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Abstract

This thesis aims to investigate the stability and decay of
solutions for wave equations involving a time-delay term. It
begins with a presentation of fundamental mathematical
concepts, such as metric and normed spaces, followed by a
detailed analysis of strong and weak stability, particularly in
the presence of delayed dynamic feedback. The second
focuses on a wave equation with a delayed term in the
dynamical control. It is shown that the delayed system
exhibits the same asymptotic decay rate as the corresponding
system without delay, indicating that the delay does not alter
the long-term decay behaviour. But the last addresses a semi
linear wave equation in a bounded domain with boundary
damping of memory type. A general decay result is
established, which encompasses both exponential and
polynomial decay as special cases. This result does not require
specific assumptions on the relaxation function, thereby

extending and refining previous results in the literature.
Keywords:

time delay, dynamical control, strong stability, lack of uniform stability, rational decay.
General decay, Memory type Boundary damping, Wave equation, Relaxation function,
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Introduction

Many evolution equations coming from applications (in biology, electrical engineer-
ing and mechanics, ...) present a time-delay in the feedback law modeling mechanical
time lag for instance [37] ,[28],[9]. In many cases, arbitrarily small delays in the feed-
back may destabilize the system, see for instance [51], [52], [53], [29], 23], [57] and
[21]. Therefore the stability issue of systems with delay is of theoretical and practical
importance. In domains such as control theory and biomechanics, wave equations with
delay terms are frequently used to model systems in which the present state is de-
pendent on previous states. Different methods have been recently developed to prove
some exponential or polynomial decay of the energy of wave type equations with delay,
we refer to [57], [B8], [59], [14], [12], [36] and the references citing them.The stability
and decay behavior of the system may become more complex when delay is intro-
duced. The stability and decay of solutions for such equations are examined in this
thesis, with an emphasis on the prerequisites that guarantee the intended asymptotic
behaviors. We hope to develop criteria for exponential or polynomial decay by using
mathematical tools such as Lyapunov functionals and energy methods, which will aid

in the comprehension and management of delayed dynamical systems.
This thesis consists of three main chapters. In the first chapter of this memoir we

devote a comprehensive review of the basic mathematical concepts and theories, which
frome the theoretical foundation upon which we will later rely in studying the various
aspects of this memorandum. In the second chapter, we study a wave equation set in a
bounded domain (in any space dimension) with a dynamical control and prove that if
the delay term is small enough, then the system has the same (polynomial) decay rate
than the one without delay. Idea is to use a duality argument for a system without
dynamical control is given by

(uy (x,t) — Au(z,t) = 01in Q x (0, +00),
u(z,t) =0on I'p x (0,400),
Qu (z,t) +n(z,t) =0 on Ty x (0,400),
Ur (.Qi,t) — U (xat)+6177<5U7t)+5277($7t_7—) =00nI'y x (O’+OO)7
u(z,0) =ug, u(x,0)=wu; in Q,
L n(z,t—7)= fo(z,t —7) onTyN x (0,7),
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with respect to this equation throughout we will assume the following conditions:

i) 2 C R" be an open bounded domain with a lipschitz boundary I'.

ii) I is divided into two open parts I'p and 'y, i.e I' = ['p Uy with meas (I'p) # 0
and meas (I'y) # 0.

This chapter, is divided into three parts. In the first part we will prove that the
equation is well posedness by using the semigroup theory, and then establish a strong
stability result and, in the second part we will study the strong stability for this equa-
tion by using a general criteria of Arendt-Batty. Finally we show that if the our system
without delay (i.e.,with 3, = 0) is polynomially stable, then system with delay
inherits the same polynomial decay rate.

In the last chapter, we are concerned with the following problem

uy — Au+ F (x,t,u,Vu) =0 in Q@ x Rt
u(x,t) =0 on Iy x RT
¢
u(x,t):—/g(t—s)%(s)ds on '} x RT
0
u(0) = ug, u(0) =wu; in Q,

whith ) is an open bounded domain of R" with a smooth boundary 092 =T’y U Ty, v
is the unit outer normal vector, and f € C' (R") is a function satisfying

uf ()2 0F () 20, forb>2 F)= [ 7(©)de
0
Recently, [40] Santos considered

Ut — W (t) Uge = 07 (l’,t) < (O’ 1) X R+

w(0,4) = 0, u(l,t)——/og(t—s),u(s)um(l,s)ds, V>0
u(0) =wuy, w(0)=w, x€(0,1),

where p (t) is a nonincreasing function satisfying p (¢) > u, > 0. By considering the
resolvent kernel of —g = ¢ (0), the boundary condition takes the form

i) g (1,8) = —r{uy (L) + k (0)u(1,8) — k () uo (1) + & () #u(1,8)}

where 7 > 0 is a constant and k is the resolvent kernel of —g'/go. He showed that
the energy of the solution decays exponentially (polynomially) when k& and &’ decay
exponentially (polynomially). This result has been later pushed to a nonlinear n-
dimensional wave equation of Kirchhoff type by Santos et al. [4I]. In that work, the
authors established the existence of a global unique solution and showed, under the
same conditions on k£ and k’; that the solution decays uniformly with the same rate
of decay k. This latter result improves an earlier one by Park et al. [34]. A similar
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approach has been also used by Santos and Junior [42] to establish a similar result to
a biharmonic wave equation supplemented by viscoelastic damping acting on a part
of the boundary. Cavalcanti et al. [43] studied the existence and the uniform decay
of solutions to a semilinear wave equation with a boundary damping of memory type
and a nonlinear boundary source. Also, Rivera an Andrade [33] considered a one-
dimensional nonlinear wave equation subject to a nonlinear boundary memory effect
and showed that this effect is strong enough to guarantee global existence and uniform
decay, at least for small initial data, provided that kernel decays exponentially (or
polynomially).
Particularly, [45] Cavalcanti and Guesmia considered the following system

uy — Au+ F (x,t,u,Vu) =0 in Q x RT
u(x,t) =0 on Iy x RT
' (a)

u(m,t):—/g(t—s)%(s)ds on I’y x R
0
u(0) =up, u(0) =w; in Q,

where () is an open bounded set of R” with a smooth boundary 02 = I'y U T';. Here
[y and T'; are closed, disjoint, with meas (I'y) > 0 and v is the unit outer normal
vector. They established a more general decay result which depends on the value of
uo on I'y and the rate of the decay of k. In their work, they treated the cases when
k' is decaying exponentially or is k" decaying polynomially. When uy = 0 on 'y, they
obtained the exponential and the polynomial decay as special cases. This result has
been recently generalized to the case of a system of Timoshenko type by Messaoudi
and Soufyane [60]. Cavalcanti et al. [44] studied a problem of the form

.

utt—Au—l—/tg(t—T)Au(T)dT:O, in 2 x (0, 00)
u=0, onlgox((),oo)
%—/tg(t—T)%(T)dT—i—h(ut):O, on Ty x (0, 00)
\ u(m,O)O:uo(x), u (x,0) = uy (z), =€,

for g,h specific functions and established uniform decay rate results under quite re-
strictive assumptions on both the damping function A and the kernel g. In fact, the
function g had to behave exactly like e-mt and the function h had a polynomial behav-
ior near zero. For more general assumptions on g and h, Cavalcanti et al. [61] proved
the uniform stability of (]E[), provided that ¢ (0) and ||g|[ 1 (g o) are small enough. They
also established explicit decay rate results for some special cases. This latter result
of Cavalcanti et al. [6I] has been recently improved by Messaoudi and Mustafa [48],
where no growth assumption on h near zero has been imposed. Stabilization of wave
equations or wave systems by frictional boundary damping has been studied by many
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researchers. Different mechanisms have been utilized to stabilize such systems and sev-
eral decay and stability results have been obtained. In this regard we mention, among
many others, the work of Alabau-Boussouira [I8], Cavalcanti et al. [46], [47], Conrad
and Rao [19], Gorain [22], Guesmia and Messaoudi [3], Komornik and Zuazua [64],
Komornik [66], Komornik and Rao [67], Lasiecka [26], Lasiecka and Tataru [27], and
Zuazua [16].




Chapter |
Preliminaire

This chapter aims to provide a review of the essential mathematical concepts and
theories that from the theoretical foundation for the work presented in this thesis.
These concepts will be relied upon later in addredding the various topics discussed.

I.1 Metric Space

Definition I1.1.1 [75] Let X be a non-empty set. A metric on X is function d :
X x X — RTU{0} which satisfies the following conditions

S

> 0 forall xz,y € X with x # y;

L

(I11.1)
= O z=y foradlzyclX; ( )
= d(y,x) for all x,y € X (symetry); (1.1.3)
< d(x,z)+d(z,y) for all x,y,z € X (traingle inequlity).  ( )

ST
~—~ I~ N
8 8 &8 8
RS S T S
~— ~— ~— ~—

Here d(z,y) is the distance between x and y; more over the ordered pair (X,d) is called
a metric space.

Remark 1.1.1 [15]/Applying n-times the inequality for all x,y, z1, 29, ..., 2, €
X, we obtain

d(iU, y) S d(x7 Zl) + d(’zla y)
< d(w,z1) +d(z1, 22) + d(22,y)
< d(x,z1) +d(z1,29) + ... +d(2n,Y)

which 1s said to be the generlized traingle inequality.
Exercise 1.1.1 Let C [a,b] be the set of continuous functions defined by
Cla,bl ={f \ f:la,b] — R and f is continuous on [a,b]} .

8



CHAPTER I. PRELIMINAIRE [.L1. METRIC SPACE

show that the following functions

i) di(f,9) = J, |f(z) — g(w)| dz,

11) d2 f7 f ‘f )’ dl’)%,
iii) deo(f,g) =sup{|f(z) — g(z)| : x € [a,b]}, defined on C [a,b] are metric.

Definition 1.1.2 [7j]Let (X,d) be space, xo € X and r > 0. Then
B, (xg) ={z € X : d(x,x0) <1}

18 said to be an open ball having radius r with center x.
B, (z0) ={z € X : d(x,z0) <7}

18 said to be a closed ball having radius r with center x.
Sp(zg) ={x € X : d(z,z9) =1}

18 said to be the boundary ball having radius r with center xq.

Remark 1.1.2 Open ball, closed ball and the boundary of a ball having radius r with
center xg are denoted by B,(xo) = B(xo,7), By(10) = B,(20,7) and S,(x¢) = S(z0,7) ,
respectively.

Definition 1.1.3 A sequence (x,) in a metric space (X,d) is said to convergy to a
point xog € X if for € > 0 there exists an integer N such that n > N implies that R

d(xp, xm) < €.

We say that the sequence (x,,) is convergent and xq is the limit of (z,,). In other words
we write
T, — xg or lim =z, = xq.

On the other hand, if (x,) is not convergent, it is divergent.

Definition 1.1.4 A sequence (x,) in a metric space (X,d) is said to be a Cauchy
sequence if for every e > 0 there exists an integer N such that

d(Tp, Ty) < €
whenever n > N and m > M . In other words, (x,) is a Cauchy sequence if

d(p, Tm) — 0 as n,m — oo

9



CHAPTER I. PRELIMINAIRE [.2. NORMED SPACE

or equivalently
lim d(z,,xm,) =0

n,Mm—>00

I.2 Normed Space

Definition 1.2.1 [75]/Let X be a vector space over the real (or complex ) numbers. A
function,]|.||, from X into the non-ngative real real numbers is called a norm on X if
for all z,y € X and X\ € R, the conditions ||z|| > 0 if x# 0 and ||z +y| < ||lz|| + ||y||
are satisfied. The norm of x is denoted by ||x||. Moreover, the vector space X with
norm 1s called normed vector space or normed space .

i) [lz]l > o4 2 #0,
i) [[z]] =0 =2 =0,
iii) [|Az]| = [Al{l]l,

iv) [lz+yll < =] + [yl

Remark 1.2.1 ||| is said to be a semi norm if only the conditions (n3) and (n4) are
satisfied. Notice that for a semi norm the conditions ||z|| = 0 may be satisfied for
non-zero .

