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Abstract

This research investigates the existence and uniqueness of solutions to fractional-order boundary value
problems, addressing two types of fractional derivatives: the Caputo derivative and the Riemann-
Liouville derivative, under Cauchy, Dirichlet, and Neumann-type boundary conditions on finite in-
tervals. The methodological approach consists of transforming the fractional differential equation
into an equivalent integral formulation using the corresponding Green’s functions, followed by the
application of classical fixed-point theorems (Banach, Schauder, Schaefer, and Leray Schauder) to
establish existence and uniqueness results, which are supported by illustrative examples provided at
the end of each chapter.
boundary conditions, finite interval, fixed point theorem, Green’s function

Keywords : Fractional order differential equation, Caputo derivative, Riemann-Liouville derivative,
existence, uniqueness, fixed point theorem.



Résumé

Ce mémoire est consacré a 1’étude de I'existence et de I'unicité des solutions de problémes aux limites
d’ordre fractionnaire, en considérant deux types de dérivées fractionnaires : la dérivée de Caputo
et la dérivée de Riemann-Liouville, avec des conditions aux limites de type Cauchy, Dirichlet et
Neumann sur des intervalles finis. L’approche adoptée consiste a transformer 1’équation différentielle
fractionnaire en une équation intégrale équivalente au moyen des fonctions de Green associées, puis a
appliquer les théoremes classiques de point fixe (Banach, Schauder, Schaefer, Leray-Schauder) pour
établir les résultats d’existence et d’unicité, résultats qui sont illustrés par des exemples concrets en
fin de chaque chapiitre.

Mots clés : Equation différentielle d’ordre fractionnaire,dérivée de Caputo, dérivée de Riemann-
Liouville, existence, unicité, théoreme du point fixe .
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Notation

Notation
N the set of natural numbers
R the set of real numbers

] the closed interval a<x<b

) the open interval a<x<b

(Y= ﬂf the ordinary derivative with respect to ¢
a.e. almost everywhere

ie that is to say.

QCcR": open set in R”

Q: closure of Q

o boundary of Q2

LP(Q) = {u measurable on Q and fﬂlul”dx<oo}, 1<p<oo
C(2): Space of continuous functions on

C"(Q): Space of n times continuously differentiable functions on €
In this work, we will specifically use the following spaces:
e C([0, T],R), T > 0: Banach space of continuous functions u:[0, T] — R, equipped with the norm

lulloo =sup{lu(z)l, t [0, T}

e L([0, T],R): Space of Lebesgue integrable functions u :[0, T]— R equipped with the norm

T
||u||1:=||u||L1=f lu(t)ldt.
0

I1I



Introduction

Students of mathematics early encounter the differential operators
d. d*. d>.
dx’ dx? dx3’

etc..., and some doubtless ponder whether it is necessary for the order of d1fferent1at10n to be an integer.

Why should there not be a 71' operator, for instance? Or Wll or even W It is to these and related

questions that the present Work is addressed. It will come as no surprise to one versed in the calculus that
the operator dx,l is nothing but an indefinite integral in disguise, but fractional orders of differentiation are
more mysterious because they have no obvious geometric interpretation along the lines of the customary
introduction to derivatives and integrals as slopes and areas. The reader who is prepared to dispense with
a pictorial representation, however, will soon find that fractional order derivatives and integrals are just as
tangible as those of integer order and that a new dimension in mathematics opens to him when the order
a of the operator % becomes an arbitrary parameter. Nor is this a sterile exercise in pure mathematics
many problems in the physical sciences can be expressed and solved succinctly by recourse to the fractional
calculus.

The concept of differentiation and integration to noninteger order is by no means new. Interest in
this subject was evident almost as soon as the ideas of the classical calculus were known Leibniz ! (1859)
mentions it in a letter to L’Hospital ? in 1695. The earliest more or less systematic studies seem to have
been made in the beginning and middle of the 19th century by Liouville® (1832), Riemann* (1953), and
Holmgren (1864), although Euler® (1730), Lagrange ¢ (1772), and others made contributions even earlier.

It was Liouville (1832) who expanded functions in series of exponential and defined the qth derivative
of such a series by operating term-by-term as though g were a positive integer. Riemann (1953) proposed
a different definition that involved a definite integral and was applicable to power series with noninteger
exponents. Evidently it was Griinwald and Krug who first unified the results of Liouville and Riemann.
Grunwald (1867), disturbed by the restrictions of Liouville’s approach, adopted as his starting point the
definition of a derivative as the limit of a difference quotient and arrived at definite-integral formulas for
the gth derivative. Krug (1890), working through Cauchy’s * integral formula for ordinary derivatives,
showed that Riemann’s definite integral had to be interpreted as having a finite lower limit while Liouville’s
definition, in which no distinguishable lower limit appeared, corresponded to a lower limit —oco.

Parallel to these theoretical beginnings was a development of the applications of the fractional calculus
to various problems. In a sense, the first of these was the discovery by Abel® (1823, 1825) in 1823 that
the solution of the integral equation for the tautochrone could be accomplished via an integral transform,
which, as we shall see, benefits from being written as a semi-derivative. A powerful stimulus to the use
of fractional calculus to solve problems was provided by the development by Boole® (1844) of symbolic
methods for solving linear differential equations with constant coefficients. The essence of Boole’s idea is
the formal expansion of an arbitrary function f(D) of the differential operator as a power series and the

IV



solution of differential equations by formal inversion of such series. Boole’s methods have subsequently
been made rigorous for certain classes of functions and extended in many directions.

The operational calculus of Heaviside!® (1892, 1893, 1920), developed by him to solve certain prob-
lems of electromagnetic theory, was an important next step in the application of generalized derivatives.
Heaviside (1920) introduced fractional differentiation in his investigation of transmission line theory; this
concept has been extended by Gemant (1936) for use in problems of elasticity. While Heaviside seemed
to scorn the "wet blankets of rigorists,” at least some theorists recognized the merit of his techniques, and
attempted to justify them by acceptable mathematical standards.

In the present century notable contributions have been made to both the theory and application of the
fractional calculus. Weyl (1917), Hardy (1917), Hardy and Littlewood (1925, 1928, 1932), Kober (1940),
and Kuttner (1953) examined some rather special, but natural, properties of differintegrals of functions
belonging to Lebesgue and Lipschitz classes. Erdelyi (1939, 1940, 1954) and Osier (1970) have given
definitions of differintegrals with respect to arbitrary functions, and Post (1930) used difference quotients
to define generalized differentiation for operators f(D), where D denotes differentiation and/is a suitably
restricted function. Riesz (1949) has developed a theory of fractional integration for functions of more than
one variable. Erdelyi (1964, 1965) has applied the fractional calculus to integral equations and Higgins
(1967) has used fractional integral operators to solve differential equations. Other applications include
those to rheology (Scott Blair et ah, 1947; Sher- mergor, 1966; Scott Blair, 1947, 1950; Scott Blair and
Caffyn, 1949; Graham, 1961), to electrochemistry (Belavine, 1964; Oldham, 1969; Oldham and Spanier,
1970; Grenness and Oldham, 1972), to chemical physics (Somorjai and Bishop, 1970), and to general
transport problems (Oldham, 1973; Oldham and Spanier, 1972). The developments are far too numerous
to give an exhaustive survey here, nor is this our purpose. The readers inter- ested in further references
to the literature may consult the chronological bibliography which ends this section. Virtually no area
of classical analysis has been left untouched by the fractional calculus. Indeed, could one expect less
from the natural extension of perhaps the two most basic operations of mathematics differentiation and
integration?. And in the following additional historical perspective to our subject for fractional calculus
We sum it up in the following list.

In 1772, Lagrange’s contribution in this direction is the law of exponents (indices) for operators of
integer order:

dm dn dm+n

dxm dxn? = dxmen
Later, when the theory of fractional calculus started, it became important to know whether this law held
true if m and n were fractions.

