Lemma 1.12. Kis a convex, closed and non-empty set of X if and only if the indicator function
@k is convex, L.s.c and proper.

12



1.1. PRELIMINARIES

Sub-differentiability

Let X be a real Hilbert space endowed with the inner product (.,.)x and the associated norm
|.|lx. We now denote by 2% the set of all the parts of X. A function y : X —] — oo, +o0] is said
to be Gateaux-differentiable at the point v € X if there is an element Vy/(v) € X such that:

o Y4 0) ()

t—0 t

=(Vy(v),w)x VweX.

The element Vy/(v) is called the differential in the sense of Gateaux of y in v. The function
v is said to be Gateaux-differentiable if it is Gateaux-differentiable at any point of X, in this
case the operator Vy : X — X which associates each element v € X by the element Vy (v) is
called the gradient operator of y.

The convexity of the Gateaux-differentiable functions can be characterized as follows:

Lemma 1.13. Let v : X — R be a Gateaux-differentiable function. So y is a convex function
if and only if

y(w)—y) > (Vyv),w—v)xy VywelkX. (1.18)

The inequality (1.18) suggests a generalization of the notion of gradient to convex func-
tions. We say that the function ¥ : X —| — oo, +-00] is subdifferentiable at a point v € X if there
exists f € X such that

y(w)—y() = (fiw—v)x YweX. (1.19)

The element f is then called a sub-gradient of ¥ in v and the set of sub-gradients of y in v is
called the sub-differential of y in v and is denoted dy(v)

dy(v) ={feX|yw)—vw() = (f,w—v)x YweX}. (1.20)
We denote by dom d y the set defined by
dom(dy)={veX|dy(v)#¢}. (1.21)

Using (1.21) and (1.20) and (1.15), it follows
dom(dy) C domy. (1.22)

The multivalued operator v — dy/(v) : X — 2% is called the sub-differential of y. The
function y is said to be subdifferential if it is subdifferential at any point of X, i.e. if
dom(dy) = X. Using the inequality (1.19), we have

Lemma 1.14. Let y : X —| — o0, 40| be a sub-differentiable function, Then Y is convex,
proper and lower semi-continuous.

Lemma 1.15. Let y : X —] — oo, 4-o00| be a convex and Gateaux-differentiable function. Then
y is sub-differentiable and dy(v) = {Vy(v)} forall v € X.

Remark 1.16. Let us explain the subdifferential of the indicator function of a set K C RY;
using (1.22), (1.15) and (1.17), it results dom(d@g) C K and from (1.20) it comes

fedox<=veKetf.(w—v)<0 VweK. (1.23)

Using this relation, it follows that if v is inside K, then d @k (v) = {Ogn }.

13



1.1. PRELIMINARIES

Differential inclusions

Let X be a Hilbert space and A : D(A) C X — 2% a multivalued operator, where D(A) is the
domain of A defined by

DA)={ueX:Au+ o). (1.24)
The graph of A denoted by Gr(A) is defined by
Gr(A) = {(u,w) € X xX : w € Au}. (1.25)

Definition 1.17. Operator A : X — X? is said
(1) monotonous if

V (up,wy) € Gr(A),V (uz,wa) € Gr(A) : (wy —wa,u; — uz)X > 0.

(ii) maximal monotonic if A is monotonic and there is no monotonic operator B : X — 2%
such that Gr(A) is a proper set of Gr(B), which is equivalent to the implication

(w1 —wa,ur —uz)y >0,V (u1,w1) € Gr(A)] = (uz2,w2) € Gr(A).

Proposition 1.18. The sub-differential d @k : X — 2X of the indicator function of a closed
convex set K of space X is a monotonic maximal operator.

Proposition 1.19. The sum of a monotonic maximal operator and a monotonic and Lipschitz
operator is a monotonic maximal operator.

Finally, we recall an abstract result relating to the existence and uniqueness of a solution
of a certain differential inclusion class which will be used in the Fifth chapter of this thesis.

Theorem 1.20. Let A : D(A) C X — 2% be a multivalued operator such that A + ol is a
maximal monotonic operator for some real numbers ®. Then, for all f € W1(0,T;X) and
uy € D(A), there exists a unique function u € W'=(0,T;X), satisfying

u(t)+Au(t) > f(t) ae t € (0,T), (1.26)
u(0) = up. (1.27)

For the proof of this theorem see [6], page 32.

1.1.3 Variational inequalities and evolution equations

The modelling of several classes of physical problems leads to mathematical problems such
as elliptic and parabolic variational inequalities, as well as for ordinary differential equations.
In this paragraph we give a result of existence and uniqueness for this type of problem.

Now we consider V and H two real Hilbert spaces such that the inclusion map of (V,||.||v)
in (H,||.||z) is continuous and dense. Identifying the dual of H with itself, i.e. we can write
the Gelfand triplet V. C H C V'. The notations ||.||v, ||.|ly» and (.,.)y’«y represent the norms
on V, V' and the product of duality between V' and V, respectively.

14



1.1. PRELIMINARIES

Evolutionary variational inequalities

We recall the following standard result for parabolic variational inequalities (see [6], p. 124).

Theorem 1.21. Let V C H C V' be a Gelfand triple. Let K be a nonempty, closed, and convex
set of V. Assume that a(.,.) : V xV — R is a continuous and symmetric bilinear form such
that for some constants A > 0 and ¥,

a(vy) =1llvliE = AvIG, weH.

Then, for every uy € K and S € L*>(0,T;H), there exists a unique function u € H'(0,T;H) N
L?(0,T;V), such that u(0) = ug, u(t) € K for all t € [0,T], and for almost all t € (0,T),

(te(t),v—u(t))yry +a(u(t),v—u(t)) > (S(t),v—u(t))y, VveK.

In order to obtain existence and uniqueness results in study other types of variational
inequality which arise in Contact Mechanics. Given the operators A:V —Vand B:V =V,
the functions j: V xV — Rand f: [0,7] — V. We consider the following problems

Problem I Find « : [0,7] — V such that

(Au(r),v — i)y + (Bu(t),v —u(t) v + j(u(t),v)

(e > (- wevieer,
u(0) = uy. (1.29)
Problem II Find a function « : [0,7] — V such that
(A1), v = (1) + (Bu(r), v (1) + J(a0), ) .
=), i(0) > (F(),v—u(e)y Ve Vire 0,T], |
u(0) = uy. (1.31)
Finally, when j : V — R, we consider the problem
Problem III Find a function « : [0,7] — V such that
(i), v — (1) + (Bu(e), v — (1) )y + () .
—ja(r)) = (f(1),v—u(t))y VveV,rel0,T], '
u(0) = up. (1.33)

We remark that one of the common features of the problems I, II and III above is that they
involve the time derivative of the unknown function u. As a consequence, an initial condition
is needed. For this reason we refer to such problems as evolutionary problems. To solve these
inequalities, we assume that,

(a) There exists m4 > 0 such that

Auy —Aup,up —uz)y > ma |Jug —u2||‘2,, Yui,up €V.
(b) There exists L > 0 such that
|Auy —Auszlly, < L||uy —uzly ,Vur,uz € V.

(1.34)
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1.1. PRELIMINARIES

The functional j : V x V — R satisfied

(a) Forallu € V, j(u,.) is convex and Ls.c.
(b) There exists & > 0 such that

. : , : (1.35)
Jur,va) = j(ur,vr) + j (u2,v1) — j (u2,v2)
< afur —wully [[vi —vally, Vur,uz,vi,v €V
The operator B : V — V satisfies
dLp > 0 such that ||Bu—Bv||, < Lg|lu—v|y ,Yu,v € V. (1.36)
Finally, we assume that
fec(o,T],v). (1.37)
up € V. (1.38)

Theorem 1.22. Let V be a Hilbert space and assume that (1.34)-(1.38). Then

1) There is a unique solution u € C'([0,T];V) to problem I.

2) If uy and uy are two solutions of the problem I corresponding to the data fi,f, €
C([0,T];V), then there exists ¢ > 0 such that

i1 (2) =2 (1) i < ¢ (A1 (0) = L2l g + lr (1) — w2 (D) [|), - V2 € [0,T]. (1.39)

Theorem 1.23. Let V be a Hilbert space, assume that (1.34)-(1.38) hold and ms > . Then
there exists a unique solution u € C'([0,T];V) to problem II.

Corollary 1.24. Let V be a Hilbert space and assume that (1.34), (1.36)-(1.38) hold and
Jj:V = Ris convex and L.s.c,. Then there exists a unique solution u to problem II1. Moreover,
the solution satisfies u € C'([0,T]; V).

The proof of Theorem 1.22 and 1.23 can be found in reference [56].

Ordinary differential equation

Theorem 1.25. Let V C H C V' be a Gelfand triple. Assume that A :V — V' is a hemicon-
tinuous and monotone operator that satisfies

(Av,V)yry > AlP[F+a WeV, (1.40)
|Av|ys <C(|lvllv +1) VveV. (1.41)

for some constants A > 0,C > 0 and oo € R. Then, given uy € H and f € L*>(0,T;V"), there
exists a unique function u that satisfies

ue L*(0,T;V)NC([0,T);H),i € L* (0,T;V'),
u(t) +Au(t) = f(t) ae t€(0,7T),
u(O) = Uug.

The previous abstract result can be found in [5, 6].

Now, we will recall a version of the Cauchy-Lipschitz theorem (see for example [57] ,
p-48).
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1.2. MODELLING

Theorem 1.26. (Cauchy-Lipschitz) Assume that (X, ||.||x) is a real Banach space and T > 0.
Let F(t,.) : X — X be an operator defined a.e.on (0,T) satisfying the following conditions

There exists L > 0 such that
|F(t,x) — F(t,y)|lx < Lg||x—ylx, Vx,y € X,a.e.t € (0,T),

and there exists 1 < p < o0 such that F(.,x) € LP(0,T;X),Vx € X Then, for any xy € X,
there exists a unique function x € W' (0,T;X) such that

{x(t) =F(t,x(t)) a.etec(0,T),
x(0) = xo.

1.1.4 Gronwall-type lemmas

We recall here the Gronwall type lemma which occurs in many contact problems, in particular
to establish the uniqueness of the solution

Lemma 1.27. Let m,n € C(0,T;R) such that m(t) > 0 and n(t) > 0 for allt € [0,T], a >0
a constant and y € C(0,T;R)

(1) i | t
y(r) < a—l—/o m(s)ds—I—/O n(s)y(s)ds Vte[0,T],
" y(t) < (a—l—/()lm(s)ds) exp </Otn(s)ds> Vi €10,T].
(2) if
v <mio)+a [ os)as vieo.T)

/l// ds<eat/m ds Vrel0,T].
In the particular case a = 0, n = 1, part (1) of this lemma becomes

Corollary 1.28. Let m € C(0,T;R) such that m(t) > 0 for all t € [0,T]. If y € C(0,T;R) is
a function such that

w(i) < /0 "m(s)ds + /O "w(s)ds Ve e[0.T],

then, there exists ¢ > 0 such that

w(t) <c /0 "m(s)ds v € [0,T].

1.2 Modelling

In this part, we present the physical framework for the study of the boundary value problems
presented in chapters 2-5. some notions of the mechanics of continums, the equation of
motion and equilibrium, the constitutive laws for the materials considered, as well as the
boundary conditions of contact.
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1.2. MODELLING

1.2.1 Physical setting

Consider a material body which occupies a bounded domain Q C R (d = 2,3), with a regular
boundary surface I, partitioned into three measurable parts 'y, I'; and I'3, such that measI"; >
0. Let v be the unit outward normal vector on I" . The body is embedded on I'y in a fixed
structure. On I'; surface tractions of density f, act and on voluminal forces of density fy
act. We assume that f, and fj vary very slowly with respect to time. Let 7 > 0 and let [0, T]
the time interval in question. In addition to the action of forces and tractions, the body is
subjected to the action of electric charges of volume density go and surface electric charges.
To describe them, we consider a second partition of the boundary . into three measurable
parts I';, I', and '3 such that meas(I';) > 0. We assume that the body is in frictional contact
with or without adhesion with an insulating (or conductive) foundation on I3, the electric
potential vanishes on a and a surface electric charge of density g is prescribed on I',.

At each time instant I3 is divided into two parts: one part where the body and the founda-
tion are in contact, and the other part where they are separated. The boundary of the contact
part is a free boundary, determined by the solution of the problem. For the sake of gener-
ality, we assume that in the reference configuration there exists a gap, denoted by g = g(x),
between 1’3 and the foundation, which is measured along the outer normal v.

Note that assumption meas(I'}) > 0 is necessary in quasistatic problems. Without this
assumption, mathematically, the problem becomes noncoercive and many of the estimates
and results below do not hold. This accurately reflects the physical situation, since when
I'y = 0 the body is not held in place, and it may move freely in space as a rigid body.

We denote by u: Q x [0,7] — R? the field of displacements, ¢ : Qx — S? the stress
field,g : Q x [0,T] — Rthe electric potential field, D : Q x [0,T] — R the field of electric
displacements, 8 : I'3x,T| — R the bonding field, @ : Q x [0;T] — R the field of damage
and a temperature field 6 : Q x [0,T] — R.

We denote by uy, and u; the normal and tangential component respectively of any vec-
tor field u = uy.v + u; where u, = u.v . Similarly, let and be the normal and tangential
component respectively of the Cauchy stress tensor. He comes :

oy=(ov)y, or=(0oV)g,

SO
oy=(oV).v, ©0;=0V-—0yV.

We note that oy is a scalar, whereas ¢; is a tangent vector to I'. So we conclude
(GV)M - GVMV + GT ‘U,

which will intervene throughout this thesis to establish the variational formulations of me-
chanical problems. The dots above a function represent the derivative with respect to time,
1.e.

du d%u

=—,
dt’ dr?’
where iz denotes the velocity field and ii denotes the acceleration field. We denote by iy, it;
the normal and tangential components of the velocity vector i at the boundary such that

l/.lv:l;l‘v, uT:u—qu
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1.2. MODELLING

The fundamental law of continuum mechanics expressing the equivalence between ex-
ternal forces and the tensor of accelerations for any system leads to the Cauchy equation of
motion

Divo+fy=pii in Qx(0,T), (1.42)

where p : Q — R designates the mass density. The evolutionary processes defined by (1.42)
are called dynamic processes. In some situations, this equation can be further simplified. For
example, in the case where # = 0, it is a static process. In the case where the velocity field
varies slowly with respect to time, i.e. the term pii can be neglected, we are in the presence
of a quasistatic process. In these two cases the equation (1.42) becomes

Divo+fy=0 in Qx(0,T). (1.43)

In the case of a piezoelectric material, the constitutive law contains a new unknown, the
electric field D, hence the need to introduce another equilibrium equation to manage it. This
is the Maxwell-Gauss equation or charge conservation equation

divD=gy in Qx(0,T). (1.44)

1.2.2 Constitutive laws

The description of our model is not yet complete, the previous equations alone are insufficient
to describe the movement of the material body considered. it must be supplemented by other
relations which characterize the behavior of each type of material and which one indicates
under the general term the laws of behavior.

Elastic constitutive laws

A general elastic constitutive law is given by
o = Pe(u). (1.45)

where Z is the elasticity operator, assumed to be non linear. We allow % to depend on the
location of the point; consequently, all that follows is valid for non homogeneous materials.
We use the short-hand notation Ae(u) for B(x,€(u)). In particular, if 4 is a linear operator,
(1.45) leads to the constitutive law of linearly elastic materials

0;j = biji€u(u).

where o;; are the components of the stress tensor ¢ and b;ji; are the components of the
elasticity tensor #. Clearly, The monotonic and Lipschitz assumptions can be replaced by
these assumptions in this particular case, if all the components b;ji; belong to L”() and
satisfy the usual properties of symmetry and ellipticity, i.e.

bijki = bjiki = buij,

and there exists m 4 > 0 such that

bijugijen > malel> Ve = (g;) €S
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Viscoelastic constitutive laws

A general viscoelastic constitutive law with short memory is given by
o =de(i) + Be(u). (1.46)

We allow the viscosity operator .27 and the elasticity operator % to depend on the location
of the point; consequently, all that follows is valid for non-homogeneous materials. We use
the short-hand notation <7 €(it) and ZAe(u) for o (x,€(ir)) and A (x,€(u)), respectively. In
particular, if .o/ and # are linear operators, then (1.46) leads to the KelvinVoigt constitutive
law
ij = ajjir € (it) + biju€a(u),
where 0;;, a;ji and b;j; denote the components of the stress tensor o, the viscosity tensor
<7 and the elasticity tensor 4,
A general viscoelastic constitutive law with long memory is given by

o(t) = Be(u(t)) + /O "t~ 5,6 (u(s)))ds. (1.47)

We allow the elasticity operator % and the relaxation operator .# to depend on the location
of the point. Also, as shown in (1.47), the operator .Z is time-dependent.
Viscoplastic constitutive laws

The viscoplastic constitutive law can be written in the form
6=¢e()+%9(0,¢), (1.48)

where &7 represents the viscosity operator and ¥ is the plasticity operator.

Elasto-viscoplastic constitutive laws

A general Elasto-viscoplastic constitutive law may be written as
t
o(t)=oe(u(t))+ ABe(u(t))+ /0 G (o(s)—e(u(s)),e(u(s)))ds, (1.49)

where the operators .27 and % are tensors of order four and not linear; their components a; jx;
and b;j; are called viscosity and elasticity coefficients respectively and ¢ represents a non
linear constitutive function which describes the viscoplastic behavior of the material.

This law modifies slightly the description of thermo-mechanical or electro-mechanical
phenomena because here we must also take into consideration the temperature field, the elec-
tric displacement field D = (Di) as well as the electric field E(¢) = —V¢ = —(¢;), where,
¢
8x,- '

recall, ; =
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Viscoelastic constitutive law with long memory and damages

In this case the constitutive law is given by

(1) = e(ilt)) + Be(u +/ (1 —s),e(u(t)), as))ds, (1.50)

o/ and & are functions of nonlinear viscosity and elasticity, respectively, .# represents the
tensor of viscoplasticity. The function & represents the damage whose evolution is described
by the following differential inclusion

o — kAo +dog (o) > ¥(e(u),a). (1.51)
The set of admissible damage functions K defined by
K={EcH (Q):0<E<1 ae inQ}, (1.52)

k is a positive coefficient, d @k represents the subdifferential of the indicator function of set
K and ¥ is a given constitutive function which describes the sources of the damage in the
system

Thermo-elasto-viscoplastic laws with damage

o (1) = o/ e(u(t)) + Be(u(t))
(1.53)
+ / 9 (6(s) — e (i(s)), € (u(s)), 0(s), a(s)) ds,

where ./ and 4 are nonlinear operators describing the purely viscous and the elastic proper-
ties of the material, respectively, and ¢ is a nonlinear constitutive function which describes
the viscoplastic behavior of the material. The evolution of the temperature field 6 is governed
by the heat equation, obtained from the conservation of energy and defined by the following
parabolic equation

0 —koAB = O(c — Ze(nr)),e(u),0,0)+p, (1.54)

where kg > 0, ® is a non linear constitutive function that represents the heat generated by
internal forces and p is the amount of heat in the volume during the time interval. ¢ represents
the damage field, the evolution of the damage field is described by

o —kiAa+ k() > P(o — Fe(ir)),e(u),0,a), (1.55)

where k| > 0, d @k is the sub-differential of the indicator function on K defined previously.
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Electro-elastic-viscoplastic constitutive law with damage

A constitutive law of an electro-elastic-viscoplastic material with damage is given by
o (1) = e(i(t)) + Be(u(r)) + EE(@(t))
/ 9 (o AE(i(s) —EE(Q(s))), € (u(s)), a(s))ds, (1.56)
D = &¢(u) +BE((p).

where &/ and Z are the viscosity and elasticity operators, respectively, and ¢ is a non-
linear constitutive function describing the viscoplastic behavior of the material, where o is
an internal variable describing the damage of the material caused by elastic deformations.
E(@) = —Vo is the electric field, & = (e;j) represent the third order piesoelectric tensor,
and &* denotes its transpose. B denotes the electric permittivity tensor.