Theorem 1.2.1 Let (X, ||.||) be a normed space. Then for all z,y € X, the function
defined by

d(z,y) = |lz =yl
1s a metric on X. This metric is called normed metric.

Definition 1.2.2 [15] Let ||.||, and |.||, norms be given on the vector space X.
For every x € X if there exists c1,co > 0 such that

allzlly < llfly < e flfl; -

then ||.|| and ||.||, are called equivalent norms.

Definition 1.2.3 As a result of this definition. We can deduce that different norms
can determine the same topology. The following result is based on the fact that any two
norms on a finite dimensional vector space determine the same topology.

Theorem 1.2.2 All the norms defined on finite dimensional normed (vector) spaces
are equivalent.

As a consquence of Theorem, all the norms defined on finite dimensional normed
spaces describe the same topology on these spaces. For instance, if a squence (x,) in
norm space X is convergent, bounded or Cauchy sequence with respect to the norm ||.||,
(II.l,), then it is also convergent, bounded or Cauchy sequence with respect to the norm

13 -1l

10



CHAPTER I. PRELIMINAIRE 1.3. THE HOLDER AND YOUNG INEQUALITIES

Definition 1.2.4 If every point sequence in A has a subsquence that converges to an
element of A in X, then the subset of a normed space X is said to be compact.

Definition 1.2.5 Let X andY be normed spaces, and let ||.||yand |||y be their respec-
tive norms. If every bounded subset of X maps into a comparatively compact subset
of Y, then the continuous linear operator L € L(X,Y) is considered compact. The
Heine—Borel theorem for finite dimensions normed spaces might be seen as leading to
the following outcome.

Theorem 1.2.3 Assume that X is a finite dimensional normed space and thatY C X.
If and only if Y is closed and bounded, then the set is compact.

Remark 1.2.2 Remark 1.2.3 According to the theory of metric spaces, every conve-
gent sequence is Cauchy. There re metric spaces and normed spaces where a Cauchy
sequence does not converge, hence the oposite of this statement may not always be true.
The completeness property of a normed space, which yields a Banach space, is given in
the following. Only the basic characteristics of Bach spaces presented here. Additional
information is available in the functional and real analysis books listed in the reference
section.

I.3 The HoOlder and Young Inequalities

1) [63]Let (X,T', 1) be a measured space and let 1 < p, ¢, < +oo be real numbers

such that 1

1

1
p q T
If we LP(X) and v € LX) then uv € L"(X) and,

“uvHLT(X) < ||u||LP(X) ||U||Lq(X)‘

2) Let 1 < p,q < 400 and let r > 1 be such that,

If u € LP(R?) then for almost all z in R? the integral,

(wx0)) = [ ule = y)oty)dy
R
is convergent, and u * v belongs to L"(R?). Moreover we have,

[ 5 V]| Loy < Mull pray (101 2 gy

11



CHAPTER I. PRELIMINAIRE [.4. APPROXIMATION OF THE IDENTITY

I.4 Approximation of the Identity

1. [63] Let p € C*(R?) be such that
supp(p) C {z € R?: |z| <1} ,p > O,/ p(x)dr = 1.
Ra

For ¢ in (0, 1] set,p.(z) = e~ 9p(%).

€

lim(p, *u) =u in LP(RY).

e—0
The family [p,]cc(0,1] is called an appoximation of the identity. Then we have,

2. for any 1 < p < +oo0, if u belongs to € LP(R?),then

lim(p, xu) =u in LP(R?).

e—0
3. If u : R — C is a bounded uniformly continuous function, then

lim(p, *u) =u in L=(R%).

e—0
4. For any 1 < p < +00, if u belongs to LP(R?), then for almost all x in R?,

lim(p, * u)(z) = u(x).

e—0

5. For any 1 < p < +o0, if u belongs to LP(R?), then for any ¢ € (0, 1], the function
pe * u belongs to C*°(RY).

I.5 The Lebesgue Space L (1)

I.5.1 Definition and Basic Properties of L?(2)

[55] Let p be a positive real number and let  be domain in R™. The class of all
measurable functions u defined on €2 in indicated by L?(£2), for which

/Q |u(z)|” dx < oo. (L5.1)

The members of LP(2) are therfore equivalence classes of measurable functions satis-
fying , where two functions are comparable if they are equal a.e.in 2. We find
functions in LP(Q2) that are identical nearly everywhere in ). We disregard this dis-
tinction for simplicity and write u = 0 in LP(92) if u(z) = 0 a.e.in 2, and u € LP(Q) if

12



CHAPTER I. PRELIMINAIRE [.5. THE LEBESGUE SPACE L” ()

u fulfills (L5.1). If w € LP(Q) and ¢ € C, then cu € LP(Q) is obviously true. We must
demonstrate that if u,v € LP(Q), then u + v € LP(f2) in order to prove that LP(2) is
a vector space. This is a direct result of the inquity thar follows, which will also be
helpful in the future.

Lemma 1.5.1 If 1 <p < oo and a,b >0, then
(a+ by < 2071 (a? + 1P). (L5.2)

Lemma 1.5.2 (The L, Norm) Now will confirm that the functional ||.||, defined

fol, = ([ o ac) "

is a standard on LP(Q), given 1 < p < oo .(If 0 < p < o0, it is not a norm). When
there is a possibility of domain confusion, we substitute |||, o for |||,

It is evident that if and only if u = 0 in LP(), then |lul[, > 0 and [juf, = 0.
Additionally
leull, = lelllul, . ceC.

Therefore, after we have confirmed the triangle inequality, we will have demonstrated
that ||.||, is norm on L?(Q2).

lu+vll, < flull, + llvll, ,
Minkowski’s inequality is the name given to it. This requires Holder’s inequality first.

Corollary 1.5.1 [t is possible to apply Hélder’s inquality to products of more than two
N

functions. Assume that where u; € L1(Q),1 < j < N, and p; > 0,u = Huj. Soppose
j=1

N N
that Z(l/pj) =1/q, then u € L1(Q) and ||ul[, < H Huijj. By induction on N, this
j=1 J=1

follows from the prior corollary.

Theorem 1.5.1 (A Converse of Holder’s Inequality) A mesurable function u is
a member of LP(Q) if and only if

sup {/Q [u(z)[v(z)dz : v(x) >0 on Q, [lv]|, < 1} (I.5.3)

is finite, and then that supremum equals |luf ,.

13
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Theorem 1.5.2 (Minkowski’s Inquality) If 1 < p < oo, then
[Ju+ o, < llull, + [lvll, - (L5.4)

Theorem 1.5.3 (Minkowski’s Inequality for Integals) Assume 1 < p < oco. As-
sume that the function y — ||f(.,y)|, g belongs to L'(R™). that f is measurable on
R™ x R™, and that f(.,y) € LP(R™) for almost all y € R". Then, L*(R™) a contains

the function © — [o, f(x,y)dy.
P 1/p 1/p
w) < [ ([ senras)

(/.
. fCy)dy

[z, y)dy

R

that s,

< [ Gl pm dy-
p,R™ R

I.5.2 The Space L™ (2)

If a constant K exists such that |u(z)| < K a.e.on €, then a function u that is mea-
surable on 2 is said to be basically limited on . The essential supremum of |u| on
(2, represented by ess sup,.q |u(x)|, is the maximum lower bound of such constants
K. The vector space of all functions u that are fundamentally bounded on € is repre-
sented by L*>(f2), with functions being once more recognized if they are equal a.e.on
(2. Verification of the functional .|| defined by

[ullo = ess sup |u(z)]
zeN

is a norm on L*(2). Moreover, Holder’s inequality (3) and its corollaries extend to
cover the two cases p=1,p' = 0o and p = oo, p’ = 1.

I.6 The Sobolev Space W7 ()

1.6.1 Definitions and Basic Properties

The Sobolev Norms

We define a functional ||.|,,, , where m is a positive integer and 1 < p < oo, as follows:

1,
lull,,, = ( > D™ u|2)? if 1<p< oo, (L6.1)
0<a|<m
[l 00 = og\}ﬁi{m | D%l with p =00 (1.6.2)

14
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for any function u for which the right side makes sence , ||.||,, being, of course, the
norm in LP(Q2). In some situations where confusion of domains may occur we will use
[wll,, p.0 in place of [ul],, . Evidently (L.6.1) or ([.6.2)) defines a norm on any vector
space of functions on which the right side takes finite values provided functions are
identified in the space if they are equal almost everywhere in Q.

Sobolev Spaces

For any positive integer m and 1 < p < oo we consider three vector spaces on which

I-[],,,,p 18 @ norm:

a) H™P(Q)) =the completion of {u c0™(Q): ||U||mp < oo} with respect to the norm

” . ||m,p :
b) WmP(Q) = {u e LP(QQ) : D € LP(Q) for 0 < |a] < m}
c) Wy (Q) = the closure of C§°(Q) in the space W™P(Q).

Equipped with the appropriate norm (1) or (2) thesQe are called Sobolev Space over
Q. Clearly Wo?(Q) = LP(Q2), and if 1 < p < oo , WyP(Q) = LP(Q). For any m , we
have the obvious chain of imbeddings

W3 P(@) — W) — (@),

Theorem 1.6.1 [55] W™P(Q2) is a Banach space.

Proof: Let {u,} be a Cauchy sequence in W™P(Q). Then {D%u} is a Chauchy se-
quence in LP(2) for 0 < |a| < m. Since LP(2) is complet there exist functions u and
Ua, 0 < |a] < m, such that u, — u and D*u,, — u, in LP(2) as n — oo. Now
LP(Q) C Li,.(Q) and so u, determines a distribution T, € D'(Q). For any ¢ € D(Q)
we have

T (@) = Tu(0)| < /ﬂ |un () — u(@)] |p(z)| do < |||, [[un — ul],

by Holder’s inequality, where p' is the exponent conjugate to p. Therfre T, (¢) —
T, (@) for every ¢ € D(Q) as n — oo. Similarly, Tpey, () — T, (P) for every
¢ € D(Q). It follows that

Tuo(9) = lim Tpay,(¢) = lim (=17, (D) = (-1)*IT,(D*9)
for every ¢ € D(Q). Thus u, = D% in the distributional sence on Q for 0 < |a| < m,
whence u € W™P(Q). Since lim, o [|u, — ull,, , = 0, the space W™P(Q2) is complete.
u

15
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Theorem 1.6.2 [55/W™P(Q) is separable if 1 < p < oo , and is uniformly convex and
reflexive if 1 < p < oo . In particular, W™2(Q) is a separable Hilbert space with inner
product

(U, V) = Z (D%, D),

0<|al<m

where (u,v) = [, u(x)v(z)dz is the inner product on L*(12).

