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INTRODUCTION

Pectral theory is one of the branches of functional analysis, which can be described
S as trying to "classify" linear operators.

In order to unterstand its importance, we shall give a brief history of fuctional analy-
sis.

Functional analysis is the branch of mathematics where vector spaces and operators
(functions) on them are in focus. In linear algebra, the focus is on finite dimensional
vector spaces over any field of scalars and the functions are viewed as matrices with
scalar entries, but in functional analysis the vector spaces are infinite dimensional and
not all operators can be represented by matrices.

Functional analysis has its origin in the theory of ordinary and partial differontial equa-
tions which was nsed to solve several phiysical problems, which included the work of
Joseph Fourier (1768 — 1830) on the theory of heat in which he wrote differential equa-
tions as integral equations. His work triggered not only the development of trigono-
metric series, which required mathematicians to consider what is a function and the
meaning of convergence, this concieved lebesgue Integral which could accomodate
broader functions compared to the classical Reimavvian Integral. It also gave birth to

the spectral theory which is a central concept of functionnal analysis.

Spectral theory can be described as trying to "classify" all linear operators which was
motivated by the need to solve the linear equations 7'(v) = w between Hilbert spaces.
It was introduced by David Hilbert during his initial formulation of Hilbert spaces
theory. The restriction to a Hilbert space occurs since Hilbert space are distinguished
among Banach spaces by being closely linked to plane Euclidean geometry which is

the correct description of our universe at many scales.

This research contains three chapters as follows:



In Chapter 1 We shall give basic definitions and concepts in operator theory, especially

properties of bounded linear operators and some classes of Hilbert space operators.

In Chapter 2 We shall give a definition of m-isometric operator on Hilbert spaces and
study some properties of this class of operators and we give a new definition of the

notion of m-invertibility and explore some basic properties.

In Chapter 3 we shall give describe the spectral picture of m-isometry and we shall
look at the spectrum of 7" and its partitions, the numerical range, maximal generalized

invers and the Weyl spectrum of m-isometries and 2-isometries.



Chapter 1

OPERATORS IN TOPOLOGICAL
VECTOR SPACES

1.1 Banach Spaces
Définition 1.1.1

Let X be a vector space over C. A norm || - || on X is a real valued function on X which

has the following properties.
(i) |||l > 0, ||z|| = 0 implies x = 0.
(i0) [loz]| = |af||z]], Vo € C.
(#i) ||z +yl < |lz|| + |lyll, (triangle inequality).
The space X, together with || - ||, is called a normed linear space.
Example 1.1.1

Let C([a,b]) denote the set of continuous complex valued functions defined on the
interval a < z < b. With the usual definitions of addition and scalar multiplication of

functions, C([a, b]) is a vector space over C and

[f]l = max | f(#)],

t€la,b]

defines a norm on this space.



Chapter 1 Operators in topological vector spaces

1.2 Hilbert Spaces

Définition 1.2.1

Let X be a vector space over C. An inner product on X is a complex valued vectors,

(,), defined on X x X with the following properties hold:
(1) Vz € X, (x,z) >0

(i7) Vo € X, (r,z) =02 =0.

(iii) Yo,y € X, (z,y) = (y,2).
(i) Vo,y,2 € X, (z+y,2) = (z,2) +(y,2).
(v) Ve, y e X, VAeEC, (Ax,y) = Mz, y).

X with an inner product, is (, ) called an inner product space.

Example 1.2.1

l5 is a Hilbert space with inner product defined by

(z,y) = Z T, (1.1)

where r=(x;%a,...Tn,...) Els and y= (y1,Y2,---,Yn,-..) € lo.
Since x,y€ly, .0 |wiP<oo and 3 juil® < oo
We have

o0 o /2 / » 1/2
(x,y) = Zmizji < <Z !:1:1\2> (Z ‘%12) < 00. (1.2)
i=1 i=1 i=1

From (1.1) we obtain the norm defined by

Jun

2

ol = w,2)* = (zw)

Using the metric induced by the norm, for /s,



Chapter 1 Operators in topological vector spaces

Theoreme 1.2.1 [8]

For any element z,y € H the followning properties hold:
(@) [z, 9 < llzllllyll,  (Schwartz Inequality ).
(@) |lz+y| <zl + ]y, (Triangle inequality).

(@di) [lz +ylI* + o — yl* = 2(lz[* + ly[*) .~ (Parallelogram law).

1.3 Norm spaces

Définition 1.3.1

A norm on a K -espace voctoriel F is an application:

having the following properties:
(i) forall x € E no zero, we have ||z|| # 0
(77) forallz € Eand all A € K, on a ||[\z|| = |A]||z||;
(4ii) forallz,y € £, we |z +y|| < ||z|| + ||yl (convexity inequality).

Space E, provided with the norm || ||, is said to be normed space or normed vector
space (or K-normed vector space, if we want to specify the K ). We often note such a

space ( £, | || ). We deducted from in property (iii) that we have ||0| = 0.
Example 1.3.1
Let £ = M,(R), if Aisin E, we put A = (a;;)1<i j<n SO

I Allee= sup fail

Sets a norm on F.
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1.4 Linear Spaces

Définition 1.4.1

Let E' be a set of elements of a certain nature satisfying the following axioms:

(¢) E is an additive abelian group.
This means that if z and y € E then their sum z + y also belongs to the same set

E, where the operation of addition satisfies the following axioms:
(a) x +y =y + x (commutativity);
(b) =+ (y+ z) = (x +y) + z (associativity)
(c) There exists a uniquely defined element 6, such that « + 6 = z for any z in £

(d) For every element x € E there exists a unique element (—x) of the same

space, such that z 4+ (—z) = 0

(e) The element 6 is said to be the null element or zero element of £ and the

element —xz is called the inverse element of =

(¢7) A scalar multiplication is said to be defined if for every z € E, for any scalar

A( real or complex ) the element Az € E and the following conditions are satis-

fied:

(a) A(pzx) = Apx (associativity)
Mz +y) =+ Ay

( distributivity )
A+ )z = Az + px

(¢c)1-z==x
The set E satisfying the axioms (¢) and (i) is called a linear or vector space.

Example 1.4.1

Real line R: The set of all real numbers for which the ordinary additions and multipli-

cations are taken as linear operations, is a real linear space R.
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1.5 Properties of bounded linear operators

Throughout this section H,H;,H, denote Hilbert spaces over C and £(H) denotes the

Banach algebra of bounded operators on H.
Définition 1.5.1

An application 7" which maps H; into H, is called a linear operator if for all z,y € H;

and A a complex number

(1) itis additive, that is,
Tx+y)=Tz+Ty

(#7) it is homogeneous, that is,

T(A\x) =Tz
Example 1.5.1
1. The zero mapping O : X — Y defined as
O(x) =0, forallxeX

Hence O is a linear operator on Y.

2. The identity mapping Z : X — X defined as
I(x) =x forallx € X
Hence 7 is a linear operator on X.

Définition 1.5.2 [5]

The linear operator 7' : H; — H, is called bounded if;
SUp) <1 || 7] < 00

The norm of T, written ||7'| is given by;

IT|| = sup [ T]]

=<1

Thus an operator is a bounded linear transformation of a non-zero complex Hilbert

space into itself.
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Example 1.5.2
Let S, : ly — I be defined by
ST (al,ag,...) = (O,CLl,CLQ,...,)

S, is called the forward shift operator. S, is linear and ||S,z|| = ||z||, = € ls-

In particular , ||S,|| = 1.