Thermo-electroelastic-viscoplastic constitutive law

A constitutive law of a thermo-electro-elastic-viscoplastic material is given by
o =€ (i) +Be(u)— EE(@)
+/ G (6(s) — /e (i(s)) + E*E()(5), € (uls))) ds — e,

D= &e(u) +BE(<p),
6 —divK,.(VO) = r(i) +q,

(1.57)

where &7, 8 and ¥ are, respectively, nonlinear operators describing the purely viscous, the
elastic and the viscoplastic properties of the material, E(¢) = —V @ is the electric field, & =
(e;jk) represent the third order piesoelectric tensor, & is its transposition and B denotes the
electric permittivity tensor, 6 represent the temperature, C, = (c; j) represents the thermal
expansion tensor, K. represent the thermal conductivity tensor, q represent the density of
volume heat source and r is non linear function of velocity.

Thermo-electroelastic-viscoplastic constitutive law with damage

As described in the law above, but after adding the damage «, the constitutive law of a
thermo-electro-elastic-viscoplastic material with damage is given by

o=e(it)+B(e(u),o)—EE(Q)

+ /Otg (o(s) — e (i(s)) + & E(@)(s), € (u(s))) ds — Cc9,
D = &¢(u) +BE(9),

0 —divK(AB) = r(i1, ) +q,
o —kAa+deg(a) > ¥ (e(u),x).

(1.58)
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Constitutive law of electro-viscoelastic materials with long memory with damage and
thermal effects

In this case the constitutive law is given by
o(t) = /e (ilt)) + A (e(u(t)),0(r), o))
+/0 (1 — 5,8 (u(s)), 0(s), a(s))ds — (&) E (1)), (1.59)
D= &€(u)+BV(p),

where 7 and # are the viscosity and elasticity operators, respectively, and .# is the relax-
ation operator, where 0 represents the absolute temperature. The temperature 6 is described
by the parabolic equation

0 — kpAO =0 (0,e(u),0,a)+p, (1.60)

where O is a nonlinear constitutive function which represents the heat generated by the work
of internal forces and p is a given volume heat source. o represents the damage field, the
evolution of the damage field is described by (1.51)

1.2.3 Contact boundary conditions

Recall that the boundary I" is divided into three disjoint and measurable parts I'1, I, and I'3
such that mes(I";) > 0, we give in this paragraph the boundary conditions on each of the three
parts.

The displacement boundary condition

The body is embedded in a fixed position on part I'y, the displacement field u is therefore
zero

u=0 on Iyx(0,T). (1.61)

The boundary condition of traction

A surface traction of density f> acts on I', and consequently the vector of Cauchy stresses
satisfies

ov=/f, on I,x(0,7). (1.62)
We now define the electrical boundary conditions for each of the two parts
Electrical boundary conditions
These conditions are determined from the two equations
=0 on TI,x(0,7), (1.63)

D.v= q2 on Fb X (0, T). (164)
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1.2. MODELLING

Contact conditions with normal compliance

In this case, the foundation is assumed to be deformable and the contact zone is not known a
priori. Normal stress satisfies the so-called normal compliance condition

—0oy = py(uy — g), (1.65)

where u, is the normal displacement,,g represents the gap between the body and the founda-
tion and p is a given positive function, called the normal compliance function. This condition
indicates that the foundation exerts an action on the body depending on its penetration u, — g.

Remark 1.29. (see [56]) The so-called bilateral contact describes the situation when contact
between the body and the foundation is maintained during the process. It can be found in
many machines and in moving parts and components of mechanical equipment. The corre-
sponding contact condition is given by

uy =0onI3. (1.66)

In the engineering literature the bilateral contact is often described in terms of stress, with an
equality of the form

—oy =F onIj, (1.67)

where F is a given positive function. It results from (1.67) that oy is negative and, therefore,
the reaction of the foundation is towards the body.

Coulomb’s law

It is one of the most widely used friction laws in mathematical literature. It is characterized
by the intervention of normal stress in the friction bound and it can be stated as follows

ozl < uloyl,
loz|l < ulov| =i =0, (1.68)
lloz|| = m|oy| = IA > 0 such that 6, = —Aiiy,

where U is the coefficient of friction.
A quasi-static version of Coulomb’s laws can be stated in the form

loell < By,
Ur

etz |

Co—F, (1.69)

if iy # 0,

Here, u; is the relative tangential velocity or slip rate, and F;, represents the friction bound
(this bound is not fixed and depends on the coefficient of friction and the solution of the
problem). We can take for F;, the following choice

F, = Fy(oy) = uloy|,

where U is the coefficient of friction.
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1.2. MODELLING

Now, we replace the friction bound oy of the law (1.68), by the normal compliance con-
dition (1.65), so as to obtain the following conditions

ozl < upy (uy —g)
ol < upy (uy —g) =1 =0 (1.70)
ol = upy (uy —g) = 34 > 0 such that 6; = — Ay,

where py is a positive function.
A quasistatic version of Coulomb’s friction law used in several papers is given by

—0y = py (uy —g),
oz Spc(uv—g),a (1.71)
Or= _Pr(”v—g>.—T if @ #0
e
where p.,e = Vv, T is a positive function. In (1.71), the tangential stress cannot exceed the
friction bound py (uy — g). In addition, when the friction threshold is reached, the body begins
to slide and the tangential stress tends to oppose the movement. This friction condition has
been used in various papers, for example [47, 28].

Now we replace the frictional contact conditions with normal compliance (1.71) with the
frictional contact conditions with a normal damping response, we get

—0y(t) = py (iy(1))
loz(t)]] < pe (v (7)) on TI3x(0,T). (1.72)

62(t) = —ps (v (1)) ﬁ if i (1) £ 0

Here, again, py, and p; represent given contact functions. This type of contact case has been
considered by several authors (See for example [56] )

Signorini type contact condition with adhesion

This condition models the contact with a rigid foundation, it is given by the following rela-
tions

uy < 0,0y — WRy (uy) ﬁz <0,

1.73
(G"_YVRV (MV>[52) uy=0 onI3x(0,7T), (1.73)

where u, and oy respectively represent the normal component of the displacement field and
the stress field, B represent the adhesion field. The evolution of the adhesion field is described
by a differential equation of the form

B = - (Yvﬁ (Ry (”v))z - ga)
B(0) = Po.

Y is the adhesion coefficient, Ry is a truncation operator defined by

+’ (1.74)
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1.2. MODELLING

L if s<-—-L,
Ry(s)=<¢ —s if —L<s<0, (1.75)
0 if s>0,

where L > 0 is the characteristic length of the link. If we choose in (1.75) L large enough, we
can assume that Ry (u, ) = —uy, hence the contact conditions (1.73) become

uy < 0,0y + 7’v”vl32 <0,

) (1.76)
(Gv‘f—')/vuvﬁ )uv:O on F3X(0,T).

This conditions where used in [16], to model the unilateral adhesive contact. When the
membership field is zero, the conditions (1.76) become

Uy S O7 Gv S 07 Gvuv - 0, sur F?, X (O, T')7 (1.77)

which are represent the classical contact conditions of Signorini, without adhesion.

Condition in the tangent plane

At points of '3, the tangential stiffness generated by the glue is assumed to depend on adhe-
sion and tangential displacement,

—0¢ = pr(B)Re (ur),

where R; is a truncation operator defined by

R =)V if v < L,
«V)=9 [ if [|v]| > L.

vl

Then, p;(B) acts as a spring constant, which increases with f3; the traction is in the opposite
direction to the displacement. The maximum modulus of the tangential tension is p7(1)L.
The tangential frictional pull is assumed to be much smaller than the adhesion and is therefore
omitted. When it is not negligible, we must add the friction traction as was done in [12, 46,
48].

In this paragraph we will state the conditions of electrical contact, associated with the
electro-mechanical problems introduced in [34, 2].

1.2.4 Electrical conditions at the contact surface

On part I';3 of the surface. We assume that the foundation is electrically conductive and its
potential is held at ¢g. The electrical condition on I'3 is given by

D. V:W(uv_g)(])((P_(PO) on F3><(07T)7 (178)

where y and ¢ are given functions which will be described later. This condition represents a
regularized condition which can be obtained from the following considerations.
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1.2. MODELLING

When there is no contact at a point on the surface ( i.e., uy < g), the gap between the
body and the base is assumed to be insulating (say it is filled with air) and the component
normal of the electric displacement field vanishes so that there is no free electric charge on
the surface. Thereby

uy <g=D.v=0. (1.79)

During the contact process, (i.e., when u, > g) the normal component of the electric
displacement field or the free electric charge is assumed to be proportional to the potential
difference between the surface of the body and the foundation, with a positive constant k as a
proportionality factor. Thereby,

uy>g=Dv=k(Q0—qp). (1.80)
Let’s combine (1.79), (1.80) to get
D.v=ky,., (uv—8)(¢—¢) on T3x(0,T). (1.81)
where x| .. is the characteristic function of the interval [0, ), which is given by

0 if r<o,
X)) = { 1 if r>0. (1.82)

The condition (1.81) describes perfect electrical contact and is somewhat similar to the well-
known Signorini contact condition. Both conditions can be considered as over-idealizations
in several applications.

To make it more realistic, we regularize condition (1.81) and write it as (1.78) in which
Koy [0;-+00) (uy — g) is replaced with which is a regular function which will be described below,
and ¢ is the truncation function

—L¢ if s < —L¢,
¢L<S) = N if —L¢ <s< L¢, (183)
L¢ if s > L¢,

where L¢. is a very large positive constant. This way, the difference ¢ — @y is replaced by
¥ (¢ — ¢p). Note that this truncation poses no practical limitation on the applicability of the
model since L¢. can be arbitrarily large and therefore in applications y(¢ — @y) = ¢ — @
The reasons for the regularization (1.78) of (1.81) are mathematical.

First, we need to avoid discontinuities in the electric charges when the contact is made
and so we regularize the function kxjg..) in (1.81) by a Lipschitz function y. A possible
choice is the following example

0 if r<0,
v(r)=< kér if 0<r<i, (1.84)
k if  r>3d,

where is a large enough parameter. This choice means that during the contact process, the
electrical conductivity increases with the contact through the roughness of the surface, and

stabilizes when the penetration uy, — g reaches the value —.

0
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1.2. MODELLING

Second, we need the y (¢ — @) term to make the ¢ — @y term bounded. Note that when
v =01in (1.78), we get

D.v=0 on T3x(0,T). (1.85)

which decouples electrical and mechanical issues on the mating surface. The condition (1.85)
models the case where the obstacle is a perfect insulator and was used in [7, 38, 54] . The
condition (1.78) instead of (1.85), introduces a strong coupling between the mechanical and
electrical boundary conditions . It will be used in chapter 4 of the dissertation.

1.2.5 Thermal conditions

The boundary condition associated with the temperature derived from the Fourier condition

a0
—k,-jxvj =k, (0 — 6g) —h: (i), onI3x[0,T], (1.86)
6=0, in[JUlLx[0,T], (1.87)

where O is the foundation temperature, k, represents the temperature exchange between the
deformable body and the foundation, /. the tangential function. (1.87) is the temperature
boundary condition on I'y UT;. We also consider the conditions

k()g—\e/ +BO =0, onIx][0,T], (1.88)
do
5 = 0, onIx[0,T], (1.89)

where (1.88) represents a Fourier boundary condition for temperature and (1.89) represents a

... . o
homogeneous Neumann boundary condition for the damage domain on I" where — repre-

v

sents the normal derivative of .
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Chapter 2

Thermo-electro elastic-viscoplastic contact
problem

This chapter is devoted to the mathematical analysis of a problem of contact between a
thermo-electro-elastic-viscoplastic body and an obstacle. The process is assumed to be quasi-
static. The contact is modeled by a general normal damped response condition with friction
law and heat exchange. We obtain a variational formulation of the models, then, we prove
the existence and uniqueness of a weak solution. The proof is based on arguments parabolic
inequalities, on differential equations and fixed point arguments. This chapter was the subject
of the publication [30].

2.1 Formulation of the problem

We place ourselves in the physical framework that we presented in Chapter 1 of this thesis.
The body is described by the thermo-electroelastic-viscoplastic constitutive law. The con-
tact is modeled by a general normal damped response condition with friction law and heat
exchange. Under these considerations, the considered mechanical problem is formulated as
follows.

Problem P1

Find a displacement field u : Q x (0,7) — R, a stress field 6 : Q x (0,T) — S¢, an electric
potential field ¢ : Q x (0,7) — R, a temperature field 6 : Q x (0,7) — R, and an electric
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2.1. FORMULATION OF THE PROBLEM

displacement field D : Q x (0,T) — R such that
o =€)+ PBe(u)—EE(Q)

' in Qx (0,7), ,
+/O G (o(s) — /€ (i(s)) + EE(@)(s), € (u(s)))ds — C.0 (0,T) (2.1)

D = &¢(u) +BE(9) inQx(0,T), (2.2)
0 —div(KVO) =r(i)+q, inQx(0,T), (2.3)
Dive + fo =0 in Q x (0,T), (2.4)
divD— gy =0 inQx (0,T), (2.5)
u=0 onTy x (0,T), (2.6)
ov=/f onIy x (0,T), (2.7)
— 0oy =py(iy), onl3x(0,T) (2.8)

loz|| < pe (ity)

Ot = —pr(iiy) & if i #0 on T3 x(0.7), (29)

[ uz]]
00 )

—k,-ja—Xivj:ke(G—GR)+hT(\uT|) onT3 x (0,T), (2.10)
=0 onT, x (0,T), (2.11)
D.v=gq on T, x (0,7T), (2.12)
=0 on ([JUTL)x(0,T), (2.13)
u(0) =up, 6(0)= 6y, in Q. (2.14)

We now describe the notations in (2.1)-(2.14) and provide some comments on the equali-
ties and boundary conditions. First, the equations (2.1)-(2.3) represent the electro-elastic-
viscoplastic constitutive law with thermal effects, The equations (2.4) and (2.5) are the equi-
librium equations for the stress and electric displacement fields, which we have already seen
in (1.43) and (1.44). Equations (2.6)-(2.7) are the displacement-traction conditions. (2.8)-
(2.9) represents the contact conditions for part I'3 that were discussed in Chapter 1. Condi-
tion (2.10), represent, on I'3, a Fourier boundary condition for the temperature. (2.11) and
(2.12) represent the electric boundary conditions. Equation (2.13) means that the temperature
vanishes on (I'y UT) x (0, T). Finally, The functions up and 6 in (2.14) are the initial data.
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2.2. VARIATIONAL FORMULATION

2.2 Variational formulation
The viscosity operator o7 : Q x S¢ — S satisfies

((a) There exists L,; >0 such that

17 (3, 01) — & (x, 02) || < Lz || @01 — 2],
forall 1, w, € S, a.e x € Q.

(b) There exists m, >0 such that

(o (x,01) — A (x,7)).(0] — @2) > my | @ — 02, (2.15)
forall w;,m, € $7, aexe Q.

(c¢) The mapping x — o7 (x,®) is Lebesgue measurable on Q,
for any @ € S¢.

( (d) The mapping x +— & (x,0) € .

The elasticity operator % : Q x S — S satisfies

( (a) There exists Lz > 0 such that
|2 (x, 1) — B (x, 02)|| < Lgllo) — @],
for all 1,0, € $%, ae. x€ Q. (2.16)
(b) The mapping x — %B(x,w) is Lebesgue measurable on Q, '

for all ® € S%.
| (¢) The mapping x +— %(x,0) € 7.

We assume that the visco-plasticity operator & : Q x S x S — R satisfies

( (a) There exists a constant Ly > 0 such that

19 (x,01,61) =4 (x,02,6)|| < Ly (|lo1 — 02|+ |61 — 6al))
forallr € (0,T),01,62,6,,6, €S9, a.e. x € Q.

(b) The mapping x — ¥(x,0,¢) is Lebesgue measurable on Q,
forall 6,¢ € S%,1 € (0,T),

| (¢) The mapping x — ¥(x,0,0) € 7.

2.17)

The thermal expansion operator C, :  x R — R satisfies

((a) There exists L¢, > 0 such that

1Ce (x, 1) — Ce (x, i) || < Le, [|pt1 — 2| for all y, i € R, ae. x € Q.

b)C, = (cij),cij:cjieLw(Q). 2.18)
(c) The mapping x — C,(x, 1) is Lebesgue measurable on Q, '
forany u € R.

| (d) The mapping x — C,(x,0) € 7.
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2.2. VARIATIONAL FORMULATION

The thermal conductivity operator K : Q x R — R satisfies

( (a) There exists Lx > 0 such that

1K (x, 1) — K (x, o) || < L [|[1 — o[, for all g,y € R, ae. x € Q.
(b) k,’j = kji S LOO(.Q),kijOC,'OCj < CrOi O for some ¢ > 0, (2.19)
for all (;) € R.

| (c) The mapping x — k(x,0) belongs to L*(Q).

Electric permittivity operator B = (bi j) : Qx RY — R satisfies

((a) B(e,E) = (bij(e)E)) forall E = (E;) € R?, ae. e € Q.
(b) bjj=0bj; € L>(Q),1<i,j<d.

