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Introduction

Integral and integro-differential equations play a fundamental role in various scientific and engi-
neering applications, including fluid mechanics, biological modeling, and signal processing. Due
to the complexity of finding analytical solutions for these equations, especially in practical situa-
tions, numerical methods have emerged as an efficient approach to obtain accurate approximate
solutions.

Among the most effective and robust numerical techniques are orthogonal polynomials, which
serve as powerful mathematical tools. This approach leverages the unique properties of orthogo-
nal polynomials, such as Chebyshev, Laguerre Legendre, and Jacobi polynomials, enabling flexi-
ble and precise functional representations of solutions. By doing so, complex integro-differential
problems are transformed into algebraic systems that can be efficiently solved using numerical
computation.

This study focuses on employing collocation methods (Méthodes de Collocation) to numer-
ically solve integro-differential equations. These methods approximate the solution using or-
thogonal polynomials, taking advantage of their properties to convert the original problem into
algebraic equations. This approach is characterized by its accuracy and rapid convergence, mak-
ing it well-suited for handling complex mathematical problems.

In this work, we begin by providing a theoretical overview of integral and integro-differential
equations, followed by a presentation of the most commonly used orthogonal polynomials and
their mathematical properties. Subsequently, we will apply the collocation method to some
practical examples, analyze the results, and discuss the method’s effectiveness and accuracy.

The objective of this research is to highlight the importance of using orthogonal polynomials

1



Introduction

in numerical solutions of integro-differential equations and to demonstrate their efficiency in

addressing complex mathematical challenges.




Chapter 1

Review of integral and

integro-differential equations

This chapter provides definitions of integral equations and integro-differential equations, along
with their classifications. It also explores the connection between these two types of equations

and explains how to reduce the order of an integro-differential equation.

1.1 Integral equations

Definition 1.1. An integral equation (I.E) is an equation where the unknown function, typically
dependent on one or more variables, appears inside an integral. The general representation of a

linear integral equation is

h(z)u(z) = f(x) + /\/QK(:B,t)u(t)dt.

In this equation h(zx), f(x), and K(x,t) are known functions, while the function u(x), which
appears both inside and outside the integral sign, is the unknown to be determined. A represents
a real or complex parameter, different from zero, and €2 is a closed, bounded, and measurable set
with in an n-dimensional Fuclidean space. The function K(x,t) is referred to as the kernel of

the integral equation.
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1.2 Classification of integral equations

1.2.1 Volterra integral equations

Linear Volterra integral equations of the first, second, and third kinds are defined similarly
to the previously mentioned equations, except that the upper integration limit is variable, i.e.,

b = x. The general form of this equation is
h(z)u(z) = f(x) + )\/m k(x, t)u(t)dt.
i. If h(z) = 0, the equation is written as
f(x)+ A /x k(z, t)u(t)dt =0,
and it is called a first-kind Volterra integral equation.
ii. If h(z) =1, the equation is written as
uw(z) = f(x) + )\/I k(x, t)u(t)dt,
and it is called a second-kind Volterra integral equation.

iii. If A(x) is continuous and vanishes at certain points but not everywhere in [a, b], the integral

equation is called a third-kind Volterra.

Remark 1.1. The Volterra integral equation is a special case of the Fredholm equation. It is

sufficient to take a kernel k(z,t) that satisfies the condition k(x,t) =0 for all v < t.
Exercice 1.1.

1. First-kind Volterra integral equation
rexp(2r — 1) = /w exp(zt)u(t)dt.
0
2. Second-kind Volterra integral equation
2 —u(r) = /1’ x cos(t)u(t)dt.
0
3. Third-kind Volterra integral equation

(2% — 2)u(x) = Ax x cos(t)u(t)dt.
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1.2.2 Fredholm integral equations

An integral equation, where the integration limits are fixed, is referred to as a Fredholm linear

integral equation. Its general form is
b
h(x)u(x) = f(z) + /\/ K (z,t)u(t)dt.
i. First kind: When h(z) = 0, the equation simplifies to
b
fx) + )\/ K(z,t)u(t)dt =0,
and is termed a Fredholm integral equation of the first kind.
ii. Second kind: When h(z) = 1, the equation becomes
b
u(x) = f(z) + /\/ K(z,t)u(t)dt,
and is referred to as a Fredholm integral equation of the second kind.

iii. Third Kind: If h(z) is continuous and vanishes at certain points within the interval [a, b],
but not uniformly, the equation is classified as a Fredholm integral equation of the third

kind.
Exercice 1.2.

1. Example of a linear Fredholm integral equation of the first kind
1
cos(x) = / (x — t)u(t)dt.
0
2. Example of a linear Fredholm integral equation of the second kind
3
u(z) = 2° + v + / xtu(t)dt.
2
3. Example of a linear Fredholm integral equation of the third kind

ru(r) = /0 1 w2 tu(t)dt.




Review of integral and integro-differential equations

1.2.3 Volterra-Fredholm integral equations

A linear Volterra-Fredholm equation is an equation of the form

u(z) = f(x)+ M /I i (z, t)u(t)dt + /\2/ ko (z, t)u(t)dt.

Exercice 1.3. The equation

w(w) = 222 +5 + /0 vu(t)dt — /01 fu(t)dt,

15 a linear Volterra-Fredholm integral equation.

1.2.4 Singular integral equations

An integral equation is considered singular if one or both integration limits are infinite. For

example
w(z) = f(z)+ A / ™ sn(et)u(dr.
0
Alternatively, the equation can be singular if the kernel becomes infinite near one or more points
within the integration interval. For example,
if the kernel k(z,t) of the Fredholm integral equation is given by
H(z,t)

-

k(x,t) 0<ac<l,

it is classified as a singular integral equation.

1.3 Integro-differential equations

Definition 1.2. A linear integro-differential equation (I.D.E) is an equation that combines both
integral and differential operations, where the unknown function is uw. The linear form of an

integro-differential equation (I.D.E) of order n is given by

u™(z) + o™V (x) + - + anu(z) + ZS: /Ekm(x, Hu™ (t)dt = f(x),
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where ay, ay, . .., a, are constants, f(x) and k,,(x), (form =0,1,...,s) are given functions, and
u(z) is the unknown function.

The function u(x) is subject to initial conditions of the form

w(0) =ug, W(0)=ul, ..., u"V0O)=ul""+

1.4 Classification of integro-differential equations

1.4.1 Volterra integro-differential equations

The linear Volterra integro-differential equation appears in the form
u™(z) = f(z) + )\/f’f k(x, t)u(t)dt.
For example
u’(z) + 4 (x) = 2 — 20 — 2(sin(x) + cos(x)) — 2/; tu(t)dt, w(0)=-1, 4'(0)=1,

u(z)=1- %CEQ — zexp(x) + /Oz tu(t)dt, u(0)=0.

These are linear Volterra integro-differential equations.

1.4.2 Fredholm integro-differential equations

The linear Fredholm integro-differential equation appears in the form

u™(z) = f(x)+)\/ k(x, t)u(t)dt,

where u(™ represents the n** derivative of u(z) Lower-order derivatives may also appear alongside

(n

u™ on the left-hand side. For example

1 1
u'(r)=2— g7 + 2/ zu(t)dt, u(0) =0,
0

u'(z) +u(z) =2 —sinz — /02 ztu(t)dt, u(0)=0, ' (0)=1.

These are linear Fredholm integro-differential equations.

7
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1.4.3 Volterra-Fredholm integro-differential equations

The linear Volterra-Fredholm integro-differential equation appears in the form

u™(z) = f(z) + M /w ki(z, t)u(t)dt + A /b ko(z, t)u(t)dt,

where A\; and Ay are numerical parameters, k; and ko are the integral kernels, f is the given

function, and w is the unknown function. For example

u(r)=2—x— /090 tu(t)dt + /Ol(x —2u(t)dt, wu(0)=—1.

This is a linear Volterra-Fredholm integro-differential equation.

1.4.4 Singular integro-differential equations

An integro-differential equation is considered singular if one or both of the following conditions

hold:

1. One or both limits of integration are infinite.

2. The kernel becomes infinite near one or more points in the integration interval.
Remark 1.2.

1. The order of an integro-differential equation (I.D.E) is determined by the highest derivative

in the differential operator.

2. An (I.D.E) is said to be ordinary if the unknown function depends on only one variable. If

it depends on two or more variables, the (I.D.E) is called partial.

1.5 Reduction of a high-order linear differential equation
to a lower-order equation

In the next section, we will discuss first order equations, because they are the simplest form

that equations can take.
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1.5.1 First-order equations
We consider the differential equation
u'(x) = flz,u),
u(zo) = up.

By integrating both sides from x( to x, we obtain

/w: o' (t)dt = /9: [z, u(t))dt,

which leads to
u(z) = g +/ f(t, u(t))dt. (1.2)

On the other hand, if we assume (|1.2)), we obtain

with the initial condition

u(zo) = uo,

which implies ([L.1)). Therefore, (1.1)) and (1.2} are equivalent.

Sometimes, it is useful to transform the resolution of a differential equation into the resolution
of an integral equation, and vice versa.
At follows, we will explain Emile Picard’s method, which is one of the most important

iterative methods for solving the integral form of the equation (|1.2]).

