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هداء   الإ 
 بسم الله الرحمن الرحيم

ي  ها بتخرج 
ُ
 سنوات الدراسة، وتوجت

ُ
الحمد لله الذي بنعمته تتم الصالحات، وبفضله وكرمه أتممت

تحقق هذا الانجاز  الشكر على ما أنعمت، فبفضلك وحدكهذا. اللهم لك الحمد على ما أوليت، ولك    
 

   إهداء إلى أمي الغالية
ي  
، أمي الغالية، أهديكِ هذا التخرج.  إلى من كانت ولا تزال نبع الحنان، ومصدر الأمل، وملجأي ف  كل حي  

، كان  ، وكل دعاء رفعتِه لىي ّ بذور النجاح، وسقيتها بحبك واهتمامك. فكل كلمة علمتها لىي ي
أنتِ من زرع ف 

ي وصولىي إلى هذه اللحظة
 له الأثر الكبي  ف 

 

 إهداء إلى إخوتي الأعزاء
ي  الذين كانوا دومًا السند والرفيق، أهدى لكم 

،  لى إخوت  ي ، ورفقاء درت  ي
هذا التخرج. لقد كنتم مصدر قوت 

ي كل الحب والامتنان 
 تجاوز كل الصعاب. لكم من 

ُ
 فبفضل الله ثم بفضل دعمكم وتشجيعكم، استطعت

 
، سواء بكلمة طيبة أو بمساعدة عملية، أقدم لكم جزيل   ي نجاجي

، وساهم ف  ي إلى كل من وقف بجانن 
ي لحظات الفرح  

ي الذين شاركوت 
ي بعلمهم، وإلى أصدقات 

ي الكرام الذين أفادوت 
الشكر والتقدير. إلى أساتذت 

ي أسمى آيات الشكر والعرفان و 
، لكم من  ي

ت  ي مسي 
الحزن، وإلى كل من كان له دور ف  . 

                                                    

 

 أسأل الله أن يجعل هذا التخرج بداية لمستقبل مشرق، وأن يوفقني لما يحب ويرضى 
 

روكة   ة  مب  وي   ش 
 

 

 



 

 

هداء   الإ 
 بسم الله والصلاة والسلام على رسول الله 

ي كل حكاية قلوب كانت العون والنور إليهم  
 
لكل لحضه صبر , ولكل دمعة تعب , ولكل ابتسامة أمل , وف

 
ً
ا و وفاءا

ً
  أهدي ثمرة هذا الجهد امتنان

ي , والسند  رحلت عن الدنيا لكنك لم ترحل على  إلى روح والدي الغالي  
ي , كنت النور إل ذي يرشدت  قلن 

ي غيابك كل انجاز أحق الناس بيه هو أنت فلك من هذا الإهداء ودعاءا لا ينقطع 
 الذي استند ليه حن  ف 

ي , صابرة , داعمة    بجانتر
ي من كنت تبقي  

ي العالم , أنت  ي كانت وطنا حي   ضاق برِ
إلى أمي الغالية     المرأة الت 

 . ك وكل ما قدمته لي  وملهمة , شكرا لحبك وصبر

ي ك    اخوتي الغاليين   يا من كنتما لي أكبر من إخوة , من حملتما همٌ المسؤولية بصمت , وأصبحتما لي بجانتر

ي لحضات الضعف , 
 
ي ف ي أمسكت بر

ي , كنتما السند حي   مالت الأيام واليد الت  ي الذي لم يغب عن قلتر ظل أبر

 لما قدمتموه وامتنان لا تفيه كلمات 
َ
 أهديكما هذه المذكرة تقديرا

  

ي , والحنان الذي يشبه أمي , كني  ٌ الأمان  يإلى أخواتي الغاليات   ي تعتر
 
ي , والضحكة ف

ي عتمت 
 
ٌ النور ف ا من كني  

  
ٌ
 هذه المذكرة لحبكن

ٌ
ي بدون  مقابل . أهديكن

ي تحتويت 
حي   تاهت الأيام والسند الذي لا يميل والقلوب الت 

 وكلٌ لحظة كنتم فيها لي قلوب نابضة بالحب  
ٌ
كن  وصبر

ي عناء الطريق بكلمة , أو بدعوة , أو حت   
ي نعمة , إل كل من خففوا عت 

ي حياب 
 
وال كل من كان حضورهم ف

ي بكم , لأنكم كنتم بابتسامة صادقة , أهديكم هذا العمل من الق
لب امتنانا لكل لحظة صادقة جمعتت 

ي 
ي حكايت 

 
 ف
َ
 جميلا

َ
. ومازلتم جزءا  

ار ري  من  ب  ش     ب 



 

 

 

ر  دي  ق  كر وت 
 ش 

فنا نتقدم بجزيل الشكر وعظيم  “  حسين ق ابسي  “   الامتنان الى مشر على  

ة اعداد هذه المذكرة. لقد كان  ةبذله معنا من جهد وتوجيه طيل  ما  في 

اءةلدعمه المتواصل, وتوجيه
ّ
ي  اته القيّمة, وملاحظاته البن

دور كبي  ف 

. انجاز هذا العمل   

مه لنا من وقت وجهد, وعلى حسن تعامله وتوجيهه 
ّ
نشكره على ما قد

ي علمه وعطاءه. 
 المستمر لنا. ونسأل الله أن يوفقه ويبارك له ف 

 

 

 

 

 

 



 

 

 

 ملخص  
 

لى ا  المذكرة  هذه  تحتوي    تهدف  التي  الموجة  لمعادلات  الحلول  وتلاشي  اس تقرار  دراسة 

. زمني  تأ خر  ذات  حدودية  كا  شروط  ال ساس ية  المفاهيم  عرض  البداية  في  لفضئات تم 

و  وجود  المعياريةّ،    المترية  مع  والضعيف  المنتظم  الاس تقرار  لمفهوم  متعمقة  بدراسة  متبوعاً 

لى دراسة معادلة الموجة ذات   تأ خير زمني في الراجعة الديناميكية. كما يهدف الفصل الثاني ا 

معدل   نفس  لها  زمني  تأ خر  ذات  المعادلة  أ ن  نبرهن  ذلك  بعد  الديناميكي،  التحكم  في  تأ خير 

سلوك   من  يغيّر  لا  التأ خير  تأ ثير  أ ن  لى  ا  يشير  مما  العادية،  المعادلة  في  كما  النس بي  التلاشي 

ذات    خطية  ش به  موجة  دراسة  الي  توجهنا  ال خير  الفصل  أ ما  البعيد.  المدى  على  التلاشي 

نتيجة   الفصل  هذا  في  ونثبت  حدودية،  العام  شروط  )  التلاشي  حالات  عدة  يشمل  الذي 

دالة   على  محددة  شروطا  فرض  دون  خاصة(,   كحالات  والحدودي  الآسي  التلاشي 

 الاسترخاء , وبهذا يعد هذا الفصل تعميما وتحسينا لمجموعة من النتائج السابقة. 

  ,التلاشي العام ,التلاشي النسبي ,غياب الاستقرار المنتظم ,الاستقرار القوي ,التحكم الديناميكي ,التأخر الزمني كلمات مفتاحية:

 دالة الاسترخاء  ,معادلة الموجة  ,الذاكرةتخميد الحدودي من نوع ال

 

 

 

 

 

 



 

 

 

Abstract 

 

This thesis aims to investigate the stability and decay of 

solutions for wave equations involving a time-delay term. It 

begins with a presentation of fundamental mathematical 

concepts, such as metric and normed spaces, followed by a 

detailed analysis of strong and weak stability, particularly in 

the presence of delayed dynamic feedback. The second 

focuses on a wave equation with a delayed term in the 

dynamical control. It is shown that the delayed system 

exhibits the same asymptotic decay rate as the corresponding 

system without delay, indicating that the delay does not alter 

the long-term decay behaviour. But the last addresses a semi 

linear wave equation in a bounded domain with boundary 

damping of memory type. A general decay result is 

established, which encompasses both exponential and 

polynomial decay as special cases. This result does not require 

specific assumptions on the relaxation function, thereby 

extending and refining previous results in the literature. 
Keywords:  

time delay, dynamical control, strong stability, lack of uniform stability, rational decay. 

General decay, Memory type Boundary damping, Wave equation, Relaxation function, 
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Notations

Wm;p(
) The sobolev space of function on 
 derivatives up to order m in Lp

Hm = Wm;2(
) Sobolev Spaces ,
@ The operator of patial di¤erentiation ,
D(A) The domain of the operator A ,
D� A partial derivative of multi-order � ,
�(A) The spectrum of operator A ,
j:j The euclidean norm on Rd
N(A) The kernel of the operator A ,
R(A) The range of the operator A ,
k:kx The norm on a normed space X ,
L(X) The space of bounded linear operators from X into X ,
X 0 The dual space of X ,
Re h:; :i The real part of the inner product ,
C10 (
) The test functions space ,
(T (t))t�0 A semigroup ,
C(X; Y ) The space of all continuous function from X into Y ,

 � RN A domain of RN ,
@
 = � The boundary of 
 ,
L(
) The space of measurable functions on the domain 

Lp(
) The space of functions whose absolute value raised to the power p is integrable,
L1p (
) The space of essentilly bounded function with weal-* convergence ,
C(
) The space of continuous function on the domain 
 ,
C1(
) The space of in�nitely di¤erentiable functions on 
 ,
C(
) The space of coninuous functions on the closure of 
 ,
Br(x) The open ball of radius r centered at point x
Sr(x) The sphere of radius r centered at point x ,
h:; :i The inner Product ,
�(A) The resolvent set of the operator A ,
Rd The space of all ordered d-tuples of real numbers ,
�(:) Fonction Gamma d�Euler.
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Introduction

Many evolution equations coming from applications (in biology, electrical engineer-
ing and mechanics, ...) present a time-delay in the feedback law modeling mechanical
time lag for instance [37] ,[28],[9]. In many cases, arbitrarily small delays in the feed-
back may destabilize the system, see for instance [51], [52], [53], [29], [23], [57] and
[21]. Therefore the stability issue of systems with delay is of theoretical and practical
importance. In domains such as control theory and biomechanics, wave equations with
delay terms are frequently used to model systems in which the present state is de-
pendent on previous states. Di¤erent methods have been recently developed to prove
some exponential or polynomial decay of the energy of wave type equations with delay,
we refer to [57], [58], [59], [14], [12], [36] and the references citing them.The stability
and decay behavior of the system may become more complex when delay is intro-
duced. The stability and decay of solutions for such equations are examined in this
thesis, with an emphasis on the prerequisites that guarantee the intended asymptotic
behaviors. We hope to develop criteria for exponential or polynomial decay by using
mathematical tools such as Lyapunov functionals and energy methods, which will aid
in the comprehension and management of delayed dynamical systems.
This thesis consists of three main chapters. In the �rst chapter of this memoir we

devote a comprehensive review of the basic mathematical concepts and theories, which
frome the theoretical foundation upon which we will later rely in studying the various
aspects of this memorandum. In the second chapter, we study a wave equation set in a
bounded domain (in any space dimension) with a dynamical control and prove that if
the delay term is small enough, then the system has the same (polynomial) decay rate
than the one without delay. Idea is to use a duality argument for a system without
dynamical control is given by8>>>>>><>>>>>>:

utt (x; t)��u (x; t) = 0 in 
� (0;+1) ;
u (x; t) = 0 on �D � (0;+1) ;
@u
@v
(x; t) + � (x; t) = 0 on �N � (0;+1) ;

�t (x; t)� ut (x; t) + �1� (x; t) + �2� (x; t� �) = 0 0n �N � (0;+1) ;
u (x; 0) = u0; ut (x; 0) = u1 in 
;
� (x; t� �) = f0 (x; t� �) on �N � (0; �) ;

4



Introduction INTRODUCTION

with respect to this equation throughout we will assume the following conditions:
i) 
 � Rn be an open bounded domain with a lipschitz boundary �.
ii) � is divided into two open parts �D and �N , i.e � = �D[�N withmeas (�D) 6= 0

and meas (�N) 6= 0.
This chapter, is divided into three parts. In the �rst part we will prove that the

equation is well posedness by using the semigroup theory, and then establish a strong
stability result and, in the second part we will study the strong stability for this equa-
tion by using a general criteria of Arendt-Batty. Finally we show that if the our system
without delay (i.e.,with �2 = 0) is polynomially stable, then system (II.0.1) with delay
inherits the same polynomial decay rate.
In the last chapter, we are concerned with the following problem8>>>><>>>>:

utt ��u+ F (x; t; u;ru) = 0 in 
� R+
u (x; t) = 0 on �0 � R+

u (x; t) = �
Z t

0

g (t� s) @u
@v
(s) ds on �1 � R+

u (0) = u0; ut (0) = u1 in 
;

whith 
 is an open bounded domain of Rn with a smooth boundary @
 = �0 [ �1, �
is the unit outer normal vector, and f 2 C1 (Rn) is a function satisfying

uf (u) � bF (u) � 0; for b > 2; F (u) =
Z u

0

f (�) d�:

Recently, [40] Santos considered8>><>>:
utt � � (t)uxx = 0; (x; t) 2 (0; 1)� R+

u (0; t) = 0; u (1; t) = �
Z �

0

g (t� s)� (s)ux (1; s) ds; 8t > 0

u (0) = u0; ut (0) = u1; x 2 (0; 1) ;

where � (t) is a nonincreasing function satisfying � (t) � �0 > 0. By considering the
resolvent kernel of �g = g (0), the boundary condition takes the form