(c) There exists a constant mpg > 0 such that (2.20)
BE.E > mg||E||?, forall E = (E;) € RY, ae. in Q.
The piezoelectric operator & : Q x S¢ — R satisfies
(a) &= (fin) fineLl”(Q),1<i,j,k<d.
{(b) E(x)o-T=0 &1, forallc € S¢, and all T € RY. (@21

The tangential function p, : ['3s x R — R, e = v, T satisfies

(a) There exists L, > 0 such that
[Pe (3, 1) = pe (%, 2) || < Le [ 1 — o]
for all uy,uy € R, ae. x eIz (2.22)
(d) For any p € R,x — p,(x, ) is Lebesgue measurable on I's
(c) The mapping x — p.(x,0) belongs to L*(T'3).
We assume that the boundary and initial data 6, k., ug and 6y the volume of forces fy and f>
and the charges densities g, ¢», the heat source density q, satisfy

O € C(0,T;L*(I'3)), ke € L™(Q,R), (2.23)
uy eV, 6y, (2.24)
foeC(0.T:L2(Q)), f€C(0,T:L2(T2)"), (2.25)
90 € C(0,7:L2(Q)), g2 € C(0,T:L* () , (2.26)
qeC(0,7:12(Q)). (2.27)

The function r: V — L?(Q) satisfies that there exists a constant L, > 0 such that
[ (u1) = r(u2)ll 20y < Lr|lur —ually ,\Vur,ur € V. (2.28)

We We note that the tangential function A satisfies (2.22). Next. We define six mappings
J:VxV =R, f:10,T] - V,q:[0,T] — W, respectively, by

Jj(u,v) = /r3pv (“V)de”/n pe(uy)||ve] da, (2.29)
(FO)0)v = [ Fot)vax+ [ f3(0)-vda 2:30)
(q(), O)w = /Q go(t)Cdx — /F 0 (1)da, (231)
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forallu,veV,{ €W andt € [0,T]. Note that
feC(0,T;V), qeC(0,T;W). (2.32)

Suppose problem (2.1)-(2.14) has a regular solution (u,0,0) and let v € V , using Green’s
formula (1.4), it comes that

/Qc-(g(v)—e(u))dx:/ﬂfo-(v—u)dH [ (v—ida

(2.33)
+ Gv (Vv_uv>da+ GT‘(VT_I;[T)da.
I3 I3
Then we use the friction law (2.9) to see that
GT : (Vf - I/bp) Z pr (uv) |u1:| — pT (uv) |VT‘ a.c. on F?, (2.34)

Moreover, on the points of I'3 where it; # 0 we have

Ozt (Vr —I/lr) = —pz (uv) |u1’ ( _I/tf) (2 35)
T .
> pr(ity) itr| — pr (ity) [ve|  a.e. onTs.
Because it7.it; = ||it||? and itg.v; < ||itz||||v<||; on the points of I's where ity = 0 we have

Or-(Ve—ily) =0g-vg > |GT||VT|

> —pr(ity) [ve| = pr (ity) lite| — pr (ity) [ve|
because ||oz|| < p(ity) and ||itz|| = O . By integrating (2.34) over I'; we obtain
/F O (ve—itz)da > /F pe (i) (Jitg] — ve]) da. (2.36)
3 3

We now combine (2.36) and (2.33), then we use the condition (2.8) to find

/G-(e(v)—s(u))dx+ Py (ity) (vy — i) da
Q I3
+/ pf(uv)(|vf|—|u1])da2/fo-(v—u)dx—f— fr-(v—rida.
I3 Q I
We use the notations (2.29) and (2.30) to deduce that

(0(1),8(v) —e(i(r)) s +j@(r),v) — ja(t), u(t)) = (£(r),v —it(t))v.

Now for the temperature we have for all

/Grdx /le KVG)de-/r(u)de+/qrdx
Q Q

/G‘L'dx / (Ki;6,) .de:/r(u)rdx—l-/qfdx,
Q Q
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according to Green’s formula
/ecdx / kij0,) V) - rds+/ (ki16,) T dx—/r(u)fdx+/qrdx.
Q Q
According to the condition (2.10)

/Qrdx-l—/ (6 — 6g) + Iz (|ic])) Tds-l—/ (KV0)Vtdx

= / i)Tdx+ / qtdx,

/QQ"L'alx—i—/F (keG)‘L'ds+/Q(KV9)V‘Cdx:/Qr(it)rdx

[ e il as + [ graes [ ke (0 zds.
I3 Q I3

Wepose Q:[0,T| =V, K:¥ =¥, andR:V = V'

(o( ww—/ keOr(t) nda+/ 1)ndsx. (2.37)
dt dn

(KT, yry = ,21/ b 3 5 dx+/ k,Tnda. (2.38)

(Rv, n)«ww—/ V)ndx — / ht (Jve]) nda. (2.39)

Therefore, we obtain
0(t)+K6O(t) =Rua(t)+Q(t), in¥

On the other hand, using Green’s formula (1.14) for the electrical unknowns of the problem
as well as the conditions (2.5), (2.11), and (2.12) we obtain

(D(1), V) 210y + /Q qo(r)ydx = /F Vqrda Yy eW.
b

keeping in mind (2.31) we obtain

(D(t), V) 20y + (4(t), W)w =0 (2.40)

Combine this last equality with (2.2) to obtain

(BVQ(t), V)12 qp — (E€u(t)), V) 20y = (q(t), ¥)w
YyeW, Vtel0,T].

According to the above, we deduce the following variational formulation of the mechanical
problem (2.1)-(2.14)
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Problem PV

Find a displacement field u : (0,7) — V, a stress field o : (0,7) — ¢, an electric potential
¢ :(0,T) — W, and a temperature 6 : (0,7) — 2 such that

o(1) = e (i) + PBe (u(t)) + E V()

(u
2.41
+/%<o e i(s)) — 6V (). € (uls))) ds — C.O(1) .
), €(v) —&(in(t)) s+ jn(t),v) — j(in(r),i(r)) = (£(1),v —i(z))v, (2.42)
(BV<P( ), VO)n — (&eu(t),Vo)u = (q(t),¢)w, Vo eW,t€(0,T) (2.43)
O(1)+K6(r) = Ri(1)+Q(t), in?¥’, (2.44)
M(O) = Uy, 9(0) = 90. (2.45)
To study problem PV we use the smallness assumption
Ly+L;< "é—f (2.46)

0

where Ly, L;, mg and Cy are given in (2.22), (2.15) and (1.7), respectively Our main exis-
tence and uniqueness result for Problem PV is in the following section.
2.3 Result of existence and uniqueness

Theorem 2.1. Assume that (2.15)-(2.28) hold, and the smallness assumption (2.46). Then
there exists a unique solution (u,0,®,0,D) to problem PV. Moreover, the solution has the

regularity
ueC(0,T:V), (2.47)
@ e C(0,T;W), (2.48)
6 eC(0,T; %), (2.49)
0 €C(0,T:L3(Q)) NL*(0,T: 2)NW'2(0,T: 27), (2.50)
DeC(0,T; ). (2.51)

The functions u, o, @, 0, and D which satisfy (2.41)-(2.45) are called a weak solution of
the contact problem P. We conclude that under the above assumptions, the mechanical prob-
lem (2.1) - (2.14) has a unique weak solution satisfying (2.47)-(2.51). The proof of Theorem
2.1, 1s carried out is several steps and is based on arguments of evolutionary quasivariational
inequalities, differential equations and fixed points. We denote by C a constant whose value
may change from line to line when no confusing can arise. Let n € C(0,T;.7¢), we consider
the following variational problem.
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Problem 91

Find a displacement field uy : [0, 7] — V such that for all # € [0, T]

(& (it (1)), € (v) — &l (1)) 5+ (B (un (1)) , € (v) — €(ity (1)) 5
+(M(1),e(v) — &(in (1)) 5+ iy (1), v) = j (itn (), y (1)) = (f(2), v =ity (1)), (2.52)
YweV,ae te(0,7T),

un (0) = uop. (2.53)
We have the following result for 9,11

Lemma 2.2. There exists a unique solution uy € C! (0,T;V) to the problem (2.52) and (2.53).

Proof. Introducing now the operators A :V —V and B: V — V defined as

(Au,v)y = (Ae(u),e(v) w, Vu,vev, (2.54)
(Bu,v)y = (Be(u)e(v)) », Yu,veV. (2.55)

So,Ineq. (2.52) can be rewritten

(Ad(t),v—i(t))v + (Bu(t),v —iu(t))v + j(itn (1),v)

— i (1), (£)) > (B (1), v —t(6)), (250

where
fn(r) =£(t)—n(), aet €[0,T].
Using (2.54)-(2.55) and (2.15)-(2.16) it follows that A and B are Lipschitz continuous oper-

ators. Using again (2.54) and (2.15) we deduce that A is a strongly monotone operator on
14

(Auy —Aup,uy — )y = (o (e (w1)) — o (€ (u2)) , € (1) — € (u2)) 4
> my e (1) — € ()| % > Cllur — w25

We use (2.29), (2.22) and (1.7) to see that the functional j defined in (2.29) satisfies condition
(1.35)(a). With (2.22) and (1.7) again we get

J(ur,va) = j(ur,vi) 4 j (ua,vi) = j (u2,v2) < & (Ly +Le) g —wally [vi = vally  (2.57)

For all uy, up, vi and v € V, which shows that the functional j verifies the condition (1.35)(b)
Finally, note that f;, € C([0,T]; V), up € V and smallness assumption (2.46) and we use classi-
cal arguments of functional analysis concerning evolutionary quasivariational inequality [56]
that there exists a unique solution uy € C1(0,T;V) to the problem 3”,1]

O
In the next step we use the solution uy, obtained in Lemma 2.2, to construct the following
variational problem for the electrical potential.
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Problem 9%

Find an electrical potential ¢ : (0,7') — W such that
(BVn(1),VE)y — (6€(un (1)), VE)y = (q(1),8)w, forall E c W1 € (0,7).  (258)
We have the following result for problem 33%

Lemma 2.3. Problem (2.58) has unique solution @y which satisfies the regularity (2.48).
Moreover, if ¢y, and @y, are the solutions of (2.58) corresponding to 1,1, € C([0,T]; 7€),
then there exists C > 0 such that

[, (1) = @n, (1) ||y, < Cllun, (1) —un, )|, Ve €[0,T]. (2.59)
Proof. we consider the form S: W xW — R
S(@,¢) = (BVQ, V), Yo,0cW, (2.60)

we use (1.11), (2.20), (2.60) and defined (¢, y)w to show that the form § is bilinear con-
tinuous, symmetric and coercive on W, moreover using (2.31) and the Riesz representation
theorem we may define an element &, : [0,7] — W such that

(En(@),9)y = (q(1), )w + (6 (un (1)), V), Vo €W, €(0,T),

we apply the Lax-Milgram Theorem to deduce that there exists a unique element @, (1) € W
such that

S((Pn(t>7¢):(§n(t)a¢)wv V(P eWw. (2~61)

It follows from (2.61) that ¢y is a solution of the equation (2.58). Let @y, = ¢;, and uy, = u;
fori=1,2. We use (2.58) to obtain

101(2) = @2(0) lly < Cllar (1) —ua()lly, Ve €[0,T].

Now since uy € C'(0,T;V), so implies that ¢n € C(0,T;W). This completes the proof.
O]

In the third step, we use the displacement field uy obtained in Lemma 2.2 to consider the
following variational problem.

Problem @,37
Find the temperature field 6y, : (0,T) — L*(Q)

On (1) + K6y (1) = Rity(t) +Q(t), in¥', aet €]0,T], (2.62)
6, (0) = 6. (2.63)

Lemma 2.4. There exists a unique solution 6y to the auxiliary problem 3”% satisfying (2.50).
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Proof. The result follows from classical first order evolution equation given in Refs. [6, 55].
Here the Gelfand triple is given by

Y CLA(Q) = (LZ(Q))/ cv.
The operator K is linear and coercive. By Korn’s inequality, we have
(KT, T)yrer > C1l5-

Given (2.38) and for all T, € 7 we have

d
(Ke.m)yrser < X (Kijl| oy 1 Till 2 0 2

ij=1

2(0) T lkell =) 1Ml 22 ()

that imply
(KT, m)yr50r <CllzllwlIn]ly (2.64)

From the expression of the operator R, iy € L?(0,T;V) = Riy € L*(0,T;¥"), as Q €
L2(0,T;7") then

Rin+QeL*(0,1;7") (2.65)
Using linear and coercion operators K and using (2.64) and the regularity (2.65),8 € L*(Q)

imply that all the conductions of Theorem 1.25 hold, so we conclude that there exists a single
function 6, and who satisfies

0y €L2(0,7:7)NC(0,T:L3(Q)), 6y €L?(0,T:7), (2.66)
O (1) + KOy (t) = Rin () +Q(t) ae.t€(0,T), (2.67)
6 (0) = 6. (2.68)

O

In the fourth step, we use uy, @y and 6 obtained in Lemmas 2.2, 2.3 and 2.4, respectively
to construct the following Cauchy problem for the stress field.

Problem @f;

Find the stress field oy : [0, T] — J# which is a solution of the problem

onlt) = B(e (un(t)))+/0t€4(c7n(s),8(un(s)))ds—Ceen(t), ae.t€(0,T). (2.69)

Lemma 2.5. 4@% has a unique solutions oy € C(0,T;5¢). Moreover, if Gy, uy, and 6y,

represent the solutions of Problems 23, e@f] and @,,37 respectively, for n; € C(0,T;5¢),
i = 1,2, then there exists C > 0 such that

o, (1) = oy (1) <C (|[an, (2) — eny (|3

t (2.70)
00,0~ 600 [0y + [ ons(5) — s 5);).
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Proof. LetX, :C(0,T;5¢) — C(0,T;5¢) be the operator given by

S,0(t) = B (€ (uy (t)))+/Otg(6n(s),8(un(s)))ds—CeGn(t), Q.71)

Leto, € C(0,T;.%),i=1,2and 1 € (0,T). Using hypothesis (2.17) and Holder’s inequality,
we find

2 gl
|Zno1 (1) —Zq02 (11| < ng,ﬂT/O |o1(5) — 02(5) || ds-

Integration on the time interval (0,%;) C (0,7), it follows that

15}
/0 Hzncl(tl) 21762 ] H%dngL / / lo1(s) )H%pdsdtl

Therefore

2 %) 11
Hzncl(fz)—zncz(fz)H%aSL%Tz/o /O lo1(s) — 02(s) % dsdty.

For t1,1,...,t, € (0,T), we generalize the procedure above by recurrence on p. We obtain
the inequality

2
[Zn01(tp) —Zno2(1p)[,
2p tp f rh )
ngT”/O /O [ lo1(5) = 02(s) I dsdr ..

Which implies

2pp+1 T
2 Ly TP 2
[Zno1(1p) = Zno2(1)]| 5, < Jp—, /0 [o1(s) — 02(s)[| 5 ds.

Thus, we can infer, by integrating over the interval time (0, T), that

[Zq01 -2, GZHE(O,T;%) T lo1 = o2l.ror)-

It follows from this inequality that for large p enough, the operator Z‘?] is a contraction on
the Banach space C(0,7;.77), and therefore there exists a unique element o € C(0,7;.7%)
such that X0 = 6. Moreover, 0 is the unique solution of Problem @f;, and using (2.69),
the regularity of uy, 6y, and the properties of the operators %, ¢ and C, it follows that
0 €C(0,T;7¢). Consider now n{,m, € C(0,T;.7) and for i = 1,2, denote un, = u;, Oy, = 6;,
and oy, = 0;. We have

oi(t) = B (e (uit))) +/0t€4(G,-(s),e(u,-(s)))ds—Ceel-(t), ae. 1€ (0,T). (2.72)
and using the properties (2.16), (2.17) and (2.18) of %, ¢4 and C, we find
lo1(t) = 02(0)]I5 < € (|lua (1) — wa (@[5 + [161.(1) — 62(1) 172

(2.73)
+/ uar (5) — ua (s ||Vds+/||61 )||ﬁds) Vr € [0,7).
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2.3. RESULT OF EXISTENCE AND UNIQUENESS

We use Gronwall argument in the previous inequality to deduce (2.70), which concludes the
proof of Lemma 2.5.

O
Finally, as a consequence of these results and using the properties of the operators ¢, &
and C,, for 7 € (0,T), we consider the element A7 (t) € S defined by

(AN (0),v) v = (E7V Py (1), €(v)) s+ (Cebn (1), €(v)

+</0 54(Gn,s(un(s)))ds,e(v)>%,vv€V7 (2.74)

Here, for every n € C(0,T;.57). Un, @n, Oy and oy represent the displacement field, the
electric potential field, the temperature field and the stress field, obtained in Lemmas 2.2, 2.3,
2.4 and 2.5 respectively. We have the following result.

Lemma 2.6. The mapping A has a fixed point n* € C(0,T; ), such that An* = n*.

Proof. Letr < (0,7)and n;,n, € C(0,T;5). We use the notation that un, = u;, ity, = it;,
Oy, = 6;, @n, = ¢, and 6y, = 0; for i = 1,2. Let us start by using (1.7), (2.17), (2.18) and
(2.21), we have

1AN (1) — AN, (1)[13 < |67V u(t) — EVer (1) |3,
+wamm>cwznf+/u%ol><mun—gwxmamwm@Ms
<C(ll@1(e) — @a(t) I3 + 181(1) — 62(1) 172

+ [ lo16) = 026) st [ (s —mmmw)
(2.75)

We use estimates (2.70), (2.59) to obtain
1AD 1 (1) = Ana ()13 < C (1161(t) = 2(1) 172 (g + 11 (5) — 2 ()5
t ) (2.76)
[ ()~ ) ds)

Using inequality (2.52) for n = n, we find

(e (in(t)),e(v)—e(i(t))) 0+ (Be(ur (1)), €(v) — (it (1)) 4
+(N1(2),€(v) —€(1(2))) o + j i1 (t),v) — j (i1 (1), 11 (1)) (2.77)
> (f(t),v—i1(t))y,VveV,ae t€(0,T),

€(v) —€(i2(1))) p + (BE (u2(1)) € (v) — €(i2(2))) s
(1),€(v) — &(ina(1))) s + (U2 (2),v) — j (it (2), 112 (1)) (2.78)
> (f@),v—inn(t)),,YveV, ae te(0,T),
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we take v =ip(¢) in (2.77) and v = iz1 (¢) in (2.78), add the two inequalities to obtain

(€ (i (1)) — & (in(1)) , €1 (£)) — ( 2())
< (Ze(u (1)) — Be (ua (1)) — &(in(1)))
+(M1(1) =m2(1), (i (1)) — (ul(t)))+ (i1 (1), i2(1))
— J G (1), i (0)) + j (e (2), i1 (2)) = j (i (1), 112 (7)),

then we use assumptions (2.15), (2.16) and (2.22) to find

—~
~
~—
~—
(‘c

. . 2 . . . .
Mgy ||liy —iz||y <Lz |lur —uz|ly [lin —ially + 1My — N2l ien — 2|y,
+e(Ly+Le) ity — oI

It follows that
ity — iz ||y < C(lur —ually + 101 — N2l ) -

t
Since u;(t) = / ii(s)ds—+ug,Vt € [0,T], we have
0

i) = us(e)ly < [ () = (o)

Using (2.80), (2.81) and the Gronwall’s inequality, we find

[ i) =)y ds < [ 1n(s)=n(5) s,

Then, we find

@) =2}l <C [ [y =mallpds, 1€ (0.7)

Let 0y, = 6;, and up, = u; fori = 1,2. Lett € R™ be fixed. Then, we have

(61(1) = 02(1),61(1) — 62(1)) 1,y + (KO1 (1) — KOa(t), 01 (1) — 02(t)) 1.y
= (Rlll (l) _RﬁZ(t)791(t) - GZ(I))V/’X’Y/'

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

We integrate the above equality over (0,7) and we use the strong monotonicity of K and the

Lipschitz continuity of R : V — ¥ to deduce that

t
181(6) = 62(1) gy < C [ i (s) = ia(s) s,

It follows now from (2.82), that

t
164() = 020172 <€ | Im1(s) = ma(s) s, o € [0.7)
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2.3. RESULT OF EXISTENCE AND UNIQUENESS

Form the previous inequality and estimates (2.83) and (2.76) it follows now that

T
1AM (0 = Ana(0)l5 <€ [ Im(s) = a5 ds: 284

Reiterating this inequality m times we obtain

mrnm

[N —AmTIzH%(QT;%) < 111 —772“%(01;%)-

Thus, for m sufficiently large, A is a contraction on the Banach space C(0,7T;.5¢), and so A
has a unique fixed point.