Emile Picard’s method:
Consider solving the initial value problem
() = f.w)
u(zg) = up,

or equivalently, solving the integral equation

u(z) = A+ /x [z, u(t))dt.
9
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We will solve this integral equation by constructing a sequence of successive approximations
to u(.). We begin by choosing an initial approximation, ug(.) where it is common to take

uo(z) = u(zp). Then, we define the sequence by uy(x), us(z), -, u,(z) as follows

us(z) = A+ /ﬂf flz,uy(t))dt,

un(z) = A+ /I f(z,u,—1(t))dt.

where A = ug(x).

1.5.2 Second-order equations

The following is an important lemma for transforming second-order to first-order equation.

Lemma 1.1. ([Jl]) If f is continuous function, we have

/:/asf(y)dydsz/:f(y)(x—y)dy.

Fo= [ f)

/; (/:f(y)dy) ds:/axF(s)dS:/:yF(S)d&

/; (/: f) dy) ds = [sF(s)]? — /j sF'(s)ds = 2 F(z) — aF(a) — /j sf(s)ds.

| " Fy)dy - / )y = / " F)(@ — y)dy.

Proof. Let

So, we have

Exercice 1.4. Consider solving the initial value problem

u'(z) + a(x)u' (z) + b(x)u(z) = g(x); u(0) = o; ' (0) = B.

10
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Let’s modify the variable to y, then integrate from O to z

/0 ' (y)dy + / " aly)ul (y)dy + / b(y)uly)dy / o)y, L3

Using integration by parts on the second term on the left-hand side, we obtain

W W)+ [a(y)u(y)]; / d (uly)dy + / by)uly)dy = / o)y,

Considering the initial conditions, we get

uW'(2) — B+ a(z)u(z) — a(0)a — /Oz[a’(y) —b(y)|u(y)dy = /OZ g(y)dy.

Integrating once more with respect to from 0 to

@5 = o+ [ at)utz)dz = ooz [ [ o) —slutastz = [ [ gy

This can be simplified using Lemma|l.1| as

e) —a s+ [ alyyuliy oz - [

Rewriting in a more compact form

xT

(1 — )l () — b(y)]uly)dy = / (& — w)g(y)dy.

u(z) + / [a(y) = (z = y)[a'(y) — b(y)]July)dy = / (z = y)g(y)dy + |8 + a(0)a]z + a.

0 0

Defining
k(z,y) = aly) — (x —y)[d'(y) —b(y)], f(z) = /0 (z = y)g(y)dy + [8 + a(0)a]z + o,
we reduce the equation to the following form
) + [ o g)uty)dy = f(s),
0

which is a Volterra integral equation of the second kind.

Exercice 1.5. Consider the differential equation
v+ au +u=0,

with initial conditions
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Let us define

then
u' = / o(t)dt +u'(0); Thus u = / (x —t)o(t)dt + 1.
0 0
Substituting into the given differential equation, we obtain
¢(x) +/ xo(t)dt +/ (x —t)o(t)dt +1=0.
0 0

Therefore,
b(x) = -1 — / (20 — )o(t)dt.
0

1.5.3 Equations of higher order

We consider the linear integro-differential equation of order
u™ (z) + Z a;(z)u" " (z) + / K(z,t)u(t)dt = g(x),
i=1 a
with the initial conditions
u(a) =oq, v(a)=ay, u'(a)=oas -, u"V(a)=aq,.

To convert an -th order integro-differential equation (IDE) into a first-order system of IDEs, we
define

2(2) = u(x), m(z) =u' (), -, 2o(x) = ™V (x).

This transformation leads to the system

#Ax) = z(w),
%) = z(@),
z(r) =),
Zn1(®) = za(2),
2 (x) =g(z) = > ai(x)zny1-i(2) — fab K(x,t)z(t)dt,
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with the initial conditions

zl(a) = 041722(a) = g, ’Zn(a) = Q.

1.6 Existence and uniqueness of solutions for nonlinear
integro-differential equations

In this section, we present the fixed-point theorems of Banach, Brouwer, and Schauder. These
theorems are essential for proving the existence of numerical solutions to nonlinear integro-
differential equations.

The Banach fixed-point theorem is the most well-known and straightforward. It states that
a contraction mapping in a complete metric space has a unique fixed point.

The fixed-point theorems of Brouwer and Schauder are more powerful and topological in
nature. They assert that a continuous mapping on a compact convex set has at least one fixed
point, which is not necessarily unique.

In this section, we apply Banach’s fixed-point theorem to integro-differential equations, specif-

ically first-order Volterra equation and Volterra-Fredholm equation of order n.

1.6.1 Some fixed-point theorems
Banach’s fixed-point theorem:

Banach’s fixed-point theorem guarantees the existence and uniqueness of a fixed point for a
contraction mapping in a complete metric space.

Theorem 1.1. (Banach’s theorem) Let (X,d) be a complete metric space, and let M C X be a
non-empty closed subset. If the mapping T : M — Mis a contraction, then T has a unique fixed

point in M.

Brouwer’s fixed-point theorem:

Brouwer’s fixed-point theorem guarantees the existence of at least one fixed point (though not

necessarily uniqueness) for a continuous function on a closed ball in a finite-dimensional space.

13
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Theorem 1.2. (Brouwer’s theorem) Any continuous mapping T of the closed unit ball B* C R"

into itself has at least one fized point.

Schauder’s fixed point theorem:

Schauder’s Fixed Point Theorem extends Brouwer’s theorem by proving the existence of a

fixed point for a continuous function on a compact convex set in a Banach space.

Theorem 1.3. (Schauder’s theorem) Let X be a Banach space, and let M C X be a non-empty,
conver, and compact set. Then, any continuous mapping T : M — M has at least one fized

point.

To view the demonstration of three previous theorem, see [6] and [12].

1.6.2 Applications of Banach’s fixed point theorem
First-order Volterra integro-differential equations:

In this section, we provide some conditions ensuring the existence and uniqueness of the
solution to the Volterra integral-differential equation of the form

u'(z) = f(x) + [ Kz, t,u(t)dt, x € I = [a,b], 1.4

u(a) = uo,
where f : [a,b] - R", K : [a,b] x R" — R" and «’ : [a,b] — R"™ are continuous functions. To
establish existence and uniqueness, equation must be reformulated as a fixed-point problem.
We consider the Banach space Cz(I,R™), which consists of continuous functions from I to

R"™, endowed with the norm

|u()]

eBlz—a

[[ullg,00 = sup
zel

Theorem 1.4. ([12]) Suppose that K is L-lipschitz with respect to the third variable, i.e., there

exists L > 0 such that, for all x,t € I and u,v € R", we have
| K (.1, u(t)) — K(z,t,0(t)] < Llu(t) — v(t)]. (1.5)

If # < 1, then problem (L.4) admits a unique solution.
14
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Proof. Let u € Cg(I,R"). By integrating equation (L.4) from a to x, we obtain

u(z) :u0+/;f(s)ds+/j /:K(s,t,u(t))dtds, vel (1.6)

Conversely, if u € C'(I), differentiating equation (1.4)) recovers equation ([1.6)), and setting z = a

retrieves the initial condition u(a) = uo. We now define the operator T" on Cs(I,R") by
(Tu)(z) = uop + /I f(s)ds+ /9«“ /S K(s,t,u(t))dtds, ze€l. (1.7)
It is clear that 7" maps Cz(I,R") into itself, since f and K are continuous, ensuring that
T(Cs(1,R")) € (Cs(1,R"))
Next, we verify T that is a contraction. For u,v € Cs(I,R"), we have
|(Tu)(z) — (Tv)(x)]| < t/m /S |K (s,t,u(t)) — K(s,t,v(t))|dtds.
Using the Lipschitz condition on K,

/: / K (s, 1, ult)) — K (s, £, v(t))|dtds < L/: / u(t) — v(t)|dtds,

it follows that

L/ / lu(t) — v(t)|dtds < L||u—v||5700/ / e At B=a) gt s,

Evaluating the integral

x s B(w—a) _ 1 B
lu — vllg,oo/ / e P B9 gtds < Llju — v]|g,00 (e — -z ‘l) 7
a a ﬂ B
thus
L n
[(Tu)(z) — (Tv)(2)|g00 < @Ilu —0l|goo, Vu,v € Cy(I,RY), >0, (1.8)

Since # < 1, the operator T is a contraction. By Banach’s fixed-point theorem, 7" has a unique

fixed point in Cg(1,R™), which is the solution of equation ([1.4)). O
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E.I.D of Volterra-Fredholm of order n:

We consider the initial value problem for the integro-differential equation of Volterra—Fredholm

of order n, given by

(Au)(z) = /w key(, )by (), o/ (), - - - u™ =D (t))dt, (1.10)

b
(Bu)(z) :/ ko (0, ) (£, w(t), o/ (£), ..., u™ D (£))dt. (1.11)

In equations (1.9)-([1.11) F € C(I x R R), k; € C(I*,R) and h; € C(I x R",R) for i = 1,2
are continuous functions, while ¢, are given real constants.
Let £ = Rx---xR (n times) be the product space, and let ) (z) : I — Rforj =0,1,--- ,n—1

be continuous functions. We define the norm
n—1
y()le =y ()],
=0

for (y(x),y’(m), T 7y(n_1)(5€)> e FExel.
Let G be the space of functions (y(x),y'(z),---,y™ Y (x)) € E that are continuous for € I

and satisfy the condition

ly(x)| g = o(exp(Az)), =z € I. (1.12)
where \ is a positive constant. In the space GG, we define the norm
[Wle = sup {{ly(z)|p exp(=Az)} (1.13)
e

It is easy to see that G, equipped with the norm defined by (1.13]), forms a Banach space.
Moreover, condition ([1.12)) implies the existence of a constant Ny such that

ly(z)|p < Noexp(Az).
By substituting this into ((1.13]), we obtain

lyle < No. (1.14)
16
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It is also easy to observe that the solution u(x) of problem (1.9)), along with its derivatives,

satisfies the equations

ch “””,_‘“ : —1—/;MF(S,u(S),u'(s),...,u(”U(s),(Au)(s),(Bu)(s)) s,

(n—j—1)!

for0<j<n—1.