Lacroix (1819), develops a formula for fractional differentiation for the nth derivative of v" by induc-
tion. Then, he formally replaces n with the fraction 3, and together with the fact that T(3) = +/7, he
obtains

Y.

1

d: 24V
-V =—.
dv: v
Abel (1823) was probably the first to give an application of fractional calculus. He used derivatives of

arbitrary order to solve the tautochrone (isochrone) problem. The integral he worked with fot( r—s)z f(s)ds
is precisely of the same form that Riemann used to define fractional operations.

1

The first major study of fractional calculus starts with Liouville (1832). Where considered :—Zezx. In
his work, some problems in mechanics and geometry are solved by the use of fractional operatio;cls.

Liouville (1834) continues work on the complementary function. He argues that if the differential
equation Zi% =0 has a complementary solution, why shouldn’t Zi{
when u is arbitrary?.

Liouville (1835) gives the definition of a fractional derivative, as an infinite series: 9% =3 a,e"*n*,
where u is any number, integer or fractional, positive or negative, real or imaginary.

Riemann (1847) sought a generalization of a Taylor’s series expansion and derived the following defi-

= 0 have a complementary solution

2025-2026 A% Univ - El Ouad



nition for fractional integration:

d—r _L ‘ 1
dt_ru(t)—r(r)Jc(t s) T u(s)ds.

However, he saw fit to add a complementary function to the above definition. Today, this definition is in
common use as a definition for fractional integration but with the complementary function taken to be
identically zero, and the lower limit of integration c is usually zero.

Kober (1940) extended some results over a wider range where he deals with Mellin transforms, and
also a uniqueness theorem for a solution to the equation

g(t)=f (=) f(s)ds.

M. Riesz (1949) used in his research (The Riemann-Liouville integral and the Cauchy Problem) various
aspects of the fractional integral

1

1°f(r)= mj (t=s)""f(s)ds.

B. Kuttner (1953) considers in his work (Some Theorems on Fractional Derivatives) relation between
the integrals:

dn 1 ' n—a—1
mmﬁ (t—s) f(s)ds
and X
n dn 1 n—a—1
(1) dtnmﬁ (s—1) f(s)ds.

In addition to all of this research, in recent years we have noticed a major revolution in research on
this topic by studying many types of differential equations with fractional orders, and this research is still
ongoing to this day.

Fractional equations are natural generalization of the classical integer-order differential equations.
They turn out to be very adequate for modeling dynamics of many processes involving complex systems
that can found in science, engineering, aerodynamics, etc. Fractional differential equations arise in many
engineering and scientific disciplines as the mathematical models of systems and processes in the fields of
physics, chemistry, electrical circuits, biology, and so on, and involves derivatives of fractional order.

Fractional derivatives turn out to be an excellent tool for the description of memory and hereditary
properties of various materials and processes. They involve derivatives of fractional order which provide
an excellent tool to describe memory and hereditary properties of various materials and processes.

This work is organized as follows.

In first chapter is devoted to presenting some basic tools from functional analysis and some classical
fixed point theorems: Banach!! contraction theorem, Schaefer’s'? fixed point theorem, Schauder’s!?
fixed point theorem, Leray!*-Schauder’s nonlinear alternative fixed point theorem. We also collect some
definitions and basic lemmas from fractional calculus (see [1], [10] for more details).

Second chapter is proposed some results on the existence and uniqueness of solutions for fractional-
order differential equations of Caputo!® type.

In the third chapter, we present some fractional differential equations of Riemann-Liouville type
with Cauchy condition of fractional order a €]0,1[, Dirichlet'® condition of fractional order a €]1,2[ and
Dirichlet- Neumann!” type of fractional order a €]1,2].

For confirmation of the results in our work, we propsed some examples is provided to demonstrate the
applicability of the theoretical results.

2025-2026 VI Univ - El Ouad



Preliminaries

Contents
1.1 Basicconcepts .........coiiiiiiiiiitittiinonaeas
1.1.1  Compact mapping . ............uuiiinneno...
1.1.2 Lebesgue dominated convergence theorem . ..........
1.1.3  Ascoli-Arzela theorem . . . .......................
1.2 Auxiliary functions ............. . i i i i
1.2.1 Gamma Function . ......... .. .. ... .. .. . . ...
1.2.2 Beta Functions. . ......... ... . .. .. ... ... ...
1.3 Fractional integral ........... .00ttt eennnnns
1.3.1 The fractional integral on an interval. ... ...........
1.3.2 Fractional integral of Riemann-Liouville ............
1.4 Fractional derivative ............ ... i,
1.4.1 Riemann-Liouville fractional derivative .............
1.4.2 Caputo fractional derivative ... ..................
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..................
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1.4.3 Comparison between the fractional derivative in the sense of Caputo and that of

Riemann-Liouville ........ ... ... ... ... ... .. ...

1.5 Some fixed point theorems ..............c0 0.,
1.5.1 Banach fixed point theorem .....................

1.5.2  Schaefer’s fixed point theorem . ...................
1.5.3 Schauder’s fixed point theorem . ..................

1.5.4  Leray-Schauder nonlinear alternative theorem

In this chapter we introduce the tools, definitions, lemmas and theorems necessary for this memoir.

1.1 Basic concepts

1.1.1 Compact mapping

Let X and Y two spaces of Banach and Q2 C X an open.



Lebesgue dominated convergence theorem

Definition 1.1.1: ([11]) A continuous map f:Q— Y is said to be compact if f(2) is compact. It is said
to be completely continuous if the image of any bounded is relatively compact.

Remark :

(a) Any compact application is completely continuous; The reverse is true if £ is bounded.

(b) Any compact linear map is continuous; The converse is true if this map is of finite rank. (Rank
is the dimension of the image space).

rProposition 1.1.1: ([11]) A map f: X — Y is compact if and only if for any suite (x,),en of X, we can)
extract a subsequence (X, )iey such as the suite (f(x,, ))rey converges in Y.

\ J
Definition 1.1.2: Let X be an ordered Banach space. It is said that a mapping T is increasing
(resp.decreasing) if T(x)< T(y) (resp.T(x)> T(y)), for all x,y € X with x < y.

Definition 1.1.3: Let X be Banach space with the norm ||.|| and T : X — Y a mapping. we say that
T is a contraction on X if there exists a real k €]0,1[ such that, for all elements x,y € X we have
I Tx—TylI<kllx—yll

1.1.2 Lebesgue dominated convergence theorem

Theorem 1.1: ([11])
Let (f,,) be a sequence of functions in L!(Q) that satisfies
(i) fu(t)— f(z) for almost every t €,

(ii) there is a function g € L'(2) such that |f,(¢)| < g(t) for all n €N and for almost every t €.
Then f e LY(Q) and ||f,,— fll; — 0.

1.1.3 Ascoli-Arzela theorem

Theorem 1.2: ([11])
Let E a compact metric space, F a complete metric space. A subset §F C C(E, F) is relatively compact,
if and only if it satisfies the following two conditions:
1.For all t € E, the set
S()={T(t); T() €3}

is relatively compact inF.

2. § is equicontinuous i.e:

For all € > 0, there exists 6 > 0, such that for any, T(.) € § and for any, t,s € E, with dg(t, s)< o0 we
have dp(T(t), T(s)) <e.

Theorem 1.3: (A special case of the Ascoli-Arzela theorem)
Let §c C(J,R") and J a bounded interval of R. § is relatively compact if:
1. § is uniformly bounded i.e:

dM > 0 such that |T(t)| < M, for any T(.)eFet for any t € J.

2025-2026 2 Univ - El Ouad



Lebesgue dominated convergence theorem

2. § is equicontinuous, i.e:
Ve >0,30 >0, such that for any, T(.)€F and for any, t,s € J, with|t —s| <0 we have ||T(t)—T(s)|| <e.