O
We are now ready to prove Theorem 2.1.
Existence
Let n* € C(0,T;.7) be the fixed point of A and
o=Ae(t)+EVo(t)+ oy, (2.86)
D= &€(u)+BV(p). (2.87)

We prove that (u, 0,0, ¢, D) satisfies (2.41)-(2.45) and (2.47)-(2.51). Indeed, we write (2.69)
for n* = n and use (2.85)-(2.86) to obtain that (2.41) is satisfied. Now we consider (2.52)
for n* = n and use (2.85) to find

(e e(ir)),e(v—i(t)) n + (Pe (u(
t

t
+ 7 (0),v = it)) 4 J (i(2),v) = j (@(2)
VveVre[OT]

The equalities An* = n* combined with (2.74), (2.85) and (2.86) show that for all v € V,
(" (1), v)exv = (E7V(t),€(v)) v — (CcO(2),€(v))
+([9(06) - oetis) - £ Vol eus)ds,e)
A

We substitute (2.89) in (2.88)) and use (2.41) to see that (2.42) is satisfied. We write now
(2.58) for n = n* and use (2.85) to find (2.43). From (2.62) and (2.85) we see that (2.44) is
satisfied. Next, (2.45), The regularities (2.47), (2.48), (2.49) and (2.50) follow from Lemmas
2.2,2.3,2.4and 2.5. Letnow 11,1, € [0, T, from (1.11), (2.20), (2.21) and (2.87), we conclude
that there exists a positive constant C > 0 verifying

[D(t1) =D(@)|lg <C([@(t1) — @ (12)lly + [Ju(nr) —u(n)ly)-
The regularity of u and ¢ given by (2.47) and (2.48) implies

)),€(v) —e((t)))

(1)) > (£(1),v—alt))y (2.88)

(2.89)

D C(0,T;H). (2.90)
We choose ¢ € D(Q)? in (2.43) and using (2.31) we find
divD(t) = qo(t), Vi €[0,T], 2.91)

Property D € C(0,T; %) follows from (2.26),(2.90) and (2.91) which concludes the existence
part the Theorem 2.1.
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2.3. RESULT OF EXISTENCE AND UNIQUENESS

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of oper-
ator A. and the unique solvability of the Problems 22}, @,2,, @,37 and 9;‘; which completes
the proof.
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Chapter 3

Thermo-electro-elastic-viscoplastic contact
problem with damage

This chapter is devoted to the mathematical study of a quasi-static contact problem between
a thermo electro elastic-viscoplastic body with damage, and an obstacle, the so-called foun-
dation. we assume that the normal stress is prescribed on the contact surface and we use the
quasistatic version of Coulombs law of dry friction. After having established the variational
formulation and having posed the necessary hypotheses, we establish a result of existence
and uniqueness of the solution. The proof is based on a classical existence and uniqueness
result on parabolic inequalities, differential equations and fixed point arguments.

3.1 Formulation of the problem

We place ourselves in the physical framework that we presented in Chapter 1 of this thesis.
The classical formulation of the mechanical problem may be stated as follows

Problem P2

Find a displacement field u : Q x (0,T) — R?, a stress field 6 : Q x (0,T) — S¢, an elec-
tric potential field ¢ : Q x (0,7) — R, a temperature field 6 : Q x (0,7) — R, an electric
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3.2.  VARIATIONAL FORMULATION

displacement field D : Q x (0,T) — R, and a damage field & : Q x (0,7) — R such that
c=dd¢e(it)+B(e(u),a)—EE(p)

t inQx(0,7), 3.1
+/0g(o(s)—m(u(s))+5*E(<p)(s>,e(u(s)))ds—cee xO1), @D

D = &&(u) + BE(9) in Qx (0,T), (3.2)
0 —divK(A6) =r(i,a) +q, inQx(0,T), (3.3)
o—kAa+doy(a) > S(e(u), o), inQx(0,7), (3.4)
Dive +fy =0 in Qx (0,7), (3.5)
divD — gy =0 in Qx (0,7), (3.6)
u=20 onI'y x(0,T), (3.7)
ov=Ff onI x(0,T), (3.8)
—oy=F onI3x(0,T) (3.9)

loc| < ulovl

sz—u|6v|HZ—zH if iz #0 ol (0.1) (310

d0 .

—kua—xi\’jZke(G—GRHhT(quI) onI’3x (0,7), (3.11)
3—3‘ =0 onT x (0,T), (3.12)
=0 onI, x(0,T), (3.13)
D.v=q onT}, x (0,T), (3.14)
6=0 on ([ U,)x(0,T), (3.15)
u(0) =up, 6(0) =6, a(0)=a, in Q. (3.16)

First, equations (3.1)-(3.4) represent the electro-elastic-viscoplastic constitutive law with
damage and thermal effects. Equations (3.5) and (3.6) represent the equilibrium equations
for the stress and electric displacement fields. Equations (3.7)-(3.8) are the displacement-
traction conditions. Frictional contact conditions of the form (3.9) and (3.10) describe the
contact on the surface I'3, where F' is a given positive function. The above relations assert
that the tangential stress is bounded by the normal stress multiplied by the value of the fric-
tion coefficient u, (3.11), (3.12) represent, respectively on I', a Fourier boundary condition
for the temperature and an homogeneous Neumann boundary condition for the damage field
on I'. (3.13) and (3.14) represent the electric boundary conditions. Equation (3.15) means
that the temperature vanishes on (I'; UT») x (0,7). Finally, The functions ug, 6y and oy in
(3.16) are the initial data.

3.2 Variational formulation

Before establishing a variational formulation to the problem P2, we need some assump-
tions. We assume that the operator <7, the visco-plasticity operator ¢, The thermal expan-
sion operator C,, The thermal conductivity operator K, Electric permittivity operator B, The
piezoelectric operator &, and the tangential function /. verify the hypotheses (2.15),(2.17),
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3.2.  VARIATIONAL FORMULATION

(2.18), (2.19), (2.20), (2.21) and (2.22) of the previous chapter. The elasticity operator
B QxS xR — S satisfies

( (a) There exists Ly >0 such that
|5 (x, 01, 00) — B(x, 02, ) || < Lag(||or — 2|+ [|on — czl]),

forall 1,0, € S?, a1, 00 €R, ae. x € Q.

3.17
(b) The mapping x — Z(x,®, ) is Lebesgue measurable on Q, G.17)
forall o € %, a0 € R.
| (¢) The mapping x +— %(x,0,0) € 7.
The function S : Q x S x R — R satisfies
( (a) There exists a constant Lg > 0 such that

1S (x, @1, 01) = S (x, 02, 0) || < Lg (|01 — @2 + [l — 2 ]) ,

for all 0y, m, € %, forall o, € R, a.e. x € Q.
(3.18)

(b) The mapping x — S(x,®, @) is Lebesgue measurable on Q,
for all w € S¢, for all a € R.
. 2
| (c) The mapping x — S(x,0,0) € L*(Q).

We assume that the friction coefficient , the normal stress F, the boundary and initial data
Or, k., Qy, ug and 6y the volume of forces f and f> and the charges densities gg, g2 the heat
source density q the microcrack diffusion coefficient kg satisfy

pel”(3), u>0ae. onljy,

2 (3.19)
FelL (I3), F>0ae. on €3,
O € C(0,T;L*(I3)), ke € L™(Q,R), (3.20)
up eV, apekK, 6ye?, (3.21)
foeC(0,T:L2(Q)), feC(0,T:L2(T2)"), (3.22)
90 € C(0,T;12(Q)), g2 € C(0,T5L(Ty)) (3.23)
ko>0, qeC(0,T:L*(Q)). (3.24)
The function r: V x R — L?(Q) satisfies that there exists a constant L, > 0 such that
7 (ur, 61) = 7 (2, &2) | 2 () < L ([lr = wally + 181 = E2) 1) (3.25)
Vup,up €V, &1,6 €R. '
We introduce the following bilinear form a : H'(Q) x H'(Q) — R, by
a(,E) :ko/ Ve VEdx. (3.26)
Q
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3.2.  VARIATIONAL FORMULATION

Next. We define six mappings j:V — R, f:[0,7] =V, q:[0,T] =W, Q:[0,T] — ¥/,
K:V — ¥, andR:V — ¥ respectively, by

j0) = | wFlvelida, eV,
(P = [ fol0) vax+ [ £2(0)-vda,
(400 O = [ qo)Catx— [ ax(0)¢da

( 7//><~//—/ k GR nda+/ Tldx
dt dn

K Ly = ; .
(KT,M)prsy = Z/kjaxjade +/k’mda

i,j=1

(Rv,n “//’x“//—/ ndx+/ he (|ve]) nda.

forallu,veV,{ eW,n,7€ ¥ andt € [0,T]. Note that

fec,1;v), qeC(0,T;W).

(3.27)
(3.28)
(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Similar to before. Using standard arguments based on Green’s formula (1.4) and (1.14) , we
obtain the following variational formulation (3.1)-(3.16).

Problem PV

Find a displacement field u : (0,7) — V, a stress field o : (0,7) — 5, an electric potential
@ :(0,T) — W, a damage field a : (0,T) — H'(Q), and a temperature 6 : (0,T) — ¥ such

that

(1) = e ((r)) + B (& (u(t),a(t) + EVo(r)

t

+ [ Y(o(s

0

Ee(u) —

(il(s)) — E*V(s), € (u(s)))ds — C.0(t),
BV(fp),

(O'(I),S(V)—S(u(t))jfﬂLJ(V)—J i(t)) = (£(t),v—a(t))v,
) —

Our main existence and uniqueness result for Problem PV is in the following section.
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3.3. RESULT OF EXISTENCE AND UNIQUENESS

3.3 Result of existence and uniqueness

Theorem 3.1. Assume that (3.17)-(3.25) hold, Then there exists a unique solution (u,c,@,0,0,D)
to problem PV. Moreover, the solution has the regularity

ueCl0,T;Vv), (3.41)
@ €C(0,T;W), (3.42)
o €C(0,T; ), (3.43)
0 € C(0,T:L3(Q)) NL*(0,7:7)n W' (0,7;47), (3.44)
aew!'?(0,7:L5(Q)) NL? (0,T:H'(Q)), (3.45)
DeC(0,T;¥). (3.46)

The functions u, o, ¢, 6, o, and D which satisfy (3.34)-(3.40) are called a weak solution
of the contact problem P. We conclude that, under the assumptions (3.17)-(3.25), the me-
chanical problem (3.1)-(3.16) has a unique weak solution satisfying (3.41)-(3.46). The proof
of Theorem 3.1, is carried out is several steps and is based on arguments of evolutionary vari-
ational inequalities, parabolic inequalities, differential equations and fixed points. We denote
by C a constant whose value may change from line to line when no confusing can arise. Let
n € C(0,T;5#) and A € C(0,T;L*(Q)) we consider the following variational problem.

Problem @,17

Find a displacement field uy : [0, 7] — V such that for all # € [0, T]

(/& (in (1)), € (v) = &(itn (1)) 5o + (B (€ (un (1)), 0 (1)) ;€ (v) — €(itn (1)) 5

+ (), e(v) — (it (1)) s +J(v) = j ity (1)) = (f(2),v — ity (1)), (3.47)
VeV, ae. te(0,T),
un (0) = up. (3.48)

We have the following result for @,17

Lemma 3.2. (1) There exists a unique solution uy € c! (0,T;V) to the problem (3.47) and
(3.48).

(2) If uy and uy are two solutions of (3.47) and (3.48) corresponding to the data n;,
N, € C([0,T);5), then there exists C > 0 such that

@)= wxOlly <€ [ 1)~ 16) s, 1€ 0.7] (3.49)

Proof. Let us introduce operators A:V — Vand B:V x H' (Q) —V

(Au,v)y = (Ae(u),e(v) , Vu,vev, (3.50)
(B(u,0),v)y = (B(e(u),)e(v) w, Yu,veV, ocH(Q). (3.51)
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Therefore, (3.47) can be rewritten as follows

(Ai(r),v —it(t))y + (B(u(t),a(r)) v —i(t))y + j(v)
— ju(r)) = (£ (1),v — (1)), (3.52)

where

fn(r) =£(r)—n(), aet €[0,T].
We use assumption (2.15) to see that A is a strongly monotone Lipschitz continuous operator.
Also, it follows from (3.17) that B is a Lipschitz continuous operator and we use (1.7) to see
that the functional j defined in (3.27) satisfies
JO) < collttllp= ) IFll 2y Vllv, Wy eV,
so the seminorm j is continuous and, therefore, it is a convex lower semicontinuous function
on V. Finally, note that f;, € C([0,T];V) and up € V and we use classical arguments of
functional analysis concerning evolutionary variational inequalities [10, 56] we can easily
prove the existence and uniqueness of uy satisfying (3.41). Using inequality (3.47) for n =
nl, I/lnl =ui, l/lnl - u], we ﬁl’ld
(e (i (1)) ,€(v) —€(it1 (1)) p + (B (€ (i (1), 00 (1)), € (v) —€(it1 (1))
+(M1(1),&(v) —€(i1 (1)) s + 7 (v) = J (i1 (1)) = (f(2),v = i1 (1)) , (3.53)
YweV,ae te(0,T),
for n =Ny, un, = uy, ity, = iz, we find
(& (inn(t),€(v) —€(ina(t))) s + (B (€ (ua(1)) , 1 (1)) € (v) — €(i2(2))) s
+(M2(1),€(v) = €(ia(2))) o+ (v) = j (i2(1)) = (f(2),v = i2(2)) (3.54)
YveV, ae te(0,7T),
we take v = ip(¢) in (3.53) and v = iz; (¢) in (3.54), add the two inequalities to obtain

)i
(€ (in (1)) — € (i (1)) ;€1 (1)) — €(i12(1))) s

< (B (e (1), o (r) — B (€ (u2(1)), 0,(1)) , € (1)) — €(it1(2))) e
+ (M1 (1) = Ma(1), e (1)) — €(i2(7))),
then we use assumptions (2.15) and (3.17) to derive
liy — ia[ly < C([Jur —ually + 1M1 =2l ) - (3.55)

t
Since u;(t) = / ii(s)ds+ug,Vt € [0,T], we have
0

t
Jir(6) = Olly < [ Nin(s) = )y s (3.56)
Using (3.55), (3.56) and the Gronwall’s inequality, we find
/ i1 () — it2(s) |y ds </ IM(s) = n(s)||ds, (3.57)

which concludes the proof of Lemma 3.2.

O
In the next step we use the solution u;, obtained in Lemma 3.2, to construct the following
variational problem for the electrical potential.
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Problem 9%

Find an electrical potential ¢ : (0,7') — W such that
BV (1), V) — (£€(un(1)),VE)y = (q(1),8)w, forall G e W,r € (0,T).  (3.58)
We have the following result for problem 9’%

Lemma 3.3. Problem (3.58) has unique solution @y which satisfies the regularity (3.42).
Moreover, if ¢y, and @y, are the solutions of (3.58) corresponding to 1,1, € C([0,T]; 7€),
then there exists C > 0 such that

1n, (6) = @0, (1) |3, < € [Jun, (1) —un, (], ¥ € [0,7]. (3.59)

Proof. See the proof of Lemma 2.3 (Chapter 2)

]
In the third step, we use the displacement field uy obtained in Lemma 3.2 to consider the
following variational problem.

Problem 3”,37
Find the temperature field 6y : (0,T) — L*(Q)

Oy (t) + K6y () = Rity(t) +Q(t), in¥', aet €l0,T], (3.60)
6,,(0) = 6. (3.61)

Lemma 3.4. There exists a unique solution 0y to the auxiliary problem 3”,37 satisfying (3.44).
Moreover 3C > 0 such that Y1 ,m, € C(0,T;.57).

[6n (6= 0n0l[32i0) <€ [ Ims)=ma)lpds, vicloT).  G62)

Proof. The result follows from classical first order evolution equation given in Refs. [6, 55].
(See the proof of Lemma 2.4 (Chapter 2)). Here the Gelfand triple is given by

Y CLA(Q) = (LZ(Q))/ cv.
The operator K is linear and coercive. By Korn’s inequality, we have
(KT,7)y10v > Cll7]|5-

Let 6y, = 6;, and up, = u; fori = 1,2. Lett € R™ be fixed. Then, we have

(91 (I) — QQ(I), 0, (l) — Oz(t))nf/,xy/ + (K61 (t) —Kez(l), 0, (l‘) — Qz(t))af//xn//
= (Ruy (1) — R (1), 01 (1) — 62(1)) 1y -

We integrate the above equality over (0,7) and we use the strong monotonicity of K and the
Lipschitz continuity of R : V — ¥ to deduce that
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t
181(6) = 02(1) [y <€ [ i (s) = ia(s) s,

It follows now from (3.57), that

t
161(1) = 62(1) 720y < € /0 111(s) = n2(s) |3 ds, Vi €0,T].

]
In the fourth step we let A € C(0,T;L%(Q))
Problem &7,
Find the damage field a : (0,T) — L*(Q) such that o (1) € % and
(an(1),6 — an)pz (o) +a(on(r),s —an(r)) (3.63)
> (0.6~ () VEEY, ae 1€ (0.T), |
;.(0) = . (3.64)

For the study of problem &), we have the following result.

Lemma 3.5. There exists a unique solution ), to the auxiliary problem &7, satisfying (3.45).

Proof. The inclusion mapping of (Hl(Q), Il - ||H1(Q)) into <L2(Q), Il - ||L2(Q)> is continuous

and its range is dense. We denote by (H'(Q))’ the dual space of H'(Q) and, identifying the
dual of L?(Q) with itself, we can write the Gelfand triple

H'(Q) c L}(Q) c (H' (@) .