The result concerning the existence of a unique solution to the initial value problem (IVP)

(1.9) is given in the following theorem. For more details see [§].
Theorem 1.5. ([§]) Suppose that

1. The functions F, h; (fori=1,2) satisfy the conditions

|F($7y0ay17"' 7yn—1avlvv2) —F(J},Zo,Zl,"' 7Zn—17w17w2>|
n—1
55)2\%'—Zj|+|?11—w1|+lv2—w2,
7=0

|hi(l‘7y0a Y1y ey yn—l) - hl(xy 205 Rl ++y Zn—1)| < QZ(J:) Z |y] - ZJ|7
where p,q; € C(I,R).

2. There exists a constant o such that 0 < o <1 and

n]l

Z/ i__i —1) 7P(s)[exp(As) + hi(s) + hy(s)]ds < aexp(Az),

for x € I, where

v) = / Ik, 6l () exp (A,

b
hi(z) = / oo (2, 1) o (£) exp(A) i,
and A is given in (|1.12)).

3. There exists a positive constant P such that

+Z / b =) (s,0,0,++ 0, (Ao)(s), (Bo)(s)lds < Pexp(A),

(n—j7—1)!

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

17
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where
n—1 n—

Ty

Then, the problem (1.9) admits a unique solution u(x) in G over I.

. (x —a)™
= (1.21)

i=j

Proof. Let u € G, and define the operator T on G by

_ A_O (@ - W / m %F( u(s), o' (s), ..., ul"D(s), (Au)(s), (Bu)(s)) ds.
2 (1.22)

By differentiating both sides of equation (|1.22)) with respect to z, we obtain

o z J T _ n—j—1
(Tu)Y)( ch x. a. / ii_j,)_1)!F(s,u(s),u’(s),...,u(”U(s),(Au)(s),(Bu)(s)) ds.

(1.23)
For 0 < j <n+1, it is evident that Tu(j)(x) is continuous on I.

Now, we need to show that the operator 7' maps G onto itself. We verify that condition (|1.9)) is

satisfied. From (1.15]), (1.20), and (1.23]), we have

njl

2|z = Z“ (Tw)9(2)| + h(z +Z/ ‘;__j oy [F(5,0,0, 5,0, (A0)(s), (BO)(s))ds

+ZH ()9 ()| + b +2/ (2= 8)" " s u(s). (), €. 0, (Au)(s), (Bu)(s))

n—j—l

—F(s,0,0,C,0, (A0)(s), (B0)(s))] ds

ngl

<Peprx+Z / £ () ()| + | (Au)(s) — (A0)()]

< Pexp(Ax) —I—Z/ z=s) ( ) exp(As)|u|q. (1.24)

From ([1.15)), (1.20) and (|1.23)), we obtain

18
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(Au)(s) — (Ag)(s) < / ki (s,t) (ha (8, u@®), u/(t), ..., u™ V() — 7 (t,0,0,...,0)) dt
< / (5, )1 (1) expM)u(t) B exp(—)dt
< / et (s, ) (1) exp(M)uCt
= uaGh’{(s). (1.25)
Similarly, from (.11, (L.16), and (L.19)), we obtain

|(Bu)(s) = (BO)(s)| < |ulchs(s). (1.26)

Using ([1.24)), (1.25), (1.26), (L.14) and (1.17]), we get

=

n—

u(T,z)| < Pexp(Ar) +

(n—j—1)

< [ ) expirs) + i (s) + (o) s ul (1.27)

< Pexp(Ar) + Noavexp(Az)

(x — s)"_j_l

<
Il
o

= (P + Noa) exp(Ax).

From ([1.27)), it follows that Tx € G, proving that the operator 7" maps G onto itself.
Now, we must verify that the operator T' is a contraction. Let u,v € G. From (|1.25) and

(1.23), we have
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njf

ZO/ mp(s) exp(As)|u — v|g 18)

+|(Au)(2) = (Av)(@)] + [(Bu)(z) — (Bv)(z)|ds.
From ([1.25)) and (|1.26)), we obtain

[(Au)(z) = (Av)(@)[| < Ju = v]ehi(s), (1.29)

and

[(Bu)(x) = (Bv)(z)[| < [u = v|ahs(s). (1.30)

Substituting ((1.29) and ( into ) and using condition ((1.27)), we get

(Tu)(@) ~ (To)(@)] < 3 |(T0)? (@) ~ (To) ()
5 Gl s,u(s),u'(s =D(z), (Au u
gj_o/a | s ute). (), (#), (Au)(s), (Bu) ()

_|_
Q\H

(Au)(z) — (Av)(z)|ds + /m |(Bu)(z) — (Bv)(z)|ds.
’ (1.31)

Consequently, from ((1.31]), we have
|Tu — Tv|¢ < alu —vlg. (1.32)

Since a < 1 is a contraction. Therefore, by Banach’s fixed-point theorem, has a unique fixed

point in , which is the solution to problem ((1.9)). O
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Chapter 2

Orthogonal polynomials and their

properties

Orthogonal polynomials form a fundamental cornerstone in mathematical analysis and approxi-
mation theory. They emerge from orthogonality conditions defined by an inner product involving
a weight function over a specified interval. Their significance lies in the fact that they constitute
complete functional systems within Hilbert spaces, making them powerful tools in solving differ-
ential equations, developing spectral expansions, and addressing problems in numerical analysis.
Notable examples include Tchebyshev, Legendre, Laguerre, and Jacobi polynomials, all of which

are closely related to special solutions of second-order differential equations.

2.1 Tchebyshev polynomials

2.1.1 Definition of Tchebyshev polynomials

Definition 2.1. The Tchebyshev polynomial T, (x) of the first kind is a polynomial in x of degree
n, defined by the relation

T, (x) = cos(nf) when x = cos(f). (2.1)

If the variable is within the interval [—1,1], then the corresponding variable can be taken within
the range [0,mw[. These ranges are traversed in opposite directions since x = 1 corresponds to
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0 = m and x = 1 corresponds to 6 = 0. It is well known, as a consequence of de Moivre’s
theorem, that cos(nd) is a polynomial of degree n in cosf. In fact, we are familiar with the

fundamental formulas
cos(00) =1, cos(16) = cos(f), cos(20) = 2cos*(A) — 1

cos(36) = 4cos®(f) — 3cos(f), cos(40) = 8cos?(f) — 8cos*(0) +1,...

from equation ((2.1)), we can directly derive the first few Tchebyshev polynomial

To(x) =1,

Ty(z) = =,

Ty(z) = 22% — 1,
Ts(z) = 42° — 3u,
Ty(z) = 82" — 82 + 1

Calculation of 7,, for some values of x:

Let n € N, for x = —1,0, 1, we have
o 1,,(1) =T,(cos(0)) = cos(n*0) = 1.
o Th(=1) = (=1)"Tu(1) = (=1)".
® Th,y1 is an odd function, so T5,41(0) = 0 additioonally, T5,(0) = Th,(cos(5) = cos(nm) =
(—1)™
In summary:
e Foralln e N, T,(1) =1.
e Foralln e N7, (—1) = (—1)™.

e For all n € N, T5,,1(0) = 0 and T5,(0) = (—1)", or equivalently, 7,,(0) = cos(nr).
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2.1.2 Recurrence relations for 7, (z)

Theorem 2.1. Given the first two Tchebyshev polynomials, and all subsequent polynomials for

can be generated using the recurrence relation
Toii1(x) = 22T, (x) — T _1(z).
Additionally, the derivative of T, (x) with respect to x is given by
(1 — 2T, (z) = —naT,(z) + nT,_1(x).
Proof.

o Let’s show that
Toi1(x) — 22T, (x) + T—1(x) = 0.
We set x = cos(f), then

Ty 11(cos(8)) = cos((n + 1)6).

Using the angle addition formula

cos((n +1)8) = cos(nd + 0) = cos(nd) cos(d) — sin(nf) sin(6)
—[2 cos(nf) cos(8) — cos(nd) cos(6)] — sin(nf) sin(6)
—2 cos(0) cos(nf) — (cos(nf) cos(8) + sin(nd) sin(0))
=2 cos(6) cos(nf) — cos((n — 1)6).

Since z = cos(f), we get

Toi1(x) = 22T, (x) — Th1(z).
Thus,

Toi1(x) — 22T, (z) + T—1(x) = 0.

e Let us show that
(1 — 2T (z) = —naT,(z) — nT,_1(x).
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Let x = cos. Then, we know

nsin(n cos™(x))

V1—2a?