1.2 Auxiliary functions

1.2.1 Gamma Function

Definition 1.2.1: The Gamma function T is defined by the following integral:

+00
I'(a) :f t* e tdt, a>0
0

(Proposition 1.2.1: An important property of the Gamma function is the following recurrence relation: )

INa+1)=al(a), a>0
\_ J

Proof : N
o
We have T'(a+ 1):f0 t%e 'dt.
An integration by parts aplied to the definition of gamma function:

+00

1"(0(+1):[—t"‘e_‘]0

+00
+ aJ t* e 'dt =0+ al(a) =al(a).
0

(Proposition 1.2.2: )

+00

* Since I'(1) :J e 'dt=1, we have I'(n+1)=nl(n)=n! n€N* because:
0

I(n+1)=nl(n)=nn—1)I(n—1)=---=n(n—1)---x2x1xI'(1)=nl

! 2n)!
» We have F(E):ﬁ’ and VYn €N, r(n_'_%):«/zgn"l)

\_ J

Proof : Indeed, we prove it by recurrent:

for n=0: F(l)= 7O} =vr

2 400!
Jvr(2n)
4np!

1
Suppose that F(n + E) = and let’s prove :

2025-2026 3 Univ - El Ouad



Fractional integral

4np!

_ (2n+1)vr(2n)!

B 2x4np!

_ (@2n+1)2n+2)yY/n(2n)!

2(2n+2)x4nn!
_ J/7(2n+2)!
C 2x2(n+1)x4nn!
_ V/r(2n+2)!
C 4Ant(p+ 1)

1.2.2 Beta Functions

Definition 1.2.2: For a >0,y > 0, the Euler Beta function is defined by

ﬂ(a,r)=f N 1—t)y'de.
0

(Proposition 1.2.3: ([1]) The Beta function is linked to the Gamma function by the following relationship: )
[(a)I'(y)
Y= >0,7y>0
Plan=tasy ¢707
Then,we have
Bla,r)=pB(r a)
\_ J

1.3 Fractional integral

1.3.1 The fractional integral on an interval

Let h be a continuous function on the interval [a, b].
We consider the integral

Ial+h(t):f h(s)ds.
I;h(t):f dff h(s)ds.

u :f h(s)ds — u' =h(1)

An integration by parts:

V=drt—uv=r1

2025-2026 4
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Fractional integral

12 h(t)

lff h(s)ds] —f TX h(T)T

tJ h(s)ds—aJ h(s)ds—f Txh(f)dfzf (t—7)h(t)dT

I;h(t) =J (t—=71)h(T)dT.

More generally the n'" iteration of the operator I can be written

t T Tn—-1
I;Jz(t):J dﬁf de...f h(t,dr,
1

:(n—l)'J (t—7)"'h(t)dr, neN-.

Since the generalization of the factorial by the Gamma function: I'(n)=(n—1)!,Riemann’s account could
make sense even when n takes a non-integer value,it was natural to define fractional integration as follows.

1.3.2 Fractional integral of Riemann-Liouville

Definition 1.3.1: If h € C([a, b]),a € R* the integral

I% h(t)= ﬁf (t—1) 'h(t)dr,

is called fractional integral of Riemann-Liouville of order a.

Example

calculate I}, t#, for u>—1

t

1

I9th=—— | (t—71)'1#dt for a>0,u>-—1.
’ r(a)Jo

Let’s make the change T =st,dt=tds, we have

1
1
I8 th=— t—st)* Yst)ltd
o+ F(a)JO( st)*(st)'tds

1

= mﬁ t T (1=8) (s)(t)tds

1

1
— ta—1+,u+1 1—s a_IS‘udS
(@) 0 (1—s)

1
= —t“*"B(u+1
I“(a)t (u+1,a)
1 tawl“(,u+1)1“(a)

") Ta+p+l)

Mu+1
SO, IO%IH:M
TNa+u+1)

t“ a>0,u>—1.

Properties 1 (/1]) we have the following properties:

2025-2026 5
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Fractional derivative

(P) I h(t)=h(t).
(p) el =012 =11, a>0,8>.0

1.4 Fractional derivative

1.4.1 Riemann-Liouville fractional derivative

Definition 1.4.1: For a given function f defined on the interval [a, b], the Riemann-Liouville fractional
derivative of order a >0 is defined by:

dr 1 d* (" 1)
RLpe p(r)= I""“h(t)= ar,
o ) din @ (®) r(n—a)dtnf (t —7)e—n+ ’

where n=[a]+1
([a] is the integer part of @ and n—1<a<n).

In particular:
-If =0, so
RLD;+h(t)= I;’Jl(t): h(t).
-Ifa=neN, so
RLp™ h(t)=h"(1).

-If0<a<1,so0 n=1 hence

1 ar
Ir'l—a)dtr

*LDe h(r)= f (t—7)*%h(t)drT.

The derivative of f(t)=t* in the Riemann-Liouville sense:

I'u+1
Let @>0,u>—1 and f(t)=1t*, so RLDO‘it“:Lt“*a.
Mu—a+1)
ar ('
a — n—a—1 _
In fact, RLDOJM_F(n—a)dthO (t—7)"*"'7*dr, n=[a]+1.

By changing the variable T =st, we will have:

n

1
_ tn+,u—a 1— n—a—1 bd
T(n—a)dtr L Qms)isids

_ 1 Tn—a+u+1)

T(n—a) Mu—a+1)

_ 1 F(n—a+,u+1)Xr(n—a)r(,u+1)tu_a
I(n—a) T(u—a+1) (n—a+u+1)

_ D(p+1)

CT(u—a+1)

RLna su
Dith =

t"*B(n—a,u+1)

u—a

In particular, if =0 and a > 0, then the Riemann-Liouville fractional derivative of a constant is in general

non-zero. In fact, we have
fpe*c=t D% Ct’
(1)
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Fractional derivative

Lemma 1.1 (Composition with the fractional integral): For a>0 and h € L'[a, b], we have
RLD@ 19 (1) = h(t).

This property means that the fractional derivation operator in the sense of Riemann-Liouville is a left
inverse of the fractional integration operator in the sense of Riemann-Liouville of the same order.

Proof : We have for n=[a]+1,

n

d
REDE I h(t)= —(I""“1% h(t))

0+~a+t dtn at

a» .
= (1 h(1)

= h(t).

In general, ®LD I h(t)=1].“h(t), y>a>0,heL'la,b]. =

Lemma 1.2 ([1]) Let a>0,h € L*[0, b],then
IEEEDER(E)=h(t)+ it + et “ P+ 4 ¢, 17", for some ¢; €R,i=1,2,..,n and n=[a]+1.

Corollary 1.4.1 Let a>0 and h € L'[a, b),then the equation RLDO‘i h(t)=0 has the solutions
h(t)=ct* 1+ ct* 2 +... 4+, t* ™",
such that n=[a]+1 and c,,c,,...,c, are constant.
-Ifo<a<l, DER(t)=0= h(t)=ct*", ceR.

-Ifl<a<2, DER(t)=0= h(t)=ct*"'+dt*?, c,deR.

1.4.2 Caputo fractional derivative

The definition of the Riemann-Liouville type fractional derivation played an important role in the devel-
opment of the theory of fractional derivatives and integrals because of their applications in pure math-
ematics (solution of integer order differential equations,definition of new classes function,summation of
series,etc.).However,modern technology requires some revision of the well-known pure mathematical ap-
proach. Mathematical modeling based on rheological models naturally leads to differential equations of
fractional order, and to the need to formulate the initial conditions of such equations.The applied problems
require definitions of fractional derivatives authorizing the use of physically interpretable initial conditions,
which contain f(a);f(b),etc...Despite the fact that initial value problems with such initial conditions can
be solved mathematically , the solution of this problem was proposed by M.Caputo (in the sixties) in his
definition which he adapted with Mainardi in the structure of the theory of viscoelastics: Therefore we
introduces a fractional derivative which is more restrictive than that of Riemann-Liouvile.

Let [a,b] be a finite interval of R.

Definition 1.4.2: The fractional derivative of order a@ > 0 of Caputo of a function h defined on [a, b] is

given by
1
p &)
(a) ( [— a)k) ’

e
!
e

“D% h(r)=R" D;i(h(t)—

such that n=[a]+1.