We use the notation (., )( to represent the duality pairing between (H'(Q))’ and

(H'(Q)). We have

(OC, C)(HI(QD/XHI(Q) = (OC, C)LZ(Q)7 Vo e LZ(Q‘)7 C € HI(Q)a

H(Q)) xH!(Q)

and we note that K is a closed convex set in (H'(Q)), using the definition (3.26) of the
bilinear form a, for all y,{ € H'(Q), we have a(y,{) = a(¢, w) and

la(y, O <KV lallVEla < cllwllm@)llSlla @)

Therefore, a is continuous and symmetric. Thus, for all y € H 1 (Q), we have

a(y, y) = k| Vyllz,

SO

a(yoy) + (k4 D2 =k (IV + v, ) -
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which implies
a(y,y) +c0|]l//||%2(9) > ¢y ||I//\|12_11(Q) with co =k+ 1 and ¢ = k.

Finally, we use that condition o € K, and we use a standard result for parabolic vari-
ational inequalities ( see [6], p. 124), we find that there exists a unique function a €
W2 (0,T;L%(Q)) NL* (0,T;H'(Q)), such that (0) = oy, () € K for all € [0,T] and
for almost all z € (0,7)
(60,6 = ) (s (00, £ = 00(0) = (A(0). £ — Ga(0) 20
vV €K,
]

In the fifth step, we use uy, @y, 6y and oy obtained in Lemmas 3.2, 3.3, 3.4 and 3.5,
respectively to construct the following Cauchy problem for the stress field.

Problem &7, 3

Find the stress field 6, ; : [0,7] — 2 which is a solution of the problem

O (1) = (e g (1),0,(0)) + [ 9 (0.1(5), (g ())) ds— Coy 1),
ae. 1€ (0,7).

(3.65)

Lemma 3.6. sz,l has a unique solutions Ona € C(0,T;5¢). Moreover, if Onie Unp
On, and oy, represent the solutions of Problems & ;, 9,11 @,37 and, ), respectively, for
(M, A) €C(0,T;. x L*(Q)), i = 1,2, then there exists C > 0 such that
2 <C 2 2
”6771711 (1) — 07727/12(t>“,9f = (H”m (1) — ”nz(t)HV + H(X,11 (1) — alz(t)HLz(Q)
) 1 ) (3.66)
+ Hem <t> - 9n2<t)||L2(Q) +/0 Hum (S) - ”nz(S>HV> .

Proof. LetX,;:C(0,7;5¢) — C(0,T;5¢) be the operator given by

20(0) = 2 (& (un )03 () + [ (0 4(5).€ (un(5))) ds —Cobn(0), (36)

Let 6; € WI*(0,T;.5¢), i = 1,2 and t; € (0,T). Using hypothesis (2.17) and Holder’s in-
equality, we find

2 f 2
20001 () ~Eq 2020, <L3T [ llo1(s) = 0a(s) Py ds.

Integration on the time interval (0,7,) C (0,7), it follows that
15 ) ) 15 151 2
/0 HZ,MGI (ll)—znﬂGz(l‘l)H%dtl SLgT/O /0 ||O'1(S)—(72(S>||jfdsdt1.
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Therefore

2 15} 1
29201 (12) = Ep 202 (12) ||, < Ly T? /0 /0 lo1 () — a(s) 1 dsdty.

Fort,t,...,t, € (0,T), we generalize the procedure above by recurrence on n. We obtain the
inequality

||Z 101 (l‘n) Z 102 l‘n ||%p

)
LZ”T"/ //Hcl 2(5) |13, dsdy ... dty1.

Which implies

) L(2é1Tn+l 5
Hzn,/lcl (tn)_zn,/lGZ (tn)H;f / |o1(s) — o2(s) |5, ds.

Thus, we can infer, by integrating over the interval time (0, 7), that

LGTI’H—Z

HZ,MGI—Z <

2 2
n.A GzHC(O,T;%) lor = o2l

It follows from this inequality that for large n enough, the operator Z’:L 5 1s a contraction on
the Banach space C(0,7;.77), and therefore there exists a unique element o € C(0,7;.7%)
such that Zn, 2,0 = 0. Moreover, o is the unique solution of Problem ,@n’ .- Consider now
(N1, 21),(N2,242) € C(0,T;.5 x L*(Q)) and for i = 1,2, denote un, = u;, On, = 6;, 0y, = 0
and oy, 3, = 0;. We have

0ilt) = 2 (e (w(r). (1)) + [ 9 (01(6).€ u(5))) ds — .01,

(3.68)
ae. t€(0,7).
and using the properties (3.17), (2.17) and (2.18) of %, ¢ and C, we find
lo1(t) = 2(1)I1%
< C(ur () = ua (@)1 +llea (1) — e (0)lI72 () + 161(1) = 62(1) 172 (3.69)

—l—/ ||u1(s) —ua(s ]|Vds+/ lo1(s) )H/fds) vVt €10,T].

We use Gronwall argument in the previous inequality to deduce (3.66), which concludes the
proof of Lemma 3.6.

O
Finally, as a consequence of these results and using the properties of the operators ¢, &,
C, and the function S, for r € (0,T), we consider the element

A, A)(8) = (A1 (0, 2)(0), A(n,2)(1)) € A x L*(Q), (3.70)
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defined by
(AL 2)(1).9) 4y = (E7V9n(1).£(v)) 1+ (CeBy (1), £(v))
+</0€4 G,M,é‘(un(s)))ds,e(v))%}ﬁv6V,

A2 (0, 4) (1) = S (e (un (1)), 0 (1)) - (3.72)

Here, for every (1,A) € C(0,T;5 x L*(Q)). un, ¢n, 6y, 05 and O, represent the dis-
placement field, the electric potential field, the temperature field, the damage field and the
stress field, obtained in Lemmas 3.2, 3.3, 3.4, 3.5 and 3.6 respectively. We have the follow-
ing result.

Lemma 3.7. The mapping A has a fixed point (n*,1*) € C(0,T;# x L*(Q)), such that
AM* A7) =" A7),

Proof. Let? € (0,T) and (1;,41),(13,A2) € C(0,T; x L*(Q)). We use the notation
that uy, = u;, ity, = i, Op; = 6;, Oy, = @i, 0y, = o and Ona = Oi fori=1,2. Let us start by
using (1.7), (2.17), (2.18) and (2.21), we have

AT (11A0) () = A (12.2) () < 167V91(0) ~ £ V(0|3

+HCO0) = CO0I+ [ 19 (01(5),e(5) ~ (02(6).e(ux(s)) [ s
<C(llo1()) = @20 5 +1161(2) = (1) 72

+ [lois) - o2 s+ [ s —uz()HvdS>

(3.71)

(3.73)
We use estimates (3.59), (3.66) to obtain
JAT (11,40) (1) = AT (12, 22) ()5 < € (Jlon (1)) — @2 (1) 172
5 5 t 5 (3.74)
+1161(0)) = 62(0) 72 + i (5) = w2} 3+ | Jun(5) —us(s)] ds ).
By similar arguments, from (3.72), (3.18) we obtain
2
1A% (01, 24) (1) = A2 (M2, 22) ()| < € (Iln () = wa2) 7 (3.75)
tlen(t) = n(t)f2q)) ., ae 1€ (O.T).
It follows now from (3.75), (3.74) and (3.70) that
1AM A1) () = A2, 22) () r20) < € (o (1) — 0a(0)lI72 0
(3.76)

+1610)) ~ 00) g0+ it (6) —a6) B+ [ Tl (5) — a5 s ).
Form (3.63), deduced that
(G — 00 — az)Lz(Q) +a(o—,0 — o)
< (M=, 00 — )2y, ae. 1 €(0,T).
integrate inequality with respect to time, using the initial conditions a; (0) = o (0) = o,

and inequality a (ot} — o, 0¢) — &) > 0, we find
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ot (1) = 0 1) 2@ < € [ (1 (9) = 22(5), 00 (5) = 2 (5)) (s,
0

which implies

loa (1) — a2 (1) 172
/H,’t] (972 ds+/Hoc1 % (5) 1720 ds

This inequality combined with the Gronwall inequality leads to
t
o (6) = e () <€ [ 141 (5) = 2 @y ds Vi€ 0.7]. BT

Form the previous inequality and estimates (3.77), (3.76), (3.62) and (3.49) it follows now
that

1A 2) () = A2, 22) Ol 120
<€ [ 107120 (6) — (12,22 5)

Reiterating this inequality m times we obtain

(3.78)

||Am (771711) — A" (n27)l‘2)||é(07T;%0xL2(Q))

C’"T’"
< 100 20) = (0. 22) 20,1120

Thus, for m sufficiently large, A™ is a contraction on the Banach space C(0,T;.5# x L*(Q)),
and so A has a unique fixed point.

]
Now we have every thing that is required to prove Theorem 3.1.
Existence
Let (n*,A*) € C(0,T;.5# x L*(Q)) be the fixed point of A and
0 =FE() +EVO(t) + O peps, (3.80)
D= &¢€(u)+BV(9). (3.81)

We prove that (u,0,0,¢,a,D) satisfies (3.34)-(3.40) and (3.41)-(3.46). Indeed, we write
(3.65) forn* =mn, A* = A and use (3.79)-(3.80) to obtain that (3.34) is satisfied. Now we
consider (3.47) forn* =1, A*=A and use (3.79) to find

(€(it)),e(v—ir(t))w + (B (e(u(t),a(r)), € (v) —€(i(t))) 5
+ (), v —i(t) p + 7 (v) = (@(0)) = (f(1),v—(t))y (3.82)
WweVite [O,T]
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The equalities A' (n*,A*) = n* and A% (n*,A*) = A*. combined with (3.71)-(3.72), (3.79)
and (3.80) show that forallv e V,

(1" (). ¥) = (6 9(0),£(0)) — (CoO(0), 1) -
(/% — o/ e(i(s)) — 6 Vglo) e(uls))ds ()

H
A1) =S(e(u?)),oa(t)). (3.84)

We substitute (3.83) in (3.82)) and use (3.34) to see that (3.36) is satisfied. We write now
(3.58) for n = n* and use (3.79) to find (3.37). From (3.60) and (3.79) we see that (3.38) is
satisfied. We write (3.63) for A = A* and use (3.79) and (3.84) to find that (3.39) is satisfied
Next, (3.40), The regularities (3.41), (3.42), (3.44) and (3.45) follow from Lemmas 3.2, 3.3,
3.4 and 3.5. The regularity o € C(0,T;5¢) follows from Lemmas 3.6. Let now t;,#, € [0,T],
from (1.11), (2.20), (2.21) and (3.81), we conclude that there exists a positive constant C > 0
verifying

(3.83)

1D (11) =D (2)llg < Cl@ (1) — @ (12)lly + [l (21) —u(22)[ly) -
The regularity of u and ¢ given by (3.41) and (3.42) implies
DeC(0,T;H). (3.85)
We choose ¢ € D(Q)? in (3.37) and using (3.29) we find
divD(t) = qo(t), Vt€][0,T], (3.86)

Property (3.46) follows from (3.23),(3.85) and (3.86) which concludes the existence part the
Theorem 3.1.

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of op-
erator A. and the unique solvability of the Problems &}, 9,21 @%, ), and &, ; which
completes the proof.
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Chapter I

Thermo-electro-viscoelastic contact
problem with damage

In this chapter we consider a mathematical model which describes the quasistatic process
of a contact with friction and damage between a body having a nonlinear thermo-electro-
viscoelastic constitutive law and an obstacle. the contact is described with the normal compli-
ance condition and a version of Coulombs law of friction. we derive a variational formulation
for the mechanical problem. Then, we provide the existence of a weak solution to the prob-
lem. The proof is based on arguments of time-dependent variational inequalities, parabolic
inequalities, on differential equations and fixed point arguments. The content of this chapter
was the subject of the publication [31]

4.1 Formulation of the problem

We place ourselves in the physical framework that we presented in Chapter 1 of this thesis.
The body is described by Constitutive law of electro-viscoelastic materials with long memory
with damage and thermal effects. The contact is described with the normal compliance con-
dition and a version of Coulomb’s law of friction. Under these considerations, the considered
mechanical problem be stated as follows.

Problem P3

Find a displacement field u : Q x (0,T) — R?, a stress field 6 : Q x (0,T) — S?, an elec-
tric potential field ¢ : Q x (0,7) — R, a temperature field 6 : Q x (0,7) — R, an electric
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displacement field D : Q x (0,T) — R, and a damage field & : Q x (0,7) — R such that

= /& (u(t)) + A (& (u(t),0(t), a(r)) +

in Q x (0,T), @.1)

/«/// (t=s,€(u(s)),0(s),a(s)) ds — ()" E (9(t))
D= &e(u) +BV(9) in Q% (0,T), 4.2)
0 — kA8 =0 (0,e(u),0,a)+p inQx(0,7T), (4.3)
a—kAo+dox(a) 2 S(e(u),a), inQx(0,T), (4.4)
Divo + fo =0 in Q% (0,7), (4.5)
divD—¢go=0 inQx(0,T), (4.6)
u=>0 onT' x(0,T), 4.7)
ov=1/ onI% x(0,T), (4.8)
—oy=py(uy—g) onI3x(0,T) (4.9)

ol < upy (uy —g)

lo<ll < upy (uy —g) =itz =0 on I'3 % (0,7) 4.10)

ozl = upy (uy — g) = there exists A >0

such that 6; = — Az,

‘3_‘;‘ —0 on T x (0,7), @.11)
=0 on T, % (0,7), (4.12)
D.v=q on T x (0,7), 4.13)
D-v=y(uy—g)¢(¢—g) onl3x(0,T), (4.14)

3—9+BG 0 onIx(0,7T), 4.15)
w(0) =uy, 0(0) =6y, a(0)= o, in Q. (4.16)

First, equations (4.1) and (4.2) represent the thermo-electro-viscoelastic constitutive law with
long term-memory and damage. Equation (4.3) represents the energy conservation where ®
is a nonlinear constitutive function which represents the heat generated by the work of inter-
nal forces and p is a given volume heat source The evolution of the damage field is governed
by the inclusion of parabolic type given by the relation (4.4). Equations (4.5) and (4.6) rep-
resent the equilibrium equations for the stress and electric displacement fields. Equations
(4.7)-(4.8) are the displacement-traction conditions. Frictional contact conditions of the form
(4.9) and (4.10) have been used in various papers [28, 47]. and which describe the contact
on the surface I'; , described by the normal compliance function p. The relation (4.11) de-
scribes a homogeneous Neumann boundary condition. (4.12) and (4.13) represent the electric
boundary conditions. Equality (4.14) represents the electrical condition on the potential con-
tact surface, (4.15) represent a Fourier boundary condition for the temperature. Finally, The
functions ug, 6y and ¢ in (4.16) are the initial data.
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4.2 Variational formulation

In the study of the problem P, we consider the following assumptions. The elasticity operator
B QxS xR xR — S satisfies

( (a) There exists Lz > 0 such that
| B(x,€1,61,00) — B(x,€2,0:,00)|| < Ly(|[e1 — &2+ |61 — 6]
+|joy — o)), forall e1,€; €SY, ae. x € Q. @17
(b) The mapping x — A(x,€,0,a) is Lebesgue measurable on Q, '

foralle € S¢,0,a € R.
| (¢) The mapping x +— #(x,0,0,0) € 7.

The relaxation function .# : Q x (0,T) x S? x R x R — R satisfies

( (a) There exists a constant L , >0 such that

| A (x,t,€1,01,00) — A (x,t,€2,02,00)|| < L 4(||€1 — €2 + 1|61 — 62|
+ || — @), forallz € (0,T),e1,62 €S9, 61,05, 00,00 €R, ae. x € Q.
(b) The mapping x — .# (x,t,€,0, ) is Lebesgue measurable on Q,
forall £,€ S?,1 € (0,T), forall 6, € R.

(c) The mapping x — .# (x,t,€,0,a) is continuous in Q,

forall e,€ S%,r € (0,T), forall 8, € R.

| (d) The mapping x — .# (x,t,0,0,0) € 5.

(4.18)

The function ® : Q x S? x S x R x R — R satisfies

((a)There exists a constant Lg > 0 such that
||®(x, o1,€1, 91, 061) — ®(x, 097,&, 92, OC2>||
<Le(llor— o2l +le1 — &2l + (|61 — 62| + [l — e2]]) ,
Vo1,00,e1,62€8%, V0,6, cR, Yoy, €R, ae. xeQ. (4.19)
(b) The mapping x — @(x,0,€,0,a) is Lebesgue measurable on Q,
Vo,e € SY.V0,a e R.
| (¢) The mapping x — ©(x,0,0,0,0) € L*(Q).

The surface electrical conductivity function ¥ : I'; x R — R satisfies

[ (a) There exists Ly > 0 such that

W (. u1) =y (,u2)|| < Ly|lug —uz||, forall ug,up € R.

(b) There exists My, > 0 such that [[y/(x,u)|| < My,
forallu € R, a.e. x € I's.

(c)x — y(x,) is measurable on I'3, for all u € R,

(dx+— y(x,u) =0, forallu<O0.

(4.20)

\

59



4.2. VARIATIONAL FORMULATION

The normal compliance function py : I'3 x R — R satisfies

(a) There exists L, > 0 such that
[Py (x,u1) = py (x,u2) || < Ly [lur — ua|
Yui,up € R, ae. xely 4.21)
(d) For any u € R,x — py(x,u) is measurable on I'3
(e) x— py(x,u) =0, forall u <O0.