� (t)ux (1; t) = ��fut (1; t) + k (0)u (1; t)� k (t)u0 (1) + k
0
(t) � u (1; t)g

where � > 0 is a constant and k is the resolvent kernel of �g0=g0. He showed that
the energy of the solution decays exponentially (polynomially) when k and k0 decay
exponentially (polynomially). This result has been later pushed to a nonlinear n-
dimensional wave equation of Kirchho¤ type by Santos et al. [41]. In that work, the
authors established the existence of a global unique solution and showed, under the
same conditions on k and k0; that the solution decays uniformly with the same rate
of decay k. This latter result improves an earlier one by Park et al. [34]. A similar

5



Introduction INTRODUCTION

approach has been also used by Santos and Junior [42] to establish a similar result to
a biharmonic wave equation supplemented by viscoelastic damping acting on a part
of the boundary. Cavalcanti et al. [43] studied the existence and the uniform decay
of solutions to a semilinear wave equation with a boundary damping of memory type
and a nonlinear boundary source. Also, Rivera an Andrade [33] considered a one-
dimensional nonlinear wave equation subject to a nonlinear boundary memory e¤ect
and showed that this e¤ect is strong enough to guarantee global existence and uniform
decay, at least for small initial data, provided that kernel decays exponentially (or
polynomially).
Particularly, [45] Cavalcanti and Guesmia considered the following system8>>>><>>>>:

utt ��u+ F (x; t; u;ru) = 0 in 
� R+
u (x; t) = 0 on �0 � R+

u (x; t) = �
Z t

0

g (t� s) @u
@v
(s) ds on �1 � R+

u (0) = u0; ut (0) = u1 in 
;

(a)

where 
 is an open bounded set of Rn with a smooth boundary @
 = �0 [ �1. Here
�0 and �1 are closed, disjoint, with meas (�0) > 0 and � is the unit outer normal
vector. They established a more general decay result which depends on the value of
u0 on �0 and the rate of the decay of k

0
. In their work, they treated the cases when

k
0
is decaying exponentially or is k

0
decaying polynomially. When u0 = 0 on �0, they

obtained the exponential and the polynomial decay as special cases. This result has
been recently generalized to the case of a system of Timoshenko type by Messaoudi
and Soufyane [60]. Cavalcanti et al. [44] studied a problem of the form8>>>>>><>>>>>>:

utt ��u+
Z t

0

g (t� �)�u (�) d� = 0; in 
� (0;1)

u = 0; on �0 � (0;1)
@u
@v
�
Z t

0

g (t� �) @u
@v
(�) d� + h (ut) = 0; on �1 � (0;1)

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ; x 2 
;

(b)

for g,h speci�c functions and established uniform decay rate results under quite re-
strictive assumptions on both the damping function h and the kernel g. In fact, the
function g had to behave exactly like e-mt and the function h had a polynomial behav-
ior near zero. For more general assumptions on g and h, Cavalcanti et al. [61] proved
the uniform stability of (b), provided that g (0) and kgkL1(0;1) are small enough. They
also established explicit decay rate results for some special cases. This latter result
of Cavalcanti et al. [61] has been recently improved by Messaoudi and Mustafa [48],
where no growth assumption on h near zero has been imposed. Stabilization of wave
equations or wave systems by frictional boundary damping has been studied by many

6



Introduction INTRODUCTION

researchers. Di¤erent mechanisms have been utilized to stabilize such systems and sev-
eral decay and stability results have been obtained. In this regard we mention, among
many others, the work of Alabau-Boussouira [18], Cavalcanti et al. [46], [47], Conrad
and Rao [19], Gorain [22], Guesmia and Messaoudi [3], Komornik and Zuazua [64],
Komornik [66], Komornik and Rao [67], Lasiecka [26], Lasiecka and Tataru [27], and
Zuazua [16].
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Chapter I

Preliminaire

This chapter aims to provide a review of the essential mathematical concepts and
theories that from the theoretical foundation for the work presented in this thesis.
These concepts will be relied upon later in addredding the various topics discussed.

I.1 Metric Space

De�nition I.1.1 [15] Let X be a non-empty set. A metric on X is function d :
X �X �! R+ [ f0g which satis�es the following conditions

d(x; y) > 0 for all x; y 2 X with x 6= y; (I.1.1)

d(x; y) = 0() x = y for all x; y 2 X; (I.1.2)

d(x; y) = d(y; x) for all x; y 2 X (symetry); (I.1.3)

d(x; y) � d(x; z) + d(z; y) for all x; y; z 2 X (traingle inequlity). (I.1.4)

Here d(x; y) is the distance between x and y; more over the ordered pair (X; d) is called
a metric space.

Remark I.1.1 [15]Applying n-times the inequality (I.1.4) for all x; y; z1; z2; :::; zn 2
X, we obtain

d(x; y) � d(x; z1) + d(z1; y)

� d(x; z1) + d(z1; z2) + d(z2; y)
...

� d(x; z1) + d(z1; z2) + :::+ d(zn; y)

which is said to be the generlized traingle inequality.

Exercise I.1.1 Let C [a; b] be the set of continuous functions de�ned by

C [a; b] = ff n f : [a; b] �! R and f is continuous on [a; b]g :

8
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show that the following functions

i) d1(f; g) =
R b
a
jf(x)� g(x)j dx;

ii) d2(f; g) = (
R b
a
jf(x)� g(x)j2 dx) 12 ;

iii) d1(f; g) = sup fjf(x)� g(x)j : x 2 [a; b]g ; de�ned on C [a; b] are metric.

De�nition I.1.2 [15]Let (X; d) be space, x0 2 X and r > 0. Then

Br(x0) = fx 2 X : d(x; x0) < rg

is said to be an open ball having radius r with center x0.

Br(x0) = fx 2 X : d(x; x0) � rg

is said to be a closed ball having radius r with center x0.

Sr(x0) = fx 2 X : d(x; x0) = rg

is said to be the boundary ball having radius r with center x0.

Remark I.1.2 Open ball, closed ball and the boundary of a ball having radius r with
center x0 are denoted by Br(x0) = B(x0; r); Br(x0) = Br(x0; r) and Sr(x0) = S(x0; r) ,
respectively.

De�nition I.1.3 A sequence (xn) in a metric space (X; d) is said to convergy to a
point x0 2 X if for " > 0 there exists an integer N such that n � N implies that R

d(xn; xm) < ":

We say that the sequence (xn) is convergent and x0 is the limit of (xn). In other words
we write

xn �! x0 or lim
n�!1

xn = x0:

On the other hand, if (xn) is not convergent, it is divergent.

De�nition I.1.4 A sequence (xn) in a metric space (X; d) is said to be a Cauchy
sequence if for every " > 0 there exists an integer N such that

d(xn; xm) < "

whenever n � N and m �M . In other words, (xn) is a Cauchy sequence if

d(xn; xm) �! 0 as n;m �!1

9
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or equivalently
lim

n;m�!1
d(xn; xm) = 0

I.2 Normed Space

De�nition I.2.1 [15]Let X be a vector space over the real (or complex ) numbers. A
function,k:k, from X into the non-ngative real real numbers is called a norm on X if
for all x; y 2 X and � 2 R, the conditions kxk > 0 if x 6= 0 and kx+ yk � kxk+ kyk
are satis�ed. The norm of x is denoted by kxk. Moreover, the vector space X with
norm is called normed vector space or normed space .

i) kxk > o if x 6= 0;

ii) kxk = 0() x = 0;

iii) k�xk = j�j kxk ;

iv) kx+ yk � kxk+ kyk ;
Remark I.2.1 k:k is said to be a semi norm if only the conditions (n3) and (n4) are
satis�ed. Notice that for a semi norm the conditions kxk = 0 may be satis�ed for
non-zero x .

Theorem I.2.1 Let (X; k:k) be a normed space. Then for all x; y 2 X, the function
de�ned by

d(x; y) = kx� yk

is a metric on X. This metric is called normed metric.

De�nition I.2.2 [15] Let k:k1 and k:k2 norms be given on the vector space X.
For every x 2 X if there exists c1; c2 > 0 such that

c1 kxk1 � kxk2 � c2 kxk1 :

then k:k1and k:k2 are called equivalent norms.
De�nition I.2.3 As a result of this de�nition. We can deduce that di¤erent norms
can determine the same topology. The following result is based on the fact that any two
norms on a �nite dimensional vector space determine the same topology.

Theorem I.2.2 All the norms de�ned on �nite dimensional normed (vector) spaces
are equivalent.
As a consquence of Theorem, all the norms de�ned on �nite dimensional normed

spaces describe the same topology on these spaces. For instance, if a squence (xn) in
norm space X is convergent, bounded or Cauchy sequence with respect to the norm k:k1
(k:k2), then it is also convergent, bounded or Cauchy sequence with respect to the norm
k:k1 (k:k2).

10
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De�nition I.2.4 If every point sequence in A has a subsquence that converges to an
element of A in X, then the subset of a normed space X is said to be compact.

De�nition I.2.5 Let X and Y be normed spaces, and let k:kXand k:kY be their respec-
tive norms. If every bounded subset of X maps into a comparatively compact subset
of Y , then the continuous linear operator L 2 L(X; Y ) is considered compact. The
Heine�Borel theorem for �nite dimensions normed spaces might be seen as leading to
the following outcome.

Theorem I.2.3 Assume that X is a �nite dimensional normed space and that Y � X.
If and only if Y is closed and bounded, then the set is compact.

Remark I.2.2 Remark I.2.3 According to the theory of metric spaces, every conve-
gent sequence is Cauchy. There re metric spaces and normed spaces where a Cauchy
sequence does not converge, hence the oposite of this statement may not always be true.
The completeness property of a normed space, which yields a Banach space, is given in
the following. Only the basic characteristics of Bach spaces presented here. Additional
information is available in the functional and real analysis books listed in the reference
section.

I.3 The Hölder and Young Inequalities

1) [63]Let (X;�; �) be a measured space and let 1 � p; q; r � +1 be real numbers
such that

1

p
+
1

q
=
1

r

If u 2 Lp(X) and v 2 Lq(X) then uv 2 Lr(X) and,

kuvkLr(X) � kukLp(X) kvkLq(X) :

2) Let 1 � p; q � +1 and let r � 1 be such that,

1

r
=
1

p
+
1

q
� 1:

If u 2 Lp(Rd) then for almost all x in Rd the integral,

(u � v)(x) =
Z
Rd
u(x� y)v(y)dy

is convergent, and u � v belongs to Lr(Rd). Moreover we have,

ku � vkLr(Rd) � kukLr(Rd) kvkLr(Rd) :

11
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I.4 Approximation of the Identity

1. [63] Let � 2 C1(Rd) be such that

supp(�) �
�
x 2 Rd : jxj � 1

	
; � � 0;

Z
Rd
�(x)dx = 1:

For " in (0; 1] set,�"(x) = "
�d�(x

"
):

lim
"!0
(�" � u) = u in Lp(Rd):

The family [�"]"2(0;1] is called an appoximation of the identity. Then we have,

2. for any 1 � p < +1, if u belongs to 2 Lp(Rd),then

lim
"!0
(�" � u) = u in Lp(Rd):

3. If u : Rd �! C is a bounded uniformly continuous function, then

lim
"!0
(�" � u) = u in L1(Rd):

4. For any 1 � p � +1, if u belongs to Lp(Rd), then for almost all x in Rd,

lim
"!0
(�" � u)(x) = u(x):

5. For any 1 � p � +1, if u belongs to Lp(Rd), then for any " 2 (0; 1], the function
�" � u belongs to C1(Rd):

I.5 The Lebesgue Space Lp (
)

I.5.1 De�nition and Basic Properties of Lp(
)
[55] Let p be a positive real number and let 
 be domain in Rn. The class of all
measurable functions u de�ned on 
 in indicated by Lp(
), for whichZ




ju(x)jp dx <1: (I.5.1)

The members of Lp(
) are therfore equivalence classes of measurable functions satis-
fying (I.5.1), where two functions are comparable if they are equal a.e.in 
. We �nd
functions in Lp(
) that are identical nearly everywhere in 
. We disregard this dis-
tinction for simplicity and write u = 0 in Lp(
) if u(x) = 0 a.e.in 
, and u 2 Lp(
) if

12
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u ful�lls (I.5.1). If u 2 Lp(
) and c 2 C, then cu 2 Lp(
) is obviously true. We must
demonstrate that if u; v 2 Lp(
), then u + v 2 Lp(
) in order to prove that Lp(
) is
a vector space. This is a direct result of the inquity thar follows, which will also be
helpful in the future.

Lemma I.5.1 If 1 � p � 1 and a; b � 0, then

(a+ b)p � 2p�1(ap + bp): (I.5.2)

Lemma I.5.2 (The Lp Norm) Now will con�rm that the functional k:kp de�ned

kukp =
�Z




ju(x)jp dx
�1=p

is a standard on Lp(
), given 1 < p < 1 .(If 0 < p < 1, it is not a norm). When
there is a possibility of domain confusion, we substitute k:kp;
 for k:kp :

It is evident that if and only if u = 0 in Lp(
), then kukp � 0 and kukp = 0.
Additionally

kcukp = jcj kukp , c 2 C:

Therefore, after we have con�rmed the triangle inequality, we will have demonstrated
that k:kp is norm on Lp(
):

ku+ vkp � kukp + kvkp ,

Minkowski�s inequality is the name given to it. This requires Holder�s inequality �rst.