Ty() = ") (1) = (- a?)-

Now, substituting = = cos(f), we get

nsin(nd)

(1 = cos?(6))T,(x) = (1 — cos*(0)) - sin(6)

= nsin(0) - sin(nd).
Using the identity for the product of sines
nsin 0 sin(nf) = —g[cos((n + 1)8) — cos((n — 1)0)].

This becomes

_§[Tn+1(cos 0) — Tn-1(cos0)].

Then using the recurrence relation
Thii(z) = 22T, (x) — T -1 (),
we simplify to get
Ly

5 20T, (x) — 21,1 (2)] = —naT,(x) — nT,—1 ().

Therefore,

(1 — 2T (z) = —naT,(z) — T, ().

]

Calculating of some polynomials: Let’s use the recurrence relation to compute T, T5, T3,
T, and Tj step by step.

First, we recall the recurrence relation
Toi1(z) =22 - T, (x) — Toq (7).

Given

To(z) =1, Ti(z) = x,
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Using the recurrence, we get

|
3
8
I
—_
D
8
(S}
|
\)
e}
S
w
+
ot
=

The following figure represents the first five terms of Tchebyshev’s polynomials.

1.5 %

Tn(@ _Tl(x)
1 — Tr(z)
- — Tx(x)
T4(ZL')
0.5 | — T5(x)
02
— 5 1
—151

Figure 2.1: Plot of the Tchebychev polynomials T} to T5.

2.1.3 The generating function for Tchebyshev polynomials of the first
kind

Theorem 2.2. The Tchebyshev polynomials of the first kind can be expressed using the generating
function
1 —tx i ()t
— = ()",
12w 2 &
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Proof. The Tchebyshev polynomials of the first kind are defined by the recurrence relation
Thi1(z) = 22T, (x) — T, -1 (),

with initial conditions Ty(z) =1, Ti(x) = x. Assume that

)= T.(x)t

We aim to show that
1—tz

G t) =TS

Multiply both sides of the recurrence relation by ¢" and sum over all

ZTM )" —QxZT ZTn )

Rewriting the summations by shifting indices

ZTn+1 t—2xZT —tiTn(m)t
n=0

Using the definition of G(z,t), this simplifies to

G(z,t) —1

; = 22G(x,t) — tG(x,t).

= G(x,t) — 1 =t(22G(x,t) — tG(x,t)).

Factor out
G(z,t) — t(22G(x,t) — tG(x,1)) = 1.G(,t)(1 — 2tz + 1) = 1 — tm.

Solving for
1—tx
Gr,t) = ———
@) = e

This confirms that the generating function for Tchebyshev polynomials of the first kind is

1—tx
1—2tx—|—t2 ;
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2.1.4 Products, integrals and derivatives

The Tchebyshev polynomials are essentially disguised forms of the trigonometric functions cos(nz),
and they also belong to the class of orthogonal polynomials; as a result, they satisfy many valu-

able and significant relationships.

Product: Various formulas can be easily derived using the substitution # = cos(f) and trigono-

metric identities, as follows
T ()T, () = cos(mb) cos(nf) = %(cos((m +n)0) + cos(|m — n|h))
which leads to
1
T (#)T(@) = (D) + Ty 1), 2.2
Similarly,
1
zT,(x) = cos(0) cos(nh) = 5(005((n +1)0) 4 cos(|n — 119))
which gives

VT,(2) = 5(Tois (@) + Thooa ().

More generally, expressions for 2T, (x) for any can be obtained by expressing in terms of
Tchebyshev polynomials and then applying equation (12.2)).

Along the same lines, we have

(1 — 2*)T,,(x) =sin?(#) cos(nd)

:% (1 — cos(26)) cos(nb)

:% cos(nf) — ;1 (cos((n + 2)0) + cos(|n — 2/|0))
which gives
(1= 2)L,(x) =~ Tusa(a) + 2 Tula) — +T)o(2).
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It is important to note that the specific cases for n = 0 and n = 1 are already included in the

above formulas. More explicitly

zTo(z) =T (z),
1 1

(1 —a*)To(2) =5To(2) = 5Ta(),
(1 — 2T (z) :iTl(x) - iTg(l’).

Derivatives: The properties of differentiation play a crucial role in both analytical and nu-

merical analysis. We start with the following expressions
Tpi1(z) = cos[(n 4+ 1) cos H(x)] and T,_i(x) = cos|[(n — 1) cos '(z)].

Differentiating both expressions with respect to x, we obtain

1 d[Tpa(2)] _ —sinf(n+1) cos™! 7] and 1 d[Tha(z)] _ —sin[(n—1) cos™? x]

n+1 dx V1—a2 n—1 dx V1 — 12

Subtracting these two results yields

n+1 dx n—1 dx sin 0

1 d[Th1(z)] 1 d[T, 1(z)] _ sin[(n 4 1)0] — sin[(n — 1)0].

This simplifies to

Tha(z) T y(x) _ 2(308(7'19) sinf o,(x), forn > 2,
n+1 n—1 sin ¢

hence

Ti(z) =0, Ti(z) =Ty, Th(z) = 4T.

Integrals: Since we have the differentiation formulas for Tchebyshev polynomials, we can use

them to derive the corresponding integration formulas

1 Tn+1 (.73) Tn_]_(x)
— _ >
/Tn(x)dx— 5 ( 1 m—] +C, n>2,

/Tl(l'),dl’ = iTQ(l’) + C,

/ To(x) dz = Ty (z) + C.
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2.1.5 Orthogonality of Tchebyshev polynomials

We can determine the orthogonality properties of the Tchebyshev polynomials of the first kind

based on the orthogonality of cosine functions. Specifically,

(

0, ifm#n,

/ cos(md) cos(nd) d = I ifm=n#0,
0

m, ifm=n=0.

By substituting
T, (x) = cos(nd), cos(f) = x,

we obtain the orthogonality properties of the Tchebyshev polynomials

(

=

if m # n,

YT (2) T ()
L T)Inll) :
/_1 T x , ifm=n#0,

Vi

IR

m, ifm=n=0.
(

This confirms that the Tchebyshev polynomials form an orthogonal set on the interval with the

weighting function.

2.2 Laguerre polynomials

In mathematics, Laguerre polynomials are sequences of orthogonal polynomials that are solu-
tions to a certain differential equation, known as the Laguerre equation, named after the French

mathematician Edmond Laguerre.

2.2.1 Laguerre’s differential equation and its solutions

The Laguerre differential equation is written as

d?y dy
— 1—o)— =0. 2.
xda:2+( :v)derny 0 (2.3)
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In applications, we seek a solution to this equation that remains finite for all finite values of
r and such that this solution grows slower than exp(3) as x approaches infinity. Thus, if we

multiply both sides of equation (2.3 by x # 0, it then becomes

d*y dy
2— — _— e
oot z(1 x)dx +nzy =0, (2.4)
that is to say, of the type
2d2y dy

Given ¢(z) = 1 —z and R(x) = nz, we can apply the Frobenius method [9] to find a solution to
equation (2.4), or equivalently equation (2.5)). This solution takes the following form

r+k

z(x, k) = Z a,x" ",
r=0
where k is determined as a root of the characteristic equation for equation ([2.5)
l{?2 —I— (qO — 1)(k? + 7”0) = 0

The recurrence relation for the coefficients a, is given by

E+r—n

B . e mar—— 2.6
ar+1 a (kf +r+ 1)2 ( )
Using this recurrence relation, the solution z(x, k) can be expressed as
= —1)"(n — k)!
k) = apz” ( g 2.7
2w, k) = a0 Z; (E+m))2n—k—r)" (2.7)

In our specific case, go = 1 and ry = 0, which implies that the characteristic equation has a double
root k = 0. Consequently, equation ([2.3) admits two linearly independent solutions, expressed

= (cuywl

2(x,0) = ag ; mm .

dz(x, k)
dk

Now, to compute { } , based on relation (2.7)), we obtain
k=0

O, k) = ao(lnz)2® i

)" (n —k)! . i 4 (=1)"(n — k)! .
ok £ ( . ¢ Z_{

(~1
((k+r)!)2
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Define
B (n—k)!
Jr (k) = (k+7r))2(n—Fk—r)’
then
d o dn ()

Let

B (n— k).

i (k) = I e et = r =)
=In(n — k) —In((k +7r))? —In(n — k —7r)!
=In(n—k)(n—k—=1)---x1-=2Ink+r)(k+r—1)---
x1—Inn—k—r)n—k—r—1)---x 1.
Simplify
ln(fT(k')):ZIH(n—kJ—i)—2Zln(k;+r—z’)—Zln(n—k—r—i)
:iln(n—k—i)—2ln(k+r—i)—ln(n—k—'r’—z’).
Thus
dinf,(k) d |< ) . :
Tk d—L:Oln(n—k—z)—Z(/@—i—r—z)—ln(n—k—'r’—z)]
: 1 1 1

- P <_n—k—i_2k+r—i+n—k—r—i)'

Hence

d B (n —k)! d 1 1 1
%fr(k)_((k_i_r)!)?(n_k_r)!;(_n—]{;—i_Qk—i—r—i—i_n—k—T—i)’

and therefore

) s (e e ) @9

Then
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that is

[a%z(x’ k)} . = (Inx)z(x,0) + 2 Crx’,

where

1 1 1
Cr == (—1>T - N 2 i + . )
(n—1) (r—i) (n—r—1i)
this particular solution is not acceptable because it diverges at x = 0, due to the presence of a

term involving In(x). Therefore, the solution to equation ([2.3)) can be expressed as

= = 1)
2(x,0) = Z;arf = aoz; mx :

It is important to point out that when n is a natural number, this series becomes a finite sum,
this happens because for all » > n + 1, the coefficients a, become zero. Assuming ag = 1, we
arrive at the standard solution, which is known as the Laguerre polynomial of degree n, denoted

by L,(z), and defined as:

n

Lo(z) =) %x (2.9)

— (r!)*(n—1)!

from equation ([2.9)), we can directly derive the farst few Laguerre polynomials,

Ly =1,
Ll =1- x,

1 2
Ly 25(2 —4dx 4 z7),

1
L :6(6 — 18z + 927 + %),

1
Ly zﬂm — 96z + 722° — 162° + 2%),

1
Ls :m(mo — 6007 + 60002 — 2002° + 252 — 2°).

The following figure represents the first five terms of Laguerre’s polynomials.
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40 T

Fal) — Lilx)

30 1 ———:Lg(x)

— L3()

20 | La(2)

10 | — Ls(@)

Il Il Il Il x |
2 Z %‘g ,5 8 10 12 14 16

_10 1
_20 1
_30 1
_40 1

Figure 2.2: Laguerre polynomials of degree 1 to 5.