Similarly, we assume that the operator <7 satisfies the assumption (2.15), In addition, we
suppose that the function S, the electric permittivity operator B, the piezoelectric operator &
satisfy the assumptions (3.18), (2.20) and (2.21) respectively. Next, We assume that the gap
function g the initial potential @y the friction coefficient u, the volume heat source p, the
initial data oy, ug and 6y the volume of forces fy and f, and the charges densities g, g2, the
energy coefficient kg, the microcrack diffusion coefficient k; satisfy

geL?(T3), g>0ae. only, ¢yeL?(3), (4.22)
pweL”(I3), u>0ae. onl}y, (4.23)
up €V, opek, 6yecH(Q), (4.24)
foeC(0,T:L2(Q)), f€C(0,T;:L2(T2)"), (4.25)
q0 € C(0,T:L3(Q)), g2 € C(0,T:L*(I)), (4.26)
B>0, k>0, i=0,1, peC(0,T:L*(Q)). (4.27)

We introduce the following continuous functional ; : H'(Q) x H'(Q) — R, i=0,1 by
an(£.8) =ko [ VC-VEdx+B [ Cear. @28)
ai(£.6) =k [ VE-VEdr (429)

Next. We define four mappings j: VXV =R, h:VxW =W, f:[0,T] -V andgq:[0,T] —
W, respectively, by

)= [ puluy—g)vdat | ppy(u—g) [ve] da (4.30)
(h(u.0).Ew = [ (s =) 019~ o) Gl @31)
() = [ fo(0) v [ £2(0)-vda (432)
(40O = [ a0 Cax— [ ar(0)¢da. @33)

forallu,veV, ¢, € Wandr € [0,T]. Note that
FeC(0,T;V), qeCO,T;W). (4.34)

By Using Green’s formulas (1.4) and (1.14), we obtain the following variational formulation
of the mechanical problem (4.1)-(4.16).
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4.3. RESULT OF EXISTENCE AND UNIQUENESS

Problem PV

Find a displacement field u : (0,7) — V, a stress field o : (0,7) — ¢, an electric potential
¢ :(0,T) — W, a damage field « : (0,7) — H'(Q), and a temperature 6 : (0,T) — H'(Q)

such that
0(0) = o€ 1)) + B e (u(1), 0(0), (1) +
4.35
[ #—s.(9),005). a(s)) ds — (&) E910) -
(610, £(0) —(ale))  + (ule) ) — j(u(0),60) = (K00 v—ile)y (436)
(BV (1), VO~ (Se(ule)). VO + (), ). Ow = (4(0). O, (437
(00),¥)120) +0(010),) = (W(o(0), (1), 00)). V)20 s
+(p(t), V)20, WEH'(Q), ae.1€(0,7), '
@le) € K.(@(0).& ~ al0)) ) +ale0).& (o) o
> (S(e(u)), o)) & — 1))z VE € Kot €0,T), |
u(O):uo, 90)290, 06(0)2060. (4.40)

Our main existence and uniqueness result for Problem PV is in the following section.

4.3 Result of existence and uniqueness

Theorem 4.1. Assume that (4.17)-(4.27) and (2.15), (3.18), (2.20) and (2.21) hold, Then
there exists a unique solution (u,c,¢,0,0a,D) to problem PV. Moreover, the solution has
the regularity

ueCl0,1;v), (4.41)
@ € C(0,T;W), (4.42)
o €C(0,T; ), (4.43)
0 eW'2(0,7:L%(Q)) NL* (0,T:H'(Q)) (4.44)
aew'?(0,1:L2(Q)) nL? (0,T:H'(Q)), (4.45)
DeC(0,T: 7). (4.46)

The functions u, o, ¢, 6, o, and D which satisfy (4.35)-(4.40) are called a weak solution
of the contact problem P. We conclude that under the above assumptions, the mechanical
problem (4.1)-(4.16) has a unique weak solution satisfying (4.41)-(4.46). It follows from
(4.37) that divD — go = 0 for all t € (0, T), and therefore the regularity (4.42) of ¢, combined
with (2.20),(2.21), and (4.26) implies (4.46). The proof of theorem 4.1, is carried out is
several steps and is based on arguments of time-dependent variational inequalities, parabolic
inequalities, differential equations and fixed points. We denote by C a constant whose value
may change from line to line when no confusing can arise. Let n € C(0,7;5¢) and g €
C(0,T,;V) we consider the following variational problem.
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4.3. RESULT OF EXISTENCE AND UNIQUENESS

Problem 9,17

Find a displacement field uy, : [0,7] — V and a stress field oy, : [0, 7] — ¢ such that for all
t€10,7T]

on = ((in))+m, (4.47)
(Grl(t)ug(w_un))%—}_j(un:w)_j(uTI?uT])2(f(l)Jw_un)Va VWGV, (448)
un (0) = uo. (4.49)

We consider the following variational inequality

Problem L@%
Find vy : Q x (0,7) — V such that

(e (Vng) (W_Vng))jf+j(gaw)_j(gavng)

,E
(4.50)
> (Ew—vng)y — (M, €(W—vng)) o, VWEV.

Lemma 4.2. Forallg € C(0,T;V), n € C(0,T;V), @% has a unique solution with the regu-
larity vpg € C(0,T;V).
Proof. Using Riesz Representation Theorem, we may define an element F € C(0,T;V) by
(F(2),v)v = (£(1),v)y — (n(1),€(v)) e, VW EV.
We define the operator A : V — V such that
(Au,v) = (L€(u),€(v)) pw,Yu,v € V. (4.51)
It follows from (4.51) and (2.15)(a) that for all u,u, € V and v € V we have

[(Aur — Aug,v)y || = [[( (€ (u1)) — o (€ (u2)), €(V))l| s
< || (& (1)) — o (& (u2))|| o [1EV)[| e
< Loy [|€(ur) =& (u2) [ l€() s
< Loz [Jur = waly [Vllv,

which shows that A : V — V is Lipschitz continuous. Now, by (4.51) and (2.15)(b) we find

(Auy — Aug,uy —up)y, = (& (€ (w1)) — o (€ (u2)) , € (u1) — € (u2)) 4
> e ||& () — € () |5 = Clluy — a5

And according to Korn’s inequality, it comes
2
(Al/tl —Auy,uy — uz)v > C||u1 — u2||v,

i.e., that A:V — V is a strongly monotone operator on V. And we can easily check that
v j(g(t),v) is convex lower semicontinuous and proper. It follows from classical results
for elliptic variational inequalities (see [10]) that there exists a unique vp, € V, which is
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4.3. RESULT OF EXISTENCE AND UNIQUENESS

a solution of (4.50). To establish its regularity by showing that vy, € C(0,T;V). We let
11,12 € [0,T] and denote 1; = 1 (t;), g; = & (#:), fi = f (ti) and v; = vy (1;). Using the relation
(4.50) we find that

(e(v1) —Fe(v2),€(vi —=v2)) p < (1 = f2,v1 —W2)y

. . . . (4.52)
+ (M1 = N2, €(vi =v2)) s+ (815,v2) — J (g1,v1) + 7 (82,v1) — j (82, v2) -
Moreover, we have
(e(v)— e (), € (Vi —v2)) pp = Mgy Vi —vaf3 . (4.53)
From the definition of the functional j given by (4.30), we have
. yV1) — i » V2 + i yV1) — ] » V2
Jj (81 ;) J(81:v2) +Jj(82,v1) — j(82,v2) (4.54)
< coLv ||l =(ry) g1 — &2lly v —vally -
Using these bounds in (4.52), we obtain
i =vally <C([lfi = Lallv +lIm —m2ll 2 + g1 — &2llv) (4.55)

then the conclusion that vy, € C([0,T];V) follows from the continuity of f, ¢ and g in their
respective spaces V and 7.

[
With the help of Lemma 4.2, we are in a position to show the following existence and
uniqueness result for Problem 9},

Lemma 4.3. There exists a unique solution to Problem 9,17 such that uy € C 10,T;V) and
on €C(0,T;5).

Proof. We consider an operator Ay : C(0,7;V) — C(0,T;V) defined by
Ang =gy, g€C(0,T;V), (4.56)
where
¢ (1) = o+ /O “ng(s)ds, 1 € (0,T). 57)
and vy is the solution of (4.50). We will show that this operator has a unique fixed point

gn € C([0,T];V). To this end, let g;,g, € C([0,T];V) and denote by v; = vpg,, i = 1,2, the
corresponding solutions of (4.50). Using (4.56) and (4.57) we have

t
|Ang1(1) = Anga (1)}, < /O [vi(s) =va(s)llyds, vie[0,T]. (4.58)
Using estimates similar to those in the proof of Lemma 4.2 ( see (4.52)-(4.55)) we see that

vi(s) =va(s)lly <Cllgi(s) —ga(s)lly, s€[0,T]. (4.59)
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4.3. RESULT OF EXISTENCE AND UNIQUENESS

Taking into account (4.58) we obtain

[Ang1 ()= Anga@)ly <€ [ la1(6) — ga(s) s, v € 0.7).

Let is introduce the following notations

L= / g1 (s) Hvds

= / J Ay A PCET G

and by induction, by denoting by Ay the m power of the operator Ay, we obtain

AT g1 (1) — AT g ()],

<c" <Z Crl" I (1) —gz(f)||v> )

k=1

forallr € (0,7) and m € N,

ler=gallv = =) ler=lly

N
[ sl
0 (k) fois 181 ngc(o,T,v)

tm

—— g1 — 82HC(O,T;V)
m—k

< 7 g1 — ngC(o,T;V) )

. m Tmfk
<C (ZCIIZ 7 1g1(2) — gz(l)Hc(o,T;v))
T)

<

a1 () =820l cio

(4.60)

(4.61)

which implies that for a sufficiently large m the operator Ay is a contraction on C(0,T;V),

Thus Ap has a unique fixed point g5 € C([0,T];V). Next, let vy € C([0,T];V

C([0,T]; ) be given by
Vn = Vngy» On = Ong; = (Vﬂgﬁ) +n.

Moreover, using (4.57) and (4.62), we let uy : [0,T] — V be the function

t
)= u0+/ vn(s)ds, Vtel0,T].
0
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Clearly, (4.47) and (4.49) are satisfied. Moreover, by (4.62), (4.63) and (4.56), (4.57), it
follows that u; = g;; and ity = vy. Therefore, if g = g;‘, in (4.50), then we obtain (4.48). To

prove the regularity of 0y, we choose w = v (t) £ @ in (4.48) where ¢ € C3(Q)%, 1 € (0,1)
we find

(Ong:£(9)) o = (F,@)y, Yo eCy(Q), on[0,T]. (4.64)
Using (4.32) we deduce
Divoy +fo =0, onl0,7T], (4.65)

and then, assumption (4.25) and equation (4.65) imply that 6, € C([0,T];.%). This estab-
lishes the existence part in Lemma 4.3. The uniqueness is a consequence of the uniqueness
of the fixed point of the operator Ay defined by (4.56), (4.57) and the unique solvability of
the Problem 27} and relations (2.15) and (4.47).

[
In the second step we use the displacement field uy obtained in Lemma 4.3, to construct
the following variational problem for the an electrical potential.

Problem @%

Find an electrical potential ¢y, : (0,7') — W such that

(BV@y(1),VE)y — (6 (un(1)), V) y + (h(un (1), o (1)), Sy

=(q(t),8)w, forall { e W,t € (0,T). (4.66)

We have the following result for problem ,@%

Lemma 4.4. Problem (4.66) has unique solution @y which satisfies the regularity (4.42).
Moreover, if ¢, and @y, are the solutions of (4.66) corresponding to n1,1M, € C([0,T];.5),
then there exists C > 0 such that

| @n, (£) = @y (1) ||y < C ||, (1) —un, (1)}, V2 €10,T]. (4.67)

Proof. Let € [0;7]. We use the Riesz Representation Theorem to define the operator
Ap(t) : W — W by

(An(0)9.8)yy = (BY9n (1), VE)y, — (E& (un (1)), VE)y + (h (un (1)) . 9 (1)) .E) - (4:68)
For allp,& € W. Let ¢, ¢, € W, we use the assumptions (2.20) and (4.31) to find
(An (1) @1 —An ()92, 01 — @2)y, > mz || 91 — @l
[y el =£) (0 (01— 90) ~ 0 (92— ) (91 — ) da

and, by the condition (4.20)(a) combined with the monotonicity of the function , defined by
(1.83), we obtain

(An(t)@1 — A ()02, 01 — @2)w > mg || @1 — Q2|3 (4.69)
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then Ay () is a strongly monotone operator on W. On the other hand, using again (2.20)-
(2.21), (4.20) and (4.31) we have

(An(0)91 —An()92.E)y < cslon ~ @ally I + | Mylor—gnl (Elda, v €W,
(4.70)

where cp represents a positive constant which depends on the permittivity operator B. It
follows from (4.70) and (1.13) that

(A (1)1 —An ()02, )y < (c8+Myc3) 01— @ally 1l
which implies
lAn ()1 — Ay (1) @allw < (c+Mye3) 1 — @ally .

which shows that Ay, : W — W is Lipschitz continuous. Since Ay is a strongly monotone
Lipschitz continuous operator on W, we deduce that there exists a unique element @y (t) € W
such that

An(H)on (1) = q(1). (4.71)

We now combine (4.68) and (4.71) to deduce that ¢y (t) € W solution of the variational
equation (4.66) We now prove that @n(t) € W'»(0,7;W). For this end, consider #;,t, €
[0,7] and, for simplicity, we write @(t;) = @;, unv(t;) = u;, q(t;) = qi, for i = 1,2 Using
(4.66),(2.20), (2.21) and (4.31) we find

2
mg [|o1 — @2l < ce llur —wally @1 = @2l + [lg1 — q2llw |1 — @allw

472
+/F (W (11 —8) 0 (@1 — Qo) — W (u2 — g) 9 (92— @o)| | @1 — @2|da. 72

We use the bounds |y/(u; — g)| < My, ¢r(¢; — @o)| < L, the Lipschitz continuity of functions
v and ¢y, and the inequality (1.13) to obtain

/F3 W (ur —8) O (1 — @o) — W (u2 — &) O (@2 — @) | |01 — 2| da

<My | |0 =@ dat Lyl | 1ol g1~ golda
< My |01 — @ally + LyLeodo l|ur — |y | @1 — 2y da.
Inserting the last inequality in (4.72) yield
mg || @1 — @213 < (ce +LyLycodo) |lur — wlly + [lg1 — q2lly + My |01 — @olly, (4.73)
It now follows from the inequality (4.73) that

191 = @2l < c(llur —u2lly +llg1 — g2llw), (4.74)

where c is a positive constant. Note also that the hypotheses (4.26) combined with the defi-
nition (4.32) imply that g € W1(0, T;W). So, since u € C'([0,T]; V). The inequality (4.74)
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implies that ¢, € WI7(0,T;W). Let now be 11,1, € C([0,T]; H) and, for simplicity, write
On; = Qi; un; = u; for i = 1,2. We use (4.66) and with arguments similar to those used in the
proof of (4.73) to obtain that

mp || 91(£) = @2() iy < (e +LyLycolo) ur (1) —ua(t)lly +Myc5 |91 (2) = 92(1)

(4.75)
This inequality leads to (4.67).
O
For y € C(0,T;L*(Q)), we consider the following variational problem.
Problem &,
Find the temperature field 6, : (0,7) — L*(Q)
(9% (l)vv)LZ(Q) +ap (67( (I),V) = (%(t) +p<t>7V)L2(Q)7 (4.76)
Vv e L?(Q), ae. t € (0,T),
6,(0) = 6y, in Q. (4.77)

Lemma 4.5. There exists a unique solution 0, to the auxiliary problem &), satisfying (4.44).

Proof. The inclusion of the trace of (¥4;|.|) in (L*(Q),].| [2(e)) is continuous and
dense, we can write the Gelfand Triplet

¥ C L} Q) C Y.
We use the notation (., ')7/{*71 to denote the duality product between ¥ and ¥1, we have
(8,8 yin = (8,20,
We consider the linear operator Ay : ¥; — ¥/ defined by
(A08,8)yyn = a0(8,6), VE,E €.

we use this last equality and the de definition (4.28), we can write for all {,& € ¥

(408.8) 50| ko [ IVEVEIdr+a [ |CE|da

by using Holder’s inequality, we get

‘(AOC7€)“I/1’X7/1 < kolIVEl 20yl VE Il 2y + k2l Sll 2y 1S Ml 2 () - (4.78)

Keeping in mind Sobolev trace Theorem, the inequality (4.78) becomes

l40¢ 1y < CliEl».

which shows that Ag : #1 — ¥/ is continuous and therefore hemicontinuous. Easy to make
sure that

(AOC7 C)“I/l/x”yl Z 07
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i.e, that A : #1 — #{ is a monotone operator.
On the other hand, by means of (4.78), as k» > 0 and for all { € #] we obtain

(408, €) i = kollVE 172 0

and from where
(A08,8) yrsen; = kollC 15 — kol Sl 72(-

Then, A satisfies condition (1.40) of Theorem 1.25 with w = ko and A = —ko||& ”%2 @ accord-
ing to the above we have also A satisfies the condition (1.41). It now follows from the regu-
larity (4.24), (4.27) and € L*(0,T;#/) that ¢, = x +q € L*(0,T;L*(Q)) and 6y € L*(Q).
Finally, we notice that all the conditions of Theorem 1.25 hold, so we conclude that there
exists a unique function 6, which satisfies

0, € L*(0,7:V)NC ([0, T1LA(Q)), 6, €L*(0,T: %), (4.79)
Oy (1) +A00y(t) = g5 (t) aet €(0,T), (4.80)
6, (0) = 6. (4.81)

O

In the third step we let A € L2(0,T;L*(Q))

Problem &7

Find the damage field o, : (0,T) — L*(Q) such that a (t) € K and
(0. (1),8 — )12 (q) + a1 (an(1),8 —an (1))
> (A1), —aa(t)2q) VEEK, ae. 1€(0,7),
o (0) = op. (4.83)
For the study of problem &7), we have the following result.

(4.82)

Lemma 4.6. There exists a unique solution ), to the auxiliary problem &2, satisfying (4.45).

The above lemma follows from a standard result for parabolic variational inequalities, see
the proof of Lemma 3.5 (Chapter3). Finally, as a consequence of these results and using the
properties of the operator ¢ the operator &, the functions ® and S for 7 € (0,T'), we consider
the element

A, 2,A)(8) = (A (1,2, ) (1), A2(m, 2, A)(8), (0, 2, A) (1)) € A x L(Q) x L*(Q),
(4.84)

defined by
(Al(n7l,)€)(f)av)%xv:(93(8(“(1),9x(f)706/1(f)),8(v))%+(5*V<Pn(f),€(v)),;f
+</0 ,///(r—s,e(un(s)),ex(s),am))ds,e(v)) Wev,
H

(4.85)
A (N, 2,A) (1) = © (o, € (un(t)), 6, (1), 0(¢)) - (4.86)
N (1,2,A) (£) = S (& (un (1)), 02 (1)) (4.87)
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Here, for every (n,%,A) € C(0,T;5 x L*(Q) x L*(Q)). un, @n, 0y, ) and oy represent
the displacement field, the electric potential field, the temperature field, the damage field and
the stress field , obtained in Lemmas 4.2, 4.3, 4.4,4.5 and 4.6 respectively. We have the

following result.

Lemma 4.7. The mapping A has a fixed point (1, %,4) € C(0,T; 5 x L*(Q) x L*(Q)), such

that A(*, x*, A%) = (", x*, A%).

Proof. Letz e (0,7)and (ny,x1,M),(N2,%2,4) € C(0,T;5 x L*(Q) x L*()). We use
the notation that uy, = u;, iy, = vy, = vi, Oy, = 6;, Oy, = @;, Ay = o and oy, g, = O; for

i =1,2. Let us start by using (4.17), (4.18) and (2.21), we have
1A (1,201, A0) (8) = A (N, 22.22) (1) 15

< 1|8 (e (w1 (1)), 01 (1), 01 (1)) — % (e (ua(t)) , 62(1), 0a(1)) |13
+|E Vi) = EVer (1) |15

+/Ot |2 (1 = s, (u1(s)), B1(s), 01 (s)) — A (1 — 5, (u2(s)), Ba(s), 0a(5)) |5 s,

<C(llor(0) = ()5 + lur (1) w2 ()5 + [161(1) — 62(1) [ 72
Hlan(s) = (o) gy + | (9) -]} s

t
= L1616~ 60y ds + [ len(s)~ a9y ds ).