1.6 Adjoint operators
Définition 1.6.1

Suppose T' € L (Hy, H,) . For each y € H,, the functional f,(z) = (T'z,y) is a bounded
linear functional. Hence the Riesz representation theorem guarantees the existence of

a unique y* € H, such that for all z € H;

(Tx,y) = f,(z) = (z,y")

This gives rise to an operator 7* : H, — H; defined by 7"y = y*. Thus for all x € H;

(Tx,y) = (x,y") = (x,T"y)

Example 1.6.1
1. We have (Iz,y) = (x,[*y), or (Iz,y) = (z,y), forall x,y € H so

=1
2. Let
T:R?> — R?
(z,y) — (z,0)

LetY = (yl, y2> and X = (ZL’l, 1’2)

(T, y) = ((21,0), (41, 92))

= T1Y1-

(1.3)

8
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We have (Tx,y) = (T*x,y)
Let Try=7=(z1,2)

(I™z,y) = ((71,22) , (21, 22))

= X121 + T229,

(1.4)

by (1.3) and (1.4) we get  z; = y;; 22 = 0.
So T*y=(y1,0)
T* is defined by: 7% (z, y) = («,0).

3. One considered operator shift S : ¢*(C) — (?(C) defined by S (z1,22,...) =
(O, T1,Ta,. . )

Let (z,,), and (y,), in £*(C).so

(S* T, Yn) = (T, SYn)
= ((z1,22,...), (0,41, 72, ...))
=ToY1 + X3y + ...
= (w2, 23,...), (Y1, Y2, - - )

So S* is defined by

S* (£E1,Zl§'2, .. ) = (332,.173, .. ) .

4. Let K € L (H,, H;) be the operator of finite rank defined by Kz = > 7| (z,u;) vj, u; €
Hy,v; € Hy. Thenforallz € Hyand y € H,

(Kz,y) = (wu) (vj,y) = <l’7z <yavj>uj>

j=1 7j=1

Hence
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Properties of Adjoint of on operator
Proposition 1.6.1
If T'and S are in £ (H,, H,) , then
(i) T =T.
(id) |7 = 7).
(it3) (T + S)* =T*+ S*.
(iv) (aT)* =aT* a € C.
(v) If Disin L (Hy, H3), where Hj is a Hilbert space, then (DT')* = T*D*.
(vi) If T has an inverse 7! then T* has an inverse and (T*)~! = (T1)*.

Proof

(Tx,y) = (x, T"y) = (T*y,z) = (y, (T*)*z) = (T")"z,y)

Thus, by the definition of the adjoint of 7™, Tz = Tx
Hence Ve H,: T =T.

(i) |Tz|? =Tz, Tx) = (z,T"Tx) < ||=|| | T*Tx||

[T Ta]|
T]|

OI', SUP,-£g % < SUP7g6
Hence, || T < |[T7]]
Similarly, considering ||7*z||* we can show that || 7*|| < || T

Hence, |T'|| = ||T7|| , showing that 7™ is bounded.
(7ii) Givenz € Hy and y € Hy
(T + S)x,y) = (Tw,y) + (Sw,y) = (2, Ty + 57y)

Therefore, by definition, (7" + S)*y = T*y + S*y.

10
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() (aTz,y) = a{x, T*y) = (x,aT*y) . Hence (aT)*y = aT™y

(v) Forv € Hj
(DTz,v)y = (Tx, D*v) = (x,T*D*v) .

Hence (DT )*v = T* D*v.

(vi) Let Amapping H into H have an inverse 7!

(T '2,y) = (2, (T7") " y) = (y, T-1z) = (AA~1y, A1)

= (A~ly, T*T-1z) = (y, (T-1)" T*T-'z)
() T a)

Thus,
(T'1* =1

Agin (T (T7Y) z,y) = (I ") z,Ty) = (x,T' Ay) = (z,y) Thus

*

(T ") =1
Hence it follows from (1.3) and (1.4) that (7%)~' = (T1)".
Proposition 1.6.2

For all # € H,. Thus, by definition,

T (ou + pv) = aT*u+ T*v, Vo, € C.

Corollary 1.6.1
Let 7" be an operator. Then
@) 17T =TT = | T||*

(t5) T*T'=0ifand only if T'=0

11

(1.5)

(1.6)
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Proof

(1) We have
77| < ||| T) = |IT|I*

|T°T|| = sup |T*T(z)|

=<1

= sup [(T"A(z),y)|

l=zl<1,]lylI<1

> sup (T"T(x), z)|

[[=]I<1

= sup [T'(z), T'(z)]

Jali<1
= |7

Therefore | T*T|| = ||T||*.

(77) Obvious by ().

1.7 Self-Adjoint operators
Définition 1.7.1 [19]

A bounded linear operator 7' is said to be self-adjoint if it is equal to its adjoint, i.e.,
T = T*. Self-adjoint operators on a Hilbert space H are also called Hermitian.
e A linear (not necessarily bounded) operator 7" with domain D(7") dense in H is said

to be symmetric, if for all =,y € D(T) the equality
(Tz,y) = (z,Ty)
holds. If T" is unbounded, it follows from that
yeD(T)=yeD(T)

Hence D(T') C D (T*) . In other words, I C T™* or T* is an extension of T" for A bounded,
D(T) =D (T*) = H. For, T =T* and D(T") dense in H, T is called self-adjoint.

12



Chapter 1 Operators in topological vector spaces

Example 1.7.1

1. Let the matrix T of M, € (R) such as

0 1
T = . T =
10

We notice T' = T*, so T is self-adjoint.

|
/
— (e
o —
N——

2. Consider the operator T defined on L*(R) by
(Tz)(t) = e a(t)
Is a self-adjoint bound operator, because

(T, y) = /_ " (gt = /_ O = (2. Ty)

o0 o0

Remark 1.7.1
Given T and S a self-adjoint operators, then
(i) oT + BS is self-adjoint where o, § € R.
(¢1) TS is self-adjoint if 7" and S are respectively self-adjoint and 7S = ST
(i73) If T'is any operator T*T" , TT* and (1" + 1) are self-adjoint .
Theoreme 1.7.1

An operator 7' € L£(H) is self adjoint if and only if (7T'z, z) is real for all z € H.
Proof
T =T*thenforz e H

(Tx,x) = (x,Tx) = (Tz,x)
Thus (T'z, x) is real suppose (T'u, u) is real forallu € H. Then forallz,y € Hand A € C
(T(x+ \y), (x + \y)) = (x + Ay, T(x + \y))
which, together with the assumption, implies that
MTz,y) + MTy,z) = M, Ty) + My, Tx)

13
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Hence

SMTy, ) = SNy, T)
Taking A = 1 and A = i, it follows that (T'y, z) = (y, Tx). Thus T' = T*.
Remark 1.7.2

Let T' € L(H) a self-adjoint

(Tx,z) =0,Yr e H=T=0.

1.8 Some classes of Hilbert space operators

Positive operator

Linear operator 7" on a Hilbert space H is said to be positive (which is noted 7" > 0) if

Vee H, (Txz,x)>0.

Example 1.8.1

1. The identity operator and the null operator are positive.

A= L2([0,1]) — L2([0,1])
f—af
(AL, f) = (f(x), f(x)), Y[feL*[0,1])
_ /lef(x)mdx

— /1m\f(a;)\2dx > 0.
0

14
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Inverse operator

Définition 1.8.1

Anoperator T € L (Hy, H,) is called invertible is there exists an operator T~' € L (Ha, H;) .

such that:
T 'Tx =z forall z€ H,

TT 'y =y forall yc H,

The operalor T is called the inverse of 7.