Theorem 2.3. For any natural number n, the Laguerre polynomials can be expressed using the

Rodrigues formula as follows
e’ d" -z, n
Ln(w) = ———(e7"a").

Proof. To prove this, we apply Leibniz’s rule for the n'* derivative of a product

mn— d’l’

xr Jn
e d* n »

(e e” Zn: n! arr
— e ‘x = — r - —¢
n! dzn nl <= rl(n —r)lda"—" dx"

We recall that

™ T
Hence, we have
o, _nl
dan—r .
and ,
%e‘x =(=1)"e™".

Substituting these into the earlier expression

et dv ., e” n!  nl -
e &) =0 i e
r=0
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Simplifying

I
8
3
|
h
3
—~
=

2.2.2 The generalized Laguerre polynomials

Definition 2.2. The generalized Laguerre polynomials (GLPs), represented by L,(f‘)(x) (with

x

a > —1) are orthogonal with respect to the weight function w,(xr) = x®e™* on the domain

R, = (0,4+00). That is,
—+00
| @)L e ae) do = 2,
0

where the normalization constant is given by

@ _ Lh+a+l)

Specifically, when a = 0, the polynomials LY () reduce to the standard Laguerre polyno-
mials, denoted simply as L,(x). These polynomials are orthogonal with respect to the weight

T

function w(z) = e™*, satisfying

+oo
/ Lo(2) Loy (2)w(2) dz = Sy
0
The generalized Laguerre polynomials L (x) satisfy the recurrence relation

(n+ 1)L£ff21(x) =2n+a+1—2)L @) () — (n+ oz)Lgfi)l(:z:),

n

with initial values

Léa)(a:) =1, Lga)(x) =—z+a+l.

The first few polynomials in this family are

L§(z) = 1,

L) = —z4+a+1,

L(z) = %(1:2—2(04+2)x+(04+1)(0z+2))7

L) = é(—x3+3(a—|—3)x2—3(a—|—2)(a+3)$+(@+1)(a+2)(a+3))-
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2.2.3 Some important properties include

1. The GLPs satisfy the second-order linear differential equation
Yy +(a+1—2)y +ny=0.

2. Rodrigues formula for GLPs is expressed as

_ x—aex% (xn+ae*33) .

n!

k=0

4. The Generalized Laguerre Polynomials (GLPs) satisfy recurrence relations for integer «

n—1
0, L () = L V(@) = = 3" L(),

k=0

LY9(z) = 0,L V(x) — 8,L' (),

n n+1

20, L) (z) = nL®(z) — (n + o) L', ().

Theorem 2.4.

1. The value of the Laguerre polynomial at zero is

L (0) = 1.

2. The first derivative of the Laguerre polynomial at zero is

3. The Laplace transform of the Laguerre polynomial is given by

> —tx _ 1 n
/0 e Ly(x)dr = g(l——) :
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4. The second derivative at zero satisfies
" 1
L7(0) = §n(n —1).

Proof.

1. We evaluate the generating function for x = 0. From equation ([2.§]), we have

this can be expanded into a power series as

i L. (0)¢",
n=0

but this is also equal to the geometric series

o0

S

n=0
Comparing both series term by term, it follows that

L,(0) = 1. (2.10)

2. Proof that L] (0) = —n: To show this, we consider the fact that L, (z) satisfies Laguerre’s
differential previous equation, and by applying differentiation, the result follows accordingly
d2

x@Ln(m) + (1 - m)iL () +nLly(x) =0

dx "

We substitute x = 0 into the given equation, which gives
L' (0) 4+ nL,(0) =0.

From equation ([2.10)), we know
L,(0)=1.

Substituting this into the previous result
L (0)+n=0.

Therefore

L (0) = —n.

n
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3. Let’s prove that

o 1 \"
/ e "Ly (z)dr = = (1 - —) :
. t ¢

We now replace the expression for L, (z), defined in equation (2.9)), into the integral

o] 17"
—tacL :/ —tx Td.
[ > s

Switching the sum and the integral
e’} n —1)n! 00
/ e "L, (x)dr = % / 2" e d.
0 ()2 (n—r)! Jy
Now, let’s make the substitution tx = z = dz = tdx, so the integral becomes
o - —1)™n! o d
/ efthn(x)dx — (2# / (E)T€7Z_Z_
0 — (r)n—r)ly 't t

This simplifies to

> & —1)"n! 1 >
—tx " ( / Te " %dz.
/0 e “Ly(x)dr = CECED ) Z'e "dz

r=0
Recognizing the integral as a Gamma function

n

/OOO e—tan(x)d:E = Z (T'()Q(l)Tn' )l t:HP(T’ + 1)

I~ (=)l 1)’"n'
I(n

|
~
3
/‘\
%
\_/
/‘\
H
v
—~
—
—
=
+
—_
N—
|
<
N

This is simply

Expanding the binomial sum

/Oo_th()d 1 n+n 1+n 12+ n
e n(r)dr = - —— ——
0 t {\0 1 t 2 t
1 n
_1 {1 _ 1} |
t t
4. We aim to demonstrate the following identity

L (0) = %n(n —1).
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In the formula for L,(x), as given by equation , the only term that contributes to the

second derivative at 2 = 0 is the one containing 2. Thus, we obtain

y n! n(n—1
L"(O):4(n—2)!2: (2 )

[]

Although we will not use Jacobi and Legendre polynomials, we will give a brief overview of their

forms and properties.

2.3 Legendre polynomials

Definition 2.3. A polynomial of degree n, denoted by P,(x), and defined as
1

3] .
Pyr) = = §° _=Dr2n = 2n)!

2n e rl(n —r)l(n — 2r)!

0|3

n—2r

15 called Legendre polynomaial.

2.3.1 Generating function

Proposition 2.1. The generating function for the Legendre polynomials is expressed as

1 J—

Gz,t) = —m——on
(z,¢) V1 =2zt + 12

ZPn(a:)t”, for|z| <1 and |t| < 1.
n=0

2.3.2 Recurrence relation

Proposition 2.2. The Legendre polynomials satisfy the following recurrence relation
(n+1)Pi1(x) = 2n+ P, (z) — nP,_1(z).
Proof. We start with the generating function

(1— 2t +1t2)77 = i P (2)t". (2.11)

n=0
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Differentiating both sides of equation ([2.11)) with respect to ¢, we obtain

3

1
—51- 2at 4 12)72 (= 2z + 2t) = ZnP L (2.12)
Multiplying both sides of equation ([2.12)) by (1 — 2zt + t?), we get

1
—5(—2x+2t)(1—2xt+t2) V2 = (1 —2xt +1?) ZnP L (2.13)

n=0

Substituting equation ([2.11]) into the left-hand side of equation ({2.13]), we have

a:—tZP 1—2xt+t2 ZnP t"l

n=0

Now, we expand and rearrange the terms
:L‘ZP ZP it = ZnP et QxZnP t”—l—ZnP et
By shifting indices
o D nio Pala)t"™ =300 P (@)t
o > ponPu(x)t"t =300 nP ()" = 30 o (n A 1) P ()87,

o S nPu(@)t = S5 (n— P2t

Substituting these into the equation , we get

o0 [e.e]

(xpp(x) — Poq(2))t" =Y ((n+1)P,1(x) —22nP,(z) + (n — 1) P,_1(x)) t™.
n=0 n=0
Equating the coefficients of ¢, we obtain
zP,(z) — Po_1(z) = (n+ 1) Poy1(z) — 22nP,(z) + (n — 1) Py_1(x).
Rearranging terms
(n+1)P1(x) — 2n+ DaP,(z) + nP,—1(x) = 0.

Therefore, we conclude

(n+1)P,1(x) = 2n+ D)xP,(x) — nP,_1(x).
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2.3.3 Rodrigue’s Formula

Proposition 2.3. Rodrigue’s formula is given by

1 d”
P,(x) = — (2= 1)
(z) 2rn! dxn (v )
The first Legendre polynomials are
Po(fl,’) = 1,
P(x) =

1
Py(z) = 5(3952 - 1),
1
Pi(z) = 5(5303 — 3z),
1
Py(z) = é(35954 — 302° + 3),

1
Ps(z) = §(63x5 — 702° + 157).

To clarify further, we have drawn the first five terms of the Legendre.