Corollary I.5.1 It is possible to apply Hölder�s inquality to products of more than two

functions. Assume that where uj 2 Lq(
); 1 � j � N , and pj > 0; u =
NY
j=1

uj. Soppose

that
NX
j=1

(1=pj) = 1=q, then u 2 Lq(
) and kukq �
NY
j=1

kujkpj . By induction on N, this

follows from the prior corollary.

Theorem I.5.1 (A Converse of Hölder�s Inequality) A mesurable function u is
a member of Lp(
) if and only if

sup

�Z



ju(x)j v(x)dx : v(x) � 0 on 
; kvkp0 � 1
�

(I.5.3)

is �nite, and then that supremum equals kukp :

13



CHAPTER I. PRELIMINAIRE I.6. THE SOBOLEV SPACE WM;P (
)

Theorem I.5.2 (Minkowski�s Inquality) If 1 � p � 1, then

ku+ vkp � kukp + kvkp : (I.5.4)

Theorem I.5.3 (Minkowski�s Inequality for Integals) Assume 1 < p < 1. As-
sume that the function y ! kf(:; y)kp;Rn belongs to L1(Rn). that f is measurable on
Rn � Rn, and that f(:; y) 2 Lp(Rm) for almost all y 2 Rn. Then, Lp(Rm) a contains
the function x!

R
Rn f(x; y)dy:�Z

Rm

����Z
Rn
f(x; y)dy

����p dx�1=p � Z
Rn

�Z
Rm
jf(x; y)jp dx

�1=p
dy:

that is, 



Z
Rn
f(:; y)dy






p;Rm

�
Z
Rn
kf(:; y)kp;Rm dy:

I.5.2 The Space L1 (
)

If a constant K exists such that ju(x)j � K a.e.on 
, then a function u that is mea-
surable on 
 is said to be basically limited on 
. The essential supremum of juj on

, represented by ess supx2
 ju(x)j, is the maximum lower bound of such constants
K. The vector space of all functions u that are fundamentally bounded on 
 is repre-
sented by L1(
), with functions being once more recognized if they are equal a.e.on

. Veri�cation of the functional k:k1 de�ned by

kuk1 = ess sup
x2


ju(x)j

is a norm on L1(
). Moreover, Hölder�s inequality (3) and its corollaries extend to
cover the two cases p = 1; p0 =1 and p =1; p0 = 1:

I.6 The Sobolev Space Wm;p (
)

I.6.1 De�nitions and Basic Properties

The Sobolev Norms

We de�ne a functional k:km;p where m is a positive integer and 1 � p � 1, as follows:

kukm;p = (
X

0�j�j�m

kD�ukpp)
1
p if 1 � p <1; (I.6.1)

kukm;1 = max
0�j�j�m

kD�uk1 with p =1 (I.6.2)

14
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for any function u for which the right side makes sence , k:kp being, of course, the
norm in Lp(
). In some situations where confusion of domains may occur we will use
kukm;p;
 in place of kukm;p. Evidently (I.6.1) or (I.6.2) de�nes a norm on any vector
space of functions on which the right side takes �nite values provided functions are
identi�ed in the space if they are equal almost everywhere in 
:

Sobolev Spaces

For any positive integer m and 1 � p � 1 we consider three vector spaces on which
k:km;p is a norm:

a) Hm;p(
) �the completion of
n
u 2 Cm(
) : kukm;p <1

o
with respect to the norm

k:km;p :

b) Wm;p(
) � fu 2 Lp(
) : D�u 2 Lp(
) for 0 � j�j � mg

c) Wm;p
0 (
) � the closure of C10 (
) in the space Wm;p(
):

Equipped with the appropriate norm (1) or (2) thes
e are called Sobolev Space over

. Clearly W 0;p(
) = Lp(
), and if 1 � p � 1 , W 0;p

0 (
) = Lp(
). For any m , we
have the obvious chain of imbeddings

Wm;p
0 (
) �! Wm;p(
) �! Lp(
):

Theorem I.6.1 [55] Wm;p(
) is a Banach space.
Proof: Let fung be a Cauchy sequence in Wm;p(
). Then fD�ug is a Chauchy se-
quence in Lp(
) for 0 � j�j � m. Since Lp(
) is complet there exist functions u and
u�; 0 � j�j � m, such that un �! u and D�un �! u� in Lp(
) as n �! 1. Now
Lp(
) � L1loc(
) and so un determines a distribution Tun 2 D0(
). For any � 2 D(
)
we have

jTun(�)� Tu(�)j �
Z



jun(x)� u(x)j j�(x)j dx � k�kp0 kun � ukp

by Hölder�s inequality, where p0 is the exponent conjugate to p. Therfre Tun(�) �!
Tun(�) for every � 2 D(
) as n �! 1. Similarly, TD�un(�) �! Tu�(�) for every
� 2 D(
). It follows that

Tu�(�) = lim
n!1

TD�un(�) = lim
n!1

(�1)j�jTun(D��) = (�1)j�jTu(D��)

for every � 2 D(
). Thus u� = D�u in the distributional sence on 
 for 0 � j�j � m,
whence u 2 Wm;p(
). Since limn!1 kun � ukm;p = 0, the space Wm;p(
) is complete.
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Theorem I.6.2 [55]Wm;p(
) is separable if 1 � p � 1 , and is uniformly convex and
re�exive if 1 � p � 1 . In particular, Wm;2(
) is a separable Hilbert space with inner
product

(u; v)m =
X

0�j�j�m

(D�u;D�v);

where (u; v) =
R


u(x)v(x)dx is the inner product on L2(
).

I.6.2 Duality and the spaces W�m;p0(
)

In this part, the operator P , the spaces Lp(
(m)) and W , and the number N for �xed

;m and p. Additionally, for any functions u; v for which the right side makes sence,we
de�ne

hu; vi =
Z



u(x)v(x)dx

for any functions u; v that make sence on the right side.
Let�s agree that p0 always represents the conjugate exponent for given p :

p0 =

8<:
1 if p = 1
p=(p� 1) if 1 < p <1
1 if p =1

The Riesz Representation Theorem is �rst extended too the space Wm;p(
). The
dual of Wm;p

0 (
) with a subspace of D(
) is then found lastly, we demonstrate that
the completion of Lp

0
(
) with regard to a norm weaker than the typical Lp

0
norm may

likewise be associated with the dual of Wm;p
0 (
) if 1 < p <1.

The Dual of Lp(
(m))

A unique v 2 Lp0(
(m)) corresponds to each L 2 (Lp(
(m)))0, where 1 < p < 1, so
that for each u 2 Lp(
(m))

L(u) =

Z

(m)

u(x)v(x)dx =
X
j�j�m

Z

�

u�(x)v�(x)dx =
X
j�j�m

hu�; v�i ;

where u� and v� are the restrictions of u and v, resectively, to 
�. Moreover,

L; (Lp(
(m)))0

 = 

v;Lp0(
(m)))0

. Thus (Lp(
(m)))0 = Lp0(
(m)):
This is valid because Lp(
(m)) is, after all, an Lp space, albeit one de�ned on an

unusual domain.

Theorem I.6.3 [55] (The Dual of Wm;p(
)) Let 1 � p � 1. Then for every
functional L 2 (Wm;p(
))0 there exist a function v 2 L0(Wm;p(
)) such that if he
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restriction of v to 
� is v�, we have for all u 2 Wm;p(
)

L(u) =
X

0�j�j�m

hD�u; v�i (I.6.3)

Moreover

kL; (Wm;p(
))0k = inf



v;Lp0(
(m))


 = min 


v;Lp0(
(m))


 ; (I.6.4)

For any u 2 Wm;p(
), (I.6.3) holds, and the in�mum is taken over and reached on the
set of all v 2 Lp0(
(m)). If 1 < p < 1, the element v 2 Lp0(
(m)) satisfying (I.6.3)
and (I.6.4) is unique.

Theorem I.6.4 (The Normed Dual of Wm;p
o (
)) The dual space (Wm;p

0 (
))0 is
isometrically isomorphic to he Banach space W�m;p0(
), which is composed of those
distributions T 2 D(
) that satisfy (I.8.1) and have norm

kTk = min
n


v;Lp0(
(m))


 : v satis�es (I.8.1)o .

The isometric isomiphism results in this space being complete.
If 1 < p <1, then Wm;p0

0 (
) is clearly separable and re�exive.
Distributions T provided by (I.8.1) do not fully de�ne continuous linear functionals

on Wm;p(
) when Wm;p
0 (
) is proper subset of Wm;p(
) due to their limits to C0(
):

I.6.3 Approximation by Smooth Functions on 
n
� 2 C1(
) : k�km;p <1

o
is dense in Wm;p(
) is what we want to demonstrate .

The following existence theorem for ndlessly de¤erentiable partial functions of unity is
necessary for his .

Theorem I.6.5 (Unity Partitions ) Let A be a set of open sets in W that cover
A, or A � [u2�U , and let A be an abritrary subset of W then, a set of functions
` 2 C10 (Rn) having the following properties;

i) For every ` 2 	 and every x 2 Rn, o � `(x) � 1:

ii) If K b A, all but �nitely many ` 2 	 vanish identically on K:

iii) For every ` 2 	 there exists U 2 � such that supp (`) � U:

iv) For every x 2 A, we have
P

`2	 `(x) = 1:

Such a collection 	 is called a C1-partition of unity for A subordinate to �:
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I.6.4 Approximation by Smooth Functions on Rn

Having shown that an element of Wm;p(
) can always be approximated by functions
smooth on 
 we now ask whether the approximation can in fact be done with bounded
functions having bounded derivatives of all orders, or at least of all orders up to and
including at least m. That is, we are asking whether, for any values of k � m, the
space Ck(
) is dence in Wm;p(
). The following example shows that the answer mav
be negative.

I.7 Sobolev embedding theorems
When examining the regularity of a weak solution to a boundary value issue, for ex-
ample, Sobolev embedding theorems are crucial.

I.7.1 The Rellich Kondrachov Theorems
De�nition I.7.1 [1] Let V � W , V and W be two Banach spaces. We write V ,! W

if the spaces V is continuously embedded in W

k�kW � c k�kV 8� 2 V: (I.7.1)

We say the space V is compactly embedded in W and write V ,!,! W , if (I.7.1) holds
and each bounded sequence in V has a subsequence coonverging in W:

Remark I.7.1 if V ,! W , the functions in V are more smooth than the remaining
functions in W . A simple example is H1(
) ,! L2(
) and H1(
) ,!,! L2(
).

Proofs of most parts of the following two theorems can be found in [39]. The �rst
theorem is embedding of Sobolev spaces, and the second on compact embedding.

Theorem I.7.1 (continuously embedded) Consider the Lipshitz domain 
 2 Rd.
Then, the following claims are true.

a) If k < d=p, then W k;p(
) ,! Lq(
) for any q � p�, where p� is de�ned by 1=p� =
1=p� k=d:

b) If k = d=p, then W k;p(
) ,! Lq(
) for any q <1:

c) If k > d=p, then
W k;p(
) ,! Ck�[d=p]�1;�(
);

where

� =

�
[d=p] + 1� d=p , if d=p 6= integer,
any positive number <1 , if d=p = integer

18



CHAPTER I. PRELIMINAIRE I.7. SOBOLEV EMBEDDING THEOREMS

In the theorem, denotes the integer part of x, i.e., the largest integer less than or
equal to x. We remark that in the one-dimensional case, with 
 = (a; b) a bounded
interval, we have

W k;p(a; b) ,! C[a; b]

for any k � 1; p � 1:

Theorem I.7.2 (compactly embedded) Consider the Lipschitz domain 
 2 Rd.
Then, the following claims are true.

a) If k < d=p, then W k;p(
) ,!,! Lq(
) for any q < p�, where p� is de�ned by
1=p� = 1=p� k=d:

b) If k = d=p, then W k;p(
) ,!,! Lq(
) for any q <1:

c) If k > d=p, then
W k;p(
) ,!,! Ck�[d=p]�1;�(
);

where � 2 (0; [d=p] + 1� d=p):

How can we recall these outcomes ?. We use the case of theorem I.7.2. The functions
from the space W k;p(
) are smoother the larger the product kp. For this product,
there is a crucial value d (the domain�s dimension) such that a W k;p(
) function is
truly continuous if kp > d or more speci�cally, represents a continuous function a.e.For
an exponent p� greater than p, a W k;p(
) function belongs to Lp

�
(
) when kp < d.

Starting with the requirement kp < d, expressed as 1=p � k=d > 0, we calculate the
exponent p�. The di¤erence 1=p� k=d is then de�ned as 1=p�. Knowing if a W k;p(
)

function has continuous derivatives up to a speci�c order is typically helpful when
kp > d. We start with

W k;p(
) ,! C(
) if k > d=p.

Then we apply this embedding result to derivatives of Sobolev functions, it is easy to
see that

W k;p(
) ,! C1(
) if k � l > d=p:

As some concrete examples, for a two-dimensional Lipschitz domain 
, H1(
) ,!,!
Lq(
) 8 1 � q � 1 and H2(
) ,!,! C(
). So in particular, a sequence bounded
in H1(
) has a subsequence that converges in L2(
), C(
). For a three-dimensional
Lipschitz domain
,H1(
) ,!,! Lq(
) 8 1 � q < 6; H1(
) ,! L6(
), andH1(
) ,!,!
C(
):

Theorem I.7.3 A direct consequence of Theorem I.7.3 is the following compact em-
bedding result.
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I.7.2 Traces theorem

LP (
) spaces are used to de�ne Sobolev spaces. Sobolev functions are therefore only
uniquely de�ned in 
. The boundary value of a Sobolev function appears to be poorly
de�ned now that the boundary � has measure zero in Rd. However, a Sobolev function�s
tace on the boundary can be de�ned so that, for a Sobolev function that is continuous
up to the border, its trace and its boundary value coincide.