Isometry operator

An operator 7' € L(H) is isometric if ||Tx — Ty|| = ||z — y|| for all z,y € H; this is

equivalent to the condition || Tz|| = ||z|| for all z € H.
Theoreme 1.8.1 [/]
The following conditions on an operator 7' are equivalent:
(¢) T isisometry
(i) TT=1I
(1ii) (Tx,Ty) = (z,y) forallx,y € H

Proof

(i) implies (i1): || Tz|| = ||, Vx € H.
Hence ((T*Ta,z) = (T, Ta) = | Tx|? = |l2|* = (x,2) = (Iz,)).

(21) implies (iii): (Tz,Ty) = (T*"Tz,y) = (Iz,y) = (z,y).

(iii) implies (i): ||Tz|* = Tz, Tz) = (x,z) = ||z|*.

If T is isometric, it is clear from the relation |7z —T'y|| = ||z —y|| that T'is injective.

If T is isometric, it is clear from the relation |7z — T'y|| = ||x — y|| that T" is injective.

15
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Example 1.8.2

The shift operator S is an isometry, because
S (Z‘l, o, .. ) = (0,$1,$2, .. )
S* (ZEhfL’Q, - ) = (132, I3, .. )

We have
S*S (.1'1,1'2, .. ) = 5(0,1'1,1’2, .. ) = (1}1,1'2, .. ) .

So,
S*S =1.

Unitary operators
Définition 1.8.2

An operator 7' on a Hilbert space H is said to be a unitary operator if 7" is an isometry

operator from H onto H.

Theoreme 1.8.2

An operator 7" on a Hilbert space H is a unitary operator if and only if
"r=TT"=1

Hence a has an inverse and 7! = T*.
Proof
Since T is unitary if and only if 7" is an isometry operator from H onto H,
T*T = I and for any = € H, there exists y € H suchthat Ty = z,and 7"z =T*Ty =y
so that
1T7z]| = [lyll = I Tyll = [l]]

Thus, T* is isometry and TT* = (T*)" T* = I
Conversely, if T*T = TT* = I, then T is isometry and forany x € H,x = TT*z € R(T),

where R(T") means the range of 7', and so U is an isometry operator from H onto H

16



Chapter 1 Operators in topological vector spaces

Example 1.8.3
cosf —sinf cosf sin6
Let T = , then T*=
sinf cos6 —sinf cos6
10 ) )
Therefore, TT* = T*T = . Thus T is unitary.
0 1

Lemma 1.8.1
Let T' € L(H) be unitary then;

(i) T has an inverse T~! which is unitary.

(¢7) The adjoint operator coincides with its inverse..
Example 1.8.4

1. Let a(t) be a Lebesgue measurable function on [a, b] such that |a(t)] = 1 almost

everyw-here. The operator 7" defined on Ls[a, b] by (T'f)(t) = a(t) f(t) is unitary.

2. Let H = L?[0,1] define an operator T on H by:

Tf(t) :f(l_t)7t6 [071]

We calculate the operator T

(), 9(t)) = (F(L— 1), 9(t)) = / F(1 - gDyt

Wetakey =1 —t = dy = —dt, so

[ 1= = 0. 79t
Then
T"9(y) = 9(1 = y)
That is to say,
i) =1 -1
Now we can easily verify that T is a unit operator, such that
TTf(t) =Tf(1 =1) = f(1)
T"Tf(t) =T f(1 = 1) = f(t)
So
TT* =TT =1.

17
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Normal operators

Définition 1.8.3

An operator 7' € L£(H) is said to be normal if 7*T = T'T*.
Remark 1.8.1

Every unitary operator is normal; so is every self-adjoint operator.

An isometric operator is normal if and only if it is unitary.
Theoreme 1.8.3 [/]
Let T' € L(H). The following conditions on an operator 7" are equivalent:
(¢7) T isnormal
(1)  T*is normal
(i13) | T*z|| = ||Tx| forallz € H

Proof

The equivalence of (i) and (i7) results from 7% = T..
(i) implies (iid): |T*z||” = (T*x, T*z) = (TT*x, z) = (T*Tx,z) = (T, Tx) = | Tz|>.

(i) implies (i): (T*Tx,z) = ||Tz|? = ||T*z||> = (TT*z, x) for all .

18



Chapter 2

m-ISOMETRIC OPERATORS ON
HILBERT SPACES

In this chapter, we present two parts in the first part, we introduce the class of m-
isometric operators in Hilbert spaces and we develop some basic properties of this
class. In the second part, we give a new definition of the notion of m-invertibility and

explore some basic properties.

2.1 m-Isometric Operators
Définition 2.1.1

An operator T' € L(H) is an m — isometry if it satisfies.

(—1ym* ( :L ) Tk — 0, 2.1)
0

for some positive integer m > 0.

NE

i

The stndy of m -isometries originated from the study of bounded linear transforma-

tions 7" on a Hilbert space which satisfy

Zm:(—l)k ( :‘ ) Tem=hTk — (2.2)
k=0

for some positive integer m > 0,7 is said to be m-symmetric.

Angler et.al in [1] studied the properties of m-isometries and some of the basic proper-

19



Chapter 2 m-ISOMETRIC OPERATORS ON Hilbert SPACES

ties included isometry is an (m + 1)— isometry, that m-isometries are bounded below

and that their spectrum lies in the closed unit disc.

Example 2.1.1

The identity operator is an m-isometry for every m € N.

We have:
> (-1 ( " ) (rymrrmt =y (=1k ( " ) I1=0.

K=0 K K=0

Example 2.1.2

Let H = C? be equipped with the norm ||(z, y)||* = |z|*+|y|?, and consider the operator

11
T = ( ) c L(H), (2.3)
0 1

then by direct computation, we see that

(T*)*T? — 3(T*)*T* + 3(T*)T — [ =0

(1 o) ) (12) , (10) - (5 2)
T — T2 (T2 = (TPT? =
11 01 92 1 92 1
(1 3) (1 0) (10 3) (2 1)
T3: 7<T*)3: ,(T*)?’Tg: ,(T*)T:
01 3 1 3 1 11
(10 3) (5 2) (5 2) (10) (0 0)
_3 +3 - _
3 1 9 1 2 1 0 1 00

Thus, T' is a 3-isemetry but not a 1 -isometry.

20



Chapter 2 m-ISOMETRIC OPERATORS ON Hilbert SPACES

Remark 2.1.1
(i) 1l-isometry is an isometry.
(77) Every isometry is an m-isometry.
Proposition 2.1.1

Every isometry is a 2-isometry.
Proof
Suppose T' € L(H) is an isometry then, 7*7T = I

Therefore
(T*)*T? = 2T*T + 1

=T"T"TT -2+ 1
=TIT—-1=0

It follows from (2.1) that 7" is a 2-isometry.
Remark 2.1.2

As a result we have the inclusion

unitary C isometry C 2 - isometry

Therefore if both 7" and 7™ are 2-isometries then 7" is invertible arid so must be unitary.