1
I

P(z)

0.5

—1/ A8 —0.6N=04 0. 0.2 W 1
. _/

-1+

Figure 2.3: Plot of the Legendre polynomials Py(z) to Ps(x).
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2.3.4 Orthogonality of Legendre polynomials

Theorem 2.5. Legendre polynomials are orthogonal over the interval [—1, 1[ with respect to the

uniform weight. If m,n € N* then

/1 0, if m#mn,

1 2
2n+17

if m = n.

2.4 Jacobi polynomials

Definition 2.4. The Jacobi polynomial of degree n, denoted by J*P(x), is a polynomial that is

orthogonal with respect to the Jacobi weight function
W (@) = (1 - 2)°(1 + 2)°
on the interval I = (—1,1). This orthogonality condition is expressed as

+1
/ JoB (@) T (2)wP (2)da = AP,

1

where 3P =[| TP |25

The weight function w™” is integrable in L'(I) if and only if o, 3 > —1, (which is assumed
throughout this section).

2.4.1 Fundamental properties

The Jacobi polynomials of degree n satisfy a recurrence relation for parameters a > —1 and
ﬁ > _17
an P (2) = (by + xcn) P (2) — dy J&F (2)
nYn+1 - n n)Yn nYn—1 .

This sequence is initialized with

w1 s _(@=B) (|, (@+8)
i =1 e =5 (1 ) ),
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With the following coefficients

an = 2(n+1l)(n+a+B+1)2n+a+p),
by, = (2n+a+8+1)(a®—p%),
n = Cn+a+8)2n+a+pf+1)2n+a++2),

d, = 2(n+a)n+a+p)2n+a+p+2),

The first five polynomials obtained for & = 1 and 3 = 0, are shown in the following figure.

5_

JL0 ()

— L0
ar J;I'U:D‘}
J%l.ul(x}

J’,',l'm(X]

JE %)

~1.00 ~0.75 ~0.50 ~0.25 0.00 0.25 0.50 0.75 1.00
X

Figure 2.4: First five Jacobi polynomials for « =1 and 5 = 0.

1. The Jacobi polynomials satisfy the differential equation
I—2")y' +(B-a—(a+B+2)2)y +nn+a+B+1)y=0.

2. By setting A = 2n + o + (8 the Jacobi polynomials satisfy the relations
A1 = 22)0, %8 (x) = n(a — B — Ax)J2P (2) + 2(n + a)(n + B)JB ().
TP ) = Ty W (@) = T ().
MO ) = (n+ a + B)J9P(x) + (n + a) 20 ().

(1 —2) o (@) + (1 +2) JyP (@) = 20, (2).
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3. The norm of the Jacobi polynomial is

R L IR BN RY ES)
no lwer= T S o ta+ B+ DI(nt+a+ B+ 1)

4. Rodrigues formula

ﬁﬁ@%:ggfu—x;u+zwi;«1_ﬁw“_xwg+xwy

5. The derivative of the Jacobi polynomial satisfies the relation
1
OudtP(w) = S(n+ o+ B+ 1) 007 (2).

'n+k+a+p8+1)
k ouB(,\ a+k,B+k >

6. Integration formula
1
M / TP (1 — )% (1 +t)Pdt = TP 0) — hP (2) St (@),
0
where
P (z) = (1 — )T (1 4 z)'+7,
2.4.2 Special cases of Legendre polynomial

1. For a = 8 = 0, the resulting polynomial is the Legendre polynomial

Ly(z) = J,"(x).

2. Fora=p4= —%, the polynomial obtained is the Tchebyshev polynomial of the first kind

@) = @)

3. Fora=p= %, we get the Tchebyshev polynomial of the second kind
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4. For a = —% and g = %, we obtain the Tchebyshev polynomial of the third kind

nl\/m
I(n+3)

Jn_%’%l(a;).

Volz) =

5. For a = % and § = —%, the result is the Tchebyshev polynomial of the fourth kind

MVE 1)
Wn(x):mJn ().

6. When o = 3, the Gegenbauer polynomial emerges

I(2c+n) (o + 1)
I'(20) Na+n+ 1)

=303 ().

Golx) =

For more information on orthogonal polynomials, their properties and applications, see [5], [12],

3], [ and [1].
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Chapter 3

Numerical solution for some

integro-differential equations

3.1 Tchebyshev-Galerkin method

3.1.1 Discription of method

Let us consider the following Volterra integro-differential equation

u'(zr) = f(z)+ /\/w k(x, t)u(t)dt, a<z<b, (3.1)
u(a) = a. (3.2)

In this equation, u(x) is the unknown function, k(x,t) is a given continuous and square-
integrable kernel, f(z) is a known function, and A is a given real parameter.

The approach employed here is based on Tchebyshev polynomials, as thoroughly discussed in
[7]. To approximate the solution on a closed finite interval, we use a basis polynomial approach.

Assume that

(o) o) = 3 (25 ), 53)
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Numerical solution for some integro-differential equations

where T; (W) represents the shifted Tchebyshev polynomial over the interval [a,b]. Con-

sequently, the derivative is approximated by

w'(z) Zb— (W)

Substituting the expressions for u,(z) and u,(z) into equation (3.1)), we get

Z— T’(#)zf(x)#—)\iai/jf((x,t)ﬂ (W)dt, a<x<b.

To determme the unknown coefficients «a; , we apply the Galerkin method by multiplying both
sides of the equation by Tj <#) and integrating with respect to x over the interval [—1, 1]

S [ () () f o ()

(2

/_11 (Agai/:;((x,t)ﬂ(wwlt)z}(W)dz, j=0,1,...,n. (3.4)

Or equivalently, if needed, the integrals can be computed using numerical methods. This leads
to a system of linear equations in terms of the unknown coefficients {a;}? ,. Many researchers

incorporate the initial condition

o= Zaz l <2a%);6”) _ iaiTi(—l) —a (3.5)

i=0
To provide an additional equatlon, ensuring the number of equations matches the number of

unknowns in the system. The unknown parameters are then obtained by solving the system of

equations (3.4) and (3.5)). Substituting these values into equation (3.3)) yields an approximate
solution to the integro-differential equation (3.1) This approach can similarly be applied to a

Fredholm integro-differential equation of the form
b
u(z) = f(z)+ )\/ K(z,t)u(t)dt, a<xz<b,
u(a) =

The equation (3.4)) is equivalent to

([ (5 ()
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The last equations present a linear system of n + 1 equations and n 4+ 1 unknown, the matrix of

the system is given by

a2 [ (W)Tﬂ (5
([ e (A58 ) (B

and the vector B, given by
b
/ f(zx ( — +a))dx,j:0,...,n
—a

3.1.2 Detailed problems

Example 3.1.

Let us consider the following fredholem intergal equation

u(x)+5 /01 rtru(t)dt = 2* + x. (3.6)

Where, the exact solution is given by u(z) = z2.

Using Tchebyshev bases to solve linear fredholem equation

A linear Fredholem equation of the second kind generally has the form

b
w(w) = f(z)+ A / K (x, £)u(t)dt. (3.7)
Tchebyshev polynomials of the first kind 7T;(z) are defined over the interval [—1, 1]. The first few

are

To(z) =1, Ti(z)=m, Ty(r)=22">-1, Ts(z)=42"— 3,
We approximate u(x) as

~ Zasz(x) (3.8)

Substitute thes approximation into the original equation.
Interchange the sum and the integral

imTi( +)\Z K (2, t)a;T;(x)dt. (3.9)

n=0"%

Finding a; passing through the next steps:
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e Product both sides into Tchebyshev polynomials (using orthogonal projection), to obtain

a linear system for the coefficients a;.
e Solve the linear system to find a;.
e Construct the approximate solution u(z).

To simplify the description of the method, we will do the calculations for n = 2.

Approximate u(x)

uw(z) =~ aglo(x) + arTi(x) + aTh(x)
=ag+ar+ a2(2x2 — 1)

= (ap — az) + a1z + s’ (3.10)

substitute the Tchebyshev expansion of u(t) in (3.6)), we get

1

u(z) = 2> +x — 5/ ot (ag + art + ay(2t* — 1))dt.
-1

Evaluate the integral

1
u(x) =+ x— 5x/ t2(a0 + a1t + a2(2t2 —1))dt
-1

=2’ + 7 — b Ul (aot?)dt + /1 (a,t)dt + /1 (ag(2t* — tQ)] dt.

1 -1 -1

After calculating the integration, we will get

2 2
u(z) =2® +x — 5:)3(§a0 + gaQ),

10 10
u(z) = 2* + (—an — g%t 1)z (3.11)

By comparinng equations (3.10) and (3.11f) it can be deduced that

apg — a9 = 0,
—10 —10

—15 CLO——15 a2+1:a1, (3'12)

agzl,
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Numerical solution for some integro-differential equations

S0 ag = ay = 1 and alzﬁ,then

u(z) = TR + 22,

this is the approximate solution using T'chebyshev bases up to degree 2.

We created the numerical code for this problem using MATLAB, a program that simulates

collocation method algorithme wich based on the Tchebyshev polynomial.