Theorem I.7.4 [1] Let Rd, 1 � p <1, be a Lipschitz domain with 
. A continuous
linear operator 
 : W 1;p(
)! Lp(�) then has the following characteristics:

a) 
v = vj� if v 2 W 1;p(
) \ C(
):

b) For some constant c > 0; k
vkLp(�) � c kvkW 1;p(
) 8v 2 W 1;p(
):

c) The mapping 
 : W 1;p(
)! Lp(�) is compact; i.e., for any bounded sequence fvng
in W 1;p(
), there is a subsequence fvn0g � fvng such that f
vn0g is convergent
in Lp(�):

Remark I.7.2 i) The trace operator is denoted by 
, and the generalaized boundary
value of v is denoted 
v. The trace operator from W 1;p(
) to Lp(�) is neither an
injection nor a surjection. The range 
(W 1;p(
)) is a positive order Sobolev space over
the boundary, namely W 1�1=p;p(
), which is smaller than Lp(�). Typically, the trace
of v 2 H1(
) is represented by the same symbol v
ii) If vn ! v in H1(
), then vn ! v in L2(�):

Theorem I.7.5 When we discuss weak formulations of boundary value problems later
in this book, we need to use traces of the H1(
) functions. These traces form the space
H1=2(�); in other words,

H1=2(�) = 
(H1(
)):

Correspondingly, we can use the following as the norm for H1=2(�) :

kgkH1=2(�) = inf
v2H1(
)

kvkH1(
) : (I.7.2)

The ability to appropriately impose necessary boundary conditions in formulations is
a prerequisite for understanding boundary value problems. Theorem I.7.3 is enough
for the purpose because necessary boundary conditions for second-order boundary value
issues only require function values on the border. The traces of partial derivatives
on the border must be used for higher-order boundary value problems. For instance,
all boundary requirements containing derivatives of order at most one are regarded as
fundamental boundary conditions for fourth-order boundary value issues. Given that
By di¤erentiating the function�s boundary value, we may get the tangential derivative
of a function on the boundary; all we need to do is use the function�s traces and normal
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derivative.Let the outward unit normal to the boundary � of 
 be represented by v =
(v1; :::; vd)

T . Remember that the classical normal derivative of v on the boundary if it
is a member of C1(
) is

@v

@�
=

dX
i=1

@v

@xi
�i:

I.7.3 Generalized Poincaré Inequality
Theorem I.7.6 Let 
 be a Lipschitz bounded domain in Rn. Let p 2 [1;+1[ and let
N be a continuous seminorm on W 1;p(
); that is, a norm on the constant functions.
Then there exists a constant C > 0 that depends only on 
; N; p, such that

kukW 1;p(
) � C
 �Z




jru(x)jp dx
�1=p

+N (u)
!
:

Proposition I.7.1 [13] Let 
 be a bounded domain of class C1; then there exists a
constant CP > 0 such that every u in H1

0 (
) satis�es

kukH1(
) � CP kruk2 :

I.7.4 The Lax-Milgram Lemma
The Lax-Milgram Lemma is employed frequently in the study of linear elliptic boundary
value problems. For a real Banach space V , let us �rst explore the relation between a
linear operator A : V ! V 0 and a bilinear form a : V � V ! R related by

hAu; vi = a(u; v) 8u; v 2 V: (I.7.3)

The bilinear form a(:; :) is continuous if and only if there exixts M > 0 such that

ja(u; v)j �M kuk kvk 8u; v 2 V

Theorem I.7.7 [1] there exixts a one-to-one correspondence between linear continuous
operators A : V ! V 0 and continuous bilinear forms a : V � V ! R, given by the
formula (I.7.3).

I.8 Weak Derivative

De�nition I.8.1 [15] Let � be a multi-index and the function u 2 L1loc(
) be provided
for each ' 2 C10 (
) the relationship

Tv�(�) = h�; v�i =
Z



u(x)D�'(x)dx = (�1)j�j
Z



'(x)v(x)dx (I.8.1)
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is met, the function v 2 L1loc(
) is known as the � � th weak (generalized) derivative
of u, and it is represented by the notation v = D�u.
A number of authors also use v = v� = D�u to indicate the weak derivative. Only

weak derivatives exist.

I.8.1 Properties of the Weak Derivative
We wrap o¤ the chapter by presenting the following theorem, which allows one to com-
pare the weak derivative with the classical one and determine some of its fundamental
characteristics, especially from the �rst two propositions.

Theorem I.8.1 i) A function has a weak derivative if it has a (classical) derivative.
The opposite might not always be true, though. In other words, a function with a weak
derivative might not have a (classical) derivative.
ii) The weak derivative is de�ned worldwide, whereas the classical derivative is point-

wise.
iii) The weak derivative is linear. In other words, if c1; c2 2 R and u1; u2 2 L1loc(
),

we obtain
D�(c1u1 + c2u2) = c1D

�(u1) + c2D
�(u2):

iv) If u has a weak derivative v = D�u and if v has a weak derivative w = D�v =

D�(D�u), then
D�+�u = D�(D�u) = D�v = w:

The fact that the sequence of di¤erentiation is irrelevant for mixed derivatives is an-
other essential characteristic of the weak derivative that sets it apart from the classical
derivative. Stated otherwise, the weak derivative is independent of the di¤erentiation
order.

Remark I.8.1 In the classical sense, a function must be continuous in order to be
di¤erentiable. However, the weak derivative does not need neither continuity nor dif-
ferentiability of the function; integrability is su¢ cient.

I.9 Green�s Identities

To keep things simple, we look at R3 elements. Let F = (F1; F2; F3) be a vector in R3
and u = u(x; y; z) be a function. The following lists some helpful notations.

� ru = gradu = (ux; uy; uz);

� r � F = divF = F1x + F2y + F3z;

� 4u = div gradu = r � ru = uxx + uyy + uzz;

� jruj2 = u2x + u2y + u2z;
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� r � r = r2 = 4:

Theorem I.9.1 (Green�s First Identity)[15] For u 2 C2(
) \ C(
);Z



v4udx =
Z
@


v
@u

@n
ds�

Z



rvrudx

where n is the unit vector in the outward normal direction and @u
@n
= n � ru:

(Green�s Second Identity).For u 2 C2(
) \ C(
);Z



(u4v � v4u)dx =
Z
@


(u
@v

@n
� v @u

@n
)ds:

I.10 Some Semigroup arguments

De�nition I.10.1 Let B 2 L(X) be a bounded operator. The resolvent set �(B) of B
is the set of all � in C for which (B � �I)�1 exists and bounded

�(B) =
�
� 2 C; (B��I)�1 2 L(X)

	
:

The spectrum of B, denoted by �(B), is the complement of the resolvent set, i.e.,

�(B) = Cn�(B):

A complex number � is an eigenvalue of B if

N(B��I) 6= f0g :

Theorem I.10.1 Let X be a Banach space and B 2 L(X) . If the operator B satis�es
kBk < 1; then I � B is invertible and its inverse is given by

(I � B)�1 =
1X
n=0

Bn:

De�nition I.10.2 De�nition I.10.3 [5] Let X be a Banach space. A semigroup of
bounded linear operators is a family of bounded linear operators T (t) 2 L(X), which
depend on a parameter 0 � t � 1 and that satis�es the following properties
T (0) = I, (I is the identity operator on X).
T (t+ s) = T (t)T (s) for every t; s � 0 (the semigroup property).
A semigroup of bounded linear operatorsT (t)is uniformly continuous if

lim
t!0

kT (t)� Ik = 0:
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the infunitesinal generator of a semigroup T (t) is the operator B de�ned on

D(B) =
�
x 2 X : lim

t!o

T (t)x� x
t

exists
�

by

Bx = lim
t!0

T (t)x� x
t

; for x 2 D(B):

De�nition I.10.4 (Maximal Monotone Operators) [24] LetX be a Hilbert space,an
unbounded linear operator B : D(B) � X ! X is said to be monotone(accretive) if it
satis�es

Re hBv; vi � 0;8v 2 D(B)

In addition, the operator is called maximal monotone , if R(I + B) = X i.e,

8f 2 X;9v 2 D(B); such that u+ Bu = f:

Remark I.10.1 If -B is monotone, we say that B is dissipative.

Proposition I.10.1 Proposition I.10.2 [24] Let B be a maximal monotone operator
on a Hilbert space. Then
1) D(B) is dense in X.
2) B is a closed operator.
3) For every � > 0, (I + �B) is bijective from D(B) into X, (I +B)�1 is a bounded

operator, and k(I + �B)�1kL(X) � 1:

I.10.1 The Lumer Philips Theorem

De�nition I.10.5 [6] If there is a x� 2 F (x) such that Re hAx; x�i � 0 for each
x 2 D(A),then a linear operator A is dissipative. The following is a helpful description
of dissipative operators.

Theorem I.10.2 (Lumer-Phillips) Let A be a linear operator in X with the dense
domain D(A):

1) If A is dissipative and there is a �0 > 0 such that the range, R(�0I�A), of �0I�A
is X, then A is the in�nitsimal generator of a C0 semigroup of contractions on
X:

2) If A is the in�nitesimal generator of a C0 semigroup of contractions on X the
R(�I�A) = X for all � > 0 and A is dissipative. Moreover, for every x 2 D(A)
and every x� 2 F (x), R hAx; x�i � 0:
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I.10.2 The Hille-Yosida Theorem
Consider a C0 semigroup T (t), for t > 0, there are constants ! � 0 and M � 1

such that kT (t)k � Me!t. T (t) is said to be uniformly bounded if M = 1, and a C0
semigroup of contractions if ! = 0. Characterizing the in�nitesimal generators of C0
semigroup of contractions is the focus of this section. In order for an opperator A to
be the in�nitesimal generator of a C0 semiggroup of contractions, some conditions on
the resolvent�s behavior are provided.
Recall that if A is a linear, not necessarily bounded, operator in X, the resolvent set

�(A) of A is the set of all complex numbers � for which �I�A is invertible,i.e.,(�I�A)�1
is a bounded linear operator in X . The family R(� : A) = (�I � A)�1, � 2 �(A) of
bounded linear operators is called the resolvent of A:

Theorem I.10.3 [6] (Hill-Yosida) A linear (unbounded) operator A is the in�nites-
imal generator of a C0-semigroup of contractions T (t), if and only if

1) A is closed and D(A) = X:

2) The resolvent set �(A) of A contains R+ and for every � > 0

kR(� : A)k � 1

�
: (I.10.1)

I.10.3 Operator m-dissipative
De�nition I.10.6 [6] A dissipative operator A is referred to as m-dissipative if R(I�
A) = X:
If A dissipative so is �A for all � > 0 and therefore if A is m-dissipative then

R(�I�A) = X for every � > 0. In terms of m-dissipative operators the Lumer-Philips
theorem can be restated as: A densely de�ned operator A is the in�nitesimal generator
of a C0 semigroup of contractions if and only if it is m-dissipative.
The main result of this section is the following perturbation theorem for m-dissipative

operators.

I.11 Stability and Hyperbolicity for Semigroups

We �rst examine the stability of strongly continuous semigroups (T (t))t�0, one of the
many intriguing forms of asymptotic behavior. This means that as t ! 1, the oper-
ators T (t) ought to converge to zero. However, we must discriminate between several
de�nitions of convergence, as is to be expected in in�nite-dimensional spaces.

I.11.1 Stability concepts
De�nition I.11.1 A strongly continuous semigroup (T (t))t�0 is called
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- strongly exponentially stable, provided that " > 0:

lim
t!1

e"t kT (t)k = 0; (I.11.1)

- uniformly stable if
lim
t!1

kT (t)k = 0; (I.11.2)

- strongly stable if
lim
t!1

kT (t)xk = 0 for all x 2 X; (I.11.3)

- weakly stable if

lim
t!1

hT (t)x; x0i = 0 for all x 2 X and x0 2 X 0: (I.11.4)

In the case A is not compact, then the classical methods such as Lasalle�s invari-
ance principle [18] or the spectral decomposition theory of SzNagy-Foias, Foguel and
Benchimol [13, 8, 33] are not applicable. in this case. Thus, we will use a Stability
Theorem of Arendt-Batty (given below) to study the strong stability of our system

Theorem I.11.1 (Stability Theorem)[69] Let (T (t))t�0 be a bounded C0-semigroup
on a re�ixive space X. Denote by A the generator of (T (t))t�0 and by �(A) the spectrum
of A. If �(A)\ iR is countable and no eigenvalue of A lies on the imaginary axis, then
limt!1 T (t)x = 0 for all x 2 X.