By similar arguments, from (4.86), (4.19) we obtain

A2 (32020 (0 A2 (s, 22, ) 0
< (llo () = o2 (0) 3 + lur (1) = wa(2) 2

+1161(r) — 92(f)||i2(g) + [Jon (1) — 052(1‘)’|i2(g))7 ae.1€(0,T).

Similarly, using (4.87), (3.18) implies
2
HA3 (771;7(1,/11) (t) _A3 (772;7(2,/12) (I)H%
< C(Jlur(t) = wa ()3 + o1 (1) = 0a(1) | 720 ) -
It follows now from (4.88), (4.89) and (4.90) that

1AM 21, 4) (£) = A2, 22, 42) (1)[%
<C(loi() = @203 + llo1 (1) — 02(1)11%,

(@) = ws(e) 3+ [ (9) =) s

1
1010 = 02(0) ) + [ 1161(5) = 02(6)] P s

t
Hlan(s) — ax(s) g+ [ llon(s) — aa(5) g0 ds ).
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Taking into account that
oi(t) = o/ (e(i(t))) +n,(t), Vte[0,T], (4.92)
it follows that
(o (& (vi(s))) — < (€ (va(s))) € (vi(s) = va(s)))
< J(vi(s),va(s)) +j (vals),vi(s)) = j(vi(s),vi(s)) — j (va(s),va(s))
—(n1(s) = M2(s),€(vi(s) —va(s)))se-
So, by using (2.15), (1.7) and (4.30), we deduce that
ey vi(s) —va(s) [y SCBLvlltll=(ry) Ivi(s) —va(s) 5
+m(s) = m2(9) e Ivi.(s) = v2 ()15 »

which, implies

[vi(s) =va(s)lly < Cllmyi(s) =n205)le - (4.93)
Moreover, from (4.63), we obtain
t
Jia(6) =2l < [ Iv1(5)=va(o)lly ds: (4.94)
So, using the inequality above, we find
t
[ i) —w@)lyas <c [ / 1) = 0200 drds
0 (4.95)
< [ 1m(s) ~ ma(5) 1 as.

From (4.76) we deduce that
(61— 62,01 — 62) 2 T 0 (81 — 62,01 — 62) + (X1 — X2, 01 — 62) 12(q) = 0.

We integrate this equality with respect to time, using the initial conditions 6; (0) = 6,(0) = 6y
and inequality ag (6; — 62,6, — 6;) > 0 to find

31010 = 1)) < [ Ga(5) = 226, 1(5) — 62(6)) 2 .

which implies that

161() = 00 i) < [ 11(5) ~ 1206) iy s+ [ 101(5) — 62(5) gy

This inequality combined with Gronwall’s inequality leads to

161(1) = 62(1) 172 < C/O[ 121(5) = 22(5) 72y s (4.96)
Form (4.82), deduced that
(G1 — 0, 01 — 00) 2 () +ar (Q1 — 0,01 — )
< (A — A, 00 — OCQ)Lz(Q), ae.1€(0,T).
integrate inequality with respect to time, using the initial conditions a; (0) = o (0) = o,

and inequality a; (o) — 0, a1 — &) > 0, we find
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4.3. RESULT OF EXISTENCE AND UNIQUENESS

ot (1) = 0 1) 2@ < € [ (1 (9) = 22(5), 00 (5) = 2 (5)) (s,
0

which implies

loa (1) — o (1) 12
t

t
< I =26+ [ llon (5) = 02(5) 72 ds
0 0

This inequality combined with the Gronwall inequality leads to
t
o (6) = e ()i <€ [ 141 (5) = 2 @)y ds V€ 0.7]. @om)
0

Form the previous inequality and estimates (4.97), (4.96), (4.95) and (4.91) it follows now
that

HA(TIDXDAI) (t) _A(n27x2712) (t)Hz/%xLz(Q)xLz(Q)
T 5 (4.98)
< C/o (1,21, 40) (8) = (M2, %2, 42) ()1 5w 12(0) w12 (02) 95-

Reiterating this inequality m times we obtain
2
”Am (n 1 XI ) A1) - Am (”2: X27 A‘2) ||C(O,T;%><L2(Q) XLZ(Q))

cnrm
m!

H(nlvﬂﬁ,ll) - (772;%2,/12)Hé(o,T;%XLz(Q)XLz(Q)) .

Thus, for m sufficiently large, A™ is a contraction on the Banach space C(0,T; 7 x L*(Q) x
L?(Q)), and so A has a unique fixed point.

O
We have now all that is needed to complete the proof of Theorem 4.1.

Existence

Let (n*,x*,A%) € C(0,T; . x L*(Q) x L*(Q)) be the fixed point of A defined by (4.84)-
(4.87) and let (up,0y) be the solution of problem 3”,11 Let ¢p be the solution of problem
3”,31 for n = n*, let 6,+ be the solution of problem 7, for ¥y = x* and let o)+ be the solution
of problem &2, for A = A*. The equalities A'(n*, x*,A*) = n*, A2(n*,x*,A*) = x* and
A3(n*,x*,l*) = A* combined with (4.85)-(4.87) show that (4.35)-(4.39) are satisfied. Next
(4.40) and the regularity (4.41)-(4.45) follow from Lemmas 4.3, 4.4, 4.5 and 4.6. Which
concludes the existence part of the theorem.

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of oper-
ator A. and the unique solvability of the Problems &7}, 93137, Py and &) which completes
the proof.
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Chapter

Electro elastic-viscoplastic contact problem
with damage and adhesion

In this chapter we study a mathematical problem describing the adhesive contact between an
electro elastic-viscopalastic material with damage and a foundation. The contact is modelled
by the Signorini condition. The evolution of the damage is described by an inclusion of
parabolic type. The adhesion process is modelled by a bonding field on the contact surface.
The process is quasistatic. We derive a weak formulation of the system, then we prove the
existence of a unique weak solution to the problem. The proof is based on a general result
on evolution equations with maximal monotone operators, parabolic inequalities, differential
equations and fixed point.

5.1 Formulation of the problem

We place ourselves in the physical framework that we presented in Chapter 1 of this thesis.
The body is described by Electro-elastic-viscoplastic constitutive law with damage and ad-
hision. The adhesion process is modelled by a bonding field on the contact surface. The
contact is modelled by the Signorini condition. Under these considerations, the considered
mechanical problem is formulated as follows.

Problem P4

Find a displacement field u : Q x (0,T) — R?, a stress field 6 : Q x (0,7) — S, an electric
potential field ¢ : Q x (0,T) — R, an electric displacement field D : Q x (0,T) — R9, a
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5.1. FORMULATION OF THE PROBLEM

damage field o : Q x (0,7) — R, and a bonding field B : I'5 x (0,7) — R such that

= e(u(t)) + Be(u(t)) + EE(@(t))

in Qx (0,7T), (5.1)
+/ G (0(s) —e(i(s) = EE(Q(s))), € (u(s)), a(s)) ds
D= ¢&¢(u )+BE((p) in Qx (0,7T), (5.2)
o—kAa+dyg(a)>S(o—Fe(i)—EV(p),e(u),a), inQx(0,T), (5.3)
Divo + fy =0 in Qx (0,T), (5.4)
divD—¢gp=0 inQx(0,7T), (5.5)
u=0 onTy x (0,T), (5.6)
ov=1_ onI, x(0,T), (5.7)
uy <0
— WB?Ry (uy) <0, on T3 x (0,7), (5.8)
(Gv —WB*Ry (”V)) uy =0
—0¢=pe(B)R: (ur) onI3x(0,T), (5.9)
B(t) == (WB(")Ry (uy(1))? —ea)+ on T3 x (0,T), (5.10)
3—3:0 onI'x (0,7T), (5.11)
¢=0 onI,; x(0,T), (5.12)
D.v=q, onT} x (0,T), (5.13)
u(0) =ug, a(0)= oy, in Q. (5.14)
ﬁ(O) = ,3(), on F3. (5.15)

First, equations (5.1) and (5.2) represent the electro elastic-viscoplastic constitutive law with
damage, The evolution of the damage field is governed by the inclusion of parabolic type
given by the relation (5.3). Equations (5.4) and (5.5) represent the equilibrium equations for
the stress and electric displacement fields. Equations (5.6)-(5.7) are the displacement-traction
conditions. The condition (5.8) represents the boundary conditions of contact with adhesion
of the Signorini type that we have already introduced in (1.73). The relation (5.9) means that
the resistance to tangential movement is generated by the glue and the tangential frictional
pull is negligible. Thus, it depends only on the intensity of adhesion and the tangential
displacement, but as long as it does not exceed the length of the link L recalled in the first part
of this thesis Equation (5.10) represents the ordinary differential equation which describes
the evolution of the bonding field, The relation (5.11) describes a homogeneous Neumann
boundary condition. (5.12) and (5.13) represent the electric boundary conditions. Finally,
The functions ug, oy and By in (5.14) and (5.15) are the initial data.
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5.2. VARIATIONAL FORMULATION

5.2 Variational formulation

In the study of the problem P4, we consider the following assumptions. The viscosity opera-
tor o7 : Q x S — S¥ satisfies

() & (x,&) = (ajju(x)Ey) forall & €7, ae. x € Q.
(b) ajjir = awij = ajim € L(Q),

(c) There exists m s > 0 such that (5.16)
aijir&iiCu > my||E]|?, forall € = (éij) €S% ae. xeQ.
The elasticity operator % : Q x S? — S satisfies
( (a) There exists Ly >0 such that
1B (x.&1) = B(x,Ex)| <Lzl|&1 — &y, forall §1,6, €57, ae xe Q.
(b) The mapping x — A(x, &) is Lebesgue measurable on Q, (5.17)

for any & € S¢.
| (c) The mapping x +— A(x,0) € .

The visco-plasticity operator & : Q x S x S x R — R satisfies

( (a) There exists a constant Ly > 0 such that

Hg(xaclvéhﬁl)_g(x7027§27ﬁ2)H

< Lg(lloy— o2l + &1 = Sall + B = B2l)
forall &,,&,,01,0, €S9, forall Bi,B; €R, ae. x € Q. (5.18)
(b) The mapping x — ¥ (x,0,&,B) is Lebesgue measurable on Q,

for all ¢,& € S7, forall B € R.
| (¢) The mapping x — ¥(x,0,0,0) € 2.
The function S : Q x S x S¢ x R — R satisfies

((a) There exists a constant Lg > 0  such that

1S (x,01,81,B1) — S (x,02,8,, B2)]

<Ls(or— o2l + 1181 = Eall + [[B1 = B2ll)
forall £,,&,,01,02 € S?, forall B,B, € R, a.e. x € Q. (5.19)
(b) The mapping x — S(x,0,&,B) is Lebesgue measurable on Q,

forall 0,& € S, forall B € R.
[ (c) The mapping x — S(x,0,0,0) € L*(Q).

We assume that the tangential contact function p; : I'3 x R — R satisfies

(

(a) There exists L; > 0 such that
HpT (x7 (X1> —Pr (x7 OCz)H <L; Hal - OC2H )

forall o, 00 € R, a.e. x € I'3.

(b) There exists M; > 0 such that (5.20)
|pe(x,@)|| < My, forall @ € R, ae. x € I3.

(c) For any o € R, x — p¢(x, @) is measurable on I's.

(d) The mapping x — pz(x,0) belongs to L* (T'3).
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5.2. VARIATIONAL FORMULATION

Similarly, we assume that the electric permittivity operator B, the piezoelectric operator &
satisfy the assumptions (2.20) and (2.21) respectively. Next, we assume that the adhesion
coefficients and the limit bound satisfies

Y% €L”(T3), & €L?>(3), Y, Y€ >0ae. onl;. (5.21)
The initial bonding field satisfies
BoeL?(T3), 0<pPy<lae. onls. (5.22)
and the initial damage field satisfies
o €K. (5.23)

Since meas(I';) > 0 and the viscosity operator satisfies condition (5.16), it follows that the
space V given by (1.3) is a Hilbert space endowed with the scalar product

(u,v)v = (Fe(u),€(v)) - (5.24)
For Signorini problem, we use the convex subset of admissible displacements fields given by
Uy ={ueV|u, <0onl3}, (5.25)
and we consider the regularity assumption
uo € Uqq- (5.26)
Finally, the given potential satisfies
@ € L*(T3). (5.27)

The forces, traction, volume and surface free charge densities satisfy

foe W (0.7:L2(Q)7),  fre W (0,723 (T2)) (5.28)
90 €C(0.T:L2(Q)), g2 €C(0,T:L*(I})). (5.29)
¢2(1)=00onT3, Vie(0,T). (5.30)

Note that we need to impose assumption (5.30) for physical reasons. Indeed the foundation
is assumed to be insulator. We define the bilinear form a : H'(Q) x H'(Q) — R by

a(E,0) :k/ VE.VEdy, (5.31)
Q
and the microcrack diffusion coefficient verifies

k> 0. (5.32)
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5.2. VARIATIONAL FORMULATION

Next. We define three mappings j: L>(I'3) xV xV —R,, f:[0,T] =V and q: [0,T] =W,
respectively, by

i(Byu,v) = /F Pe(B)Re () -veda - /F 3 ¥Ry (uy) vyda, (5.33)
Oy = [ Fo0) v+ [ F2l0)-vda, (534)
(q(t), O)w = /Q go(t)Cdx — /r 0 () ¢da, (5.35)

forallu,veV, ¢,{ € Wandt € (0,T). Note that
fewhlo,1;v), qec(,T;w). (5.36)

Suppose that (1,0, @, B, o) are regular functions satisfying (5.1)-(5.16). On the one hand,
according to a standard procedure based on Green’s formula (1.4), (1.14) combined with the
conditions (5.4), (5.6), (5.7) and the definition of f, we have

(0(1),e(v) —&(u())or = (f(t),v—u(O)v + | ov-(v—u(t))da, eV,

and taking into account the decomposition of the Cauchy tensor, we obtain

(0(r),e(v) —e(u(t)) e = (f(1),v —u(t))v +/F3 oy(t) (v —uy(t))da

+ [ o:(t) (vi—uc(t))da Yvev.
I3

Now, using (5.8) and (5.9) we find
u(t) € Usa, (0(t),e(v) —&(u(t))) e = (f(t),v—u(t))y
+ /r3 WB Ry (uy) (vy — uy(1))da— /FS Pr(B)Re (ur) - (vi —uz(r)) da
Vv e Uy.

We combine this last inequality with (5.33) to obtain

ut) € Upa, (0(t),e(v) —&(u(t)))e+j(B(2),ult),v—ut))
> (f(),v—u(t))y YveUyy.

For the damage and electric field similarly in deducing the variational formulation of the
previous problems. In accordance with the above, we derive the following variational formu-
lation for the mechanical problem (5.1)-(5.15)

Problem PV

Find a displacement field u : (0,7) — V, a stress field o : (0,7) — S, an electric potential
¢:(0,T) — W, adamage field « : (0,T) — H'(Q), and a bonding field B : (0,7T) — L*(T3),
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such that

o(t) =/ e(ut)) + Beu(t)) + E V(1)
+ tg (o(s) — A e(ia(s) — EV(1)), € (u(s), als))) ds, (5.37)

u(t) € Uaa, (0(2),€(v) — €(u(t))) s+ j(B(1),u(t),v—u(r))
v—u(t))y, WeUy, aete(0,T),
(BV<P(I),V¢) — (e (u(r)), V(P)H—( (1),9)w Vo eW,r€(0,T), (5.39)
K, (a(r),8 —a(t))2(q) +ala(t), ¢ — o))
> (S(o ()—%8( (t))_g*V(P(t)ag(u(t))?a(t))aé_a(t))Lz(Q)> (5.40)
VE eK,t€(0,T),
B(1) =~ (WB(W)Ry (uy(1))’ &) - ae.1€(0.7), (5.41)
u(0) =uo, B(0) = Po. (5.42)

Our main result, concerning the well-posedness of the problem PV , is stated next and proved
in next section. We also take into account this note, which we need later.

(5.38)

Remark 5.1. We note that, in Problem P and in Problem PV, we do not need to impose
explicitly the restriction 0 < 8 < 1. Indeed, (5.41)-(5.42) guarantees that 3 (x,t) < By(x) and,
therefore, assumption (5.22) shows that (x,7) < 1 fort > 0, a.e. x € I'3. On the other hand,
if B(x,1p) = 0 at time 1y, then it follows from (5.41)-(5.42) that B(x,t) =0 for all r > 9 and
therefore, B (x,¢) = 0 for all ¢t > 1y, a.e. x € I'3. We conclude that 0 < B(x,7) < 1 for all
t€10,7T], ae. xeT;.

5.3 Result of existence and uniqueness

Theorem 5.2. Assume that (5.16)-(5.30) hold. Then there exists a unique solution (u,c,,3,a,D)
to problem PV . Moreover; the solution has the regularity

uewhe(0,1;v), (5.43)
@ e C(0,T;W), (5.44)
c e W'=(0,T;¢), Dive e W'*(0,T:H), (5.45)
aeWw'?(0,7;:L2(Q))nL? (0,7:H'(Q)), (5.46)
Bew'=(0,T:L2(T3))N2. (5.47)
DeC(0,T:#). (5.48)

The functions u, ¢, ¢, a, B, and D which satisfy (5.37)-(5.42) are called a weak solution
of the contact problem P. We conclude that, under the assumptions (5.16)-(5.30), the me-
chanical problem (5.1)-(5.15) has a unique weak solution satisfying (5.43)-(5.48). The proof
of Theorem 5.2, is carried out is several steps and is based on a general result on evolution
equations with maximal monotone operators, parabolic inequalities, differential equations
and fixed point. We denote by C a constant whose value may change from line to line when
no confusing can arise. Let n € L*(0,7;.5) be given, in the first step, we consider the
following variational problem.
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Problem 9,17

Find a displacement field uy : (0,7') — V, such that
(&(itn (1)), €(v—un (1)) + (BE(un (1)), €(v —un (1)) + (N(1),v — un 1))
> (f(t),v—un(t),,vweV,ae tc(0,T),
un (0) = up. (5.50)

2 (5.49)

We have the following result for ;@,%

Lemma 5.3. There exists a unique solution to Problem 3”,17 with the regularity (5.43).