Remark :

- If =0, then
CD‘&h(t): h(t)— h(a).

2025-2026 7 Univ - El Ouad



Fractional derivative

-If0<a<1, then
CD:+h(t) :RL D:+ (h(t)_

n—1

h®¥(a)
Cna _—RL a _
- D% h(t)=RL DY h(r) ;F(k—a+1)

According to the previous relationship:

D% h(t)=Rt D* h(t) < h(a)=h'(a) =h"Y(a)=

Theorem 1.4
Let a>0 and n=[a]+1,If f € C"[a, b],then:

_ \h—a-1y,(n)
l“(n—a)L(t T) h'(t)dr,

= ["-“D% h(t).

h(t)=h'"(t).

() Ifa¢N °D%h(r)

(i) f a=neN, C°D%h

Proof : According to the definition, we have

h(a)).

(t—a)% n=[a]+1.

n—1 (k)
¢DY p(r)=R* D;:(h(t)—z h k'a)(t—a)k)
~ dr n— 1h (
dtn le” k!
_an [t _— =L a) .
_df"Ja r(n_a)(r—f) (h(’t‘)—; o(r—a) )dT.
Integrating by parts, we will have
< h(a) ,_d <~ hY(a)
u:h(r)—; o (t—a)f — u =E(h(f)—; o (t—a)F
, (t—T)”_a_l (t_,L-)n—a B (I—T)n a
r(n—a) (n—al(n—a) T(n—a+1)
([—T)n a—1 k _ (t—T)n_a n—1 Ko a) . t
F(n— (h( )= Z kl T_ )dT _lr(n—a+1 (h(T)_kZ_(; k! (z=a) .
n—a h®(a)
i a+1)f( —1) (h() Z (T a))df

— h)(a)

k!

n—a+l "
=1

)

h*)
n—a+n )k
_I“+ dtn( Z kl a))
n—1
n yn—a ht ((’l
=L ( Z; o (t—a) )

_ In Ian+ a

2025-2026
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Fractional derivative

dn n—1 h(k)
because (Z (a)(t—a)k) =0.
k=0

dtn k!
Thus,
dn
“D® h(t)= ; h r
o h(t) = S 1 (1)
dl’l
=1 h(t
(1)
t
— f— n—a—lh(n) ar.
I"(n—a)L( 7) (t)dz
Example
TMu+1
Let 0<a<1 and h(t)=t",u>—1 then CDoojh(t)z Lt“_a
Mu—a+1)

In fact,

C
Dy, th =

1 g ey
F(l—a)JO(t_T) (t"Ydr.
-_F J(t—f)_“f“_ld’r.

0

Il—a)

let’s make the change T =st,dv=1tds, we have

1
“Dith= H Jt‘“( —s)%s* 1 r e ds

I'l—a)
ot (1 tshlgs
1_
= th aB 1—
T(l—a) %)

U tﬂ_af(l—a)F(u)

T(l—-a) T(Q—a+up)

— Mtﬂ_a.
Mu—a+1)

In particular, the caputo derivative of a constant is zero:
D% C=0, C a constant.

(CD;Q— _)J( —)etegr = 0)

Lemma 1.3 ([16]) Let B>a>0 and he L'a,b], then

CDaIﬁ()Iﬂa().

at-ar

-Ifp=a
D% 1% h(t)= h(t).

Lemma 1.4 ([16]) Let a>0,h € L'[a,b], then
IE(“DER(E)=h(t)+ co+ e F + ot + ... + ¢,y t"

for some ¢; €R,i=0,1,2,...... ,n—1, n=[a]+1.
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Some fixed point theorems

Corollary 1.4.2 Let a>0 and h € L'[a, b), then the equation CDOﬁh(t)zo has the solutions :
h(t)=cy+ct+...... +c,_qt"!
for some ¢; €R,i=0,1,2,.....,n—1, n=[a]+1
-If0<a<l, °Dih(t)=>h(t)=c, ceR

S If1<a<2° “DEh(t)= h(t)=c+dt, c¢,deR

1.4.3 Comparison between the fractional derivative in the sense of Ca-
puto and that of Riemann-Liouville

- The main advantage of the Caputo approach is that the initial conditions of fractional differential
equations with Caputo derivatives accept the same form as for integer differential equations, i.e., contain
the limiting values of the derivatives of integer order of unknown functions in lower bound X =a

- Another difference between the definition of Riemann-Liouville and that of Caputo is that derivative of

¢ t
I'l—a)

—a

a constant is zero by Caputo on the other hand by Riemann-Liouville it is

1.5 Some fixed point theorems

In this section, we will cite some fixed point theorems (Banach contraction, nonlinear alternative of Leray-
Schauder type Schaefer, Schauder type) used in the resolution of differential equations by the approach of
fixed point.

1.5.1 Banach fixed point theorem

Theorem 1.5: ([15])
Let X be a Banach space and T : X — X an mapping. If T is a contraction on X ( 3k €]0,1[Vx,y € X
such that || Tx—Ty |[<k||x—y |l ) then T admits a unique fixed point in X.

1.5.2 Schaefer’s fixed point theorem

Theorem 1.6: ([15])

Let X be a Banach space and U be convex set such that 0€ U. Let T be an operator defined in X such
that T:U — U is completely continuous.

If the set Q={x €U : AT x = x, for some A €]0,1[} is bounded, then T has at least one fixed point.

1.5.3 Schauder’s fixed point theorem

Theorem 1.7: ([15])
Let C be a convex, closed, bounded, non-empty subset of a Banach space X and T : C — C it’s a
compact mapping.Then T admits at least one fixed point.

2025-2026 10 Univ - El Ouad



Some fixed point theorems

1.5.4 Leray-Schauder nonlinear alternative theorem

Theorem 1.8: ([15])

Let C be a convex subset of a Banach space and Q an open subset of C with 0 € Q. Then every
completely continuous map N :Q — C satisfies at least one of the following two properties:

(A1) N has a fixed point in Q, or

(A2) There is an x € Q2 and A €(0, 1) with x =AN x.

Remark :

Hypothesis (A2) indicates that the set S={x €Q:x=ATx;A€[0,1]} is not bounded. So to apply
the nonlinear alternative of Leray-Schauder, one can just show that T is completely continuous by
checking the following a priori estimate:

IR >0,Yx € E,YA€[0,1]: (x =ATx = ||x]| < R)

to assert that T admits at least one fixed point in B(0, R).
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Boundary value problems for fractional-order differential
equations of Caputo type

Contents
201 Imtroduction ............ ittt ittt ittt nensans 12
2.2 Cauchy problem of fractional order €0, 1] . . . .o v vt ittt ittt ittt iatenseenn 12

2.1 Introduction

We propose in this chapter some results on the existence and uniqueness of solutions to fractional differ-
ential equations. We studied in the first section Cauchy problem of order 0 < & < 1. On the call to the
appropriate fixed point theorem of Banach to prove the result listed in this chapter.

2.2 Cauchy problem of fractional order a €[0, 1]

Consider the following problem
“Dfu(t)=f(t,u(r)),t€[0,61,6 >0, (2.1)

u(0)= uy, (2.2)

such that 0 <a <1 and f:[0,0] xR —R a given function, u, €R.
we say that u € C'([0,6],R) is said solution (2.1)-(2.2) if u satisfied (2.1) and (2.2).

Lemma 2.1 Let h:[0,0]— R a continuous function then the linear problem

“Dfu(t) =h(t)tel0,6],
u(O) = uO)

I'(a)
Proof : By Lemma(1.4) and from D u(t)= h(t), we have
18(CDg u(t) = I h(o)

1 t
admits only one solution given by u(t)= uy+ —J (t—7) " h(t)dr.
0

12



Cauchy problem of fractional order o €[0, 1]

ie. u(t)=c+ I h(r).
So u(t):c+ﬁj; (t—1)* " h(t)dr.