Theorem I.11.2 On a Banach space X, let (T (t))t�0 be a bounded strongly continuous
semigroup with generator A. If

P�(A0) \ iR = ; and
�(A) \ iR is countable,
then (T (t))t�0 is strongly stable, i.e.,

lim
t!1

T (t)x = 0 for all x 2 X: (I.11.5)

Corollary I.11.1 On a Banach space X, let (T (t))t�0 be a strongly continuous semi-
group with generator A. The following claims are identical if (T (t))t�0 is substantially
compact for the strong operator topology. (T (t))t�0 is strongly stable. P�(A)\ iR = ;:

I.11.2 Lyapunov direct method
Theorem I.11.3 Suppose that there exist constant a; b; c; r > 0; p � 1 and a C1 func-
tion V : R+ � R! R such that,

i) 8x; kxk � r; a kxkp � V (x; t) � b kxkp ;8t � 0:

ii) Vt(t; x) � �c kxkp ;8t � 0;8x; kxk � r:

Then, the equilibrium point of the equation xt = f(t; x) is exponentially stable.
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I.12 Perturbation by Compact Operator

I.12.1 Fredholm Operator
An invertible operator is a basic illustration of a fredholm operator J : E ! F ; in this
case N(t) = f0g ; R(T ) = F , and so �(T ) = �(T ) = 0. Conversely, �(T ) = �(T ) = 0
implies that J is invertible. We shall now charactirize the Fredholm operators, that is,
the operators T 2 � such that �(T ) = �(T ); i(T ) = 0:

De�nition I.12.1 A Fredholm operator is one whose kernel is �nite-dimensional
and whose image has �nite codimension. The index of a fredholm operator is the
di¤erence

index(T ) := dimkerT � codim ImT:

A Fredholm operator T : X ! Y gives rise to decompositions

X = kerT �M; Y = im T �N;

for some closed linear subspace M;N . The restricted operator R : M ! im T; x 7�!
Tx is then bijective and continuous, and thus an isomorphism by the open mapping
theorem.

Theorem I.12.1 [35] (Riesz-Schauder) If T = J + V , where J is invertible and V
is compact, then T is fredholm, that is �(T ) = �(T ) <1:

27



Chapter II

Well posedness and decay rates for
the wave equation with delay term

on the dynamical control
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In this chapter, we study a wave equation set in a bounded domain (in any space
dimension) with a dynamical control and prove that if the delay term is small enough,
then the system with delay has the same (polynomial) decay rate than the one without
delay. The main (and simple) idea is to use a duality argument already used in [72] in
a fully di¤erent context and in [20] for a system without dynamical control. Hence our
purpose is to generalize these results to a system with delayed dynamical control.
Let us shortly describe the distributed parameter systems that we will analyse. Let


 � Rn be an open bounded domain with a lipschitz boundary �. We assume that �
is divided into two open parts �D and �N , i.e. � = �D [ �N with meas (�D) 6= 0 and
meas (�N) 6= 0.
In this domain 
, we consider the following wave equation with delay term on the

dynamical control
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8>>>>>><>>>>>>:

utt (x; t)��u (x; t) = 0 in 
� (0;+1) ;
u (x; t) = 0 on �D � (0;+1) ;
@u
@v
(x; t) + � (x; t) = 0 on �N � (0;+1) ;

�t (x; t)� ut (x; t) + �1� (x; t) + �2� (x; t� �) = 0 0n �N � (0;+1) ;
u (x; 0) = u0; ut (x; 0) = u1 in 
;
� (x; t� �) = f0 (x; t� �) on �N � (0; �) ;

(II.0.1)

Where v (x) denotes the outer unit normal vector to the point x 2 � and @u
@v
is the

normal derivative of u. Besides � denotes the dynamical control, � > 0 is the time
delay, �1 and �2 are positive constants and the initial data (u0; u1; f0) belong to a
suitable space (precisely described below). The damping of the system is made via the
indirect damping mechanism on �N
Our �rst goal is to show that this system is well-posed and is strongly stable under

the following assumption
�2 < �1: (II.0.2)

Afterwards, we show that this system is not exponentially stable.Finally we show that
if the system (II.0.1) without delay (i.e.,with �2 = 0) is polynomially stable, then
system (II.0.1) with delay inherits the same polynomial decay rate.
The next is organized as follows; the �rst section is devoted to the well-posedness

and strong stability of problem (II.0.1) but, in the second section we establish the non
uniform stability, and �nally in third section we prove the rational stability.

II.1 Well posedness and strong stability

In this section we will give the well posedness for the problem (II.0.1) by using the
semigroup theory, and then establish a strong stability result.

II.1.1 Well posedness

Let us set

z (x; �; t) = � (x; t� ��) ; x 2 �N ; � 2 (0; 1) ; t 2 (o;+1) :
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The problem (II.0.1) is now equivalent to8>>>>>>>>>>>>><>>>>>>>>>>>>>:

utt(x; t)��u(x; t) = 0 in 
� (0;+1) ,
�zt(x; p; t) + z�(x; �; t) = 0 in �N � (0; 1)� (0;+1);
u(x; t) = 0 on �D � (0;+1);
@vu(x; t) + �(x; t) = 0 on �N � (0;+1);
�t(x; t)� ut(x; t) + �1�(x; t) + �2z (x; 1; t) = 0 on �N � (0;+1);
z(x; 0; t) = �(x; t) on �N � (0;+1);
u(x; 0) = u0; ut (x; 0) = u1 in 
;
� (x; t) = �0 on �N
z (x; �; 0) = f0 (x;���) on �N � (0; �)

(II.1.1)

We set
U = (u; ut; �; z)T :

Then we have

Ut = (ut; utt; �t; zt)
T =

�
ut;�u; (ut � �1� � �2z (:; 1))j�N ;��

�1z�

�T
:

Therefore problem (II.1.1) can be rewritten in an abstract framework:�
Ut = AU ;
U (0) = (u0; u1; �0; f0 (:;�:�))

T ; (II.1.2)

where the operator A is de�ned by

A (u; v; �,z)T =
�
v;�u; 
 (v � �1� � �2z (:; 1)) ;���1z�

�T
;

with domain

D (A) =
�
(u; v; �; z)T 2 D (�)�H1

�D
(
)� L2 (�N)� L2

�
�N �H1 (0; 1)

� ���� @vu = ��z (:; 0) = �
on �N

�
;

where
H1
�D
(
) =

�
u 2 H1 (
) ; u = 0 on �D

	
;


 is the trace mapping from H1 (
) into L2 (�N), and D (�) is the �maximal�domain
of the Laplace operator

D (�) =
�
u 2 H1

�D
(
)

���u 2 L2 (
) ; and @vu 2 L2 (�N)	 :
Let us now introduce the Hilbert space

H = H1
�D
(
)� L2 (
)� L2 (�N)� L2 (�N � (0; 1))
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with the norm


(u; v; �; z)T


2
H
= k5uk2L2(
)n + kvk

2
L2(
)n + k�k

2
L2(�N )

+ & kzk2L2(�N�(0;1))

and the natural associated inner product

*0BB@
u

v

�

z

1CCA ;
0BB@
u�

v�

��

z�

1CCA
+
H

=

Z



(ru:r�u� + v�v�) dx+
Z
�N

����d�+�

Z
�N

Z 1

0

z (x; �) �z� (x; �) d�;

where, here and below, � is a �xed constant satisfying

��1 < � < � (2�1 � �2) (II.1.3)

which always exists due to the assumption (II.0.2).

Proposition II.1.1 The operator A de�ned above is m-dissipative.

Proof: By Green�s formula and Cauchy-Schwarz�s inequality, we see that

< hAU ;UiH = <
*0BB@

v

�u


 (v � �1� � �2z (:; 1))
���1z�

1CCA ;
0BB@
u

v

�

z

1CCA
+
H

= <
Z



rv:O�udx+
Z



�u�vdx+

Z
�N

(v � �1� � �2z (:; 1)) ��d�����1
Z
�N

Z 1

0

z� (x; �) �z (x; �) d�d�

= �<
Z
�N

��vd� + <
Z
�N

(v � �1� � �2z (:; 1))��d�� ���1
Z
�N

�
1

2
j z (x; �) j2

�1
0

d�

= ��1
Z
�N

j�j2 d�� �2<
Z
�N

z (x; 1) ��d�� ��
�1

2

Z
�N

z (x; 1)2 d� +
���1

2

Z
�N

j�j2 d�

� ��1
Z
�N

j�j2 d� + �2
Z
�N

jz (:; 1) ��j d�� ��
�1

2

Z
�N

��z (x; 1)2��+ ���1
2

Z
�N

j�j2 d�

� ��1
Z
�N

j�j2 d�+�2
2

Z
�N

jz (x; 1)j2 d�+�2
2

Z
�N

j�j2 d����
�1

2

Z
�N

jz (x; 1)j2 d�+��
�1

2

Z
�N

j�j2 d�:

This proves that

< hAU ;UiH � �1


�2



L2(�N )
+ �2 kz (:; 1)k2L2(�N ) ; (II.1.4)

Which

�1 = ��1 +
�2
2
+
�

2
��1 , �2 =

�2
2
� �
2
��1 (II.1.5)
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that are negative constants due to (II.1.3). We therefore deduce that A is dissipative.
Now, we will show that the operator �I �A is surjective for all � > 0.
Given F = (f; g; h; k)T 2 H, we look for U = (u; v; �; z)T 2 D (A) solution of

(�I �A)U = F

that is 8>><>>:
�u� v = f
�v ��u = g
�� � (v � �1� � �2z (:; 1)) = h
�z + ��1z� = k:

(II.1.6)

Assuming for the moment that we have found � and z with appropriate regularity such
that

z (:; 0) = �: (II.1.7)

Then using (II.1.7) we deduce from the fourth equation of (II.1.6) that

z (:; �) = �e���� + �e����
Z �

0

k (:; �) e���d� 2 L2 (�N � (0; 1)) ; (II.1.8)

consequently

z (:; 1) = �e��� + �e���
Z 1

0

k (:; �) e���d�: (II.1.9)

Eliminating v from the �rst identity in (II.1.6), namely

v = �u� f (II.1.10)

and using (II.1.9) in the third identity of (II.1.6), we �nd

� = �C�u� ~f� on �N (II.1.11)

where for shortness we set8<:
C� =

1
�+�1+�2e

��� ;

~f� = C�

�
f + �2�e

���
Z 1

0

k (:; �) e���d� � h
�
:

(II.1.12)

It follows that u veri�es 8<:
��u+ �2u = g + �f in 

u = o on �D
@vu+ �C�u = ~f� on �N :

(II.1.13)
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Multiplying the �rst equation of (II.1.13) by ' 2 H1
�D
(
) and integrating formally by

parts we get
a� (u; ') = L� (') ;8' 2 H1

�D
(
) ; (II.1.14)

where the bilinear and continuous form a�is given by

a� = (u; ') =

Z



rur'dx+ �2
Z



u'dx+ C��

Z
�N

u'd�

while the linear form L�is

L� (') =

Z



(g + �f)'dx+

Z
�N

~f�'d�:

Since a�is clearly strongly coerciveon H1
�D
(
)� H1

�D
(
) and L� is continuous on

H1
�D
(
) the Lax-Milgram theorem ensures that the problem (II.1.14) admits a unique

weak solution u 2 H1
�D
(
) :

Moreover, considering test function ' 2 D (
), we recover the �rst identity of
(II.1.13) in D0 (
) that is in distributions sense; consequently �u 2 L2 (
) since f
and g belong to L2 (
). Coming back to (II.1.14), and again applying Green�s formula,
we �nd that

@vu+ �C�u = ~f� on �N :

Further since ~f� and u belong to L2 (�N), we deduce that u belongs
to D (�). Furthermore, from (II.1.6) and (II.1.13) we de�ne v and � by (II.1.10) and
(II.1.11) respectively, which gives the regularity v = �u � f 2 H1

�D
(
) � L2 (
),

� 2 L2 (�N) and the boundary condition @vu = �� on �N . Finally we have found
U 2 D (A) which veri�es (II.1.6). This shows that the operator A is m-dissipative on
H and then generates a C0-semigroup of contractions inH . Thanks to Lumer-Phillips�
theorem, problem (II.0.1) is well posed.

II.1.2 Strong stability

The main result of this subsection is the following.

lim
t!0



etAU0

H = 0; for any U0 2 D (A)
Since it is easy to see that the resolvent of A is not compact, then the classical meth-
ods such as Lasalle�s invariance principle [65] or the spectral decomposition theory of
SzNagy-Foias, Foguel and Benchimol [56], [11], [7] are not applicable in this case. Then
we will study the strong stability of system (II.0.1) by using a general criteria of Arendt-
Batty [68]. Following this criteria, the C0-semigroup of contractions etA isstronglystableif
� (A)\ iR is countable and no eigenvalue of A lies on the imaginary axis, where � (A)
denotes the spectrum of A.
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First of all, let us look for the spectrum on the imaginary axis, and next analyse the
behaviour of the resolvent on the imaginary axis.

Lemma II.1.1 for all � 2 R we have

ker (i�I �A) = f0g ;

more precisely, there is no eigenvalue of A on the imaginary axis.

Proof: Let us set U = (u; v; �; z; )T . Given � 2 R, U 2 ker (i�I �A). It follows that

i�U �AU = 0; (II.1.15)

which is equivalent to8>><>>:
i�u� v = 0 in 


i�v ��u = 0 in 


i�� � v + �1� + �2z (:; 1) = 0 on �N
i�z + ��1z� = 0 on �N � (0; 1) :

(II.1.16)

Recalling the dissipativity property (II.1.4)of A, we get

0 = <
*
A

0BB@
u

v

�

z

1CCA ;
0BB@
u

v

�

z

1CCA
+
H

� �1 k�k2L2(�N ) + �2 kz (:; 1)k
2
L2(�N )

� 0; (II.1.17)

and as �1 and �2 from (II.1.5), are negative constants, we deduce that�
� = 0 on �N
z = 0 on �N � (0; 1) :

(II.1.18)

Combining (II.1.18) and the third equation of (II.1.16) gives

v = 0 on �N : (II.1.19)

Using now (II.1.19) in the �rst equation of (II.1.16) it follows that

v = 0 on �: (II.1.20)

Furthermore, U 2 D (A) implies that

@vu = �� = 0 on �N : (II.1.21)

Combining the �rst and the second equation of (II.1.16) and using (II.1.20) and (II.1.21)
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we get 8<:
�u+ �2u = 0 in 


u = 0 0n �

@vu = 0 on �N :

(II.1.22)

Thanks to Holmgren�s theorem (see [31]), the unique solution of system (II.1.22) is
u � 0. Finally we conclude that U = 0, the proof of lemma II.1.1 is thus completed.