Code of calcul

clear all; clc

n=4,;
a=-1; b=1;
lamda=5;

k=@(x,t)x.*xt."2;

f=0(x)x. 2+x;
w=0(x)1./(sqrt(1-x.72));

fun=0(x)w(x) .*f(x);
rhs=0@(n,x) fun(x) .*chebyshevT (n,x);
tfun=0(x,t,i)k(x,t) .*chebyshevT(i,t);
for i=0:n

q(i+1)=integral (@(x)rhs(i,x),-1,1);
end

rhs=eye (n+1) *xpi/2;

rhs (1,1)=pi;

for i=0:n

for j=0:mn

B=@(x,t)tfun(x,t,i) .*xchebyshevT(j,x) .*xw(x);
C(i+1,j+1)=integral2(B,-1,1,0,1);

end

end

A=rhs+lamdax*C’;
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aa=inv (A) *q’;

xx=a:0.1:Db;

phi=@(x)0;

for j=0:m

phi=@(x)aa(j+1) *chebyshevT (j,x)+phi(x);
end

for i=1:1length(xx)

yy (i) =phi (xx(i));

end

plot(xx,xx."2,xx,yy, ro’)

The following figure represents the exact and approximate solutions for n = 4, where do we

remark that they are identical.

1.2 T T

Exacte solution
Approximate solution

08 | §
06

04 |

&r

02 r ™

0 | S—a a4 o

-1 -0.5 0

Figure 3.1: Exact and approximate solution Tchebyshev polynomial for n = 4.

20




Numerical solution for some integro-differential equations

Value of x | Exact Solution | Approximate Solution Error
-1.0 1.000000000000000 1.000000000003581 0.358113538823090x 1011
-0.8 0.640000000000000 0.640000000002392 0.239164243964751 x 10~
-0.6 0.360000000000000 0.360000000001705 0.170530256582424 x 10~
-0.4 0.160000000000000 0.160000000001237 0.123731580536912x 10711
-0.2 0.040000000000000 0.040000000000783 0.078295009364737x 10~
0.0 0.000000000000000 0.000000000000217 0.021713972140689x 10~
0.2 0.040000000000000 0.039999999999495 0.050525555961300x 10~
0.4 0.160000000000000 0.159999999998650 0.134944833085626 x 1011
0.6 0.360000000000000 0.359999999997799 0.220073959056322x 10~
0.8 0.640000000000000 0.639999999997136 0.286459744813783x 10~
1.0 1.000000000000000 0.999999999996934 0.306621394940976 <1011

Table 3.1: Approximate solution compared to exact solution, using the Tchebyshev polynomial-

based collocation method. The error is calculated for n = 4.
We notice from the table that in this example there is high accuracy even for small n (10711).

Example 3.2.

Consider the following Volterra integro-differential equation

|

u’(x)z?——+—/0xu(t)dt, z € [0,1]; u(0) =0.

T3 (3.13)

The exact solution is given by u(z) = x cos(z) .
In the following, we will explain the steps of the algorithm without performing the numerical
computations. To solve equation (3.13]), we use a fourth-order approximation for u(z) and u'(x)

as follows

4
uy(x) = ZaiTi(Qx —1) =ag + a1 (2x — 1) + as(82% — 8z + 1) + a3(322° — 482% + 18z — 1)
=0

+ ay (1282 — 2562° + 1602* — 32z + 1). (3.14)
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The derivative is given by

4
uf(x) =2 a;T)(20—1) = 2a1+ay(162—8) +a3(962" — 962 +18) + a4 (5122° — 7682 + 3202 — 32).
=0

(3.15)
Substituting (3.14]) and (3.15) into equation (3.13) gives

2

2a; + az(16x — 8) + a3(962” — 96z + 18) + ay(5122° — 7682* + 320z — 32) = 2 — %+

/[a0+a1(2t—1)—|—a2(8t2—8t+1)+a3(32t3—48t2+18t—1)+a4(128t4—256t3+160t2—32t+1)],
0

By simple calculations, we find

8&1 — 32&2 + 720,3 — 128@4 :ZL'<CLO — a1 — 63@2 + 383&3 — 1279(14)

+ 2%(a; — 4ay — 375a3 + 3056a4 + 1)

5984 (3.16)
&4)

128
+ $4(8CL3 - 64@4) + I5(?CL4>.

8
+ l’g(gag — 16&3 —

By multiplying both sides of equation by Ty(2z — 1) = 1 and integrating with respect to x from
—1 to 1, we obtain

1

1
/ (8ay — 32ay + T2a3 — 128ay4)dx :/ (x(ag — a1 — 63ay + 383a3 — 1279ay4)dx

1 -1

1
—i—/ (2*(a; — 4ay — 375a3 + 3056a4 + 1))dx
-1

b8 5984
—i—/ (2%(zaqg — 16a3 — ay))dx

1 3 3
oy o128
—l—/ (z*(8as —64a4))dx—|—/ (x (?a4))da:.
-1 —1
After computing the integrals, we obtain the following linear equation
230a; — 920ay 4 4134a3 — 34016a,4 = 250. (3.17)
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In the second step, we multiply both sides of equation (3.16|) by 77 (2x—1) = 2z —1, and integrate
with respect to from —1 to 1, obtaining

1 1
/ (8ar — 32ay + T2a3 — 128a4) (22 — 1)dx :/ (x(ag — a1 — 63ay + 383a3 — 1279a4)(2z — 1)dx

1 -1

1
+ / (z%a; — 4ay — 375a3 + 3056a, + 1)(2z — 1)dx
-1

1
8 5984
+/ xS(gag — 16a3 — 3 as)(2z — 1)dx
-1

+/_ z*(8as — 64ay))dx +/ (x5(1—§8a4)(2x — 1)dz.

1 -1

(3.18)

In the third step, we multiply equation ([3.16]) by T5(2z — 1) = 822 — 8z + 1, then integrate with

respect to x from —1 to 1, yielding
1
/ (8a; — 32ay + T2a3 — 128a4)(82* — 8z + 1)dx

— / ((ag — a1 — 63ay + 383as — 1279ay)(82°® — 8% + x)dx

1
+ / | (a1 — 4az — 375a3 + 3056a, + 1)(8z* — 82° + 2*)dx
-1
+ /_ll(gag — 16a3 — 5984&4)(8£U5 — 82" + 2%)dx
+ / 1 (8as — 64ay)(82° — 82° + 2*)dx
-1
+ /1 (%%)(81’7 —82° + 2”)dx. (3.19)
-1

By multiplying both sides of equation (3.16]) by T3(2x—1) = 3223 —482%+18x—1, and integrating

with respect to x from —1 to 1, we obtain
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1
/ (8a; — 32ay + T2a3 — 128a4)(322° — 482* + 18z — 1)dw
-1
1
= / (z(ap — a1 — 63ay + 383az — 1279a,) (322" — 482° + 182% — x)dx
-1
1
_l_

/ (ay — 4ay — 375a3 + 3056ay + 1)(322° — 482" + 182° — %) dw
-1

1

8 0984

+ / (gag — 16a3 — 3 ay)(322°% — 482° + 182* — 2°)dw
-1

1
+ / (8as — 64ay) (322" — 4825 + 182° — 2*)dw
1

' 128
+ / (?a4)(32x8 — 4827 + 182° — 2°)dx. (3.20)
-1

Next, we multiply both sides of equation ([3.16) by Ty(2x — 1) = 1282% — 25623 + 1602 — 32z + 1

and integrate with respect to z from —1 to 1, yielding

1
/ (8a; — 32ay + T2a3 — 128a4)(1282* — 2562° + 1602 — 322 + 1)dx
-1

—_

= / ((ap — a; — 63ay + 383as — 1279a4)(1282° — 2562 + 1602° — 322 4 z)dx

[ay

—_

1
4
+ (§a2 — 16&3 — 098
13

1
- / (a1 — 4as — 375as + 3056a4 + 1)(1282° — 2562° + 1602* — 322° + 2?)dx
/ a4)(12827 — 25625 + 1602° — 322 + 2%)dx

1
+ / (8az — 64ay)(1282° — 25627 + 1602° — 322° + 2)dx
-1

112
+ / (?8a4)(128:c9 — 25625 + 16027 — 3225 + 2°)dx. (3.21)

1

By straightforward computation of the integrals, equations (3.18)), (3.19), (3.20]), and (3.21)),

along with equation ([3.17)), together form a linear system of five equations with five unknowns.
Using a method for solving linear systems (such as the Gaussian elimination method), the

values of ag, a;,a2,a3 and a4 are obtained. Therefore, the approximate solution of equation (3.13)).

o4



Numerical solution for some integro-differential equations

Value of x | Exact Solution u.x | Approximate Solution ur Error
0.0000 0.0000 -5.1369e-04 5.1369e-04
0.1250 0.2500 0.2495 4.9144e-04
0.2500 0.5000 0.4995 4.6944e-04
0.3750 0.7500 0.7495 4.4771e-04
0.5000 1.0000 0.9996 4.2625e-04
0.6250 1.2500 1.2496 4.0507e-04
0.7500 1.5000 1.4996 3.8420e-04
0.8750 1.7500 1.7496 3.6366e-04
1.0000 2.0000 1.9997 3.4348e-04