1.6.2 Duality and the spaces W7 ()

In this part, the operator P, the spaces LP(22(™) and W, and the number N for fixed
Q, m and p. Additionally, for any functions u, v for which the right side makes sence,we
define

(1, ) = /Q w(@)o(x)dz

for any functions u, v that make sence on the right side.
Let’s agree that p’ always represents the conjugate exponent for given p :

00 ifp=1
=9 p/p-1) ifl<p<oo
1 if p=o00

The Riesz Representation Theorem is first extended too the space W™P(€2). The
dual of WP (Q) with a subspace of D(Q) is then found lastly, we demonstrate that
the completion of L”' () with regard to a norm weaker than the typical L” norm may
likewise be associated with the dual of Wj"*(Q) if 1 < p < 0.

The Dual of L?(Q™)

A unique v € L (Q0™) corresponds to each L € (LP(Q™)), where 1 < p < 00, so
that for each u € LP(Q(m))

L(u) = /Q(m) u(z)v(zr)dr = Z

|a|<m

Uo (T) Vg () dr = Z (Ua, Vo)
/.

la|<m

where u, and v, are the restrictions of u and v, resectively, to €),. Moreover,
1Z; (L2(Q0m)Y|| = [[o: I (@)Y . Thus (ZP(Q))y = L#' (Qm).

This is valid because LP(Q™) is, after all, an LP space, albeit one defined on an
unusual domain.

Theorem 1.6.3 [55] (The Dual of W™P(Q)) Let 1 < p < oo. Then for every
functional L € (W™P(Q)) there exist a function v € L'(W™P(Q)) such that if he
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restriction of v to Qq is v, we have for all u € W™P(Q)

Lu)= > (D",va) (1.6.3)

0<|a|<m
Moreover

1L (W (@) = inf

v; Lp'(Q(m))H — min Hv; Lp’(Q<m>)H , (1.6.4)

For any uw € W™P(Q), holds, and the infimum s taken over and reached on the
set of all v € LY (™). If1 < p < oo, the element v € LP (Q™) satisfying
and is unique.

Theorem 1.6.4 (The Normed Dual of W?(Q)) The dual space (Wy""(2))" is
1sometrically isomorphic to he Banach space W‘m’p'(Q), which is composed of those
distributions T € D(RQ) that satisfy and have norm

|T|| = min {H’U;LPI(Q(W))H . v satisfies } .

The isometric isomiphisrr} results in this space being complete.

If 1 < p < oo, then W™ (Q) is clearly separable and reflexive.

Distributions T" provided by ([I.8.1]) do not fully define continuous linear functionals
on W™P(Q) when Wy""(Q) is proper subset of W™P(Q) due to their limits to Cy(12).
1.6.3 Approximation by Smooth Functions on (2

¢ €C(Q):||8],,, < oo} is dense in W™P(Q)) is what we want to demonstrate .

The following existence theorem for ndlessly defferentiable partial functions of unity is
necessary for his .

Theorem 1.6.5 (Unity Partitions ) Let A be a set of open sets in W that cover
A, or A C UuepU, and let A be an abritrary subset of W then, a set of functions
¢ € C°(R™) having the following properties;

i) For every ¢ € ¥ and every x € R", o < {(x) < 1.

il) If K € A, all but finitely many ¢ € ¥ vanish identically on K.
iii) For every { € U there exists U € 0 such that supp (¢) C U.
iv) For every x € A, we have ),y ((x) = 1.

Such a collection ¥ is called a C*°-partition of unity for A subordinate to 6.
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1.6.4 Approximation by Smooth Functions on R"

Having shown that an element of W™P(Q) can always be approximated by functions
smooth on €2 we now ask whether the approximation can in fact be done with bounded
functions having bounded derivatives of all orders, or at least of all orders up to and
including at least m. That is, we are asking whether, for any values of k& > m, the
space C*(Q) is dence in W™P(€). The following example shows that the answer mav
be negative.

1.7 Sobolev embedding theorems

When examining the regularity of a weak solution to a boundary value issue, for ex-
ample, Sobolev embedding theorems are crucial.

1.7.1 The Rellich Kondrachov Theorems

Definition I1.7.1 [1] Let V C W, V and W be two Banach spaces. We write V — W
if the spaces V' is continuously embedded in W

Wl <clvlly  WweV. (L7.1)

We say the space V' is compactly embedded in W and write V —— W, if holds
and each bounded sequence in V' has a subsequence coonverging in W.

Remark 1.7.1 if V — W, the functions in V are more smooth than the remaining
functions in W. A simple example is H'(Q) — L*(Q) and H' () —— L?(Q).

Proofs of most parts of the following two theorems can be found in [39]. The first
theorem is embedding of Sobolev spaces, and the second on compact embedding.

Theorem 1.7.1 (continuously embedded) Consider the Lipshitz domain 2 € R.
Then, the following claims are true.

a) If k < d/p, then W*P(Q) — L(Q) for any q < p*, where p* is defined by 1/p* =
1/p—Ek/d.

b) If k =d/p, then W5P(Q) — L4(Q) for any q < oo.

c) If k> d/p, then
WHhP(Q) — Ck*[d/p]flﬂ(Q)7
where

8= [d/p]+1—d/p, if d/p # integer,
| any positive number <1, if d/p = integer
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In the theorem, denotes the integer part of x, i.e., the largest integer less than or
equal to x. We remark that in the one-dimensional case, with @ = (a,b) a bounded

interval, we have
WE?(a,b) < Cla,b]

forany k> 1,p> 1.

Theorem 1.7.2 (compactly embedded) Consider the Lipschitz domain Q € RY.
Then, the following claims are true.

a) If k < d/p, then WkP(Q) —<— L4(Q) for any q < p*, where p* is defined by
1/p*=1/p—k/d.

b) If k = d/p, then W*P(Q) —— L4(Q) for any q < oo.

c) If k> d/p, then
Wlmp(Q) SEPEIN C'k—[d/p}—l,ﬂ(Q)7

where 8 € (0,[d/p] +1—d/p).

How can we recall these outcomes 7. We use the case of theorem 1.7.2. The functions
from the space W*?(Q) are smoother the larger the product kp. For this product,
there is a crucial value d (the domain’s dimension) such that a W*?(Q) function is
truly continuous if kp > d or more specifically, represents a continuous function a.e.For
an exponent p* greater than p, a W"?(Q) function belongs to L¥ (2) when kp < d.
Starting with the requirement kp < d, expressed as 1/p — k/d > 0, we calculate the
exponent p*. The difference 1/p — k/d is then defined as 1/p*. Knowing if a W"?(Q)
function has continuous derivatives up to a specific order is typically helpful when
kp > d. We start with

WkP(Q) — C(Q) if k> d/p.

Then we apply this embedding result to derivatives of Sobolev functions, it is easy to
see that
WkEP(Q) — CHQ)  ifk—1>d/p.

As some concrete examples, for a two-dimensional Lipschitz domain Q, H*(Q) —<—
Li(Q) V1< q<ooand H3Q) —— C(R). So in particular, a sequence bounded
in H'(Q) has a subsequence that converges in L?(2), C(Q). For a three-dimensional
Lipschitz domain Q, H(Q) <—— L{(Q)V1 < g < 6, H(Q) — L%(Q), and H'(Q) ——
c(Q).

Theorem 1.7.3 A direct consequence of Theorem 1.7.3 is the following compact em-
bedding result.
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1.7.2 Traces theorem

LY () spaces are used to define Sobolev spaces. Sobolev functions are therefore only
uniquely defined in 2. The boundary value of a Sobolev function appears to be poorly
defined now that the boundary I' has measure zero in R?. However, a Sobolev function’s
tace on the boundary can be defined so that, for a Sobolev function that is continuous
up to the border, its trace and its boundary value coincide.

Theorem 1.7.4 [1] Let R, 1 < p < oo, be a Lipschitz domain with Q. A continuous
linear operator v : WhP(Q) — LP(T') then has the following characteristics:

a) yv =vlp ifv e WH(Q)NC(Q).
b) For some constant ¢ > 0, [y sy < ¢l[vllyrog) Yo € wWir(Q).

c) The mapping v : WHP(Q) — LP(T) is compact; i.e., for any bounded sequence {v,}
in W'P(Q), there is a subsequence {v,} C {v,} such that {yv,} is convergent
in LP(T).

Remark 1.7.2 i) The trace operator is denoted by v, and the generalaized boundary
value of v is denoted yv. The trace operator from WLP(Q) to LP(T) is neither an
injection nor a surjection. The range v(W1?(Q)) is a positive order Sobolev space over
the boundary, namely WY=YPP(Q), which is smaller than LP(T). Typically, the trace

of v € HY(Q) is represented by the same symbol v
i) If v, — v in HY(Q), then v, — v in L*(T).

Theorem 1.7.5 When we discuss weak formulations of boundary value problems later
in this book, we need to use traces of the H*(2) functions. These traces form the space
H'Y2(T'); in other words,

H'2(T) = v(H'(%).

Correspondingly, we can use the following as the norm for HY/?(T) :

HQHHI/2(F) = vegllf(g) HU”Hl(Q) : (1.7.2)
The ability to appropriately impose necessary boundary conditions in formulations is
a prerequisite for understanding boundary value problems. Theorem 1.7.3 is enough
for the purpose because necessary boundary conditions for second-order boundary value
issues only require function values on the border. The traces of partial derivatives
on the border must be used for higher-order boundary value problems. For instance,
all boundary requirements containing derivatives of order at most one are regarded as
fundamental boundary conditions for fourth-order boundary value issues. Given that
By differentiating the function’s boundary value, we may get the tangential derivative
of a function on the boundary; all we need to do is use the function’s traces and normal
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derivative. Let the outward unit normal to the boundary I' of 2 be represented by v =
(v1,...,vq9)T. Remember that the classical normal derivative of v on the boundary if it
is a member of C1(Q) is

v ov

1.7.3 (Generalized Poincaré Inequality

Theorem 1.7.6 Let §2 be a Lipschitz bounded domain in R™. Let p € [1,+oo[ and let
N be a continuous seminorm on WP(Q); that is, a norm on the constant functions.
Then there exists a constant C' > 0 that depends only on 2, N, p, such that

T—ve (( / V()P dx) " +/\/(u)> |

Proposition 1.7.1 [13] Let Q be a bounded domain of class C'; then there exists a
constant Cp > 0 such that every u in H}(SY) satisfies

[ull gr ) < Cr [ Vull,-

1.7.4 The Lax-Milgram Lemma

The Lax-Milgram Lemma is employed frequently in the study of linear elliptic boundary
value problems. For a real Banach space V, let us first explore the relation between a
linear operator A : V' — V'’ and a bilinear form a : V x V — R related by

(Au,v) = a(u,v) Yu,v e V. (1.7.3)
The bilinear form a(.,.) is continuous if and only if there exixts M > 0 such that
|a(u, v)] < M |lul[ o]} Vu,0 eV

Theorem 1.7.7 [1|] there exixts a one-to-one correspondence between linear continuous
operators A : V. — V' and continuous bilinear forms a : V x V — R, given by the

formula .

1.8 Weak Derivative

Definition 1.8.1 [15] Let o be a multi-index and the function u € L, .(Q) be provided
for each p € C§°(Q) the relationship

(@) Do ()dx — (—1) /Q play(@)ds  (18.1)

7,.(6) = (60a) = |

Q
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is met, the function v € L} (Q) is known as the o — th weak (generalized) derivative

of u, and it is represented by the notation v = D%u.
A number of authors also use v = v, = D%u to indicate the weak derivative. Only

weak derivatives exist.

I.8.1 Properties of the Weak Derivative

We wrap off the chapter by presenting the following theorem, which allows one to com-
pare the weak derivative with the classical one and determine some of its fundamental
characteristics, especially from the first two propositions.