Lemma II.1.2 Equipped with the norm

kukD(�) = krukL2(
)n + k�ukL2(
) + k@vukL2(�N ) ;

D (�) is compactly embedded into H1
�D
(
)

Proof: Let fukgk2N be a bounded sequence in D (�) or equivalently

krukkL2(
)n + k�ukkL2(
) + k@vukkL2(�N ) � C;8k 2 N; (II.1.23)

for a positive constant C. Then by Kondrachov embedding theorem and a trace theo-
rem, there exist u 2 H1

�D
(
) and a subsequence, still denoted by (uk)k2N for shortness

such that
uk ! u strongly in L2 (
) as k !1; (II.1.24)

uk ! u strongly in L2 (�N) as k !1: (II.1.25)

Now by setting fk := �uk in 
 and gk := @vuk on �N , we notice thatZ



jr (uk � u%)j2 dx = �
Z



(fk � f%) (uk � u%)dx+
Z
�N

(gk � g%) (uk � u%)dx .

and by Cauchy-Schwarz�s inequality and (II.1.23) we deduce thatZ



jr (uk � u%)j2 dx � 2C
�
kuk � u%kL2(
) + kuk � u%kL2(�N )

�
:

By (II.1.24) and (II.1.25), this right-hand side tends to zero as k goes to in�nity and
we deduce that (uk)k2N is a Cauchy sequence in H

1
�D
(
), hence the conclusion.

Lemma II.1.3 For all � 2 R we have

R (i�I �A) = H.

Proof: Since we have already shown that A is surjective, it su¢ ces to treat the case
� � 0. Hence let � 2 R� and F (f; g; h; k)T 2 H. Then we look for U = (u; v; �; z)T 2
D (A) such that

(i�I �A)U = F: (II.1.26)
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Equivalently, we have8>><>>:
i�u� v = f in 


i�v ��u = g in 


i�� � v + �1� + �2z (:; 1) = h on �N
i�z � ��1z� = k on �N � (0; 1) :

(II.1.27)

Proceeding as in the proof of Proposition 2.1 we arrive to problem (II.1.13) with �
replaced by i�, its variational formulation being (II.1.14) with � replaced by i�. Since
ai� is no more coercive in H1

�D
(
), we use a compact perturbation argument. Namely

we introduce the (unbounded) operator Ai� from D (A) � H to H by

Ai� (u; v; �; z)T =
�
�v;��u; i�� � v + �1� + �2z (:; 1) ; i�z + ��1z�

�T
;8 (u; v; �; z)T 2 D (A) :

We �rst show that Ai� is an isomorphism from D (A) to H. Indeed given F =

(f; g; h; k)T 2 H, we look for U = (u; v; �; z)T 2 D (A) solution of

Ai�U = F;

or equivalently, 8>><>>:
�v = f in 


��u = g in 


i�� � v + �1� + �2z (:; 1) = h on �N
i�z + ��1z� = k on �N � (0; 1) :

(II.1.28)

This directly yields v = �f , and as in the proof of Proposition 2.1, we �nd

z (:; �) = �e�i��� + �e�i���
Z �

0

k (:; �) ei���d�:

Eliminating v and z(�; 1) in the third identity of (II.1.28), we �nd

� = � ~fi� on �N ; (II.1.29)

where ~fi� was de�ned in (II.1.12). It follows that u veri�es8<:
��u = g in 


u = 0 on �D
@vu = ~fi� on �N :

(II.1.30)

Since g 2 L2 (
) and ~fi� belongs to L2 (�N), it is well-known that a unique solution u
exists in H1

�D
(
), with the regularity

�u 2 L2 (
) ; and @vu 2 L2 (�N) :
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This furnishes a unique solution (u; v; �; z)T 2 D(A) of (II.1.28)
Now we notice that for (u; v; �; z)T 2 D(A), we have

((i�I �A)�Ai�) (u; v; �; z)T = (i�u; i�v; 0; 0)T :

By Lemma II.1.2 and again the Kondrachov embedding theorem, we deduce that
(i�I �A) � Ai� is a compact operator from D (A) (equipped with the graph norm)
into H, because (using the inequality (a+ b+ c)2 � 4 (a2 + b2 + c2) valid for all real
numbers a; b; c)

kukD(�) + krvkL2(
)n = krukL2(
)n + k�ukL2(
) + k�kL2(�N ) + krvkL2(
)n

� 2



(u; v; �; z)T




H
+



A (u; v; �; z)T




H
:

As Ai� is an isomorphism, we deduce that i�I � A is a Fredholm operator of index
zero. As Lemma II.1.1 guarantees its injectivity, we deduce that it is also surjective.

Theorem II.1.1 For any U0 2 H, the C0-semigroup
�
etA
�
t�0 is strongly stable on the

energy space H.
lim
t!0



etAU0

H = 0:
Proof: Lemma II.1.3 ensures that there is no eigenvalue of A on the imaginary axis,
while Lemma II.1.1 guarantees that � (A)\iR = �:That achieves the proof of Theorem
II.1.1.

II.2 Lack of exponential stability

In this section, we will show that the system (II.0.1) is not exponential stable. Our
argument is based on a frequency domain approach for exponential stability (see Huang
[17] and Prüss [32]), more precisely on the next result.

Lemma II.2.1 A C0-semigroup
�
etA
�
t�0 of contractions on a Hilbert space H isexpo-

nentially stable, namely satis�es

etAU0

H � Ce�!t kU0kH 8 U0 2 H; 8 t � 0; (II.2.1)

for some positive constants C and ! if and only if

� (A) � fi�; � 2 Rg � iR (II.2.2)

and
sup



(i� �A)�1

L(H) <1 (II.2.3)

where � (A) denotes the resolvent set of the operatorA.

37



Chapter II II.2. LACK OF EXPONENTIAL STABILITY

The main result of current section is the following.

Theorem II.2.1 The system (II.0.1) is not exponentially stable in the energy space
H.

Proof: As the condition (II.2.2) is guaranteed by Lemma II.1.1, it su¢ ces now to
built a contradiction following some techniques used in [70], [38], [8]. More precisely,
we prove that the condition (II.2.3) is not satis�ed in the sense that there exist a
positive real number C and some sequences of �n 2 iR,Un = (un; vn; �n; zn)

T 2 D (A),
and Fn = (fn; gn; hn; kn)

T 2 H, with n 2 N, such that

(�n �A)Un = Fn ,n 2 N, (II.2.4)

kUnkH � C;8n 2 N; (II.2.5)

and
lim

n!+1
kFnkH = 0: (II.2.6)

Following [8], theorem 3.1, let (�2n)n2N be the sequence of eigenvalues of the Laplacian
with Dirichlet boundary condition on �D and Robin boundary condition on �N repeated
according to their mulitplicity) and let 'n be its associated normalized eigenfunction,
more precisely, solution of 8<:

��'n = �2n'n in 
;

'n = 0 on �D;

@v'n + 'n = 0 on �N;

(II.2.7)

with
k'nkL2(
) = 1

Without loss of generality, we can assume that all �n are positive. Then for all n 2 N ,
we chose

�n = i�n; un =
'n
�n
; vn = 'n; zn (:; �) = �ne

�i�n�� and �n =
'n
�n
:

With this choice, we easily check that (un; vn; �n; zn)
T belongs to D (A) since by the

Robin condition on �N in (II.2.7) and the de�nition of zn , we have

zn (:; 0) = �n = �@vun = 0 on �N :
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Further, we see that (un; vn; �n; zn)
T is solution of8>><>>:

�nun � vn = 0
�nvn ��un = 0
�n�n � (vn � �1�n � �2zn (:; 1)) = hn;
�nzn + �

�1zn;� (:; �) = 0;

(II.2.8)

where

hn =
�1 + �2e

�i�nT

i�n
'n:

Equivalently this means that (un; vn; �n; zn)
T is solution of (II.2.4) with /fn = gn =

kn = 0 and hn de�ned above. Now we notice that

kUnk2H = krunk
2
L2(
)n+kvnk

2
L2(
)+k�nk

2
L2(�N )

+& kznk2L2(�N�(0;1)) � kvnk
2
L2(
) = k'nk

2
L2(
) = 1;

which proves (II.2.5 )with C = 1. Further straightforward computations yield

kFnk2H = khnk
2
L2(�N )

� (j�1j+ j�2j)
2

j�nj
2 k'nk

2
L2(�N )

:

But using the trace estimate of interpolation type (see [49], Theorem 1.5.1.10 or
[71],Theorem 1.4.4]), there exists a positive constant Ctr (independent of n) such thatZ

�N

j'n (x)j
2 d� (x) � Ctr k'nkH1(
) k'nkL2(
) � Ctr

�
1 + �2n

� 1
2 :

Inserting this estimate in the previous one, we �nd

kFnk2H �
Ctr (j�1j+ j�2j)

2 (1 + �2n)
1
2

j�nj
2 ! 0 as n!1: (II.2.9)

Hence (II.2.6) is also satis�ed. This shows that the resolvent of A is not uniformly
bounded on the imaginary axis.

II.3 Rational stabilization result

In this section we will prove the rational stability of problem (II.0.1) using again a
frequency domain approach, the rational stability of problem (II.0.1) without delay,
and a duality argument. First of all we recall the following result due to Borichev and
Tomilov [4]:

Theorem II.3.1 Let A be the generator of a C0-semigroup of bounded operators on a
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Hilbert space H. Assume that
iR 2 � (A) : (II.3.1)

Let l be a positive real number. Then we have the polynomial decay

etAU0

 � C

t1=l
kU0kD(A) ; t > 0; U0 2 D (A) ; (II.3.2)

if and only if

lim
j�j!+1

sup
1���t�� 

(i��A)�1

 <1: (II.3.3)

Problem (II.0.1) without delay is the following one8>>>>>><>>>>>>:

utt (x; t)��u (x; t) = 0 in 
� (0;+1) ;
u (x; t) = 0 on �D � (0;+1) ;
@u
@v
(x; t) + � (x; t) = 0 on �N � (0;+1) ;

�t (x; t)� ut (x; t) + �1� (x; t) = 0 on �N � (0;+1) ;
u (x; 0) = u0; ut (x; t) = u1 in 
;

� (x; 0) = �0 on �N :

(II.3.4)

This problem is well-posed in

H0 := H
1
�D
(
)� L2 (
)� L2 (�N) (II.3.5)

endowed with the norm


(u; v; �)T


2
H0

:= kruk2(L2(
))n + kvk
2
L2(
) + k�k

2
L2(�N )

: (II.3.6)

The generator of its semigroup is A0 de�ned by

A0 (u; v; �)T := (v;�u; 
 (v; �1�))
T (II.3.7)

with domain

D (A) :=
n
(u; v; �)T 2

�
H2 (
) \H1

�D
(
)
�
�H1

�D
(
)� L2 (�N) : @vu+ � = 0 on �N

o
:

(II.3.8)
The main result of this section is the following:

Theorem II.3.2 Assume that the semigroup generated by A0 in H0 decays polynomi-
ally, namely 

etA0U0

 � C

t1=l
kU0kD(A0 ) ;8U0 2 D (A0) ;8t > 0: (II.3.9)

for some positive real number l. Then the semigroup of system (II.0.1) inherits the
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same polynomial decay, namely

etAU0

 � C

t1=l
kU0kD(A) ;8U0 2 D (A) ;8t > 0: (II.3.10)

Proof: As the condition (II.3.1) is already checked in lemma II.1.1, we only need to
check the condition (II.3.3). So according to the above theorem, we will establish that
for any � 2 R and F = (f; g; h; k)T 2 H, the solution U = (u; v; �; z)T 2 D(A) of

(i�I �A)U = F (II.3.11)

satis�es
kUkH � C

�
1 + j�jl

�
kFkH ; (II.3.12)

where Cis positive constant (independent of � and F ). Now we consider the solution
U� = (u�; v�; ��)T of

(i�I �A0)

0@ u�

v�

��

1A =

0@ u

v

�

1A (II.3.13)

that due to our assumption satis�es


(u�; v�; ��)T



H0

� C� j�jl



(u; v; �)T




H0

(II.3.14)

where C� is a positive constant. Note further that the dissipativeness of A0 directly
yields

�1

Z
�N

j��j2 d� � < ((i�I �A0)U�; U�)H0
�



(u; v; �)T




H0

kU�kH0
: (II.3.15)

On the other hand the system (II.3.13) can be equivalently written as8<:
i�u� � v� = u on 


i�v� ��u� = v on 


i��� � v� + �1�� = � on �N :

(II.3.16)
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Integrating by parts and using (II.3.16) we get

*
(i�I �A)

u

v

�

z

;