In particular if 7" is an invertible 2-isometry, then 7" is an isometry. In general an (m+1)-

isometry is m-isometry.
Remark 2.1.3

LetT € L(H), then

IT™@)1° = @) |7 @)+ + (=)"||2|* = 0¥z € H
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Lemma 2.1.1

Let T' € L(H) be an m-isometry. Then

(1) T is bounded below.
(i)
1

1T > +(T) >
S R T

(2.4)

Proof

(1) Letx € H, since T is in e,,(H), it follows that

x2<<W“W+<@)7“2”H+<m ))T@F
J m—1 (2.5)

= C(m, T)||T(x)|

(1) Letx € H. Since T is in e,,(H), it follows that

a»<fwww+(T)wmw»%m+<m1)wwm2

STmW7ww+(T)Mm“uww+m+(”1)T@2

<(H”W1+<m>(TW”+W+(m))T@2
1 1

<m§j«?l)(T%m”7ww
=0 J

m—1
<m(4+ 1T "™ | T(x) |
We deduce that

(e, N(T) =l 2 |P<m (14T )" 1T ()] (2.6)
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Consequently
1
(T = = (2.7)
vm (1+[T)) =
which is the decired result.
Lemma 2.1.2 [19]
Let T € L(H) be a 2 -isometry, then
(4)
oo =1
1T 2 ——llelI, n=1, v € H (2.8)
(i)
1T = [lll, = € H (2.9)
(iid)
IT"(@)|* + (n = D2l = 2| T(@)|?, z € H, n=10,1,2,... (2.10)
(iv)
lim IT"(z)|||= =1, forz € H,  # 0 (2.11)

Theoreme 2.1.1 [16]

A power bounded 2-isometry is an isometry.
Proof

Let T'be n power bounded 2-isometry. Then there exists constant C' > 0 such that
" <C, n=1,2, (2.12)

From Lemma 1.1.2. (iii) we obtain

n sup. 1T (2)|]* < S 1T (2)|I* + (n = 1) (2.13)
SO
jrp <l (2.14)
n n
We find
1T <1 (2.15)
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and therefore we conclude that

[zl < 7)< ]

Theoreme 2.1.2

A power of a 2-isometry is again a 2-isometry.

Proof

Let 7" be a 2 -isometry. We prove the assertion by using the mathematical induction.
since T is a 2 -isometry, the result is true for n = 1. Now assume that the result is true
forn =k,

T2 _oT*kTk 1 T =0 (2.16)

then
T*Q(k+1)T2(k+1) _ 2T*k+1Tk+1 +7

:T*Q (T*QkTQk) T2 o 2T*k+1Tk+1 + T

=T* (2T**T* — 1) T? = 2T**"'T*' + T (by (1.16))

k2 k2 22 opektlpktl g

ok (T*272 — T*T) T+ TR 4T

=2T**(T*T — I)T* — T**T* + I (T isa?2 — isometry)

— (2T*k+1Tk+1 - 2T*ka) o T*2T2 + I

=2(T"*T* = T°T) =TT +1 (by (1.16))

=T**T? —2T*T + I

=0.
This shows that the result is true for n = k + 1 : thus 7™ is a 2 -isometry for each n
It is well known and obvious that a unilateral weighted shift is an isometry iff all its

weights lie on the unit circle. In the next result, we obtain a necessary and sufficient

condition under which a non-isometric unilateral weighted shift is a 2 -isometry.
Proposition 2.1.2 [19]
Let T € L(H). If T is an m-isometry, then

v (T*T) > 0.
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Proof
Let x € H, by using the inequality

7T () |[[|=]| > (T*T(x), X) = | T(x)|]> > +(T)*||=|]%, (2.17)
we deduce that
IT*T(z)|| > A(T)*|| =l = y(T)*d (x, N (T*T)). (2.18)
Hence,
v (T*T) > ~(T)* > 0. (2.19)
Lemma 2.1.3

Let T € L(H), where X is a Hilbert space. If T' is a 2-isometry, then
(T T = (TP TR —T*T — T, forall k =0,1,2, ... (2.20)
In particular, the sequence of operators

((T*)k-‘rl Tk+1 - (T*)k Tk) (221)

k>0
is positive.

Proof

We prove the assertion by induction. Since 7' is a 2 -isometry, the result is true for k = 0

and k = 1. Now assume that the result in true for &, i.e.
(T TF — (TRt =7 — . (2.22)

Then,
T ((T*)k T* — (T*)F T’H) T =T (T"T — )T =TT — I. (2.23)

Hence, the reault.

On the other hand, for z € H we have

(@) — @) 1Y) @), 2) = | 7o) = [jo)? > 0. (224)
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Définition 2.1.2

LetT € L(H). T is said to be:

(2) power bounded if there exists some constant C' > 0 such that
|T"|| < C for all n € N.

(i7) a spectraloid operator if

The next result in the case of Hilbert spacen in shown in [ theorem 2.1.1]

2.2 m-Invertibility
Définition 2.2.1

For m € N, an operator 7' € L(H) is called:

(1) m-left invertible if there exists an operator S € L(H ) for which

m m
1 2

In this case S is called an m-left inverse of T.

(1) m -right invertible if there exists an operator S € £(H) for which

m m
T"s™m — ( ) T tsmt 4 ( ) T 28" 2 4+ .+ (=)™ =0.
1 2

In this case S is called an m-right inverse of T'.

Example 2.2.1

Let T’ be the bounded linear operator on the Banach space X = [2 given by
T(l’l,.fljg, .. ) = (0,1‘1,1’2, .. ) .
If we consider the operator S an % given by

5(371,1‘2,...) :(ZL'Q,I;),,...),
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then it is ensy to see that

m | m . ,
Z(—l)J ( . ) SMTITTMTI = (). (2.31)
Therefore T is m -left invertible.

Example 2.2.2

Let H = C? be equipped with the norm ||(z, y)|| = |z| + |y|, and consider the operator

T = e L(H). (2.32)
0 1
Then,
i(—l)j ( m ) SmIT™T = () (2.33)
=0 J
with
S = e L(H). (2.34)
0 1

Thus, T'is m-left and m-right invertible for all m.
Remark 2.2.1

In genral, if S in an m-right (m-left) inverse of 7', then S is not unique For example if

11
we consider the operator 7' = given in Example 2.2.2 , we can see that T
01
satisfies
T —2T? +1 =0, (2.35)
and
T? - 2T +1 =0, (2.36)

then S =T and S = I.
Remark 2.2.2
Every right invertible operator is m -right invertible and every isft invertible operator

in m-left invertible.
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Notational 2.2.1

For T € L(H), we denote by

ST(T) ={s€ L(H): zm:(—l)j ( m ) ST = 0}, (2.37)
j=0 J
and
S™(T) ={s€ L(H): Z(—l)j ( m ) T 8™7 = 0}. (2.38)
j=0 J
Remark 2.2.3
In general,
STUT) NST(T) # 0. (2.39)

For example if we consider nilpotent operator 7" of order p (T =T+ I — I), then it is
easy to see that

T +1€S(T)NI™T), form > p. (2.40)

Remark 2.2.4
Every m-isometric operator on Hilbert space is m-left invertible.
Remark 2.2.5

LetT € L(H) and S € 7,™(T) its m-left inverse, we have

ISIITIE + ISITn™" = % (2.41)
Remark 2.2.6
LetT € L(H) and S € $3(T) its 2 -left inverse, we have
S(ST —-1T = ST -1, (2.42)
and we deduce from this equality that
ST = 1. (2.43)
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Corollary 2.2.1 [19]