From u(0)=u, we get ¢ =u,

S0, u(t)zmﬁﬁjo (t—7)*h(r)dr. m

Remark :

u € C([0,6],R) is solution of problem (2.1)-(2.2) if and only if u € C([0,6],R) is solution of integral

equation

1 ' a—1
u(t):u0+m O(t—T) f(r,u(r))dr.

Our first result on the problem (2.1)-(2.2) is based on the Banach contraction principle.

We introduce the following conditions:
(H,) The function f:[0,0] xR — R is continuous.

(H,) 3¢ eC([0,6],R,) such that | f(z, u,(2))— f(t, u(2)) < ()| uy(2)— uy(2)),

Vt € [0»5],Vu1, u2 € C([O! 5])R)

sup ¢(t)<1.

(H3) =——
Y Ta+1) £€[0,5]

Theorem 2.1

(2.3)

Suppose (H,), (H,), (H3) are satisfied, then the problem (2.1)-(2.2) admits only one solution.

Proof : Considering the operator T
T: C([O) 6]! R) - C([O! 6]rR);

(Tu)(t)= uy+ %JO (t—7) f(7, u(r))dr.

The problem (2.1)-(2.2) has a solution u if and only if u solves the operator equation u = Tu.
We will prove the existence and uniqueness of a fixed point of T. For this we verify that the operator T

satisfies the theorem of Banach.
To do this we show that T is contraction with respect to norm || .||s-
Let u;,u, € C([0,0],R), and t €[0, 6],

t

(Tu)(1)=(Tu,)(2) < LJ (t =) Nf (T, m(T) = f7, up(T))ld T,
0

I'(a)
1 t
< t—1) (1) uy (1) — w(7)ldT,
I‘(OI)L( ) o(T)lus(7) 2(7))]
1 t
<—— su Ol uy =t || oo t—1)*'dr,
T(a) te[og](p( )y 2 |l L( )
66{
< sup @(6) |l uy—uy |loo -

I(a+1) teo,5)

a

This implies || Tu; — Ty || oo < sup @(6) || u1—uy ||oo -

I(a+1) e,

a

S sup ¢(t)<1, T is contraction.
[(a+1) 0,51

2025-2026 13
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Cauchy problem of fractional order o €[0, 1]

According to theorem of Banach of fixed point we conclude that the problem (2.1)-(2.2) has only one
solution. m

Example

Consider the following problem:

cpz _
{ 2= sty 1 2.4)
u():O
with 0<a=3<1.
In this case, we pose )
T )= S+t
So we have
(H;) f:10,1]xR—R is continuous.
(H,) Let uy,u, < C([0,1],R), re€[0,1]
1 1 1
7 )= £ O = 55 | T o o~ T3
__ 1 |(ua(2))* — (14 (2))
20t +1) (14 (uy(2))2)(A 4 (ua(2))?)
B O 11O E 3 AN
C2+1) T (ORI +(p(e)2)
Sm“ﬁ(”_uz(m-
Let’ too(t)= e have su (t)—land o su (t)—ixl—i<l ith
et’'s put ¢ TSIk w Vi IG[OH]QD =5 r(a+1)te[0€]¢ _1"(3) NG w
3\ _ VA
i(5)=7

By Theorem 2.2, we deduce that the problem (2.4) has only one solution.

Our second result is based on Schauder’s fixed point theorem.
We introduce the following hypotheses:
(Hy) It exists ¢ € C([0,0],R;) and ¢ : R, = R, Continuous and increasing functions such that

| f(&, u(e) [ p()y( u(t) ), Ve €[0,6],Yu e C([0,0],R).

0“Y(R)
Ta+1) Sup QL)< k.

(Hs) 4R >0 such that | uy |+

Theorem 2.2:
If (H,),(Hy),(Hs) are satisfied. Then the problem (2.1)-(2.2) admits at least one solution.

Proof : To be the operator T defined in the previous Theorem 2.2.

Let C={ueC([0,0],R),|| u|lco< R} such that R it’s the constant given by (Hs).
We have C is a closed, bounded, convex of C([0,6],R)

Claim 1. TCcC.

Let ue C and t €[0,0], we have

2025-2026 14 Univ - El Ouad



Cauchy problem of fractional order o €[0, 1]

I(Tu)(t)|<|uo|+—J(t D f(r,u(r)ldT,

<l uy | +TO!)L (t =) " p(0(| u(r) Ddr,

<lug | +——

=| u, | +

o] T(a+1)

This is implies || Tu ||oo<
So TueC

Claim 2. T is a compact.

To do this just show that

Y(R)

6 sup ¢(1),

t€[0,6]

Y(R)6* sup ¢(t)<R.

t€[0,0]

R.

T C is relatively compact.

(a) TC is bounded, because TC c C and C is bounded.

(b) TC is equicontinuous:
Let ueC and t,,t,€[0,0]

[(Tu)(t,)—=(Tu)(t,)| =

+
—

f 1(lfl—T)‘Hf(T, u(T))dT—f 2(lfz—T)‘Hf(T, u(t)dr|,
0 0

J (h—7)" f(7, u(T))dT—f (t,—7)* 7 f7, u(r)dr
0 0

t,—1) f(1, u(T))dT—f 2(l‘z—T)'Hf(T, u(t)dr
0

! (" a-1 al
i) R G B FIGE QTS
1 . a—1
i ), e A
1 (" )
< — a1 a1
el i G i LA Ol
1 rtz a—1
g ), 7™ el umdT,
Y(R) h e e t o
SF(O{) tSeE‘),I?S](p(t)(J;) l(tl T) (tz T) |dT+J;l (tz T) dT),

—0 ast,— 1.

So TC is relatively compact.
According to Theorem of Schauder of fixed point we conclude that the problem (2.1)-(2.2) has at least one

solution. m

Example

2025-2026
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Cauchy problem of fractional order o €[0, 1]

with 0<a=3<1

In this case, we pose

1+ +/|u(z)|
et '

flt,u(t)=

So we have
(H;) f:10,1]xR—R is continuous.

(H,) Let uEC([O 1L, R), t €[0,1], | f(t, u( |<—(1+\/|u(t

Let’s put ¢(t)= ;, Y(t)=1+ /1 until the condition (H,) is met.

5UY(R) 6
Tasn Sup L= = <a=R

By Theorem 2.2, we deduce that the problem (2.5) has at least one solution.

(H;) We choose R =4, in order to see that | u,|+

The following result is based on the fixed point Theorem of Schaefer.
We introduce the following condition.

(Hy) lim ﬁ — 400

Theorem 2.3
If (H,),(Hy),(Hg) are satisfied. Then the problem (2.1)-(2.2) has at least one solution.

Proof : Let the operator be T defined in the previous Theorem 2.2.

As in the proof of the previous Theorem 2.2, we got that the operator T is compact. So in order to the
operator T to be completely continuous, it’s sufficient to prove that is continuous.

- T is continuous on C

Let (u,) c C be a sequence converges to u* .

So

t

| (Tu,)(t)—(Tu)(t) < ﬁj (t =) f(7, up(0) = fl7, u¥(7)) | dr.
0

From lebesgue dominated convergence theorem and from continuity of f, we have

[(Tu,(t)—(Tu*)(t)|— 0 as n — o0.

Now consider the subset:

Q={ueC, ATu=u, for some A€]0,1[}.

Let ueQ and t €[0,6], we have

lu(e)| = Al(Tu)(2)l,
<|(Tu)(2)l,

1 t
< |uo|+mf e(@Y(u(r)dT

(|l t [loo)
Mt Sop #lo)

This is implies 57 (|||| “ ||||°° <l
u oyl 4 lleo) up o(t)
) [(a+1) tE[O,It)s] 4

If || u||oo— 00, so we while have a contradiction with (Hy).

Then it exists p >0 such that || u ||,,< p it’s who gives Q is bounded.

From Schaefer’s Theorem of fixed point, the operator T has at least one fixed which represents a solution
to the problem (2.1)-(2.2).