0BB@
u�

v�

��

0

1CCA
+
H

=

*0BB@
i�u� v
i�v ��u

i�� � v + �1� + �2z (:; 1)
i�z + ��1z�

1CCA ;
0BB@
u�

v�

��

0

1CCA
+

=

Z



r (i�u� v) :ru�dx+
Z



(i�v ��u) v�dx+
Z
�N

(i�� � v + �1� + �2z (:; 1)) ��d�

= i�

Z



ru:ru�dx�
Z



rv:rv�dx+ i�
Z



vv�dx�
Z



�u:rv�dx

+

Z
�N

(�� � v + �1� + �2z (:; 1)) ��d�

= i�

Z



ru:ru�dx+
Z



�u�vdx+

Z
�N

��vd� + i�

Z



vv�dx+

Z



ru:ru�dx+
Z
�N

�v�d�

+

Z
�N

(i�� � v + �1� + �2z (:; 1)) ��d�

=

Z



ru:r(�i�u� + v�)dx+
Z



v(�i�v� +�u�) dx+
Z
�N

�(�i��� + v� � �1��)d�

+

Z
�N

(2�1� + �2z (:; 1)) �
�d�

= �
Z



jruj2 dx�
Z



jvj2 dx�
Z
�N

j�j2 d� +
Z
�N

(2�1� + �2z (:; 1)) �
�d�:

Recalling (II.3.11) and using (II.3.6), the above relation can be rewritten as




(u; v; �)T


2
H0

= �
*
F;

0BB@
u�

v�

��

0

1CCA
+
+

Z
�N

(2�1� + �2z (:; 1)) �
�d�: (II.3.17)

Applying Cauchy-Schwarz�s and Young�s inequalities, we get


(u; v; �)T


2
H0

� kFkH



(u�; v�; ��)T




H0

+
4�21
"
k�k2L2(�N )+

�22
"
kz (:; 1)k2L2(�N )+" k�

�k2L2(�N ) ;
(II.3.18)

for all " < 0. Furthermore, using the dissipativity property (II.1.4) of A, we have

<
*
(i�I �A)

0BB@
u

v

�

z

1CCA ;
0BB@
u

v

�

z

1CCA
+
= �<hAU;UiH � ��1 k�k

2
L2(�N )

��2 kz (:; 1)k2L2(�N ) ;
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where we recall that �1 and �2 are negative constants. Then Cauchy-Schwarz�s in-
equality guarantees that

k�k2L2(�N ) + kz (:; 1)k
2
L2(�N )

� (minf��1;��2g)�1 kFkH kUkH : (II.3.19)

This estimate in (II.3.18) yields


(u; v; �)T


2
H0

� kFkH



(u�; v�; ��)T




H0

+
C

"
kFkH kUkH + " k��k

2
L2(�N )

;

for all " > 0, and a positive constant C independent of ". At this stage we make use
of (II.3.14) and (II.3.15) to �nd


(u; v; �)T


2

H0

� C� kFkH j�j
l



(u; v; �)T




H0

+
C

"
kFkH kUkH+

C� j�jl "
�1




(u; v; �)T


2
H0

;

or all " > 0, and a positive constant Cindependent of " and �. Using again Young�s
nequality in the �rst term of this right-hand side, we arrive at


(u; v; �)T


2

H0

� C2�
4�
kFk2H+� j�j

2l



(u; v; �)T


2

H0

+
C

"
kFkH kUkH+

C� j�jl "
�1




(u; v; �)T


2
H0

;

for all "; � > 0.Now by �xing " and � so that C�j�j
l"

�1
= 1

4
and � j�j2l = 1

4
; we get


(u; v; �)T


2

H0

� C1
�
j�j2l kFk2H + j�j

l kFkH kUkH
�
; (II.3.20)

with a positive constant C1 independent of �.
Now by its de�nition, we have

kUk2H =



(u; v; �)T


2

H0

+ � kzk2L2(�N�(0;1)) ; (II.3.21)

therefore it remains to estimate the L2-norm of z. But it is easy to check that (compare
with (II.1.8))

z (:; �) = �e�i��� + �e�i���
Z �

0

k (:; �) ei���d�;

hence we have
kzk2L2(�N�(0;1)) � k�kL2(�N ) + � kkkL2(�N�(0;1)) :

By (II.3.19), we obtain

kzk2L2(�N�(0;1)) � 2 (minf��1;��2g)
�1 kFkH kUkH + 2� 2 kFk

2
H :
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Inserting this estimate in (II.3.21) and using (II.3.20), we obtain

kUk2H � C2
��
1 + j�j2l

�
kFk2H +

�
1 + j�jl

�
kFkH kUkH

�
;

with a positive constant C2 independent of �. Applying Young�s inequality, we obtain
(II.3.12). The proof of Theorem II.3.2 is thus completed.
To the best of our knowledge the polynomial decay (II.3.9) for system (II.3.4) is not

true in a general setting. Since it holds under some geometrical assumptions (described
below), our previous result allows to get the same decay rate for our system (II.0.1).

Corollary II.3.1 In addition to the assumptions from section 1, assume that there
exists x0 2 Rn such

(x� x0) :� (x) > 0; 8x 2 �N ;
(x� x0) :� (x) � 0; 8x 2 �D:

Then (II.3.10) holds with l = 2:

Proof: With our additional assumptions, the results from Theorem 3.2 of [8] (see also
[38] and Theorem 2.1 of [2] if n = 1) guarantee that (II.3.9) holds with l = 2, hence
the conclusion directly follows from Theorem II.3.2

Corollary II.3.2 In addition to the assumptions from section 1, suppose that one of
the following assumptions holds:
1) the boundary of 
is of class C1 and �N satis�es the Geometric Control Con-

dition (GCC). Recall [10] that the GCC can be formulated as follows: �N satis�es the
Geometric Control Condition if there exists T > 0 such that every geodesic traveling at
speed one issued from 
 at time t = 0 intersects �N before time �,
2) the boundary of 
 is of class C1 and there exists a vector �eld h 2 C2

�
�
;Rn

�
such that

h (x) :� (x) � 0; 8x 2 �D;

and the symetrized Jacobian matrix Jh + JTh is strictly positive de�nite in 
.
3) the boundary of 
 is of class C2 and there exists a vector �eld h 2 C2

�

;Rn

�
such that

h (x) :� (x) > 0; 8x 2 �N ;
h (x) :� (x) � 0; 8x 2 �D;

and the symetrized Jacobian matrix Jh + JTh is strictly positive de�nite in 
. Then
(II.3.9) holds with l = 3.
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Proof: First we notice that by [[10], §5] in case 1., [25], Theorem 1.2 in case 2., and
[30], Theorem 1 in case 3., the wave equation with standard damping on �N :8>><>>:

utt (x; t)��u (x; t) = 0 in 
� (0;+1) ;
u (x; t) = 0 on �D � (0;+1) ;
@u
@v
(x; t) + ut (x; t) = 0 on �N � (0;+1) ;

u (x; 0) = u0; ut (x; 0) = u1 in 
;

(II.3.22)

is exponentially stable. Hence we apply [72], Proposition 2.2 with B = ��1 and
C = �1 to deduce that (II.3.9) holds with l = 3. Again the conclusion directly follows
from TheoremII.3.2

Corollary II.3.3 In addition to the assumptions from section 1, assume that 
 =

(0; 1)2 is the unit square of R2 and �N = f1g� (0; 1). Then (II.3.10) holds with l = 5.

Proof: Due to [72], Remark 2.6 and the arguments stated in the proof of the previous
Corollary, (II.3.9) holds with l = 5, hence the conclusion directly follows from Theorem
II.3.2
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In this chaper we will study a wave equation, in a bounded domain, where the
memory-type damping is acting on a part of the boundary8>>>><>>>>:

utt ��u+ f (u) = 0 in 
� R+
u (x; t) = 0 on �0 � R+

u (x; t) = �
Z t

0

g (t� s) @u
@v
(s) ds on �1 � R+

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ; x 2 
;

(III.0.1)

With the following hypothesis
H1) 
 is an open bounded domain of Rn with a smooth boundary @
 = �0 [ �1

and � is the unit outer normal vector,
H2) f 2 C1 (Rn) is a function satisfying

uf (u) � bF (u) � 0; for b > 2; F (u) =
Z u

0

f (�) d� (III.0.2)

with
F (u) � d jujp , 8u 2 R; (III.0.3)
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for some constant d > 0 and p � 1 such that (n� 2) p � n.
H3) The partition �0 and �1 are closed, disjoint, with meas (�0) > 0 and satisfying

�0 = fx 2 @
 : �:m (x) � 0g (III.0.4)

�1 = fx 2 @
 : �:m (x) > 0g :

where m (x) = x� x0, for some x0 2 Rn:
Finally, we establish a general decay result, from which the usual exponential and

polynomial decay rates are only special cases. Our work allows certain relaxation
functions which are not necessarily of exponential or polynomial decay and, therefore,
generalizes and improves earlier results in the literature.
Here, we are concerned with the following problem

Remark III.0.1 An example of a function satisfying III.0.2 and III.0.3 is

f (u) = juj
�2 u; 
 > 2:

This work is divided into three sections. In Section 2 we state, without proof, an
existence result of solutions to system (III.0.1) and present some material needed for
the proof of our main result. In particular, we establish some relations between the
relaxation function gand the corresponding resolvent kernel k similar to, but more
general than, those usually found in the literature. In Section 3 our main result is
stated and proved.

III.1 Some notations and results

In this section we introduce some notations and discuss the existence of solutions to
system ( III.0.1). First, we exploit (III.0.1)3 to estimate the boundary term @u

@v
.

De�ning the convolution product operator by

(g � ') (t) =
Z t

0

g (t� s)' (s) ds

and di¤erentiating equation (III.0.1)3, we obtain

@u

@v
+

1

g (0)

�
g
0 � @u
@v

�
= � 1

g (0)
ut on �1 � R+:

Applying Volterra�s inverse operator, we get

@u

@v
= � 1

g (0)
(ut + k � ut) on �1 � R+;
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where the resolvent kernel k satis�es

k +
1

g(0)

�
g
0 � k

�
= � 1

g (0)
g
0
on �1 � R+:

Denoting by � = 1
g(0)
, we arrive at

@u

@v
= ��

�
ut + k (0)u� k (t)u0 + k

0 � u
�
on �1 � R+: (III.1.1)

Reciprocally, if u0 = 0 on �1,(III.1.1) implies (III.0.1)3:
Since we are interested in relaxation functions of more general decay, we would like

to know if the resolvent kernel k, involved in (III.1.1), inherits some properties of the
relaxation function involved in (III.0.1)3. The following Lemma answers this question.
Let h = [0;+1)! R+ be continuous. Let k be its resolvent, that is

k (t) = h (t) + (k � h) (t) : (III.1.2)

It is well known that k is continuous and positive (see [45]).

Lemma III.1.1 Suppose that

h (t) � c0e�
R t
0

(�)d�

where 
 : [0;+1) ! R+, is a nonincreasing function satisfying for some positive
constant " < 1;

c1 =

Z +1

0

e�
R s
0
(1�")
(�)d�ds <

1

c0
:

Then k satis�es

k (t) � c0
1� c0c1

e�"
R t
0

(�)d� :

Proof: Let � (t) = "
 (t) and denote by

k (t) = k (t) e

R t
0
�(�)d� ; H (t) = h (t) e

R t
0
�(�)d� :

By multiplying (III.1.2) by e
R t
0 �(�)d� , we obtain

k (t) = H (t) +

Z t

0

[e

R t
0
�(�)d�e�

R t�s
0 �(�)d�k (t� s)h (s)]ds

= H (t) +

Z t

0

[e
R t
t�s �(�)d�e�

R s
0 
(�)d�k (t� s) e

R s
0 
(�)d�h (s)]ds

� c0 + c0 sup
0�r�t

k (r)

Z t

0

e�
R s
0 [
(�)�"
(�+t�s)]d�ds:
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By using the fact that 
 is nonincreasing we arrive at

k (t) � c0 + c0 sup
0�r�t

k (r)

Z t

0

e�
R s
0 (1�")
(�)d�ds

� c0 + c0 sup
0�r�T

k (r)

Z +1

0

e�
R s
0 (1�")
(�)d�ds; 8t � T:

which gives

sup
0�r�T

k (r) � c0 + c0 sup
0�r�T

k (r)

Z +1

0

e�
R s
0
(1�")
(�)d�ds

� c0 + c1c0 sup
0�r�T

k (r)

Consequently,
sup
0�r�T

k (r) � c0
1� c0c1

; 8T > 0

hence
k (t) � c0

1� c0c1
:

Therefore

k (t) � c0
1� c0c1

e�"
R t
0

(�)d� :

Remark III.1.1 The result of [45] is is only a special case.

Corollary III.1.1 Suppose that

h (t) � c0e�
t

if 
 > c0. then there exists a positive constant " < 1 such that

k (t) � �e�"
t (III.1.3)

where � > 0 is a constant

Proof: It is easy to verify thatZ +1

0

e�(1�")
sds =
1

(1� ") 
 <
1

c0

if " is chosen small. Thus (III.1.3) is a direct result of the lemma.

Corollary III.1.2 Suppose that

h (t) � c0
(1 + t)p
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for c0 < p� 1. Then, there exists a positive constant " < 1 such that :

k (t) � �

(1 + t)"p
(III.1.4)

where� > 0 is a constant.

Proof: We take 
 (�) = p
1+�
. It is easy to verify that

e�(1�")p
R s
0

d�
1+� =

1

(1 + �)(1�")p

and Z +1

0

e�(1�")p
R s
0

d�
1+� ds =

Z +1

0

1

(1 + �)(1�")p
ds =

1

(1� ") p� 1 <
1

c0

if " is chosen small. Thus (III.1.4) is a direct result of the lemma..