Let T' € L(H) have an m-left inverse S € 37*(7'), then

1
m| ST+ (ST ™

1
m| T+ [STTH™

(T) > (2.44)

7(S) >

(2.45)

Proof

Let z € H, we have

]| < [IS]] (SI””T’”1 + ( T ) 1S =27 ™2+ ... ( nil )) 1T ()
< m|[S]| (Z ( m._l ) ISI’””IT"‘”) 1T (2)]]
§j=0 J

<ml|SI @+ ST 1T (@)l

(2.46)

It follows that
d(z, N(T)) = [|l=[| < m|lSIA + [SI[ 1T T @), (2:47)

consequently,
Y(T) > = (2.48)

ml|[SI|(1+ [|S|[T])m™
On the other hand let f € H, we have

171l < (T*mls*ml ( m) 1T =2 S + . + ( " )) 15*(P)|
1 m—1

m—1
< m||T"|] (Z ||T*||m_1_j||5*||m_1_j) 1S*(H

J=0

<T@+ IS D™ 1S ()I-

(2.49)
By using the fact that
v (S%) =(9), (2.50)
and
170 = 171 (2.51)
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we deduce that
1

1(S) > . (2.52)
) = T A+ ST
Remark 2.2.7
We have the following inequnlity for every 7" € L(H) :
1
~(T zsup{ _,SG%mT}. (2.53)
@) mISTa s S € 3

Remark 2.2.8

In general,the inequality in (2.53) may be strict, as can be shown by the following ex-

ample.
Example 2.2.3

Let H = C? with the norm ||(z,y)| = |z| + |y|, and consider the operator T € L(H)
defined by

1 1
T in 2 -left invertible with
1
WT) = Il = 5, (255

and by using the inequalities (12.44) and (2.45), we deduce that for all S € 3%(T')

Wﬂ—l !

1
_1 1 , (2.56)
27 47 2SI+ ISIHITID

and
1

sup
{%%U+WMWD

1
<3 (2.57)

1
Ssedim)<g
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Chapter 3

SPECTRUM OF AN m-ISOMETRIC

3.1 Classification of the spectrum
Définition 3.1.1 [5]

A complex number A is said to be a regular values of an operator 7' if the operator

T — M\ is an invertible.

The resolvent set denoted by p(T') is the set of regular values of T".
The set of all those A , which are not regular values of T is called the Spectrum of the

operator 7" and is denoted by o (7).

Définition 3.1.2 [8]

The point spectrum denoted by ,,(T), is the set of all eigenvalues of T

o,(T) ={A e C: N(T — \I) # 0}.

the continuous spectrum denoted by o.(7") is defined as follows :

A€o (T)if A€ o(T), 0,(T)and R(T — M) is dense in H

oo(T) = {A € C = (T — )" tis unbounded and R(T — M) = H} .
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Example 3.1.1

On (L,[0,1]) define T" : L0, 1] — Ls[0, 1] whith Tz =t - z(t), then

o(T) = o.(T) = [0, 1]

The residual spertrum is the set; 0,.(T) = {\ € C': (T — X\I)~'} exists and R(T — ) #
H. From the definition it follows that;

o, =0,(T*)" /o,T

Proposition 3.1.1 o(7T') is a closed set.
Proposition 3.1.2 [5]

o(T)=0,(T)Uo.(T)Uo, (T)holds, where o, (T'), 0.(T), 0, (T') are mutually disjoint
parts of o (7).

Définition 3.1.3

The compression spectrum o.,(7) ={A\ € C: R(T'— \I) C H}.
The set 0,,,(T) of all complex numbers A suth that there existe a sequence of unit vectors

x, suth that ||Tz,, — Az, || = 0 as n — oo is said to be in approximat poit spectrum.
Proposition 3.1.3 [5]

0(T) = 04p(T")Uo,(T) holds, where o,,(T') and o, (T), are not necessarily disjoint parts
of the spectrum. Also, o(T") = 0,(T") U 0,,(T") holds.
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Définition 3.1.4 [8]

The Weyl spectrum denoted by w(T) = {\ € C, (T — AI)~'} is not Weyl.
Lemma 3.1.1 [17]

The weyl theorem holds for 2-isometries.

Définition 3.1.5

Lel 2 be a non-empty set, the smallest convex set containing {2 denoted by conv((2) is

known as the convex hull of ).
Définition 3.1.6

(¢) The entire spectrum of self-adjoint operator 7' is con-fined between its bounds

M = sup [(Tz,z)| and m = inf [(Tz, ).

[J]|=1 [Joc]|=1
(i) The bounds M and m of every self-adjoint operator 7" belong to its spretrum.

Proof
Supposes A ¢ [m, M] and A < msince (T'z,z) > m, we have (T — X)z,x)) > m—\
But according to Shwartz inquality

(T = ADz,z) | < (T = Az|l||]

= (T = A)z|| >m — A

= \N¢o(T)
similaly for A > M
By definition ||7'|| = M = 3 : z,, € H for which

(Txp, x,) — M

—Tx, — Mx,

Therefore
0< HTxn - Mxn||2 = ”(T - Mj)anz

= (T — MI) -2, (T — MI)z,)
= || Tx,||* = 2M (T, ) + M?
<2M? —2M (Twp, x,) — 0

=M eo(T)
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Similarly for m € o (7).
Theoreme 3.1.1

LetT € L(H), then

o (1) = (0 (TT)ry U (0 (T Dl yery- ) -
Proof

From H = N(T) @ N(T)*, relative to this decomposition and since both N(T") and

N(T)* are invariant under T*T, we have

B 0
T = ,
where Ey,: N(T) — N(T),and E, : N(T)*+ — N(T)*
thus o (T°T) = (a (T*T") |z U <a (T*T)|N(T)l) .

Remark 3.1.1 [11]

Since 7T is a positive self adjoint operator

IT*T|| = |IT*, o (T"T) < [0, |IT] -

Définition 3.1.7 (The numerical range)

For an operator 7', the numerical range W (T') of T is a subset of the complex plane,
given by ;
W(T) = {{Tw,z),x € H; |l«]| = 1},

The following properties of the numerical range are well known;
(i) W(aT +bI)=aW(T)+b
(11) W(BE@C) = {conv W (B)UW(C)}
(i1) W(T) is a convex set (Hausdorff-Toeplitz).
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(iv) W(T) is bounded.
(v) W(T) is closed if dim(H) < oo
Définition 3.1.8 [8]
The numerical radius w(7T') of 7" is defined by;
WA(T) = {sup |A[ : A € W(T)}
The crawford number ¢(T') of T" defined by ;
co(T) =inf{|A\ : A e W(T)}
The spectral radius 7(T") of an operator T is defined by;
r(T) = sup {[A[: A € o(T)}
which is smallest circle on the complex plane C which cantains the spectrum of T .
Définition 3.1.9
The essential numerical range W, (7") is defined as;
We(T) =W (T + K)

K compact.
LetT = (11, T, ... T,) be an n-luple of operators acting on H. The joint numerical range
of T is defined as,

Wi(T) = ((Thz,z), (Thz,z), ... (Thx;x;))

Proposition 3.1.4

LetT € L(H) then o,(T) C W (T).
Proof
Suppose
ANeo,(T)=3e#0cH: e =Tz
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Therefore
A= XNz, z) = Az, z) = (Tz, )
= Xe W(T)
Therefore,
o, CW(T)

Corollary 3.1.1

op (T) Vo, (T) S W(T)
Proof
Suppose
A€ o,(T)= e W(T)
If X €0, (T)then X € 0, (T*) = XA € W (T7), since o, (T*)" /0, (T")..
Hence o,(T)Uo.(T)C W(T).