Proof. We use the Riesz representation Theorem to define
(Bu,v)y = (#Be(u),e(v)) ., Nu,veV. (5.51)

Now, from (5.24), (5.16), (5.17) and (5.51), we obtain that
Ly
HBM] —BMQHVS —Hul—quV, Yui,up €V, (5.52)
Mgy
that is, B is a Lipschitz continuous operator. Moreover, the operator

Ly
B+—Iv V- V,
Mgy

is a monotone Lipschitz continuous operator on V. Let Wy , : V —] — oo;+oo| denote the
indicator function of the set U,s and let Wy, be the subdifferential of Wy ,, as U,y is a
nonempty, convex, closed part of V, it follows that d¥y, is a maximal monotone operator
onV and D(0W¥y,,) = U. Moreover, the sum

L
oWy, +B+—-2Iy UV —2",
mgy

is a maximal monotone operator. Let the function f;(¢) € V given by

(fn(t)7v)v:(f(t)7V)V_(n(t)7V)%”v Vv € Uy,

keeping in mind n) € L=(0,T; ), it follow that f;, € W1=(0,T;V). We take A = 0¥y, + B
D(A) =U,y CV —2". Thus, conditions (5.26) allow us to apply classical result on evolution
equations with maximal monotone operators which may be found in ([6], p. 32), that there
exists a unique element uy, € W1=(0,T;V) such that

iy (t) +Auy (1) 3 fn (1),
un (0) = up.

Therefore
iy (1) + Wy, (un(t)) +Buy(t) > fr(t) aet € (0,T), (5.53)
un(O) = uy. (5.54)
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For all u,g € V, we have
gea‘PUad(u)@ueUad,(g,v—u)V§O, VVGUad,

so after inclusion (5.53) we have uy(t) € U,q and the following variational inequality

(itn (t),v—un(t))y, + (Buy(t),v—un(t)),

> (fn(t),v—un(t)),,YWweUygae. t€(0,T). (5.55)

Then by using (5.24), (5.51), we deduce that there exists a unique solution of problem 32,11
and it satisfies (5.43).

[
In the second step we use the displacement field obtained in Lemma 5.3, to construct the
following variational problem for the an electrical potential.

Problem 33,%

Find an electrical potential ¢, : (0,7') — W such that
(BV(PTI (t)avd))H - (éag(un (t))7v¢)H - (q<t)7¢)W7 V(P € th c (O7T> (556)
We have the following result for problem ,@,27

Lemma 5.4. Problem (5.56) has unique solution @y which satisfies the regularity (5.44).

Proof. See the proof of Lemma 2.3 (Chapter 2)

0
In the third step we let A € L?(0,T;L%*(Q))
Problem &
Find the damage field a : (0,7) — H'(Q) such that o (¢) € K and
(an(1),§ — )2 (q) +alon(t),§ — o (1)) (5.57)
Z(e(t)vg_al(t))Lz(Q)a v& €K, a.e.tE(O,T), .
. (0) = 0. (5.58)

We have the following result.
Lemma 5.5. There exists a unique solution i, to the auxiliary problem &7, satisfying (5.46).

Proof. See the proof of Lemma 3.5 (Chapter 3)
O
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Problem &5

Find a bonding field B : (0,T) — L?(I'3) such that
B (1) = = (WBa(0)Ry (ny(1))* — sa)+ ae. 1€ (0,T), (5.59)
B (0) = Bo. (5.60)

We obtain the following result.

Lemma 5.6. There exists a unique solution By to Problem P and it satisfies
Bn € WL=((0,T;L*(T'3)) N 2.

Proof. For the sake of simplicity we suppress the dependence of various functions on I'3.
Consider the mapping Fy, : [0, 7] x L* (I'3) — L? (I'3) defined by

Fy(t,8) = = (B (% (Ry (uny(1)))” —€a) ).

forallz € [0,7] and B € L*(I'3). We show that F;, is Lipschitz continuous with respect to the
second variable, uniformly in time; and, for all § € L?(I'3), mapping ¢ — Fy(t, 8) belongs
to L=(0,T;L?*(I'3)). Thus using a version of the classical Cauchy-Lipschitz theorem given in
([571, p. 60) we deduce that there exists a unique function 8, € W'=(0,T;L*(I'3)) solution
to Problem Zg. Also, the arguments used in Remark 5.1 show that 0 < B, (¢) < 1 for all
t € [0,T], a.e. on I'3. Therefore, from the definition of the set 2 (1.8), we find that 8, € 2,
which concludes the proof of Lemma 5.6.

]
Let us consider now the auxiliary problem

Problem &7, ;

Find the stress field 6, 3 : (0,7) — 2 which is a solution of the problem

t
Gy (1) :%(8(un(t)))+/) G (0 1(5) € (un(s)),0(s)) ds, ae.r€(0,T). (561)
Lemma 5.7. &, ; has a unique solutions oy, ; € W=(0,T; ). Moreover, if O 2 Unps

O, represent the solutions of Problems & ,, 9371] and, ) respectively, for (n;,A;) €
W1=(0,T; 5 x L*(Q)), i = 1,2 then there exists C > 0 such that

000226 = 0010 <C ([l ) = s O+ [ tn, 5) ~ s 5

t i (5.62)
+/0 o, (s)—O%(s)HLz(Q)ds)
Proof. LetIl, ; :W'=(0,T;5¢) — W'=(0,T;.¢) be the operator given by
t
I, ,0(t) = Be (uy(t)) —I—/O G (o(s),€(un(s)), o (s))ds. (5.63)
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Let 6, € WI(0,T;5¢), i = 1,2 and t; € (0,T). Using hypothesis (5.18) and Holder’s in-
equality, we find

2 h
|y 201 (1) =Ty 102 (1) ||, SLZgT/O lo1(s) — 02(5) |5 ds.

Integration on the time interval (0,7,) C (0,7), it follows that

153 ) i
/0HHMGI(tl)—n,,,mz(rl)uﬂdtlSL;T/O /0 lo1(s) — 02(s) |12, dsd.

Therefore

2 15 11
|11, 201 (tz)—n,,,mz(@\\%gﬁgrz/o /0 161 (s) — 0a(s)||% dsd.

Fort,t,...,t, € (0,T), we generalize the procedure above by recurrence on n. We obtain the
inequality

[T 201 (tn) =TT 2,02 (1) Hii"

5)
<L2”T”/ //||01 2(5)|Pp dsdt ... din.

Which implies

’ Lén n+1 ,T 5
1Ty 201 (ta) =TIy 202 (1) ||, < T/o |61 (s) — 02(5) |5 ds.

Thus, we can infer, by integrating over the interval time (0, 7'), that

L2n TI’H-Z

It follows from this inequality that for large n enough, the operator H’7’1 5 1s a contraction on

the Banach space W!*(0, T;.#), and therefore there exists a unique element 6 € W=(0,7;.7¢)
such that I1,, ; 6 = 0. Moreover, o is the unique solution of Problem &7, ;. Consider now
(N1, M), (M2, 42) € WH=(0,T;52 x L*(Q)) and for i = 1,2 denote un, = u;, &y, = 04, and
On. 4 = Oi. We have

oi(t) = Be (ui(t)) + / G (0i(s),& (wi(s)), ou(s))ds, ae. 1€ (0,T). (5.64)

]
and using the properties (5.17) and (5.18) of 4 and ¢ we find

lo1(r) — 02(1)|%

< (i =0l + [ lo1) - o2l ds (5:69

+/ 1 (s) — ua (s ||Vds+/||oc1 2(5) 220 ds> Vi € (0,T).
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We use Gronwall argument in the previous inequality to deduce (5.62), which concludes the
proof of Lemma 4.5. Finally, as a consequence of these results and using the properties of
the operator ¢ the operator &, the function S for ¢ € (0,7), we consider the element

A, A)(1) = (A'(0,2)(0), A’ (0, 2)(1)) € A < IX(Q), (5.66)
defined by
(AM (1, 2)(0),v) v = (E*VOu(1),€(v)) ,p + (0 (£), un(1),v)
+</ Gn,l(s),e(un(s)),a,l(s))ds,e(v)>%,wEV,
A (N, A) (1) =S (o 2, (un(t)), 00(1)) - (5.68)

Here, for every (1,1) € WI(0,T;5¢ x L*(Q)). un, ¢n. 0, By and Oy, Tepresent the
displacement field, the electric potential field, the damage, a bonding field, field and the stress
field, obtained in Lemmas 5.3, 5.4, 5.5, 5.6 and 5.7 respectively. We have the following result.

Lemma 5.8. The mapping A has a fixed point (n*,1*) € Wh=(0,T; 7 x L*(Q)), such that
A(n*vl*) = (77*7/1*)

Proof. Lets € (0,7)and (1;,A1),(N2,A) € Wh= (0,T;7 x L*(Q)). We use the notation
that uy, = u;, &, = @, Pn, = @i, By = Bi and 0, 3, = o; for i = 1,2. Let us start by using
(1.7), (1.13) hypotheses (5.18), (2.21), (5.20), (5.21) and the definition of Ry, R; and Remark
5.1 we have

[A (1,60 ()~ A (1.8 ()]
< |V (t) - EVer (1)

+ [ 1 (01060, 10 (6)) .1 (6)) 9 (02(5) & (o)) () 3pds (s 69)
-|—C<||l31 Rv(ulnv( ))—ﬁz()Rv uany (1 HLZ >
+C(||p= (B () Re (172(1)) = pe (Ba(1) Re (2 7(0)) || 2 ry )

SO we obtain

2
A (1, 40) (1) = AV (12, 42) (1),
<C(||<p1< ||W+/ lo1(s) = 02(5) 5 ds

+ [ llen(s) — ez +/Hm )~ 2o} ds
(1) = 2 0) 3+ 1181 ()= Ba(0) ey

We use estimate (5.62) to obtain
AT (11 20) (6) = A (12, 2) ()|,
2 2 [ 2
< (o) = O+l ) =@+ [ T —w@lids s

+IB1) = By + e (s) — 0(5) By ds ).

(5.67)

(5.70)
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5.3. RESULT OF EXISTENCE AND UNIQUENESS

By similar arguments, from (5.68), (5.62) and (5.19) we obtain

A2 (11, 2) (1) = A% (2, 22) (1),
§C<||M1(t)—u2(t)||‘2,+/0 ||u1(s)—u2(s)||‘2, (5.72)

+leu (1) —052(5)||i2(g)+/0t o (s) — o (s )HL2 ds) ae. 1€ (0,T).

Therefore,
IA(1,20) (1) = A(12,2) ()5 cr20) < € (lloa(0) = @2(0) iy
s (1) = wa0) |13 + / e (s) = wa () 2 s + [l (1) — 02 (0)] 22 (5.73)
[ 101(6) — 0als) B ds + 181 ()~ Ba() ey ) aev € (7).
For the electric potential, we use (5.56) for n = 1, to obtain
(BVQ1, V) = (E€(u1),VP)y +(qt), 9)w VoW, (5.74)
and for N = n,, we have
(BV@2, V) = (€€ (u2) V) + (q(1),0)w VP €W, (5.75)

we set ¢ = @ — ¢ and subtract (5.74) and (5.75) let’s find
BV (01 =), V(01 = ¢2))y = (F& (ur —u2), V(@1 = 92) )y,
from (2.20) (2.21) we have
191(2) = @2 (1)l < Cllur () —ua (D)l - (5.76)
Next, we use (5.55) to find that

(i1 (1) — (), u1 (1) —u2(2))y < (Mo(t) =M1 (1)1 () —ua(t))
+ (Bua(t) — Buy (1), u1 (t) — ua(t))y

using Cauchy-Schwarz inequality and (5.52) we obtain
(i (1) =iy (1), w1 (1) — 2 (2))y < |11 (6) = M2 ()| Jer (1) — w2 (D)}
, _ 2
2 (6) — a0 -

_|_

We integrate this inequality with respect to time and use the initial conditions u; (0) = u(0) =
ugp to find that

@) =R < [ 1116) =129l e (5) a5y ds
4Lz

2 [ (o) = a5 1 s
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5.3. RESULT OF EXISTENCE AND UNIQUENESS

Applying the inequality

1 1
ab < §a2+§b2, a,beR,

we find that
1 B 1 /! 2 1/t )
Sl = w1} <5 [ 1n16) = a0 ds+ 5 [ lur(s) = ws) I} ds
2 2 Jo 2 Jo
Ly /’ 2
+— ui(s)—ux(s)||ly, ds
o Jo [[ur (s) — uz(s) ||y,
where we obtain
2 ! 2 ! 2
Jin(6) =2y <€ [ 171(9) =ma(95pds+C [l (s) (o) s,
and, after a Gronwall argument, we obtain
1
Jin(6) =27 € [ 171(9) = ma(9) 5 s 5.77)
On the other hand, from the Cauchy problem (5.59)-(5.60) we can write
! 2
Bt =Bo— [ (WBS)Ry ((s)) ~ &) , ds.
0 +

Using now the definition of Ry, the inequality |Ry (uy)| < L, and writing 8, = B — B> + Ba.
we obtain

t
1816 = Ba(t) iy < € [ 1B(5) = Bals) iz
t
€ [Ny (s) = v 5) ey s
We apply Gronwalls inequality to deduce that
t
IB1(6) = Ba(0) ey <€ [ lnros) = 2n () 2y s

and, using (1.7) we obtain

t
B0 = Ba(0) oy € [ lha(5) = ()l 5.78)
Form (5.57), we deduce that

(1 — 0,01 — )12y talon — o, 00 — ) < (A — A, 00 — )2y, V1€ (0,T).
(5.79)

Integrating the previous inequality with respect to time, using the initial conditions o, (0) =
02(0) = o and inequality a(o; — 0, 0 — &) > 0 to find

Slen() - a0l < [ (M)~ hl).al) - ) pgds. (650
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5.3. RESULT OF EXISTENCE AND UNIQUENESS

This inequality, combined with Gronwalls inequality, leads to

t
o (1) — e (1) Iz () < € /0 121 () = Aa(s) |72y ds, ¥r€(0,T),  (5.81)

Form the previous inequality and estimates (5.73), (5.76), (5.77), (5.78) and (5.81) it follows
now that

HA(nl?)‘l) (t) _A(nZaA‘Z) (t) ||2jf><L2(Q)

T ) (5.82)
<C [ 1120 6) = (12:22) 932
Reiterating this inequality m times we obtain

A" (11,61) = A" (12,60) 10 722000
C’"T’"

H(nla)’l) (nz’AZ)||124/1~°°(0,T;,}f><L2(Q))'

Thus, for m sufficiently large, A™ is a contraction on the Banach space W1=(0,T;.# x
L?(Q)), and so A has a unique fixed point.

O
Now, we have all the ingredients needed to prove Theorem 5.2.
Existence
Let (n*,A%) € Wh*(0,T; ¢ x L*>(Q)) be the fixed point of A and
U=up, @Qp=¢, =) +EVQ()+ 0y, (5.83)
a=0ay-, =Py (5.84)
D= ¢&¢€(u)+BV(9). (5.85)

We prove that (u,0,¢,B,0,D) satisfies (5.37)-(5.42) and (5.43)-(5.48). Indeed, we write
(5.61)forn* =mn, 6*= 0 and use (5.83)-(5.84) to obtain that (5.37) is satisfied. Now we
consider (5.49) for n* = 1 and use the first equality in (5.83) to find

(A &(itn (1)), €(v—un())) e + (BE(un(t)), (v —un(t))) e+ (M (1), €(v —u)y (1))
> (f(t),v—un(t),,YveV,ae tc(0,T),
(5.86)

The equalities A! (n*,A*) = n*, and A? (n*,A1*) = A*, combined with (5.67)-(5.68), (5.83)
and (5.84) show that forallv e V,

(0 (0),9)xv = (E°VQ(0). )+ S(BL1).ult).v)
+( [ 9(006) - oelits)) - Vol eu(s)), als)ds. o)) |

A
A*(1) = S(o(s) — T e(u(s) = EVo(t),€ (u(t)), a(t)) (5.88)

(5.87)
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5.3. RESULT OF EXISTENCE AND UNIQUENESS

We substitute (5.87) in (5.86)) and use (5.37) to see that (5.38) is satisfied. We write now
(5.57) for A = A* and use (5.84) and (5.88) to find (5.40). We write (5.56), (5.59) forn =n*
and use (5.83)-(5.84) to find that (5.39), (5.41) are satisfied. Next, (5.42), The regularities
(5.43), (5.44), (5.46) and (5.47) follow from Lemmas 5.3, 5.4, 5.6, 5.7. and the regularity
(5.45) follows from lemma 5.5. Let now 71,7, € [0,T], from (2.20), (2.21), (1.11) and (5.85),
we conclude that there exists a positive constant C > 0 verifying

1D (1) =D (@)l < Cll@ (1) =@ (22)lw + [lu(t1) —u(2)ly) -
The regularity of u and ¢ given by (5.43) and (5.44) implies
DeC(0,T;H). (5.89)
We choose ¢ € D(Q)? in (3.39) and using (5.35) we find
divD,(t) = qo(t), Vte[0,T], (5.90)
By (5.29) and (5.89) we obtain
DeC(0,T;%).

Which concludes the existence part of the theorem.

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of oper-
ator A.
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Conclusion

This thesis introduce a contribution to the study of some boundary problems in contact me-
chanics. For this purpose, different constitutive laws have been considered such as: Electro-
viscoelastic, Electro-Elastic-viscoplastic constitutive laws with internal damage of the ma-
terial and a thermal effect. We have studied contact problems in a quasistatic process with
boundary conditions, for which we couple a thermal effect and damage and adhesion or an
electrical effect. For each of these problems, we give the variational formulation, then the
existence and the uniqueness of the weak solution.

In the future, it would be interesting to extend the results of the present thesis by the
existence and the uniqueness of these problems by the method of variational control as well
as the numerical study.
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Abstract

The objective of this work is the study of some problems in Contact Mechanics for Electro-
viscoelastic, electro-elastic-viscoplastic constitutive laws with internal damage of the material
and a thermal effect with or without adhesion. We obtain variational formulations followed
by the results of existence and uniqueness of weak solutions. The proof is based on arguments
of evolutionary variational inequalities, parabolic inequalities, differential equations, and
fixed point theorem.

Key words and phrases: Electro-viscoelasticity, quasistatic, elastic-viscoplastic, friction
contact, damage, adhesion, compliance normal, normal damped response, Signorini’s
condition, temperature, differential equations, fixed point.

AMS Subject Classification:
74C10, 49J40, 74M10, 74M15, 47H10.

Résumé
L'objectif de ce travail est I'étude de quelques probléemes de Mécanique du Contact pour les

lois de comportement électro-viscoélastiques, électro- élasto-viscoplastiques avec
endommagement interne du materiau et effet thermique avec ou sans adhérence. On obtient
des formulations variationnelles suivies des résultats d'existence et d'unicité des solutions
faibles. La preuve est basée sur des arguments d'inégalités variationnelles évolutives,
d'inégalités paraboliques, d'équations différentielles et du théoreme du point fixe.
Mots clés: Electro-viscoélasticité, quasistatique, élasto-viscoplastique, frottement de contact,
endommagement, adhérence, compliance normale, réponse normale amortie, condition de
Signorini, température, équations différentielles, point fixe.
AMS :
74C10, 49340, 74M10, 74M15, 47H10.
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