Theorem 1.8.1 i) A function has a weak derivative if it has a (classical) derivative.
The opposite might not always be true, though. In other words, a function with a weak

derivative might not have a (classical) derivative.
1) The weak derivative is defined worldwide, whereas the classical derivative is point-
wise.
i13) The weak derivative is linear. In other words, if c1,c2 € R and uy,ugy € L}, (),
we obtain
Da<61U1 + CQUQ) = cha(ul) + CgDa<U2).

w) If u has a weak derivative v = D*u and if v has a weak derivative w = D°v =
DF(D%u), then
Dy = DP (D) = D%y = w.

The fact that the sequence of differentiation is irrelevant for mized derivatives is an-
other essential characteristic of the weak derivative that sets it apart from the classical
derivative. Stated otherwise, the weak derivative is independent of the differentiation
order.

Remark 1.8.1 In the classical sense, a function must be continuous in order to be
differentiable. However, the weak derivative does mnot need neither continuity nor dif-
ferentiability of the function; integrability is sufficient.

1.9 Green’s Identities

To keep things simple, we look at R? elements. Let F' = (Fy, F, F3) be a vector in R3
and v = u(x,y, z) be a function. The following lists some helpful notations.

[} Vu:gradu: (Ugmuyauz)?
o V-F=divF = Fy, + Fy, + F3.,
o Au=divgradu =V - Vu = uzy + uyy + ..,

o [Vul? =u2+u?+u?
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e V. V=Vi=A.
Theorem 1.9.1 (Green’s First Identity)[15] For u € C%*(Q) N C(Q),

/vAud:(:: v—ds—/VvVudm
Q

where n is the unit vector in the outward normal direction and % =n-Vu.

(Green’s Second Identity).For v € C?*(Q)NC(Q),
Av — oA = — —v—)ds.
/Q(u v —vAu)dx /aQ(uan U8n>ds

I.10 Some Semigroup arguments

Definition 1.10.1 Let B € L(X) be a bounded operator. The resolvent set p(B) of B
is the set of all X in C for which (B — \I)™' exists and bounded

={\eC;(B-\)"" € L(X)}.
The spectrum of B, denoted by o(B), is the complement of the resolvent set, i.e.,

o(B) = C\p(B).

A complex number X\ is an eigenvalue of B if
N(B—=M\I) # {0} .

Theorem 1.10.1 Let X be a Banach space and B € L(X) . If the operator B satisfies
|B|| < 1, then I — B is invertible and its inverse is given by

n=0

Definition 1.10.2 Definition 1.10.3 [5] Let X be a Banach space. A semigroup of
bounded linear operators is a family of bounded linear operators T(t) € L(X), which
depend on a parameter 0 < t < oo and that satisfies the following properties

T(0) =1, (I is the identity operator on X ).

T(t+s)=T(t)T(s) for every t,s > 0 (the semigroup property).

A semigroup of bounded linear operatorsT (t)is uniformly continuous if

fim [(¢) ~ 1] =0,
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the infunitesinal generator of a semigroup T'(t) is the operator B defined on

Tz —
D(B) = {x € X: limw e:m'sts}

t—o

T(t)xr—=x

Bz = lim ., for € D(B).

t—0
Definition 1.10.4 (Maximal Monotone Operators) [2]] Let X be a Hilbert space,an
unbounded linear operator B : D(B) C X — X is said to be monotone(accretive) if it
satisfies

Re (Bv,v) > 0,Yv € D(B)

In addition, the operator is called mazximal monotone , if R(I + B) = X i.e,

Vf e X;3v e D(B),such that u+ Bu = f.
Remark 1.10.1 If -B is monotone, we say that B is dissipative.

Proposition 1.10.1 Proposition 1.10.2 [2]|] Let B be a mazimal monotone operator
on a Hilbert space. Then

1) D(B) is dense in X.

2) B is a closed operator.

3) For every A > 0, (I + A\B) is bijective from D(B) into X, (I + B)™! is a bounded
operator, and |[(I +AB)~!||zx) < L.

1.10.1 The Lumer Philips Theorem

Definition 1.10.5 [0] If there is a x* € F(x) such that Re (Ax,z*) < 0 for each
x € D(A),then a linear operator A is dissipative. The following is a helpful description
of dissipative operators.

Theorem 1.10.2 (Lumer-Phillips) Let A be a linear operator in X with the dense
domain D(A).

1) If A is dissipative and there is a A9 > 0 such that the range, R(AgI — A), of Aol — A
1s X, then A is the infinitsimal generator of a Cy semigroup of contractions on
X.

2) If A is the infinitesimal generator of a Cy semigroup of contractions on X the
R(A —A) =X forall A >0 and A is dissipative. Moreover, for every x € D(A)
and every z* € F(x), R (Az,x*) <0.
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1.10.2 The Hille-Yosida Theorem

Consider a Cy semigroup T'(t), for ¢ > 0, there are constants w > 0 and M > 1
such that | T(¢t)|| < Me“t. T(t) is said to be uniformly bounded if M = 1, and a Cj
semigroup of contractions if w = 0. Characterizing the infinitesimal generators of C)
semigroup of contractions is the focus of this section. In order for an opperator A to
be the infinitesimal generator of a C semiggroup of contractions, some conditions on
the resolvent’s behavior are provided.

Recall that if A is a linear, not necessarily bounded, operator in X, the resolvent set
p(A) of Ais the set of all complex numbers ) for which A\J— A is invertible,i.e.,(A]—A) ™1
is a bounded linear operator in X . The family R(\ : A) = (A — A)~1, X € p(A) of
bounded linear operators is called the resolvent of A.

Theorem 1.10.3 [6] (Hill-Yosida) A linear (unbounded) operator A is the infinites-
imal generator of a Cy-semigroup of contractions T'(t), if and only if

1) A is closed and D(A) = X.

2) The resolvent set p(A) of A contains Rt and for every A > 0

IR : A)|| < (1.10.1)

> =

1.10.3 Operator m-dissipative

Definition 1.10.6 [6] A dissipative operator A is referred to as m-dissipative if R(I —
A) =X.

If A dissipative so is pA for all > 0 and therefore if A is m-dissipative then
R(A —A) = X for every A > 0. In terms of m-dissipative operators the Lumer-Philips
theorem can be restated as: A densely defined operator A is the infinitesimal generator
of a Cy semigroup of contractions if and only if it is m-dissipative.

The main result of this section is the following perturbation theorem for m-dissipative
operators.

I.11 Stability and Hyperbolicity for Semigroups

We first examine the stability of strongly continuous semigroups (7'(¢));>0, one of the
many intriguing forms of asymptotic behavior. This means that as t — oo, the oper-
ators T'(t) ought to converge to zero. However, we must discriminate between several
definitions of convergence, as is to be expected in infinite-dimensional spaces.

I.11.1 Stability concepts
Definition 1.11.1 A strongly continuous semigroup (T'(t))i>o is called
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- strongly exponentially stable, provided that € > 0.

tlim e ()| = 0, (I.11.1)
- uniformly stable if
tlirn T ()] =0, (I.11.2)
- strongly stable if
tlim |T(t)z|| =0 forallz € X, (I.11.3)
- weakly stable if
lim (T'(t)z,2') =0  forallxz € X and 2’ € X'. (L.11.4)

t—o00
In the case A is not compact, then the classical methods such as Lasalle’s invari-
ance principle [18] or the spectral decomposition theory of SzNagy-Foias, Foguel and
Benchimol [13, 8, 33] are not applicable. in this case. Thus, we will use a Stability
Theorem of Arendt-Batty (given below) to study the strong stability of our system

Theorem 1.11.1 (Stability Theorem)[69] Let (T'(t))i>0 be a bounded Cy-semigroup
on a reflizive space X . Denote by A the generator of (T(t)):>o and by o(A) the spectrum

of A. If 0(A) NiR is countable and no eigenvalue of A lies on the imaginary axis, then
limy o T'(t)x =0 for all z € X.

Theorem 1.11.2 On a Banach space X, let (T(t))i>0 be a bounded strongly continuous
semigroup with generator A. If

Po(A")NiR = () and
o(A) NiR is countable,
then (7'(t)):>0 is strongly stable, i.e.,

lim T'(t)x =0 for all z € X. (I.11.5)

t—o0

Corollary 1.11.1 On a Banach space X, let (T(t))i>o0 be a strongly continuous semi-
group with generator A. The following claims are identical if (T'(t))>o is substantially
compact for the strong operator topology. (T'(t))i>o is strongly stable. Po(A) NiR = ().

1.11.2 Lyapunov direct method

Theorem 1.11.3 Suppose that there exist constant a,b,c,r > 0,p > 1 and a C! func-
tion V : Ry x R — R such that,

i) Vo, |z|| <7, a|z]]’ <V(x,t) <b|z||",Vt>0.
i) Vi(t,z) < —c|lz||”,Vt > 0,Vz, ||| < 7.

Then, the equilibrium point of the equation z; = f(¢, x) is exponentially stable.
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I.12 Perturbation by Compact Operator

1.12.1 Fredholm Operator

An invertible operator is a basic illustration of a fredholm operator J : & — F’; in this
case N(t) = {0},R(T) = F, and so «(T") = B(T) = 0. Conversely, a(T) = 5(T) =0
implies that J is invertible. We shall now charactirize the Fredholm operators, that is,
the operators T' € ® such that o(T") = 5(T'),i(T) = 0.

Definition 1.12.1 A Fredholm operator is one whose kernel is finite-dimensional
and whose image has finite codimension. The index of a fredholm operator is the
difference

index(T) := dimker T' — codimImT.

A Fredholm operator T : X — Y gives rise to decompositions
X=kerTeM, Y=imT&N,

for some closed linear subspace M, N. The restricted operator R : M — im T,z —
Tx is then bijective and continuous, and thus an isomorphism by the open mapping
theorem.

Theorem 1.12.1 [35] (Riesz-Schauder) If T' = J + V, where J is invertible and V'
is compact, then T is fredholm, that is a(T) = B(T') < 0.
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In this chapter, we study a wave equation set in a bounded domain (in any space
dimension) with a dynamical control and prove that if the delay term is small enough,
then the system with delay has the same (polynomial) decay rate than the one without
delay. The main (and simple) idea is to use a duality argument already used in [72] in
a fully different context and in [20] for a system without dynamical control. Hence our
purpose is to generalize these results to a system with delayed dynamical control.

Let us shortly describe the distributed parameter systems that we will analyse. Let
) C R™ be an open bounded domain with a lipschitz boundary I"'. We assume that I"
is divided into two open parts I'p and 'y, i.e. I' = I'p Uy with meas (I'p) # 0 and
meas (I'y) # 0.

In this domain €2, we consider the following wave equation with delay term on the
dynamical control
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Chapter II II.1. WELL POSEDNESS AND STRONG STABILITY

(uy (x,t) — Au(z,t) = 01in Q x (0, +00),
u(z,t) =0o0n I'p x (0,400),
9u (z,t) +n(z,t) =0 on Ty x (0,400),
n (2,1) = ug (v, ) + By, (2,1) + By, (v, —7) =0 0n T'y x (0, +00),
u(x,0) =ug, u(x,0) =uy in Q,
L n(z,t—7)=fo(z,t —7) onTyN x (0,7),

(IL0.1)

Where v (x) denotes the outer unit normal vector to the point x € T and % is the
normal derivative of u. Besides 1 denotes the dynamical control, 7 > 0 is the time
delay, 5, and [, are positive constants and the initial data (ug,u, fo) belong to a
suitable space (precisely described below). The damping of the system is made via the

indirect damping mechanism on I'y
Our first goal is to show that this system is well-posed and is strongly stable under

the following assumption
By < B1. (I1.0.2)

Afterwards, we show that this system is not exponentially stable.Finally we show that
if the system without delay (i.e.,with 5, = 0) is polynomially stable, then
system ([1.0.1)) with delay inherits the same polynomial decay rate.