Proposition 3.1.5

LetT € L(H) then o(T) C W(T).
Proof
Recall :

Suppose
A€ 0,(T)

=0 < |\ = (Txy,, z,)|
= [{((T = M )p, 2,)|
< (T = AI) - || |2n]] — O

as

n — o0

=\ e W(T)
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Therefore,

aap(T) € W(T)

-
= o(T) C W(D).

Theoreme 3.1.2 [5]

Let T € L(H).Then

conv(o(T)) € W(T).
This follows from the proposition then above.
Définition 3.1.10
An operator T € B(H) is said to be;
(i) convexoid if W(T) = conv(a(T)).
(7i) Normaloid if »(T") = ||T|.
(i73) spectraloid if w (T") = r (T).
Définition 3.1.11
For T € L(H), the minimum modulus is defined by the number
Y(T) = inf {||Tz||;||z|]| = 1,z € N(T)*},
Y(T)=00 if T=0.
v (T') > 0 implies injectivity of T, the converse does not hold true in general.

Définition 3.1.12

The Maximal Generalized Inverse of T , denoted by T , is a unique linear operator
with domain D (T+) = R(T) &+ R(T)* and N (T+) = R (T)™" satisfying the following

properties,
(i) R(T) < D(T7)
(it) R(TT)cCD(T)
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(itd) TTTx =P x, forall z € D(T)

R(TT)

(i) TTYy=P__y,forally e D(TT)

R(T)

In general, an matrix T has many generalized inverses unless m —n and 7' is invertible.
It is possible to add conditions to the definition of a generalized invers so that there is
always a unique generalizecl inverse:

T is called a Moore-Penrose inverse of 7T if it satisfies;
(i) TT*T =T and T*TT* =TT
(i) (TT*)* =TT+ and (T*T) =T+T
Proposition 3.1.6

For T' € L(H), the following statements are equivalent.
(i) R(T)1is closed .
(77) R(T*)is closed.
(ii1) ~(T) >0
(iv) T* is bounded.
(v) 7 (T) =~ (T7)

(vi) Let A € (0,00). Then A € 0 (T) & ; € o (T)
If T exists, then0 # A € o (T) &+ € o (T71)

Lemma 3.1.2 [17]
The spectrum of 2-isometry is the closed unit disc provided it is non-unitary.
Theoreme 3.1.3
Let T'be a bounded linear operator on H Then the follwing results hold.
(@) o(T)/{0} = o (To) /{0}-
(i) o (T*) /{0} = o (To) ™" /{0}.
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Proof

(i) consider the operator 7' is self-adjoint, it is reducible by N(7'), that is

T(N(T)) C N(T) and T (N(T)") C N(T)*

By lemma,
o(T) = 7 (Tlyiy ) Vo (Thyry: )
That is
a(T) = {0} Uo (To)
Hence

o(T)/{0} = o (To) /{0}

(ii) since T'" is self-adjoint, it is reducible by R(T)*
(1) implies that,

o (T%) {0} = o (Ty) " /{0}.
Proposition 3.1.7

LetT" € L(H) be a positive operator. Then the following results hold.
(i) T is positive.
(i1) o(T)/{0} = o(Ty)/{0} where Ty = T,

(iii) o(T*)/0 = o(T;1))0.

Proof

(i) Lety = Tv + uwhereu € N (T)" and v € R(T)*

Since
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we have
<T+y, y> = <T+y, Tu+ v>

= (T"y, Tu) + (T*y,v)
= (T*y, Tu) (since R(T)" = N (T") ,(T*y,v) =0)

- <P|R(T) y,u> = (Tu,u) 20

= Tis positive.

(17) Since T is self-adjoint, it is reducible by N(T')

ie
and

by theorem .2.2.9 we have

o(T)=0(T)

[veryuo(rin )

o(T) = {(0} Vo (Tp)

hence

o(1)/{0} = o (T5) /{0}.
1i1) Since T is self-adjoint,it is reducible b
J y
N (T*) = R(T)*

since

T pry =T ',

(1) implies that

o (T%) {0} = o (T5") {0}
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Theoreme 3.1.4

Let 7' € L(H) be a positive operator and
d(T) = inf{[A] : A € o(T)/{0}} = d (0,0 (T) /{0})

Then~ (T) =d(T).
Proof
Casel:v(T) > 0ifv(T) > 0, then R(T) is closed in this case T~! and T+ are bounded
self adjoint operators with
1

7Y =TT = —=
15[ = 11T ] T

hence:
1

I7+]]
= (sup {\u! N TR<No} (To’l)})

= (sup{(N)':0£X€0(T})})
=inf{|\:0#Xe€o(T,)} =d(T)

Y(T) =

-1

Case2:v(T) =0
Since T is positive,
v(T) = 0= T is unbounded = o (T") is unbounded.

= foralln=1,2,3,...,3\, € o(T7)

such that
1
Ap >N = €7 (T)
and
1

— 0

N,
as

n — oo
Hence

d(T) =0
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Theoreme 3.1.5

Suppose ' € L(H) is a positive operator and 0 is an isolated spertral valued of 7'. Then
0 is an eigenvalue.
Proof

Since 0 is an isolated spectral value, d(7") > 0 then by proposition 3.1.6
Y(T) > 0= R(T)

is closed.
if
0 € o,(T),

then
N(T)={0}=R(T)=H

making T one to one and onto , hence invertible , a contradiction.

3.2 Spectral Properties of m-Isometries
LetD={AeC:[A\[<1},D={AeC:|]A[<1}anddD = {AeC: [\ =1}
Theoreme 3.2.1 [19]

Let T € £(X) be an m-isometry, then the approximate point spectrum of 7" lies in the
unit circle. Thus, either o(T) C D or o(T) = D.
Proof

Let A € 04,(T") then there exists a sequence (), € X with ||z, || = 1 such that
(T'—1)(x,) = 0if n — o0

Then
(179 = X" ) (£,) — 0 forj=0,1,....m

The hypothesis that 7" is an m -isometry yields that

0=>=17 () (l7"~ @)’

J=0
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and when n — 400 we have
0= "(=1)7 () (IA")* = (1= [AR)"
=0
and so [\| = 1. As
00(T) C 04p(T) C OD,0(T) C OD

or

Remark 3.2.1

Let 7' be an m -isometry and let A € D. since ;. C 0,,(T") C 0D the operator 7" — A
is semi-Frodholm. since 0,(7") C 0D, the Fredholm index of 7" — A, ind (7" — \), is

nonpositive.
Lemma 3.2.1 [19]

If T € L(H) is an m -isometry, then the approximate point spectrum lies in the unit
circle. Thus, either ¢(7") C 9D or o(7") = D~. In particular, T is injective and ran(7") is
closed.

Proof

If A € Cis in the approximate point spectrum of 7', then there exist unit vectors =, € H

such that (7' — )z, — 0. By induction, for each integer k > 1, (T* — A*) 2, — 0 Thus

" m
0= < E (_1>m—k T*ka .Z‘g,l’g>
k=0

k
=S ) (e )
k=0 k
N Z(_l)m—k m |/\|2k
k=0 k

= (IAP=1)"

and so || = 1. since do(T") C 0,,(T) C ID,o(T) C 9D or o(T) = D~. Since 0 # 04,(7)

T is injective and ran(7T’) is closed. This establishes Lemma 2.1.3
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Before continuing, we make the following remarks concerning the spectral picture of
an m -isometry 7', Fix A € D, since 04 (1)) C 04,(T) C 0D, T — X is semj-Fredholm.
since 0,(T") C 0D, the Fredholm index of 7' — A, ind (7" — ), Is nonpositive, Finally, since
0e(T) C 0D, the function from D into Z U {00} given by A — ind(7" — \) is constant.