Table 3.2: Exact and approximate solution, using the Chebyshev polynomial-based collocation

method. The error is calculated for n = 8.
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Figure 3.2: Exact and approximate solution, using Tchebyshev polynomial-based collocation

method for n = 8.
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3.2 Numerical solution using collocation method with La-

guerre polynomials

3.2.1 Discription of method

Suppose that the function f(z) is approximated using the Laguerre polynomials (LPs) as

follows

n

f@) = a1Ly(z) + agLo(x) + - + anLn(z) = Y a;Li(x). (3.22)

i=1
For r > 0, the function L, (x) represents the Laguerre basis polynomials of degree n, as defined

by

(—=1)™n!
L,(z) = — " 3.23
(®)=2 2 — )" (3:23)
r=0
a, (where r =0,1,--- ,n) are the unknown Laguerre coefficients to be determined later. Rewrit-
ing equation (3.22)) as a dot product
ao
ai
f(z) = [Lo(x), Lr(z), ..., Lo(2)] | |, (3.24)
an
equation (3.24) can be expressed as
Ooo o1 Oo2 Oon | |ao
O 911 912 Ce Hln aq
f(x) = |:1, xZ, LE2, ey .an:| 0 0 022 e egn as | » (325)
0O 0 0 ... Oul| |an
where 0. (with s,7 = 0,1,2,--- ,n) are the known values of the power basis used to find the

Laguerre polynomials (LPs). Additionally, the square matrix is upper triangular and non-

singular. For example, when n = 1 and n = 2, the operational matrices are given in equation
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(3.26) and (3.27)), respectively

Forn=1
1 1 Qo
f() = [1,4] . (3.26)
0 —1 aq
For n =2
1 1 1 Qo
fl@)=MLz,2° |0 -1 —2| |ay| - (3.27)
0 0 % (05}

Since the derivative of equation (3.23) is

d < 1 (-1
L;(w):%Z(—l)r—:Z%xrl, n=12,...,n, z€]l0,00],

— rl = sln—r)!
the derivative of equations ([3.24)), (3.26)) and (3.27) is as follows
Ooo Oo1 bo2 ... bon agp
0 911 912 Ce Hln aq
f@) =[0,1,22,....n2" - | 0 0 6y ... 6y |az], (3.28)
0O 0 O Orn Qn
forn=1
1 1 ag
f'(x) =10,1] 7 (3.29)
0 —1 ay
for n =2

f(@)=1[0,1,22] [0 -1 —2| |ay]|- (3.30)
0 0 i a9

3.3 Solution of the second kind Volterra integral (V1)
equation using the (LPs)

In this section, the (LPs) method is applied to find the solutions for the (V' I) equation

F@) = g(z) + )\/b k() f() dt, b <z < by (3.31)
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By applying equation (3.22), we assume that

f@) ~ fulz) =) aiLi(x). (3.32)

=0

Substituting equation (3.32)) into equation (3.31)), it results in

ZaZ i (x) + / (z,t) Zaz i (3.33)

By employing equation (3.24)), equation (3.33)) can be rewritten as

ag Qo
ay b2 ay
[Lo(z) Li(z) ... La(@)]| | =g(x)+A / k(z,0)[Lo(t) Li(r) ... L.@®)]| | dt.
: b1 :
Ap Qp,
(3.34)
Or
O O Oz ... b1 Qo
O (922 923 (92n aq
1 x SL’Q SL’n] 0 0 033 egn a9
0 O 0 O | | an
= g() (3.35)
O 012 Oz ... 01, Qo
N 0 922 923 Hgn aq
+>\/ k(x,t) [1 t 2t |0 0 b3 ... Os,| |ag]| dt.
0 0 0 ... Ol |an

After simplifying equation , the unknown Laguerre coefficients ag, ay, - - - , a,, are determined
by choosing specific points g, (5 =0, 1,--- ,n) wich in the interval [by, bo]. As a result, equation
transforms into a system of (n 4+ 1) linear algebraic equations with (n + 1) unknown
coefficients. This system can be solved using the Gaussian elimination method or other numerical
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method, ensuring unique solutions for the coefficients. Once determined, these coefficients are
substituted into equation (3.22]) to obtain the approximate numerical solution.
Example 3.3. ([I1]) Solve the Volterra integral-differential (VID) equation of the second kind

with constant kernel
Fl(x) =6 — 322 + / FHydt,  f(0) =0, (3.36)
0
where the exact solution is f(z) = 6x.

Using the Laguerre polynomials, the approximate solution for n = 2 can written as

1 1 1 Qo
flz) = [1 z gﬂ] 0 -1 2| |a], (3.37)
0 0

a2

o=

its derivatives are
1 1 1 ao

f(@)=1[0,1,22] [0 -1 —2| |ay]|- (3.38)
0 0 % a9
By substituting equations (3.37) and (3.38]) into (3.36)), we get

* 1
—Q1 — 2@2 + agxr = 6 — 3]72 + / |:(CLO + ay + (12) — t(a1 + 20,2) + t2(§a2) dt,
0
after computing the integral, we obtain

1 1
(—a; —2as — 6) — (ap + a1)x + (§a1 + ag)z? — 6@2353.

By comparison, we find

—a; —2a9 —6=0 ap+a; =0 §a1+a2:0 6a27207

SO

(10:6 Cl1:—6 CLQZO.

Finaly, we get
fo(z) = 6Lo(x) — 6L1(x) = 6.

In the same manner, the exact solution can be obtained for n = 3 and n = 4.

fs(x) = 6Lo(x) — 6Ly (z) = f(z) = 6,
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fa(x) = 6Lo(x — 6L, (x) = f(x) = 6x.

The solutions were approximated in three different degrees and the exact solution was obtained
the same and this shows that the error function is zero in this case.
Figure displays the comparison of results for n = 2,3 and 4 with exact solution. They seem

to be identical.
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Figure 3.3: The Laguerre polynomials for n = 2,3 and 4.
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Conclusion

This study presented an efficient numerical approach to solving integral and integro-differential
equations using orthogonal polynomials and the collocation method. By leveraging polynomials
like Tchebyshev and Laguerre, complex problems were transformed into manageable algebraic
systems.

The proposed method proved effective, demonstrating high accuracy and fast convergence,
making it suitable for various applications. Results indicated that orthogonal polynomials en-
hance solution quality and reduce approximation errors.

In summary, collocation methods with orthogonal polynomials offer a robust framework for

solving complex equations, with potential for further applications and algorithmic improvements.
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Abstract

The aim of this work is to focus on the numerical solution of integral and
integro-differential equations using collocation methods based on
orthogonal polynomials such as Chebyshev, Legendre, and Laguerre. The
approach involves transforming complex differential problems into
algebraic systems that are easy to solve, ensuring high accuracy and fast
convergence. The results demonstrate the efficiency of the proposed
method, making it suitable for scientific and engineering applications, with
potential for future expansion and development.

Keywords: Integral equations, Integro-differential equations, Numerical
solution, Volterra equation, Laguerre polynomials, Chebyshev polynomials.

Résumé

L'objectif de ce travail est de se concentrer sur la résolution numérique
d'équations intégrales et intégro-différentielles a 1'aide de méthodes de
collocation basées sur des polynomes orthogonaux tels que Tchebychey,
Legendre et Laguerre. Cette approche consiste a transformer des
problemes différentiels complexes en systemes algébriques faciles a
résoudre, garantissant une grande précision et une convergence rapide. Les
résultats démontrent l'efficacité de la méthode proposée, la rendant
adaptée aux applications scientifiques et techniques, avec un potentiel
d'expansion et de développement futur.

Mots-clés : Equations intégrales, Equations intégro-différentielles,
Résolution numérique, Equation de Volterra, Polyndmes de Laguerre,
polvnomes de Tchebvchev.



	List of Figures
	List of Tables
	Introduction
	Review of integral and integro-differential equations
	Integral equations
	Classification of integral equations
	Volterra integral equations
	Fredholm integral equations 
	Volterra-Fredholm integral equations
	Singular integral equations

	Integro-differential equations
	Classification of integro-differential equations
	Volterra integro-differential equations
	Fredholm integro-differential equations
	Volterra-Fredholm integro-differential equations
	Singular integro-differential equations

	Reduction of a high-order linear differential equation to a lower-order equation
	First-order equations
	Second-order equations
	Equations of higher order

	Existence and uniqueness of solutions for nonlinear integro-differential equations
	Some fixed-point theorems
	Applications of Banach’s fixed point theorem


	Orthogonal polynomials and their properties
	Tchebyshev polynomials
	Definition of Tchebyshev polynomials
	Recurrence relations for T n(x)
	The generating function for Tchebyshev polynomials of the first kind
	Products, integrals and derivatives
	Orthogonality of Tchebyshev polynomials

	Laguerre polynomials
	Laguerre's differential equation and its solutions
	The generalized Laguerre polynomials
	Some important properties include

	Legendre polynomials
	Generating function
	Recurrence relation
	Rodrigue's Formula
	Orthogonality of Legendre polynomials

	Jacobi polynomials
	Fundamental properties
	Special cases of Legendre polynomial


	Numerical solution for some integro-differential equations
	Tchebyshev-Galerkin method
	Discription of method
	Detailed problems 

	Numerical solution using collocation method with Laguerre polynomials
	Discription of method

	Solution of the second kind Volterra integral (VI) equation using the (LPs)

	Bibliography