]

<|uol +
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Cauchy problem of fractional order o €[0, 1]

The following result is based on the nonlinear alternative of Leray-Schauder.

We introduce the following condition:
M
(H;) 3M >0 such that 5T (M) > 1.
|ug| + ———— sup ¢ ()
Ty 257

Theorem 2.4
If (H,),(Hy),(H;) are satisfied. Then the problem (2.1)-(2.2) has at least one solution.

Proof : Let to be the operator T defined in the previous Theorem 2.2.

Assume that the open set U ={u € C([0,0],R), || U ||coc< M}

As in the proof of the previous Theorem 2.2, we got that the operator T is continuous and compact, so
it’s completely continuous.

If it exists u € dU and A€][0,1] such that u=ATu, then

lu(e)l=Al(Tu)(1)l,
<|(Tu)(z)l,

oY (Il ulloo)
Sluo|+—r(a+1) ts;[ég]w).

. |l 2 [loo

This is implies <l1.
P LOIule)

[la+1)  teos

Which means this from (H,),|| U ||ee7Z M, but || U |[|oo=M because ue€dU,

this is a contradiction.

From Theorem of Leray-Schauder of fixed point, the operator T has at least one point fixed which represents
a solution to the problem (2.1)-(2.2). =

| 140
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Riemann-Liouville type fractional order differential equations
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3.1 Introduction

We present in this chapter some results on the existence and uniqueness of solutions to fractional differential
equations of Riemann-Liouville type. We studied in the first section Cauchy problem of order 0 < a < 1.
In the second section we discuss the boudary value problem of Dirichlet type, then we study a Dirichlet-
Neumann type problem and Cauchy problem in the case 1 < a < 2.

3.2 Cauchy problem of fractional order a €]0, 1]

Suppose the following problem

RLDoa u(t)=f(t,u(r)),t<[0,0],(6 >0),

+

lim "% u(t) = uy,
120

such that 0<a <1 and f:[0,0]xR—R a given fonction, u,eR.

Suppose the Banach space[16] X = {u € C((0,5],R),li£n t7%u(t) exists } with the norm:

t—0

| ullx= sup ¢'~“lu(1)].
t€[0,5]

We say that u € X is said solution (3.1)-(3.2) if u satisfied (3.1) and (3.2).

Lemma 3.1 Let h:[0,0]— R a continuous fonction.
Then the linear problem

lim % u(t) = u,
t20

{ RLDotiu(t): h(t), t€[0,0]

18



Cauchy problem of fractional order o €[0, 1]

Has only one solution given by

1 t
u(t)=ugt* '+ mJO (t—7)*h(r)dr.

Proof : By lemma 1.2 and from **Dg u(t)= h(t), we have
1A ("' D2 u(t))= I h(1)

it implies,

1 t

ut)=ct* '+ — | (t—7)* " h(r)dr
Ia )f

By the condition (3.2) we get ¢ = u,.

Thus

U(t) Uyt 4 1+mj (t T)a ll’l

Now, Considering the following operator T : X — X defined by:

R B RS
(Tu)(t) =uyt +1"(a)L(t ) flr,u(t)dr.

Then we have the following equivalent: u € X is solution of problem (3.1)-(3.2) if and only if u € X satisfies
the operational equation u = Tu this means that u is a fixed point of T.
[
Our first result on the problem (3.1)-(3.2) is based on the Banach fixed point theorem.
We introduce the following conditions:
(H1) The fonction f:[0,6] xR —R is continuous.
(H2) dk > 0 such that

[t f(t, ug(0) =t (2, up(2))] < Kelug(2)— (1)),
Vte[0,6], Yu,,u,X.

IMa+1)

H3)0<k
()<<6

Theorem 3.1
Suppose (H1) - (H3) are satisfied. Then the problem (3.1)-(3.2) admits only one solution.

Proof : We will prove the existence and uniqueness of a fixed point of T. For this we verify that the
operator T satisfies the Banach’s fixed point theorem. To do this we show that T is contraction with
respect to norm ||.||x.

Let u;,u,€ X and t €[0,0],

('t
(Tu) () —(Tw)(1) < ﬁ | = @)= s wea

0
(\t

< ﬁjo (t—7) e % f(r, uy (7)) — (7, up(T)ld T,

k(" p
< _ a1 1-a _
e OO L
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Cauchy problem of fractional order o €[0, 1]

SO
sk ('
N Tu)(0)+(Tuy)(1)] < (t=7)" 7' uy (1) — uy(7)ld 7.
I(a) J,
Thus
| Tuy—Tu,|lx < m Il uy —uy |l -

< 1. This means that T is contraction. According to Theorem of Banach, we

From (H3). 0 <
INa+1)
conclude that the problem (3.1)-(3.2) has only one solution. m

Example

Consider the following problem:

t2e2|u(t)|

RLDE 4y(f) = refo,1 3.3

v 0= SO (3.3)
lim £2 u(t) =0. (3.4)
t—0

t2e?|u(t)

Let t,ul(t)) = .

e ul) = o+ 1w

So we have

(H1) f:[0,1]x R—R is continuous.

(H2) Let u;,u,e X, t<€[0,1],

e | fw(0) ()]

|72 f(t, uy (1)) —t72 (£, uy(1))| :5(ezr+1) 1+ wg(2)] 1+ ua(0)l|

e |24, (2)] = [, (2)]]
5(e2t +1) (1+ |y ()DL + [un(£)])

< () - ().

1
In this case, we choose k = = as achieved

(H3)0< k< Hatl) (0<1<L§) with F(§):ﬁ)
5 2 2

) 1
By Theorem 3.2, we deduce that the problem (3.3)-(3.4) has only one solution.

Our second result id based on Schawder’s fixed point theorem.
Insufficient the following hypotheses:

(H4) d¢p € C([0,6],R,) and ¢ :R, =R,
continuous and increasing functions such that
|f (2, e u())l < p(D)(u(n))Ve €[0,6],Yu € C([0,0]R).
(H5) dR > 0 such that

)
Uyl + su r)<R.
[t r(a"‘l)osrgs(p( )
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Cauchy problem of fractional order o €[0, 1]

Theorem 3.2
If (H1), (H4), (H5) are satisfied. Then the problem (3.1)-(3.2) has at least one solution.

Proof : To be the operator T defined in the previous Theorem 3.2.
Let C={ueC(X),|| ul||x<R}

C is a closed, bounded, convex of X.

Step 1.TC c C:

Let ueC, and t €[0,6] we have

1 [
Tu)(t) <t uy|+—— t—1)7 (T, u(r))dr,
I(Tu)(z)l |14 F(a)JO( )Uf (7, u(T))l
1 1 f‘ a 1 a—l 1—a
<6 |uo|+mj (t—=1)"f(7 u(t))ldr,
1 i
<6% 1|u°l+r(a)j (t—=1)" " p(t)p(r" " u(t))dr,
<6 1|u0|+—¢(R) sup ¢ f)f (t—7)*'dr,
0<t<6
<0 uy|+ R)6“ su
| 1o I“(a+1)¢( ) 0<t£)580
Thus -
£ Tu(t)| s51—“5“—1|uo|+r(a+1)¢(R)5“0§1;§590(t),
0¢(R) o
<|uy|+ —= su r),
ol + gy Sup (1)
<R.
So TueC.

Step 2. T is continuous:
Let (u,) Cc C be a sequence converges to u. Then we get

(TuO=(TN0] < o f (=) 5, ()= f e, uld s,

*T(@) Jo (=21 (7, 7 e, (1) — (7, 7 r e u(n)|d e

Thus

&N Tuy)(6)—(Tu)(r) < V(e T e (1) = fr, T u())ld T

I'(a)
From Lebesgue dominated convergence theorem and from the continuity of f, we have
(Tu,)(t)—(Tu)(t)]—0 as n —+o0.

Hence the continuity of T.

Step 3. T is compact:

To do this just show that T C is relatively compact.