Corollary 3.2.1

LetT € L(H). If both T and T™ are m -isometries, then ¢(7") C 9D.

Proof

We argue by contradiction. By Lemma 3.2.1 , if o(7') ¢ 9D, then o(T') = D~. Since
Lemma 3.2.1 also implies that 0 ¢ 0,,(T), we see that (ranT")~ # H. Hence 0 € o,, (T™)
contradicting Lemma 3.2.1 and the fact that 7" is an m -isometry. Thus, there are two
cases: If T" is an m -isometry ejther T is invertible and ¢(7") C 0D or T' is not invertible

and o(7T") = D~. In fact both of these cases cannot occur for all m.
Corollary 3.2.2

Let T € L(X), where X is a Hilbert space. If T" is an m-isometry, then the eigenvectors
of T' corresponding to distinct eigenvalues are orthogonal.

Proof

Let A and p be distinct eigenvalues of 1. Suppose Tx = Az and Ty = py

Then

0=Y (=1 ()17 + )

0
= D=1 () N Ty

=317 ) || )™l + 2 (Z ) ()" y>)
F D)

(= ) ol 2 ((1=2) )+ (1= )" ol
((2) )
Replacing y by iy we obtain

(-3 )
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Hence
since A\ # 1, we deduce that

which proves the assertion.
Theoreme 3.2.2 [10]
Let T be an m-isometry. Then the following assertions hold.
(i) If z is an approximate eigenvalue of 7', then z € T.
(23) If T is invartible, then o(7') C T.
(i73) If T is not invertible, then o(7T) = {2z : |z| < 1}.
Theoreme 3.2.3

For an m-isometry T the following statements hold.
(i) if ais an eigenvalue of T, then a is an eigenvalue of T™.
(17) Eigenvectors of T corresponding to distinct eigenvalues are orthogonal.

(i73) If a is an approximate eigenvalues of 7', then a is an approximate eigenvalue of

T~.

(iv) if a, b are distinct approximate eigenvalues of T, and z,,, y,, sequences of unit vec-
tors such that (7' — a)z,, — 0, and(7 — b)y,, — 0, then (z,,, y,) — 0.

Proof

(1) Let Tx = ax(x # 0). Then it holds

0= <Z(_1)%CjT*mj/Tm_j> r=(aT*-1)"x

J=0

since |a| = 1, we have (T* — @)™ 2 = 0 and hence a is an eigenvalue of T*.
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(i7) Let a, b be distinct eigenvalues of 7" and xz, y be corresponding eigenvectors.

It holds
0= <(Z(—1)%CjT*(m”ij> xy> = (ab—1)™(z,y)
=0
Sincea # band |b| = 1,a — b = (ab— 1)band ab — 1 # 0, Hence , (z,y) =0

(i17) Let {x,} be a sequence of unit vectors such that lim(7"— a)x,, = 0. Then since

(S (1T 2y = 0
0 = limy, o (ZT: 0(—1)%0jT<m—j)Tmfj> 2y = limy 0 (aT* — 1) 2,

Therefore, since |a| = 1

lim & (T* — @)™z, =0

n—oo
and a is an approximate eigenvalue of 7 .

(iv) Since

0= lim ([Z(-Q{nch(mﬂ')T"”) xnyn> = (ab—1)™ lim (2, ),

n—o0 - n—00
J=0

we have (z,,y,) — 0. An operator T is said to have the single valued
extension property if, for every open subset ¢/ of C, an analytic function
f U — H satisfies (T'— N)f(A\) =0 VX € U, then f(A\) =0 VA € U.
Uchiyama and Tanahashi [7] studied the spectral condition (iv) in theorem
3.2.2 and proved that if 7" has the spectral condition (iv), then T has the sin-

gle valued extension property. Hence we have the following result.
Corollary 3.2.3

Let T' € £(X) be an m -isometry, then r(7T") = 1.

Proof

From Theorem 3.2.1. the approximate point spectrum of 7" is contained in the boundary
of the unit disc and since from [8] we know that the convex envelopes of all spectra

coincide. Thus, again it follows that the spectral radius of T".
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Lemma 3.2.2 [19]

Let T € L(X). If T possesses an m -left inverse S € 37"(T'), then we have the following

properties.

(4)

0 ¢ 0uy(T)
(17) If X € 0,,(T), then

§ € owl(S)
(iti) If \ € 0,(T), then

5 € olS)

Proof
(¢) Suppose contrary to our claim that 0 € 0,,(7"), there exists a sequence (z,), € X

with ||z,| = 1 such that T'z,, — 0 if n — +oc0. Then
ST g, — 0forj=0,1,...,m—1and S € £L(X)

The hypothesis that 7" possesses an m-left inverse yields for S € 37*(7") that

o = (—=1)" (mzl ( " ) g (:@) 0
=0 J

which is impossible.

(17) Let A € 04,(T') then there exists a sequence (z,,),, € X with ||z, || =1 and
(T — Mx)x, — 0,n — 400
Then
(SmITmT — XIS ) (2,) — 0 forj=0,1,...,m and S € L(X)
The hypothesis that 7" possesses an m -left inverse yields for S € 37*(7") that
Yoo (=1 () (ST = XIS ()

= =217 () WIS ) (2,) — 0
We find that

It follows that

(¢4i) The argument is similar to the one given in (i7).
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3.3 Spectral Properties of 2-Isometries
Theoreme 3.3.1

Let T' € L(H) be a non-unitary 2-isometry, then o, (T) lies on the unit circle 0D.
Proof
Assume T'is a 2-isometry and let A € 0, (T) = 3z, € H||z,|| =1
Such that
(T = AD)[[ |zl = 0

asn — oo
By induction,

(T =X ) [ llnll = 0

as n — o0
Therefore
2 2
0= (> (-1)** T*T* e,
k k
2 )
= Z(—l)%}C <T*kaxn,xn>
: k
2 2
= DL ] (e X)
: k
2 )
= Z(—DH [ M= (N =1)P2=A]=1
k
k

Hence the result.
Theoreme 3.3.2

let T € £(H) be a non-unitary 2-isometry, then unit disc D.
Proof
since

Ao (T)) C aap(T),
then from the lemma above we have
op(T)Co(T)......... (i)
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If A ¢ 0,,(T), then Je > 0 sucla that | Ty — A\y|| > ¢||y||, forally € H

with
Iyl <1
If
y L R(T — )
then

0= (T = A)z,y) = (&, (T" = \) )

and therefore

Ty — Ay =0
It follows that
R(T — \) =0.
So that
H = R(T — \I)
ie
T -\

has bounded inverse so
AN#£o(T)= o(T) C oy(T)......(40)

From (¢) and (ii) equality holds. Since 0,,(7") lies on the unit circle JD, it follows that
0(T') = 04p(T') = the closed unit disc D.

Corollary 3.3.1

Let 7" be a non-unitary 2-isometry, then 1 € o (7%7) .
Proof
Suppose

1¢o(T"T)= A= (T"T—-1)
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is invertible.