The next is organized as follows; the first section is devoted to the well-posedness
and strong stability of problem but, in the second section we establish the non

uniform stability, and finally in third section we prove the rational stability.

II.1 Well posedness and strong stability

In this section we will give the well posedness for the problem (I1.0.1)) by using the
semigroup theory, and then establish a strong stability result.

II.1.1 Well posedness

Let us set

z(x,p,t) =n(z,t—71p), 2 €Tn, pe€(0,1), t € (0,+0).
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The problem (II.0.1)) is now equivalent to

(

u(x,t) — Au(z,t) =0 1in Q x (0, +00) ,

T2(x, p,t) + 2p(x, p,t) =0 in 'y x (0,1) x (0, 4+00),

u(z,t) =0 on I'p x (0,400),

Opu(x,t) + n(z,t) =0 on T'y x (0, +00),

8z, t) —w(,t) + Byn(z,t) + Byz (x,1,t) =0 on I'y x (0, +00), (IL.1.1)
2(x,0,t) = n(x,t) on 'y x (0, +00),

u(z,0) = ug, uy (2,0) = uy in Q,

n(xvt) = 1o on L'y

z(z,p,0) = fo(z,—pr) on TI'y x(0,7)

We set
U= (u,uy,n,2)".

Then we have
T -1 T
Uy = (wg, uy My 21)° = (Ut; Au, (ue — 810 — Boz (., 1))\FN y T Zp) .

Therefore problem ([I.1.1)) can be rewritten in an abstract framework:

{ Uy = A, (11.1.2)

U (0) = (Uo, U1, Nos fU (’7 _'T))T ’
where the operator A is defined by
A, v,n.2)" = (0,805 (0= B = Brz (1), —77',) "

with domain

D(A) = {(u,v,n, )" e D(A) x Hi (Q) x L*(Ty) x L* (Ty x H(0,1)) 287(’%0:) :737 on FN},

where

Hp (Q)={ueH (Q),u=0o0onTp},

7 is the trace mapping from H' () into L? (T'y), and D (A) is the "maximal” domain
of the Laplace operator

D(A)={ueH (Q)|Aue L), and duec L*(Ty)}.
Let us now introduce the Hilbert space

H=H} () x L*(Q) x L*(Ty) x L*(Ty x (0,1))
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with the norm

2
T 2 2 2 2
o 2| = Ivulay + 1ol + Iy + < 2l sy

and the natural associated inner product

(

where, here and below, ( is a fixed constant satisfying

*

. > /(Vu Vau* +vo )daH—/ nn*dF—i—C/ / x,p) Z* (x, p) dp,
Q Tn

*

NI 2 <
NI < &

H

which always exists due to the assumption ([1.0.2]).
Proposition I1.1.1 The operator A defined above is m-dissipative.

Proof: By Green’s formula and Cauchy-Schwarz’s inequality, we see that

v u
Au v

3%<"41/{’I/{>H_9%< V(U—B177_62z("1>) ’ il >
—7712, z

= ?R/Vv.Vud:H/Auvder/ (v— By — Byz (., 1)) ndl—(7~ / / (x,p) Z (x, p) dpdl’
Q Q I'n Iy

=R R [ (= B e 1) <r—1/FN{§rz<xp>|ﬂodr

I'n

2 CT_l 2 CT_I 2
=—61/ n2dr — 6,1 [ = (2, 1) pdr — /z<x,1> dr+—/ nf? dr
T'n FN 2 'y 2 l—‘N

2 _ (7'_1 2 CT_l 2
< =By IFdl 48y | |2 (5 1)qldD -2 |2 (z,1)%] + 5 In|* dr
Ty Tn Ty Ty
—1 —1
< 5 / ||dF+62/ 2 (2, 1) dr+ﬁ2/ W / 2 (2, 1) A+ / inl? dr
PN 2 FN FN 2 FN 2 FN

This proves that

s <AU7U>H S Al ||772HL2(FN) + A2 ||’Z ('7 1)Hi2(1"1\1) ) (1114)

Which
:_51+&+27 V. S (IL.1.5)
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that are negative constants due to ([I.1.3]). We therefore deduce that A is dissipative.
Now, we will show that the operator Al — A is surjective for all A\ > 0.
Given F' = (f,g,h, k)T € H, we look for U = (u,v,n, Z)T € D (A) solution of

M -A)U=F
that is
Au—v=Ff
A—Au=g
I1.1.6
N1 — (0 — By — Bz (1)) = h (IL.1.6)
Az +771z, =k

Assuming for the moment that we have found 1 and 2z with appropriate regularity such
that
z(.,0)=n. (IL.1.7)

Then using (II.1.7) we deduce from the fourth equation of (I1.1.6)) that

p
2(.,p) =ne NP + Te_’\Tp/ k(.,0)erdo € L* Ty x (0,1)); (I1.1.8)
0

consequently

1
2(,1) =ne ™ + TG_/\T/ k(.,0)erdo. (I1.1.9)
0

Eliminating v from the first identity in ([1.1.6)), namely

v=2Au—f (I.1.10)
and using ([I.1.9)) in the third identity of ([I.1.6)), we find
n=AChu—fy on I'y (IL1.11)

where for shortness we set

_ 1
Oy = 5

1
f;\ — C')\ <f + 527_6_)\7-/ k (.,J) 6)\ng0_ . h,) ' (11112)
0

It follows that w verifies

—Au+Nu=g+\f inQ
u=o0 on I'p (I1.1.13)
&,u + )\C)\u = f)\ on FN.
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Multiplying the first equation of (IL1.13|) by ¢ € Hp () and integrating formally by
parts we get
ax (u, ) = Ly (¢) Vo € Hp (Q), (I1.1.14)

where the bilinear and continuous form a,is given by

ay = (u,p) = /Vthpdx + AQ/ugpdx + C’,\)\/ updl’
Q Q r

N

while the linear form L,is
Ly(p) = / (g+ M) pde + [ frpdl.
Q

Since ayis clearly strongly coerciveon Hyp (€2)x Hp () and Ly is continuous on
H} () the Lax-Milgram theorem ensures that the problem (II.1.14) admits a unique

weak solution u € Hp ().

Moreover, considering test function ¢ € D (Q2), we recover the first identity of
in D' () that is in distributions sense; consequently Au € L?* () since f
and g belong to L? (2). Coming back to ([I.1.14)), and again applying Green’s formula,
we find that

Oyt + AChu = fA on I'y.

Further since fy and u belong to L2 (I'n), we deduce that u belongs

to D (A). Furthermore, from and we define v and 7 by and
respectively, which gives the regularity v = \u — f € H} (Q) C L*(Q),
n € L?(T'y) and the boundary condition d,u = —n on I'y. Finally we have found
U € D (A) which verifies (IL.1.6). This shows that the operator A is m-dissipative on
‘H and then generates a Cy-semigroup of contractions in H . Thanks to Lumer-Phillips’

theorem, problem (|[I.0.1)) is well posed. m

I1.1.2 Strong stability

The main result of this subsection is the following.

lil% ||etAU0HH =0, for any Uy € D(A)

Since it is easy to see that the resolvent of A is not compact, then the classical meth-
ods such as Lasalle’s invariance principle [65] or the spectral decomposition theory of
SzNagy-Foias, Foguel and Benchimol [56], [I1], [7] are not applicable in this case. Then
we will study the strong stability of system by using a general criteria of Arendt-
Batty [68]. Following this criteria, the Co-semigroup of contractions e isstronglystableif
o (A) NiR is countable and no eigenvalue of A lies on the imaginary axis, where o (.A)

denotes the spectrum of A.
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First of all, let us look for the spectrum on the imaginary axis, and next analyse the
behaviour of the resolvent on the imaginary axis.

Lemma II1.1.1 for all A € R we have
ker (iA] — A) = {0};
more precisely, there is no eigenvalue of A on the imaginary azis.
Proof: Let us set U = (u,v,7,2,)". Given A € R, U € ker (iA] — A). Tt follows that
iINU — AU = 0 (I1.1.15)
which is equivalent to

tu—v=0 in Q

Ao —Au=0 in Q
ip—v+ P+ Py2(,1)=0 on Iy
iNe+712,=0 on TI'yx(0,1).

(I1.1.16)

Recalling the dissipativity property ([L1.4)of A, we get

-2 (4

and as A; and A, from ([I.1.5)), are negative constants, we deduce that

> < A nllzageyy + Aol (Dl G2y <0, (IL11T)

N3 S <
N3 S g

H

1720 o tux 0. @i
Combining and the third equation of gives
v=0 on Iy. (I1.1.19)
Using now in the first equation of it follows that
v=0 on TI. (I1.1.20)
Furthermore, U € D (\A) implies that
Ou=-n=0 on Iy. (I1.1.21)

Combining the first and the second equation of ([[I.1.16]) and using ([[1.1.20)) and (I1.1.21])

34




Chapter II II.1. WELL POSEDNESS AND STRONG STABILITY

we get
Au+XNu=0 in Q
u=0 On T (I1.1.22)
Oyu =0 on I'y.

Thanks to Holmgren’s theorem (see [31]), the unique solution of system ([I.1.22)) is
u = 0. Finally we conclude that U = 0, the proof of lemma [[T.1.T]is thus completed. m

Lemma I1.1.2 Equipped with the norm
HUHD(A) = HVUHLz(Q)n + HAUHmm) + Haz)U“L?(FN) ’
D (A) is compactly embedded into Hy. ()
Proof: Let {uy},.y be a bounded sequence in D (A) or equivalently
IVug| 2 qyr + [ Al 2 ) + [Ovtiill 20y < CVE €N, (I1.1.23)

for a positive constant C'. Then by Kondrachov embedding theorem and a trace theo-
rem, there exist v € H} () and a subsequence, still denoted by (uy),y for shortness
such that

up — u strongly in L?(Q) as k — oo, (I1.1.24)

up — u strongly in L*(T'y) as k — oo. (I1.1.25)

Now by setting fi. := Auy in Q and gy := 0,u; on 'y, we notice that

L 19 =) do == [ (o= £ T = wddn + [ (g0 = 90)Ton = e

'y

and by Cauchy-Schwarz’s inequality and ([I.1.23) we deduce that

2
19 = e 20 (= sl =l )

By (II.1.24) and (II.1.25)), this right-hand side tends to zero as k goes to infinity and

we deduce that (uy),oy is a Cauchy sequence in H}: (€2), hence the conclusion. m

Lemma I1.1.3 For all A € R we have
RGN —A) =H.

Proof: Since we have already shown that A is surjective, it suffices to treat the case
A < 0. Hence let A € R* and F'(f, g, h,k)T € ‘H. Then we look for U = (u, v, 7, z)T €
D (A) such that

(iIN[— A)U =F. (I1.1.26)
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Equivalently, we have

tAu—v=/f in
iAv—Au=g¢g in €
ixn—v+ B+ Fyz(,1)=h on I'y
iNe—11z,=k on I'yx(0,1).