(a). TC is bounded, because TC c C and C is bounded.
(b). TC is equicontinuous:
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Let ueC and t,t,€[0,0] with t; <, we have,

(Tl () —(Tu)B)| = —— J (=) f(m, u(e)d o — J (=) f (7, w7
0 0

1 " a 1 " a—1
= m L f(T, dT_L (tz_T) f(T) u(T))dT

+f 1(tz—’i')a_lf(”b', M(T))df—f 2(tz—’i')a_lf(’i', u(r)dr|,
0 0

IA

1 " a—1 a 1 a 1 1 —a
e J (=)= If (s u(r)ld
F(

)f allf(T Tal 1—-a (T)ldT

IA

mJﬂ |(t1_T)a_ —(tz—T)a— |80(T)¢)(T _alu(T)l)dT

+ﬁf;(tz—f)“190(T)¢(T”|u(7)l)df

¢(R) (f1|(t1_T)a_l_(fz—T)a_l|dT
)\ J,

IA

['(a) sup ¢(t

0<t<T

1)
+f (tZ_T)a_ldT) — 0 as tl 4 tz.
3|

So TC is relatively compact.
According to theorem of Schauder, we conclude that the problem (3.1)-(3.2) has at least one solution.
[
The following résultat is based on the fixed point theorem of Schaefer.
We introduce the following condition:

(H6)  lim —— =400

Theorem 3.3
If (H1), (H3), (H6) are satisfied, then the problem (3.1)-(3.2) has at least one solution.

Proof : Let to be the operator T defined in the previous Theorem 1.
As in the proof of the previous Theorem 3.2, we get that the operator T is continuous and compact, so
it’s completely continuous.
Now consider the subsets:
Z={ueX |lulx<p}

with p >0 and
QO={ueZ,ATu=u, for some A€]0,1[}

Let uef and t €[0,0] we have

|u(1)]

A(Tu)(t)l,
< (Tu)(x)l,

a—1 1 t a—1 1—a
t Iuo|+mﬁ(t—7) ()t " ulr)Dd

IA
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Cauchy problem of fractional order o €[0, 1]

Therefore Solull
7 ()] < || + ——= su 1),
[u(2)] < [uol at1) Ost%ip()
w0 5o (1l )
Ullx
u||x< |ug| + ———== su t).
Il 2|l x<|uol Mat1) Ogtgaw()
Thus Ll
Ullx
<1
oP(| ull -
|| + ——— sup (1)

Fla+1) o<i<s

If || u||x— +00, then we will have a contradiction with (H6).
Hence it exists py> 0 such that || u ||x< py it’s who gives Q is bounded.
From theorem of Schaefer, the operator T has at least one fixed point which represents a solution to the
problem ((3.1)-(3.2).
]

The following result is based on the nonlinear alternative of Learay-Schauder fixed point theorem. For
this we introduce the following condition:

k
(H7) 36 >0 such that >1.

T ully)
t
Tar1) oop el

| 140

Theorem 3.4
If (H1), (H3), (H7) are satisfied, then the problem (3.1)-(3.2) has at least one solution.

Proof : Let to be operator T defined in the previous Theorem 3.2.
Assume that the open set
W={ueX,| ullx<o}.

As in the proof of the previous Theorem 3.2 we get that the operator T is continuous.
If it exists u€ d W and A €[0,1] such that u=ATu then

To(l ullx

7% u(t)] < |ug| + ——= su 1),
| ()] < |upl I( 1) osrsp o(r)
’ To(lull
X
ullx<|ug| + ———— su r).
I u | x < |l T( 1) OSISPTSO()
i |72l
X
<1.
To(| u
(R721F% S (1)

Uo| + ——
[t Ia+1) o<i<r

Which means this from (H7), || u||x# 6 but || u||x=0 because u € dW this is a contradiction.
From Theorem of Leray-Schauder, the operator T has at least one fixed point which represents a solution
to the problem (3.1)-(3.2). =

3.3 Boundary value problem with Dirichlet condition of
fractional order a €]1,2|

Consider the following problem :

RLDa u(t)= f(t, u(t)), t €[0, T, (T >0) (3.5)
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lim > “u(t) = uy, lim t* “u(t) = ur, (3.6)
120 15T

such that 1<a <2 and f:[0,T]xR—R a given function u,, u;, €R.

Suppose the Banach space

Y = {u e C([0, T],R), im £ “u(¢), lim t* *u(t) exist} )
t20 tSb

Lemma 3.2 let h:[0,T]— R a continuous function.
Then the linear problem

RED u(t)=h(t), t €[0,T]
im % u(t)=uy, Lmt*u(t)=ur, -
150 15T

has only one solution given by

Ur— Uy

u(t)=uy t* +
(£)=uy T

T

t“_1+f G(t,7)h(7)d~,
0

such that G is the Green’s function defined by

G(t,ﬂt)zL

(t—7) =TT —7)e i f 0<T<t<T,
I(a)

=t (T — )t if 0<t<tT<T.
Proof : By lemma 1.2 and from *: D& u(t)= h(t), 1 <a <2 we have
I3 ("" Dy u(t))= I, h(2),
i.e.
1 t
u(t)=ct ot P — | (t—1)* ' h(t)dT.
[(a) J,

So

t

1

()= t+ e+ —t2 | (t—1)* ' h(t)dT
I'(a) 0

with ¢, ¢, are constants.

From lim > “u(t) = u, we obtain ¢, = uy and by lim t* *u(t)= u; we get
120 ST

T
1
aT+c,+ —Tz_“f (T—7)*h(t)dTt = uy.
0

I(a)
This gives
T
1
clzﬂ—ﬂ——Tl_a (T—71)* " h(r)dr.
T T TI(a) 0
Hence

ta—l

Ur 41 Yo 4 —a (T -
ue) =—preto e o T “ [, (T—7)*h(t)dx

a— 1 ! a—
+ugt 2+Ta)fo(t—f) Yh(t)dT,
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Cauchy problem of fractional order o €[0, 1]

which can be written in the from

a— Ur—Uo o 1 ! La—17l-a a—
u(t) =ugt® 2+ ——t l—mfot ITl=o(T — ) p(1)d T

T
1

—@ LT T (T —1) Y h(T)dT

i [S (=) h(7)dr,

= uot“_2+Tt“‘1+—f0(t— e il ) p(r)d T
1 T a— —a _ -

+@L —t“ T T — 1) h()dr,

o Ur— Uy T
= upt®?+ ——— 1%+ [ G(t,)h(r)dT.

|
Our first result for the problem (3.5)-(3.6) is based on the principle of Banach contraction.
We introduce the following condition:

(H8) G*'kT* <1,

such that G*= sup |G(t,7)| and k as in (H3).
(t,7)€[0,T]1%[0,T]

Theorem 3.5
Suppose that (H1), (H3), (H8), are hold. Then the problem (3.5)-(3.6) has only one solution.

Proof : Considering the operator T : X — X defined by
(Tu)(t) =uyro2+ 2o T t“‘1+f0 G(t,7)f (7, u(r))dr

We prove that T is contraction:
Let u,ve X and t €[0, T] we have

(Tu)6)—(To)e) <[, 1G(t, ) f(r, u(c)— f(r,v(r)ld7,
< fOT|G( |flaa1|ff,u(r)) fr, v()ldr,
<G*k [, v u(t) - v(c)ldr,
<G*kT||u—v|x.
So
N Tu)()—(Tv)(0) < GhT> | u—v |,
1.e.

N Tu—Tv|x<GkT**||u—v|y.