Example III.1.1 If we take


 (�) = a�p; �1 < p < 0

and assume that
h (t) � c0e�

a
p+1

tp+1

then with an appropriate choice of a > 0, one can easily see that, for some positive
constant " < 1;

c1 =

Z +1

0

e�
a(1�")
p+1

sp+1ds <
1

c0
:

Consequently, we get
k (t) � �e�

"a
p+1

tp+1 :

Based on Lemma III.1.1, we will use the boundary relation (III.1.1) instead of (III.0.1)3.

Let us de�ne

(g � ') (t) :=
Z t

0

g (t� s) j' (t)� ' (s)j2 ds (III.1.5)

and

(g � ') (t) :=
Z t

0

g (t� s) (' (t)� ' (s))ds: (III.1.6)

Using the inequality of Hölder, we have

j(g � ') (t)j2 �
�Z t

0

jg (s)j ds
�
(jgj � ') (t) : (III.1.7)
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Lemma III.1.2 (see [40]-[42], [45]). If g; ' 2 C1 (R+) then

(g � ')'t = �
1

2
g (t) j' (t)j2+1

2
g
0 �'� 1

2

d

dt

�
g � '�

�Z t

0

g (s) ds

�
j' (t)j2

�
: (III.1.8)

The well-posedness of system (III.0.1) is presented in the following theorem

Theorem III.1.1 Let k 2 W 2;1 (R+) \W 1;1 (R+) ; u0 2 (H2 (
) \ V ) ; and u1 2 V
with

@u0
@v

+ �u0 = 0 on �1: and V = fv 2 H1 (
) : v = 0on�0g: (III.1.9)

Assume that (III.0.2)�(III.0.4) hold. Then there exists a unique strong solution u of
system (III.0.1) such that

u 2 L1
�
R+;H2 (
) \ V

�
; ut 2 L1

�
R+;L2 (
)

�
ut 2 L1

�
R+;V

�
; utt 2 L1

�
R+;L2 (
)

�
Proof: This theorem can be proved, using the Galerkin method and following exactly
the procedure of [41],[42].

III.2 Some Lemmas

In this section we study the asymptotic behavior of the solutions of system (III.0.1)
when the resolvent kernel k satisfy

k (0) > 0; k (t) � 0; k0 (t) � 0; k00 (t) � 
 (t)
�
�k0 (t)

�
(III.2.1)

Where 
 : R+ ! R+ is a function satisfying the following conditions


 (t) > 0; 

0
(t) � 0; and

Z +1

0


 (t) dt = +1: (III.2.2)

Example III.2.1 Let

k (t) =
e�t

(1 + t)a
; t > 0; a > 0:

Direct computations show that

k
00
(t) = 
 (t)

�
�k0 (t)

�
with


 (t) = 1 +
a

t+ 1 + a
+

a (a+ 1)

(t+ 1) (t+ 1 + a)
:
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By multiplying Eq. (III.0.1)1 by ut and integrating over 
; using integration by parts,
the boundary conditions, and (III.1.8), one can easily �nd that the �rst order energy
of system (III.0.1) is given by (see Lemma III.2.1 and its proof)

E (t) :=
1

2

Z



�
jutj2 + jruj2

�
dx+

Z



F (u) dx+
�

2

Z
�1

�
k (t) juj2 � k0 � u

�
d�1: (III.2.3)

Assume that we have
lim
t!1

k (t) = 0: (III.2.4)

Remark III.2.1 Assumption (III.2.4) can be replaced by kkk1 small enough as in
[45]:

The main idea is to construct a Lyapunov functional $ (t) equivalent to E (t). To
do this we use the multiplier techniques. The proof of Theorem III.3.1 will be achieved
with the help of two lemmas.

Lemma III.2.1 Under the assumptions of Theorem III.3.1, the energy of the solution
of (III.0.1) satis�es

dE

dt
� ��

2

Z
�1

jutj2 d�1 +
�

2

Z
�1

k2 (t) ju0j2 d�1 �
�

2

Z
�1

k
00 � ud�1: (III.2.5)

Proof: Multiplying Eq. (a)1 by ut and integrating by parts over 
, we obtain

d

2dt

Z



�
jutj2 + jruj2 + 2F (u)

�
dx =

Z
�1

@u

@v
utd�1:

Using (III.1.1), and Lemma III.1.2, we obtain the desired result.

Remark III.2.2 a) If u0 = 0 on �1 .Then E (t) � E (0).
b) If u0 6= 0 on �1, then

E (t) � E (0) + �
2

Z
�1

ju0j2 d�1
Z t

0

k2 (t) dt:

Lemma III.2.2 Under the assumptions of Theorem III.3.1, the solution of (III.0.1)
satis�es

d

dt

�Z



(2m:ru+ (n� "0)u)utdx
�

�
Z
�1

m:� jutj2 d�1 � "0
Z



@u

@�
(2m:ru+ (n� "0)u) d�1

�
Z
�1

m:� jruj2 d�1 � (1� "0)
Z



jruj2 dx� [(b� 2)n� "0b]
Z



F (u) ;

8t � 0:

for some 0 < "0 < 1:
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Proof: We multiply Eq.(III.0.1)1 by 2m:ru+ (n� "0)u we obtain that

d

dt

�Z



(2m:ru+ (n� "0)u)utdx
�

=

Z



2utm:rutdx+ (n� "0)
Z



jutj2 dx+
Z



2 (�u)m:rud

+ (n� "0)
Z



u�udx�
Z



(2m:ru+ (n� "0)u) f(u)dx:

By integrating by parts and using (III.0.2), (III.0.4), and the relation div (m) = n we
get

d

dt

�Z



(2m:ru+ (n� "0)u)utdx
�

�
Z
�1

(m:�) jutj2 d�1 � "0
Z



jutj2 dx+
Z
�1

@u

@�
(2m:ru+ (n� "0)u) d�1

�
Z
�1

(m:�) jruj2 d�1 � (1� "0)
Z



jruj2 dx

� [(b� 2)n� "0b]
Z



F (u) dx�
Z
�1

(m:�)Fd�1:

By recalling (III.0.4), the proof of Lemma III.2.2 is completed.

III.3 Decay of solutions of system (III.0.1)

In this section we establish a general decay theorem for our system (III.0.1)

Theorem III.3.1 Under the hypothesis (III.0.2)-(III.0.4),(III.2.1), (III.2.2) and (III.2.4)
Then for any (u0; u1) 2 (V � L2 (
)) and for some t0 large enough, we have, 8t � t0;

E (t) � cE (0) e
�a

Z t

0


(s)ds

; if u0 = 0 on �1: (III.3.1)

Otherwise,

E (t) � c

8><>:E (0) +
�Z

�1

��u0��2 d�1�Z t

0

k2 (s)

2641 + ea
Z s

t0


(�)d�

375 ds
9>=>; e

�a

Z t

0


(s)ds

;

(III.3.2)
where a is a �xed positive constant and c is a generic positive constant.
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Proof: Now, we introduce the Lyapunov functional. So, for N > 0 large enough, let

$ (t) = NE (t) +

Z



[(2m:ru+ (n� "0)u)ut]dx: (III.3.3)

It is a routine calculation to check that, for N large, we have

N

2
E (t) � $ (t) � 2NE (t) : (III.3.4)

Applying Young�s inequality and Poincaré�s inequality to the boundary integral we
have, for " > 0;Z
�1

@u

@�
(2m:ru+ (n� "0)u) d�1 � "

Z



jruj2 dx+"
Z
�1

m:� jruj2 d�1+C"
Z
�1

����@u@�
����2 d�1:

By rewriting the boundary condition (III.1.1) as

@u

@�
= ��1

�
ut + k (t)u� k (t)u0 � k

0 � u
�
on �1 � R+

and combining all the above relations, we arrive at

$
0
(t) � �

�
N�

2
� C" �m:�

�Z
�1

jutj2 d�1 +
N�

2
k2 (t)

Z
�1

ju0j2 d�1

� (1� ")
Z
�1

(m:�) jruj2 d�1 �
�N

2

Z
�1

k
00 � ud�1 �

�
1� "0 � "� C"k2 (t)

� Z



jruj2 dx

� "0
Z



jutj2 dx� [(b� 2)n� "0b]
Z



F (u) dx+ C"

Z
�1

���k0 � u���2 d�1 + C"k2 (t)Z
�1

ju0j2 d�1:

(III.3.5)

At this point, we take

" = "0 < minf
1

4
;
(b� 2)n

b
g:

Once " is �xed (hence C" ), we pick N large enough so that

N�

2
� C" �max

�1
jm:�j > 0:

By using the fact that limt!1 k (t) = 0; Poincaré�s inequality, and (III.1.7), we arrive
at

$
0
(t) � ��E (t) + �k2 (t)

Z
�1

��u0��2 d�1 � �N
2

Z
�1

k
00 � ud�1 � C

Z
�1

k
0 � ud�1
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� ��E (t) + �
Z
�1

k2 (t) ju0j2 d�1 � C
Z
�1

k
0 � ud�1; 8t � t0 (III.3.6)

for some t0 large enough and some positive constants �; � and C.
We multiply both sides of (III.3.6) by 
 (t) to get


 (t)$
0
(t) � ��
 (t)E (t) + �
 (t)

Z
�1

k2 (t)
��u0��2 d�1 � 
 (t)CZ

�1

k
0 � ud�1; 8t � t0:

A simple calculation, using the fact that 
 (t) is nonincreasing, yields


 (t)$
0
(t) � ��
 (t)E (t) + �
 (t)

Z
�1

k2 (t) ju0j2 d�1 + c
Z
�1

k
00 � ud�1; 8t � t0:

By using (III.2.5), we easily see that


 (t)$
0
(t) � ��
 (t)E (t) + c

Z
�1

k2 (t) ju0j2 d�1 � cE
0
(t) ; 8t � t0

which yields


 (t)$
0
(t) + cE

0
(t) � ��
 (t)E (t) + c

Z
�1

k2 (t) ju0j2 d�1; 8t � t0

or

d

dt
(
 (t)$ (t) + cE (t))� 
0 (t)$ (t) � ��
 (t)E (t) + c

Z
�1

k2 (t) ju0j2 d�1; 8t � t0:

(III.3.7)
Again using the fact that 
 (t) is nonincreasing and setting

F (t) = 
 (t)$ (t) + cE (t) � E (t) (III.3.8)

estimate (III.3.7) gives

F
0
(t) � ��
 (t)F (t) + c

Z
�1

k2 (t) ju0j2 d�1; 8t � t0: (III.3.9)

Case 1: If u0 = 0 on �1; then (III.3.9) reduces to

dF

dt
� ��
 (t)F (t) ; 8t � t0:

A simple integration over (t0; t) yields

F (t) � F (t0) e
��

Z t

t0


(s)ds

; 8t � t0:
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By using (III.3.8), then we obtain for some positive constant c

E (t) � cE (t0) e
��

Z t

t0


(s)ds

; 8t � t0

using Remark III.2.2, then we get

E (t) � cE (0) e
�

Z t0

t


(s)ds

e
��

Z t

0


(s)ds

; 8t � t0:

Thus, the estimate (III.3.1) is proved.
Case 2: If u0 6= 0 on �1, then (III.3.9) gives

d

dt
F

0
(t) � ��
 (t)F (t) + C1k2 (t) ; 8t � t0: (III.3.10)

where

C1 = c

Z
�1

ju0j2 d�1:

In this case we introduce

H (t) := F (t)� C1e
��

Z t

t0


(s)dsZ t

t0

k2 (s) e
�

Z s

t0


(�)d�

ds: (III.3.11)

A simple di¤erentiation of H, using (III.3.10), leads to

H
0
(t) � ��
 (t)H (t) ; 8t � t0:

Again a simple integration over (t0; t) yields

H (t) � H (t0) e
��

Z t

t0


(s)ds

; 8t � t0:

wich implies

F (t) �

0B@F (t0) + C1Z t

t0

k2 (s) e
�

Z s

t0


(�)d�

ds

1CA e��
Z t

t0


(s)ds

; 8t � t0:
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Using (III.3.8) and Remark III.2.2, then we obtain for some positive constant c

E (t) � c

8><>:E (0) + C1
Z t

0

k2 (s)

264 �

2C1
+ e

�

Z s

t0


(�)d�

375 ds
9>=>; e

�

Z t0

0


(s)ds

e
��

Z t

0


(s)ds

; 8t � t0:

(III.3.12)
This complete the proof of Theorem III.3.1.

Remark III.3.1 i) Estimates (III.3.1) and (III.3.2) are also true for t 2 [0; t0] by
virtue of continuity and boundedness of E (t) and 
 (t).
ii) This result generalizes and improves the results of [40],[41],[42],[45]. In partic-

ular, it allows kernels which satisfy

k
00 � a

�
�k0

�1+q
;

for 0 < q < 1 instead of the usual assumption 0 < q < 1=2: It su¢ ces to take, for
example,

k (t) = 1= (1 + t)� ;

for � > 0: Direct computations yield

k
00
(t) = c

�
�k0 (t)

�1+1=(1+�)
:

It is clear that 0 < 1=(1 + �) < 1; for � > 0:
iii) Note that the exponential and the polynomial decay estimates, given in early

works [40]-[42], [45] are only particular cases of (III.0.1). More precisely, we obtain
exponential decay for 
 (t) � a and polynomial decay for


 (t) = a (1 + t)�1 ;

where a > 0 is a constant.
iv) We note that our result also holds for the system (a), studied by Cavalcanti and

Guesmia [43]. We only considered (III.0.1) for simplicity.
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