(I1.1.27)

Proceeding as in the proof of Proposition 2.1 we arrive to problem with A
replaced by 1), its variational formulation being with A replaced by 7. Since
a;) 1s no more coercive in H%D (Q), we use a compact perturbation argument. Namely
we introduce the (unbounded) operator A;, from D (A) C H to H by

Ay (w,v,m,2)" = (—v, —Au,idn — v+ B+ Byz (1, 1) ,idz + T_lzp)T Y (u,v,m,2)" e D(A).

We first show that A;, is an isomorphism from D (A) to H. Indeed given F =
(f,9,h, k)T € H, we look for U = (u,v,n, z)T € D (A) solution of

AU =F,
or equivalently,
—v=f in Q
—Au=g in
. I1.1.28
ixn—v+ P+ pPyz(,1)=h on I'y ( )
iNe+7t2,=k on I'yx(0,1).
This directly yields v = — f , and as in the proof of Proposition 2.1, we find
2 (., p) = ne P 4 Te_”\Tp/ k(.,0)e?do.
0
Eliminating v and z(-, 1) in the third identity of (II.1.28]), we find
n=—fix on Ty, (I1.1.29)
where f;, was defined in (I1.1.12). It follows that u verifies
—Au=g in €
u=0 on I'p (I1.1.30)

&,u:fM on I'y.

Since g € L? () and f;) belongs to L? (T'y), it is well-known that a unique solution
exists in Hyp. (), with the regularity

Au € L?(Q),and dyu € L* (T'y).
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This furnishes a unique solution (u,v,7, 2)" € D(A) of ([I.1.28)
Now we notice that for (u,v,n,z)" € D(A), we have

(M — A) = Ap) (u,0,m,2)" = (idu,idv,0,0)" .

By Lemma and again the Kondrachov embedding theorem, we deduce that
(i — A) — A, is a compact operator from D (A) (equipped with the graph norm)
into H, because (using the inequality (a + b+ ¢)* < 4 (a? + b + ) valid for all real
numbers a, b, ¢)

lullpay + IVOll 2@ = [IVUllp2@p + AUl 120y + 11l 20y + VOl 20

N

2 |(v,m )|+ A G2
H H
As A;, is an isomorphism, we deduce that i\l — A is a Fredholm operator of index

zero. As Lemma [[T.T.T] guarantees its injectivity, we deduce that it is also surjective. m

Theorem I1.1.1 For any Uy € 'H, the Cy-semigroup (etA)
enerqgy space H.

£>0 18 strongly stable on the

im 404, = 0

Proof: Lemma ensures that there is no eigenvalue of A on the imaginary axis,
while Lemmalll.1.1| guarantees that o (A)NiR = ¢.That achieves the proof of Theorem
[LI1l m

II.2 Lack of exponential stability

In this section, we will show that the system (lI.0.1]) is not exponential stable. Our
argument is based on a frequency domain approach for exponential stability (see Huang
[T7] and Priiss [32]), more precisely on the next result.

Lemma I1.2.1 A Cy-semigroup (etA) of contractions on a Hilbert space 'H isexpo-

nentially stable, namely satisfies

t>0

|eTo]|,, < Ce ™ [|Uoll, Y Us €™, ¥Vit>0, (I1.2.1)
for some positive constants C' and w if and only if
p(A) D{iB,p € R} =iR (I1.2.2)

and
sup [|(i8 — A) 7| ;) < 00 (I1.2.3)

where p (A) denotes the resolvent set of the operatorA.
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The main result of current section is the following.

Theorem I1.2.1 The system (I1.0.1]) is not exponentially stable in the energy space
H.

Proof: As the condition is guaranteed by Lemma it suffices now to
built a contradiction following some techniques used in [70], [38], [§]. More precisely,
we prove that the condition is not satisfied in the sense that there exist a
positive real number C' and some sequences of A, € iR, U, = (U, Un, N, 7). € D (A),
and Fy, = (fu, s b, kn)' € H, with n € N, such that

A — AU, =F, neN, (I1.2.4)
HUnHH > C,Vn €N, (I1.2.5)

and
lirf HFnHH =0. (1I1.2.6)

Following [8], theorem 3.1, let (112),,.y be the sequence of eigenvalues of the Laplacian
with Dirichlet boundary condition on I', and Robin boundary condition on I'y repeated
according to their mulitplicity) and let ¢, be its associated normalized eigenfunction,
more precisely, solution of

~Ap, = pip, in Q,
¢, =0 on I'p, (I1.2.7)
Owop, + ¢, =0 on I'y

with
[enll 2@ =1

Without loss of generality, we can assume that all p,, are positive. Then for all n € N,
we chose

An = Ulyy  Up = ﬁy Un = Pny  2n ('7 p) = Une_i“””) and N = %

An

With this choice, we easily check that (i, vn, 7, 2,)" belongs to D (A) since by the
Robin condition on I'y in (I1.2.7) and the definition of z, , we have

zn (,0) =mn,, = =0yu, =0 on T'y.
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Further, we see that (u,, vy, 1, 2,)" is solution of

AUp — Up =0

AU — Au,, =0

)‘nnn - (U” - 517771 - 62ZTL ('7 1)) - hn?
)\nzn + Tﬁlzn,p (‘7 p) = 07

(I1.2.8)

where ,
By +52€_W"T¢

it

Equivalently this means that (i, vn,7,,2,)" is solution of 1} with f, = g, =
k, = 0 and h,, defined above. Now we notice that

P,

n.

2 2 2 2 2 2 2
[Unll3 = Hvun||L2(Q)”+||Un||L2(Q)+”77nHL2(FN)+§ HanLQ(FNx(O,l)) > HUHHLQ(Q) = HS%HL?(Q) =1,

which proves (II.2.5 )with C' = 1. Further straightforward computations yield

< B+ 15a)°

2 2 2
[ Flly, = ||hn||L2(FN) = ||S0n||L2(FN) :

|12

But using the trace estimate of interpolation type (see [49], Theorem 1.5.1.10 or
[71], Theorem 1.4.4]), there exists a positive constant C}, (independent of n) such that

N

2
[ 1on@) do @) < Coleullney Ialisy < Co (14 2)
N
Inserting this estimate in the previous one, we find
C 2(1 4 p2)?
b (181] + 182" (1 + p132)

[
Hence (I1.2.6) is also satisfied. This shows that the resolvent of A is not uniformly

bounded on the imaginary axis. m

2
£l <

— 0 as n — oo. (I1.2.9)

I1.3 Rational stabilization result

In this section we will prove the rational stability of problem ([II.0.1)) using again a
frequency domain approach, the rational stability of problem without delay,
and a duality argument. First of all we recall the following result due to Borichev and
Tomilov [4]:

Theorem I1.3.1 Let A be the generator of a Cy-semigroup of bounded operators on a
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Hilbert space H. Assume that
iR € p(A). (IL3.1)

Let | be a positive real number. Then we have the polynomial decay

C
|4 Us]| < i 1Uoll pay -t > 0,Up € D (A), (11.3.2)
if and only if .
\/\giloo sup W | (ix = A)le < 00. (I1.3.3)

Problem ([I.0.1) without delay is the following one

(uy (z,t) — Au(z,t) =0 in Q x (0,+00),
u(z,t) =0 on I'p x (0,+00),
t

%(x,)+n(m,t)20 on 'y x (0,+00), (11.3.4)
n, (x,t) —uy (z,t) + Byn (z,t) =0 on 'y x (0,400), o
u(z,0) =wuy, u(z,t)=wu; in €,
(7 (2,0) =n only.
This problem is well-posed in
Hoy := H%D (Q) x L* () x L* (Ty) (I1.3.5)
endowed with the norm
2
o[ = 19ulizaye + ol + Il (1L3.6)
The generator of its semigroup is Ag defined by
Ao (1, 0,0)" = (v, A,y (v, By))” (113.7)

with domain

D(A) = {(u,v,n)T € (H2(Q) N HE (Q)) x HE (Q) x L*(T'y) : dyu+n =0 on rN} .
(I1.3.8)
The main result of this section is the following;:

Theorem I1.3.2 Assume that the semigroup generated by Ay in Ho decays polynomi-
ally, namely

C
HetA/UOH < m ||UOHD(.A/) ,VUO eD (.Ao) ,Vt > 0. (1139)

for some positive real number . Then the semigroup of system (l1.0.1)) inherits the
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same polynomial decay, namely

C

Proof: As the condition ([I.3.1)) is already checked in lemma [II.1.1] we only need to
check the condition (I1.3.3). So according to the above theorem, we will establish that
for any A € R and F = (f,g,h, k)" € H, the solution U = (u,v,n,z)" € D(A) of

(i — AU =F (I1.3.11)

satisfies
[0l < € (1+1A") 1 F 1l (11.3.12)

where Cis positive constant (independent of A and F' ). Now we consider the solution
U* = (u*,v*, )" of

u Uu
(N —Ag) | v* | =1 v (I1.3.13)
n 1

that due to our assumption satisfies

H (u*, v, n*)T‘ (I1.3.14)

< N o))
Ho

0

where C, is a positive constant. Note further that the dissipativeness of Aq directly
yields

51/ A0 < R (AT — Ag) U™, U"),,, < H(u,v,n)THH U, - (I13.15)
'y 0

On the other hand the system ([I.3.13]) can be equivalently written as

At —ov*=u on
i —Au* =v on € (I1.3.16)
AN — v+ Bin*=n on I'y.
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Integrating by parts and using ([1.3.16)) we get

U u* AU — v u*

v v* I\ — Au v*

/l)\.[ - ./4. 9 * - . ) *
<( ) n'\ n > < iAn — v+ Bin+ Baz (., 1) 7 >

z 0 2 Az + 7'*12p 0

= [ V(i u—v).Vude+ | (idv— Au)vide + / (iAn — v+ B+ Byz (., 1)) n*dl’

Q

/Vv.VFda: + i)\/
" 0

+/ (M) = 0+ By + Bz (., 1)) T
'y

= i)\/Vu.VWdaH— /Amvdx—l—/ FUCZF%-i/\/dex—l— /Vu.VFdx%—/ nu*dl’
Q Q 'y Q Q N

—l—/ (iAn — v+ By + Bz (1, 1)) n*dl

I'n

= /VU.V(—MU* +v*)dx + /v(—z’/\v* + Au*) dx + / n(—iAn* 4+ v* — Byn*)dT
Q Q

'y

+/ (281m + Boz (-, 1)) n*dl

r
_ —/ Vul?dr - / jof? dz — / inl? dT +/ (2611 + Boz (1)) .
Q Q I'n I'n
Recalling (II.3.11)) and using ([[1.3.6)), the above relation can be rewritten as

Q T
— i\ / Vu.Virde — vordr — / Au.VoFdz
Q Q

u
H(u,v,n)T’ ; _ <F z > +/F (26,1 + Baz (., 1)) L. (IL.3.17)
0

Applying Cauchy-Schwarz’s and Young’s inequalities, we get

A5

2
2 ﬂ 2 *12
- ||77||L2(FN)+?2 12 (s Dl 2y e 107 122y

(I1.3.18)
for all € < 0. Furthermore, using the dissipativity property (I1.1.4)) of A, we have

T 2 H * k% TH
< F ) )
(O A (R

§]“3<(i>\f —A) > = —RAU, U)y = =M 0l = A2 12 (5 Dl Z2ry)

N3 < g
N3 < <
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where we recall that A; and A, are negative constants. Then Cauchy-Schwarz’s in-
equality guarantees that