As G*kT? %<1 then T is contraction according to theorem of Banach, we conclude that the problem has
only one solution. m

3.4 Boundary value problem with Dirichlet-Neumann type
of fractional order a €]1,2|

Suppose the following problem
LD u(r)= f(t, u(1)),t €[0,T], (T > 0), (3.7)
u(0)=0, u'(T)=0, (3.8)
such that 1<a <2 and f:[0,T]xR—R a given function.
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Cauchy problem of fractional order o €[0, 1]

Lemma 3.3 Let h:[0,T]—>R a continuous function, then the linear problem

REDZ u(t)=h(t), t €[0, T],
u(0)=0, u'(T)=0.

has only one solution given by

1

a—1 ' a—2 1 ' a—1
u(t):—TaTr(a)t J;)(T—T) h(T)d’L’-i—mJ;)(t—T) h(t)dr,

such that G is the Green’s function defined by

1
1 | =) —— (T 1) if 0<tT<t<T
G(t,7)=— 1 re-z
Ma) | —_—_jeyr_q)e2 if 0<t<T<T
Ta-2

Proof : By lemma 1.2 and from ®2 D& u(t)= h(t), we have I¢(*: D& u(t))=I¢ h(t)
which gives

1 t
u(t)=ct" '+t +— | (t—1)"'h(r)dr,
I(a) J,
and
w(t)=(a—1)c;t* 2 +(a—2)c, t* @ f )*2h(t)dT,
such that c;, ¢, are constants.

From u(0)=0 we obtain ¢, =0 and by ©/(T)=0 we have ¢; =

So

1 T
T‘ZTI‘)J (T T) h( )d

_ 1 a—1 ' a—2 - a—1
u(t)= Ta—ZF(a)t Jo(b T) h(T)dT+r( )f(t )" h(t

Which can be written in the form

_L t _ a—l_L a—1 a1 1 T_ 1 a—1 a1
u(t)_l“(a)JO ((t T) Ta_zt (T—1) )h(f)dTJrr(a)ft Ta_zt (T—71)" " h(t)dr,

the latter is written in the form

T
u(t):J G(t,7)h(t)dT
0

|
Now,we present an result for the problem (3.5)-(3.6) is based on the principle of Banach contraction.
Firstly, we introduce the following condition:

(H9) 0<G*k<1.

Theorem 3.6
Suppose (H1), (H2), (H9) are satisfied. Then the problem (3.7)-(3.8) has only one solution.

Proof : Considering the operator T : C([0, T],R)— C([0, T],R) defined by:

T
(Tu)(t):J G(t,7)f (7, u(r))dr
0
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We show that T is contraction:
Let u,ve C([0,T],R), t €[0, T] we get

T
(Tu)(t)=(Tv)(t)l Sf G (&, DI f (7, u(t)) = f(7, v(7))ldr,
0
T

<k |G(t,7)||lu(t)—v(7)|dT,
0
<kG*lu—0||oo -
this implies || Tu—TV ||oo< kG* || U — V || 0 -

Since kG* <1 so T is contraction.
According to theorem of Banach, the problem (3.7)-(3.8) has only one solution. m
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Conclusion and Perspectives

In this work, we dealt with the existence and uniqueness of solutions to fractional differential equations
associated with Cauchy type, Dirichlet type, Neumann type conditions.

Firstly, we introduced the concepts of fractional calculus and some basic tools from functional analysis
and some classic fixed point theorems.

In the different chapters of this research, to study the proposed problems, we transformed each problem
into an operator equation, in this case we sometimes use the Green function associated with the imposed
problem with applying the fixed point theory to prove the results provided. On the other hand we choose
sufficient conditions so that the operators associated with the proposed problems satisfy the appropriate
fixed point theory to demonstrate our results.

We hope that this research will benefit researchers studying in the specialty of differential equations,
and that they will have support in other research that is an extension of this research.
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Appendices

List of Cited Mathematicians

1. Gottfried Wilhelm Leibniz (1646-1716) :German philosopher and mathematician, co-developer of
classical differential and integral calculus. He is credited with the symbolic formulation of this discipline
and was the first to discuss the possibility of differentiation of non-integer order, as recorded in his corre-
spondence in 1695.

2 .Guillaume de I’Hépital (1661-1704) : French mathematician, best known for ’'Hopital’s rule for
evaluating indeterminate limits. His textbook on infinitesimal calculus was among the first in the field.

3 . Joseph Liouville (1809-1882) : French mathematician. He proposed an early definition of frac-
tional derivatives by expanding functions into exponential series and operating term-by-term, considering
fractional orders as the natural extension of integer orders. He also contributed to proving the existence
of transcendental numbers.

4 . Bernhard Riemann (1826-1866) : German mathematician. He proposed an alternative defini-
tion based on a definite integral with a variable lower limit (c¢), making it applicable to power series with
non-integer exponents. His name is attached to the Riemann Hypothesis, one of the most famous unsolved
problems in mathematics.

5 .Leonhard Euler (1707-1783) : Swiss mathematician, one of the most prolific and influential in his-
tory, contributing to nearly all branches of mathematics. He was the first to use the gamma function (') to
generalise the factorial, which later became an essential tool in defining fractional integrals and derivatives.

6 .Joseph-Louis Lagrange (1736-1813) :Italian-French mathematician, formulated analytical mechanics
and contributed to the theory of equations and calculus. He is noted for formulating the law of exponents
for integer-order operators.

7 .Augustin-Louis Cauchy (1789-1857) :French mathematician, who established the rigorous formu-
lations of limits, continuity, and derivatives, and founded complex analysis. His Cauchy integral formula
was later used by Krug to unify the definitions of fractional differentiation.

8 .Niels Henrik Abel (1802-1829) : Norwegian mathematician. He is regarded as the first to provide

an application of fractional calculus by solving the tautochrone (isochrone) problem, thereby ending the
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debate on the first practical use of this field.

9 .George Boole (1815-1864) : English mathematician, renowned for developing Boolean Algebra. In
the context of fractional calculus, he was a pioneer of symbolic methods for solving differential equations,
treating the differential operator as an algebraic symbol. His ideas formed the direct foundation upon
which Heaviside later built operational calculus, in which fractional powers of operators were employed.

10 .Oliver Heaviside (1850-1925) : Self-taught British electrical engineer and physicist. He reformu-
lated Maxwell’s equations, invented the step function that bears his name, and developed operational
calculus in which he made use of fractional differentiation. His practical approach was both admired and
rejected by academic circles.

11 .Stefan Banach (1892-1945) :Polish mathematician, one of the founders of modern functional anal-
ysis. The Banach fixed-point theorem (Contraction Mapping Theorem) is a fundamental result that
guarantees the existence and uniqueness of solutions in complete metric spaces, and is an essential tool in
the theory of differential equations.

12 .Helmut H. Schaefer (1925-2005) : German mathematician, known for contributions to topological
vector spaces and functional analysis. Schaefer’s fixed-point theorem bears his name; it is an extension of
Banach’s theorem used in nonlinear analysis to prove the existence of solutions.

13 .Juliusz Pawel Schauder (1899-1943) :Polish mathematician, member of the Lvov School of Math-
ematics. He is famous for Schauder’s fixed-point theorem, which generalises Banach’s theorem to compact
operators. This theorem is a central tool in proving existence of solutions to nonlinear differential equations.

14 .Jean Leray (1906-1998):French mathematician, who made fundamental contributions to partial
differential equations and aerodynamic theory. Together with Schauder, he developed the Leray-Schauder
nonlinear alternative, an important principle in nonlinear analysis used to prove existence of solutions
when trivial possibilities are excluded.

15 .Michele Caputo (born 1927): Italian geophysicist who proposed the Caputo fractional derivative.
The main advantage of this definition is that it employs classical-type boundary conditions (values of the
function and its integer-order derivatives at the starting point), making it particularly suitable for physical
and engineering applications.

16 .Johann Peter Gustav Lejeune Dirichlet (1805-1859) : German mathematician, known for his work
in number theory and series. The Dirichlet condition is a boundary condition that prescribes the values
of the function itself on the boundary of the domain; it is appropriate for fractional differential equations
of order a €]1,2].

17 .Carl Gottfried Neumann (1832-1925) :German mathematician and physicist, son of physicist
Franz Ernst Neumann. He formulated the Neumann condition, which prescribes the value of the normal
derivative of the function on the boundary. This condition is often used together with the Dirichlet
condition to formulate mixed boundary-value problems (Dirichlet—-Neumann type).
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