From the definition of a 2-isometry we have

TT? —T*T =TT — I

=T (T"T - T =TT -1
=T'AT = A

= o0 (T"AT) = o(A)

which implies that 7" is similar to an isometry and so must be isometry. This contradicts
our assumption that 1 € o (T*T).
Theoreme 3.3.3 [5]
Let 7' be a non-unitary 2-isometry. Then
(1) 2 € 0qp(T) = 2" € 0qp(T™)
(17) z € 0,(T) = 2* € 0,(T%)
(i17) Eigenvectors of corresponding to distinct eigenvalues are orthgonal.

Theoreme 3.3.4 [11]

Let 7" be a 2 -isometric. Then the numerical range of 7" is equal to [-1,1] provided it is
non-unitary.

Proof

Let T be non-unitary, 2 -isometric.

We know that the numerical range W (T') of an operator T is a convex set in the com-

plex plane. The convex hull of W (T') is the smallest convex set containing W (7'

W(T) = Convex hull of ¢(T)

By lemma 3.1.2 , we obtain
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using this concept, we have

W(T) = Convex hull of [—1, 1]
= [_17 1]
since -1 and 1 are eigen values of 7', this belongs to W (T"). Hence W (T") = [—1, 1]

Theoreme 3.3.5 [11]

Let T be a 2-isometric. Then the Weyl spectrum of T is equal to [-1,1] if 7" is non-unitary.
Proof

Given that 7' is 2 -isometric and non-unitary. By lemma 3.1.2
o(T)={z:1]z] <1}

This shows that 11yy(7") = ¢. By lemma 3.1.1 we have

W(T) = o(T) ~ Ioo(T)
w(T) = o(T) (since, o (T) = &)
= w(l) =0(T)={z:|z[ <1}
= w(T) = [-1,1]
Hence the proof.
Theoreme 3.3.6

Let 7" be the 2-isometric operator on H. Then II(T") = o(T’) holds if T" is non -unitary.
Proof

Given that 7' is 2 -isometric, non-unitary. By lemma 3.1.2,
o(T)=[-1,1]

Since I1(T") is a subset of the unit circle from [1]. Thus we obtain that
I(T) C o(T)

Claim: o(7T") C TI(T)
If A ¢ II(T), then there exists € > 0 such that

Ty — Ay|| > elly||, forally € H with ||y[| <1
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and since ||(7" — N)y/|| = [[(T'— A)*y|| , holds for any y
(T =)yl =T =Nyl = ellyll, vyeH

ie.,
(T — Nyl > ellyl| Vy € H,
[Ty = My|| > ellyll, VyeH

In order to prove A ¢ o(T)
we have only to show R(T'— \) = H, ie., (I' — A) has a bounded inverse.
Ify L R(T — \) then we show y =0

In fact,

0=< (T - N,y >=<x,Ty— Iy >, fory € H

and therefore,
Ty — Ay =0

It follows that y = 0. So that R(T" — \) = H.ie., T—X has abounded inverse so A ¢ o(7T).
Therefore

o(T) € TI(T)

From (3.1) and (3.4), we get

Hence o(T") = II(T'), if T is non-unitary.

Corollary 3.3.2

The weyl spectrum of a 2-isometry is the closed unit disc.
Corollary 3.3.3

From the theorem 3.3.4, 3.3.5, 3.3.6 and lemma 3.1.2, it is identified that spectrum, weyl
spectrum, numercial range and approximate point spectrum are equal to [—1, 1] if T is

nonunitary 2-isometric operator.
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Theoreme 3.3.7

Let 7' be a bounded self adjoint operator on H. Then 7" has dense range if and only if T’
is 2 -isometric operator on H.
Proof
Assume that 7" has dense range. clearly R(T') is closed.
Then
H=R(T)® R(T)*

since, T' is self adjoint

Then
R(T*T)*" = {0}

it follows that
= R(T*T)=H

Thus 7T has dense range. Then
=T"Ter=x, VreH.

Therefore T"T =1 VreH.
Hence 7' is a 2 -isometric operator.

Conversely, assume that 7" is 2 -isometric operator. ie.
THT? - 2T +1=0

since T is self adjoint 771" = I. Therefore, T"Tv =z, Vo € H
Clearly N (T*T) = {0} and since H = N (T*T) & N (T*T)", we have, N (T*T)" = H

N(T*T)" = R(T*T) = R(T*) = H
R(T*)=R(T)=H

Hence R(T') has dense range.
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Theoreme 3.3.8

Let 7" be the non-zero 2 -isometric self adjoint operator on H Then 0 is not an accumu-
lation point of o (7T of T*T.

Proof

Given that T’ is the non-zero self-adjoint 2 -isometric operator on H By Theorem 3.3.7,
T has dense range in H. ie.

R(T)=H
It follows that R(T') is closed. By using Hilbert space theory

H=R(T)® R(T)*

N(T)* = N(T*T)* = R(T*T) = R(T*) = R(T) = H
Consider the operator

A:T*T|N(T)*: N(T): = N(T)*

Clearly A is injective and R (T*T) = R(T*T) = N(T)*, the following conditions are
equivalent:
(1) R(T)is closed R (T*T) is closed

(17) Ais bijective

(iti) 0 ¢ o(A)

(iv) There exists r > 0 such that o(A) C [r, [|T]|?]

and in this case, we have
o (T*T) = o (T*T|N(T)) Uo (T*T|N(T)")
< {oyu [ ITI7] -

It follows that 0 is not an accumulation point of o (7*T") of T*T.

Theoreme 3.3.9

Let T" be the selfadjoint 2-isometric operator on H. Then 0 is not an accumulation point

of o(T) of T.
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Proof

Given that 7' is the selfadjoint 2-isometric operator on H.

By theorem 3.3.7

R(T) = H and hence range of 7 is closed.

Consider the operator 7' is selfadjoint, it is reducible by N (7'), that is

T(N(T)) € N(T), T (N(T)*) € N(T)*

By theorem 3.1.3

o (T) /{0} = o (To)~" /{0}
Let
d(T) =inf{|\| : A € o(T)/{0}}
= d(0,0(T)/{0})

claim: v(T) = d(T) In this case T, ' and T are bounded selfadjoint operators with

1
T, =TT = —=
T = [1T7] T

Hence
1

17

(T) =
1

sup {|p| 1 p € o (T)}
1

sup {Ju| : p €0 (Ty)}
1

swp { () 0 £ A€o (T}
= infinf {[A[: 0 # A € o (Tp)}

= d(T)

It follows that 0 is not an accumxulation point of o(7") of T'.
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Abstract

In this memoir we studied the class of m-isometric operators and the
study of spectral properties of this class and related operators on a
Hilbert gave basic results on the "structure” of an m-isometry, Since this
class of operators has not be studied extensively, we would like to
suggest possible areas that can be investigated in future.

Keywords : Operator , m-isometric , Spectral , Hilbert space.

Résumeé

Dans ce mémoire nous avons étudié la classe d'operateurs m-
iIsométriques et I'étude des propriétés spectrales des m-isométries et des
opérateurs associés sur un Hilbert a donné des résultats de base sur la
"structure™ d'une m-isométrie. Puisque cette classe d'opérateurs n'a pas
été étudiée largement, nous aimerions suggeérer des domaines possibles
qui peuvent étre étudiés a l'avenir.

Mots clés : Opérateur, m-isométriques, Spectrale, Espace Hilbert.
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