0172y 12 (Dl 2y < (min{=Ay, =A}) " Flly [ Uy, (I1.3.19)

This estimate in ([1.3.18)) yields

. ooy, + 2 i
< ||F —||F U ;
Jw v, < IF |t o )|, + S Ul Nl + 2 e

for all £ > 0, and a positive constant C' independent of €. At this stage we make use

of (I1.3.14) and (II.3.15]) to find

C. N\ e 2

B

or all € > 0, and a positive constant C'independent of ¢ and A. Using again Young’s
nequality in the first term of this right-hand side, we arrive at

I

T2 l T C
v, <C.|F /\HH ZE||L, U
| o[ < ClFl AL o+ ZIF I U+ y

o]

7|2 C? 2 21 )2 , C C*WZE 7|2
y Uy < = ||F oA H y Uy H —||F U H s Uy ‘ )
[CAROR I L A [ N e el (R
for all €,0 > 0.Now by fixing ¢ and J so that %’:‘15 = }L and o ])\|2l = i, we get
7|2 21 2 !
|cwom|| < (NP IEI + AP IE T 1) (I13.20)
with a positive constant C'; independent of .
Now by its definition, we have
2 )% 2
U157 = [ o)™+ ¢ lelaepiony (IL3.21)

therefore it remains to estimate the L2-norm of z. But it is easy to check that (compare

with (ILLS))

. . p .
2 (., p) =ne P 4 TG_Z)‘TP/ k(.,0)e*"do,
0

hence we have
2
||Z||L2(FN><(O,1)) < ||77||L2(FN) +7 HkHL?(FNX(O,l)) :

By (I1.3.19)), we obtain

2 . -1 2
1202y oy < 2 (min{=Ay, =A™ [Flly, Ul + 277 | Fl3,
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Inserting this estimate in ([1.3.21]) and using (I1.3.20]), we obtain
101, < Co (14 AP)IFI + (1 ) 1F [T

with a positive constant C5 independent of A. Applying Young’s inequality, we obtain
(I1.3.12)). The proof of Theorem [[1.3.2is thus completed. m

To the best of our knowledge the polynomial decay (I1.3.9)) for system (II.3.4) is not
true in a general setting. Since it holds under some geometrical assumptions (described

below), our previous result allows to get the same decay rate for our system ([[1.0.1)).

Corollary 11.3.1 In addition to the assumptions from section 1, assume that there
exists xo € R™ such

(x —x0) v () > 0, VoeTly,
(x —x0).v(z) < 0, VoeTlp.

Then (I1.5.10) holds with | = 2.

Proof: With our additional assumptions, the results from Theorem 3.2 of [] (see also
[38] and Theorem 2.1 of [2] if n = 1) guarantee that (II.3.9)) holds with I = 2, hence
the conclusion directly follows from Theorem |

Corollary 11.3.2 In addition to the assumptions from section 1, suppose that one of

the following assumptions holds:
1) the boundary of Qis of class C* and 'y satisfies the Geometric Control Con-

dition (GCC). Recall [10] that the GCC can be formulated as follows: 'y satisfies the
Geometric Control Condition if there exists T' > 0 such that every geodesic traveling at
speed one issued from ) at time t = 0 intersects I'y before time T,
2) the boundary of Q is of class C* and there exists a vector field h € C? (Q,R”)
such that
h(z).v(r) <0, VreTlp,

and the symetrized Jacobian matriz Jy, + JI is strictly positive definite in Q. _
3) the boundary of 2 is of class C* and there exists a vector field h € C? (Q,]R”)
such that

> 0, Vzely,
h(z).v(r) < 0, VaecTlp,

and the symetrized Jacobian matriz Jy, + JI is strictly positive definite in Q. Then

holds with | = 3.
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Proof: First we notice that by [[10], §5] in case 1., [25], Theorem 1.2 in case 2., and
[30], Theorem 1 in case 3., the wave equation with standard damping on I'y:

uy (x,t) — Au(z,t) =0 in Q x (0, +00),
u(z,t) =0 on I'p x (0,+00),

11.3.22
Qu (2, t) +w (z,t) =0 on Ty x (0,+00), (11.3.22)
u(x,0) =wug, u(r,0)=u; in €,
is exponentially stable. Hence we apply [72], Proposition 2.2 with B = —f; and

C = —1 to deduce that (I1.3.9)) holds with [ = 3. Again the conclusion directly follows
from Theorem[.3.2]m

Corollary 11.3.3 In addition to the assumptions from section 1, assume that Q) =
(0,1)? is the unit square of R? and T'y = {1} x (0,1). Then (IL.3.10) holds with | = 5.

Proof: Due to [72], Remark 2.6 and the arguments stated in the proof of the previous

Corollary, (I1.3.9) holds with [ = 5, hence the conclusion directly follows from Theorem
[M32m
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In this chaper we will study a wave equation, in a bounded domain, where the
memory-type damping is acting on a part of the boundary

ug — Au+ f(u) =0 in Q@ x RT
u(x,t) =0 on Ty x RT

t
u(x,t):—/g(t—s)g—:j(s)ds on 'y x R
0
u(x,0) =uo(z), w(x,0)=us(z), =€l

(I11.0.1)

With the following hypothesis
H1) © is an open bounded domain of R" with a smooth boundary 092 = T’y U T’y

and v is the unit outer normal vector,
H2) f € C'(R") is a function satisfying

wf (u) > bF (u) > 0, forb>2, F(u)= /Ouf (€) de (II1.0.2)

with
Fu) <dlul’, VYueR, (I11.0.3)
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Chapter III ITI1.1. SOME NOTATIONS AND RESULTS

for some constant d > 0 and p > 1 such that (n —2)p < n.
H3) The partition I'g and I'; are closed, disjoint, with meas (I'g) > 0 and satisfying

Iy = {z€dQ:v.m(z) <0} (I11.0.4)
I' = {z€dQ:v.m(z)>0}.

where m (z) = z — 2%, for some 2° € R".

Finally, we establish a general decay result, from which the usual exponential and
polynomial decay rates are only special cases. Our work allows certain relaxation
functions which are not necessarily of exponential or polynomial decay and, therefore,

generalizes and improves earlier results in the literature.
Here, we are concerned with the following problem

Remark II1.0.1 An example of a function satisfying [[T1.0.3 and [[TI.0.3 is

f)=lul"u,y > 2.

This work is divided into three sections. In Section 2 we state, without proof, an
existence result of solutions to system ([l11.0.1) and present some material needed for
the proof of our main result. In particular, we establish some relations between the
relaxation function gand the corresponding resolvent kernel k similar to, but more
general than, those usually found in the literature. In Section 3 our main result is
stated and proved.

III.1 Some notations and results

In this section we introduce some notations and discuss the existence of solutions to

system ( [[I1.0.1)). First, we exploit (II1.0.1))3 to estimate the boundary term %.
Defining the convolution product operator by

t
o) O = [ 9(t=s)o(s)ds
0
and differentiating equation ([I1.0.1))3, we obtain

ou 1 , Ou 1
eI ) . T, x R*.
a0 " 9(0) <g *8v> g0yt i

Applying Volterra’s inverse operator, we get
ou 1

%_—m(ut—kk*ut) onTy x RT,
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Chapter III ITII.1. SOME NOTATIONS AND RESULTS

where the resolvent kernel k satisfies

1 / 1
k+— (g k) =——=g onI; xR
9(0) ( ) 9(0) 1

Denoting by n = ﬁ, we arrive at
du 0 ! +
a—z—n(ut—i—k(O)u—k(t)u —i—k*u) on T} x R*. (IIL1.1)
v

Reciprocally, if ug = 0 on I'y,([ILII]) implies ([I1.0.1)s.

Since we are interested in relaxation functions of more general decay, we would like
to know if the resolvent kernel k, involved in ([II.1.1]), inherits some properties of the

relaxation function involved in ([11.0.1))35. The following Lemma answers this question.
Let h = [0, +00) — R, be continuous. Let k be its resolvent, that is

E(t)="h(t)+ (kxh)(t). (II1.1.2)
It is well known that k is continuous and positive (see [45]).

Lemma II1.1.1 Suppose that

t
ht) < Coeffov(C)dC

where v : [0,+00) — R, is a nonincreasing function satisfying for some positive

constant € < 1,
+oo s 1
¢ = / o Jo oy, o 1
0 Co

Then k satisfies
0 e[ v
k(t) < ———e “Jo?

1-— CoC1
Proof: Let ¢ (t) = ey (t) and denote by
t
k(1) fo DU [ (1) = I (1) e Joosac

By multiplying (IIL1.2) by /o 9% we obtain

t t t—s

k(t) = H(t)+ / [eJod O o= 57 5@ (4 _ ) 1y ()] ds
0

t
— H(t)+/ [eff_s5(<)d46—f§v(od<k (t —s) eJo 1(Qdcy, (s)]ds
0

¢
< ¢y +co sup k:(r)/ e JoD(©O—ex(CHt=s)ldc g
0

0<r<t
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By using the fact that « is nonincreasing we arrive at

t
k() < co+cosup k(r)/ e~ Jo 1= (QdC 74
0

0<r<t

“+o00
< ¢+ ¢y sup k(r)/ e~ Jo (1=en(QdCgs v < T.
0<r<T 0

which gives

+0o0 S
sup k(r) < c¢o+c¢o sup k(r)/ e_fo (1=e)7(O)dC g
0<r<T 0<r<T 0
< ¢o+cico sup k(r)
0<r<T
Consequently,
¢
sup k(r) < ———, VT >0
0<r<T 1 —cocq
hence )
E(t) < —2 .
( ) - 1- CoC1
Therefore t
k() < —O_—efor@ac,
1-— CoCq1
[ |

Remark II1.1.1 The result of [45] is is only a special case.
Corollary III.1.1 Suppose that

h(t) < coe
if v > co. then there exists a positive constant € < 1 such that
k(t) < e " (I11.1.3)

where B > 0 is a constant

Proof: It is easy to verify that

+oo 1 1
/ e (=vsgg — =
0 (1—-¢e)y co

if € is chosen small. Thus ([II.1.3]) is a direct result of the lemma. =
Corollary II1.1.2 Suppose that

Co
(14 t)P

h(t) <
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for cog < p—1. Then, there exists a positive constant € < 1 such that :

s

k(t)ém

(I11.1.4)

wheref > 0 is a constant.

Proof: We take v (() = The- It is easy to verify that

L N L
(14¢)"

+o0 s +o0
/ 67(175)17‘[0 e ds — / L ds = L < 1
0 o (1) (I-¢)p—-1 o

if € is chosen small. Thus ([II.1.4]) is a direct result of the lemma.. m

and

Example II1.1.1 If we take

v(¢) =al’, -1<p<0

and assume that
+1

h(t) < coe piit”
then with an appropriate choice of a > 0, one can easily see that, for some positive
constant € < 1;

+oo
a(1—¢) 1
C1 :/ 67 p1+1 sPtlds < —.
0

Co

Consequently, we get
€a tp+1

k(t) < pe vt
Based on Lemmallll.1. 1), we will use the boundary relation ([11.1.1) instead of (111.0.1)s.

Let us define .
o) )= [ glt=s)le = ¢ ()P ds (I1L.1.5)
and

@@maw:Aga—@w@—w@mw (ITL1.6)

Using the inequality of Holder, we have

|@@¢M0Fs(l|w@m§umowa» (ITL1.7)
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Lemma IIL.1.2 (see [{0/-[42], [45]). If g, € C* (R") then

1 : 1d ¢
9 0 =59 Ole O+ 59003 2 (g0 = ( [ 9)ds) I @) @mL8)
2 2 2dt 0
The well-posedness of system (II1.0.1) is presented in the following theorem

Theorem II1.1.1 Let k € W2H(RT) N Wh> (RT) ,ug € (H>*(Q)NV), and u; € V
with 9
% Y up =0 onTy. and V = {v € H'(Q) : v = Oonl,}. (II1.1.9)
v
Assume that ([11.0.4)—(II1.0.4}) hold. Then there exists a unique strong solution u of

system (L11.0.1) such that

u € L®(RYSH*(Q)NV),u € L®(RY;L?(Q))
u € L®(R%V), uy € L® (RT; L ()

Proof: This theorem can be proved, using the Galerkin method and following exactly
the procedure of [41],[42]. m

I11.2 Some Lemmas

In this section we study the asymptotic behavior of the solutions of system ([I1.0.1]
when the resolvent kernel £ satisfy

"

k(0) > 0,k (1) > 0, (£) <0,k () >~ (t) <—k' (t)) (I11.2.1)

Where 7 : RT — R is a function satisfying the following conditions

+o00o
(1) > 0,4 (£) > 0,and / ¥ (1) dt = +o0. (I11.2.2)
0

Example II1.2.1 Let
—t
k(t)= ——=,t>0,a>0.
(1) = et >0

Direct computations show that

with
a a(a+1)

=1+ + .
7(®) t+l+ta (E+1)(t+1+a)
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By multiplying Eq. (II1.0.1), by u; and integrating over Q2; using integration by parts,
the boundary conditions, and (I11.1.8), one can easily find that the first order energy
of system ([11.0.1) is given by (see Lemmal|lll.2.1] and its proof)

E(t) = %/ﬂ (Jug|* + | Vul?) da:+/QF (u) dz + g/rl (k () Jul® — K ou) dry. (I11.2.3)

Assume that we have

lim s () = 0. (I11.2.4)
Remark II1.2.1 Assumption ([11.2.4) can be replaced by ||k||., small enough as in

[45].
The main idea is to construct a Lyapunov functional £ (¢) equivalent to E (t). To

do this we use the multiplier techniques. The proof of Theorem [[I1.3.T| will be achieved
with the help of two lemmas.

Lemma IIL.2.1 Under the assumptions of Theorem[III.3.1) the energy of the solution
of (11.0.1) satisfies

dE "
=< —Q/ lug|? dTy + ﬂ/ k2 (1) |uo|? Ty — 9/ k" o udl). (IIL.2.5)
dt 2 Jr, 2 Jr, 2 Jr,
Proof: Multiplying Eq. @1 by u; and integrating by parts over €1, we obtain
ou

d
5t ), [|ut|2 + | Vul® + 2F (w)] do = m%utdljl.

Using ([[II.1.1]), and Lemma [[I1.1.2] we obtain the desired result. m

Remark I11.2.2 a) If ug =0 on 'y .Then E (t) < E(0).
b) If ug # 0 on Ty, then

t
E() < EO)+] |u0\2d1“1/ K2 (8) dt.
0

IR
Lemma II1.2.2 Under the assumptions of Theorem |l11.3.1), the solution of (I11.0.1
satisfies
d
— [/ (2m.Vu+ (n — o) u) utdx]
dt | Jq
2 au
< [ mw|ul dly —eo | =— (2m.Vu+ (n —eo) u) dly
r; QaV
— [ v uPdr, - (1 —50)/ Vul? dx — [(b— 2)n—gob}/F(u),
I Q Q
vt > 0.

for some 0 < gy < 1.
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Proof: We multiply Eq.(II1.0.1)); by 2m.Vu + (n — ) u we obtain that

% [/Q (2m.Vu + (n — &) u) utdw}
= /QQutm.Vutdx—l— (n — 50)/ﬂ|ut|2dﬂc—l— /92 (Au) m.Vud
+ (n — &) /QuAuda: — /Q (2m.Vu + (n —eo) u) f(u)dz.

By integrating by parts and using (I11.0.2)), (TIL.0.4), and the relation div (m) =n we
get

% [ /Q (2m.Vu + (n — &) u) utdx]
ou

/ (m.v) |u|* dly — 50/ |u|? da + (2m.Vu + (n — &) u) dl'y
ry Q r, OV

IA

—/Fl(m.y)|Vu|2dF1—(1—50)/Q|Vu|2dx
—[(b—Z)n—sob]/

QF (u) dx — /1“1 (m.v) FdT';.

By recalling ([11.0.4)), the proof of Lemma |[I1.2.2] is completed. m

ITI.3 Decay of solutions of system (I1I.0.1))

In this section we establish a general decay theorem for our system (|[I1.0.1])

Theorem II1.3.1 Under the hypothesis (I11.0.3)-(II1.0.4), (I[I1.2.1), {III.2.9) and (II1.2.]
Then for any (ug,uy) € (V x L? () and for some toy large enough, we have, ¥t > to,

t
—a/ v(s)ds
E(t)<cE(0)e Jo ,  ifup=0 onT;. (II1.3.1)

Otherwise,

t

) t a/ v(Q)d¢ —a/ v(s)ds
E(t)<e E<0)+( ) d“)/’f2<s) L+edo  fdspe Joo
Iy 0

(I11.3.2)

where a 1s a fixed positive constant and c is a generic positive constant.
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Proof: Now, we introduce the Lyapunov functional. So, for N > 0 large enough, let

£(t)=NE(t)+ / [(2m.Vu+ (n — go) u) u)dz. (II1.3.3)

It is a routine calculation to check that, for N large, we have

TE() < £() S2NE(). (II13.4)

Applying Young’s inequality and Poincaré’s inequality to the boundary integral we
have, for € > 0,

2

Oul”or,.

/ Ou (2m.Vu+ (n —eo)u)dl'y < 5/ |Vul? dx—i—a/ m.v |Vul|’ dFl—i—CE/
r, Ov Q I r

1

By rewriting the boundary condition ([II.1.1}) as

ou ’
5, = h <ut—|—k(t)u—k(t)u0—k @u) on '} x RF

and combining all the above relations, we arrive at

) N N
£t < - (_77 —C. — m.z/) / |ug)* dly + g (t)/ |uo|? dTy
2 I'y 2 I8

—(1- 5)/ (m.v) |[Vul>dTy — g/ k' oudly — (1 — ey —e — C.k* (1)) / \Vul® d
Iy Iy Q

—eo/ﬂfuﬂzdx_[(b_z)n_gob]/QF<u)dx+CE/r1

At this point, we take

, 2
k @u) dTy + C.k? (t)/ o | dTy.
ry

(I11.3.5)

1 -2
eE=¢g < mil’l{z, W}

Once ¢ is fixed (hence C. ), we pick N large enough so that

N7

- = C. — max |m.v| > 0.

By using the fact that lim;_,, k (¢) = 0, Poincaré’s inequality, and (I11.1.7]), we arrive
at

! N " /
£ () < —aB (t) + Bk (t)/ 0P ary — L= [ 1 o udr, —0/ k' oudrl'
I 2 I'y Iy
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< —aE{t)+ B[ k*(t)|u)*dly — C / k oudly, Yt >t (I11.3.6)
F]_ F1

for some %, large enough and some positive constants «, 5 and C.
We multiply both sides of ([11.3.6)) by 7 (¢) to get

(1) £ (t)g—av(t)E(t)Jrﬁ'y(t)/Fk2(t)]u°‘2dl“1—7(t)0/ K oudly, V> to.

I'1

A simple calculation, using the fact that v (¢) is nonincreasing, yields

v (t) £ (t) < —ay (t) E(t) + By (t)/F k2 (t) Juo|® dT'y + c/ k' oudly, Yt > to.

It

By using ([[11.2.5)), we easily see that
v (t) £ (t) < —ay (t) E(t) + c/ k2 (t) |uo|*dly — cE' (t), VYt >t
It
which yields

v (t) £ (t)+cE (t) < —ay (t) E (t) + C/r k2 (t) |uo|*dly, Vit > to

or
d ,
5 (VO LA +cER) =7 () L) < —av () E(t) + C/ K2 (t) |uol* Ty, Vit > to.
INT
(I11.3.7)
Again using the fact that 7 (¢) is nonincreasing and setting
F)=~t)£L(t)+cE(t) ~ E(t) (II1.3.8)
estimate ([I1.3.7]) gives
F () < —ay (1) F () + ¢ / K2 (6) [ugl2dTy, Wt > to. (IT1.3.9)
I

Case 1: If ug = 0 on I'y, then (II1.3.9)) reduces to

F
Cil_t < —ay(t)F(t), Vt>t,.

A simple integration over (g, t) yields

t
a/ ~v(s)ds
F (t) S F (to) € to s \% Z to.
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By using ([I1.3.8]), then we obtain for some positive constant ¢

t
—a/ ~v(s)ds
E(t) <cE(ty)e “to , Yt >t

using Remark [[I1.2.2] then we get

to t
a/ ~v(s)ds a/ ~v(s)ds
E(t)<cE(0)e Jt e Jo Yt > to.

Y

Thus, the estimate ([I1.3.1]) is proved.
Case 2: If ug # 0 on I'y, then (I11.3.9) gives

d
yrd (t) < —ay (t) F (t) + C1k* (1), Vt > t,. (I11.3.10)
where
01 =C |U0|2 dF1
I
In this case we introduce
t S
a/ ~v(s)ds pt Ot/ 7(€)d¢
H(t):=F(t)—Cie Jto / k2 (s)e Jto ds. (II1.3.11)
to

A simple differentiation of H, using (I11.3.10)), leads to
H (t) < —ay(t)H (), Yt>t.

Again a simple integration over (to,t) yields

t
—cx/ v(s)ds
H (t) S H (t[)) (& to s Vit 2 to.

wich implies

s t
t a / 7(¢)d¢ —a / 7(s)ds
Ft) < | F(t)+ C’l/ K (s)e Jto ds|e Jt , V>t

to
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Using ([1I.3.8)) and Remark [[I1.2.2] then we obtain for some positive constant ¢

S to t
t n Oé/ ~v(¢)d¢ a/ v(s)ds —a/ ~(s)ds
E(t) <c E(O)+Cl/k2(s) 2—+e to ds p e Jo e Jo . Vit >t

0 1

(I11.3.12)
This complete the proof of Theorem [[I1.3.1] m

Remark I11.3.1 3) Estimates ([11.5.1) and ([I1.3.2) are also true for t € [0,t] by

virtue of continuity and boundedness of E (t) and ~y (t).
1) This result generalizes and improves the results of [40],[41)],[42],[43]. In partic-
ular, it allows kernels which satisfy

K > a <—k')1+q,

for 0 < g < 1 instead of the usual assumption 0 < q < 1/2. It suffices to take, for
example,

k() =1/(1+1)",

for v > 0. Direct computations yield

) = (—k' (t))lﬂ/(HV).

It is clear that 0 < 1/(14+v) < 1, for v > 0.
i1) Note that the exponential and the polynomial decay estimates, given in early

works [{0]-[42], [45] are only particular cases of (II1.0.1). More precisely, we obtain
exponential decay for v (t) = a and polynomial decay for

y(t)=a(l+t)",

where a > 0 1s a constant.
iw) We note that our result also holds for the system (@), studied by Cavalcanti and

Guesmia [[3]. We only considered ([11.0.1) for simplicity.
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