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General Introduction

Queueing theory is one of the most prominent branches of applied mathematics and statis-
tics, due to its crucial role in analysing service systems characterized by the random arrival
of units—such as people, requests, or taskmaster limited resources, whether a single server or
a pool of servers. With the rapid development of industrial and service sectors, the need has
arisen for precise quantitative tools to understand and evaluate such systems, with the aim of
reducing waiting times, improving resource utilization, and achieving operational efficiency [17].

The foundations of this theory began to take shape at the beginning of the 20*® century,
with the Danish engineer Agner Krarup Erlang (1878-1929), who is considered the actual
founder of this scientific field. In 1909, he conducted studies on congestion problems in tele-
phone lines in Copenhagen, where he developed the first mathematical model to analyze the
probability of call rejection due to saturated lines [10]. Through this, he laid the groundwork
for queueing theory by introducing concepts of probability and time distributions into service
modeling.

Subsequent scientific contributions deepened this field and expanded its range of applica-
tions. Notably, David G. Kendall (1918-2007) introduced, in the 1950s, the well-known
Kendall’s notation (A/B/s/N) for classifying queueing systems [23]. Additionally, John D. C.
Little formulated the famous Little’s Law:

L=\W

which provides a fundamental relationship between the average number of customers in the
system (L), the arrival rate (), and the average time spent in the system (W) [29]. Moreover,
Leonard Kleinrock was one of the first researchers to apply queueing theory to computer
networks and played a key role in the development of the internet [25].

This theory is built on a set of fundamental mathematical concepts, such as stochastic
processes, Markov chains, Poisson processes, and service time distributions [34]. It also relies on
key performance indicators that quantify the effectiveness of service systems, including average
waiting time, number of customers in the queue, server utilization rate, and probability of
rejection. Due to its flexible modelling nature, queueing theory is applied across many vital
fields, including:

o Healthcare systems: managing emergency rooms and patient prioritization.

e Communication and data networks: data flow control and resource allocation.

Call centers: improving service levels and reducing response times.

o Manufacturing industries: production planning and quality control.

Cloud computing: task and resource distribution.
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o Traffic and transportation systems.

In light of its importance, this thesis aims to explore both the theoretical and practical aspects
of queueing models through three main chapters: The structure of this thesis is organized into
three main chapters.

o Chapter 1: Preliminaries
Addresses fundamental concepts related to stochastic processes, Markov chains, Poisson
processes, and birth-death processes, which form the basis of queueing models.

e Chapter 2: Classical Queueing Systems
Focuses on classical queueing systems, particularly the M/M/1 model, in addition to
multi-server models such as M/M/c and M/M /oo, with an in-depth study of performance
metrics and the application of Little’s Law.

o Chapter 3: Priority Queueing Models Among Customer Classes
Analyzes priority queueing systems involving multiple customer classes, both preemptive
and non-preemptive, and presents the derivation of performance measures, supported by
numerical analysis and real-world applications across various sectors.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we review the concept of stochastic processes, focusing on discrete-time Markov
processes defined over a finite or countable state space E. We then explore continuous-time
Markov processes, with particular emphasis on Poison processes and birth-death processes,
which we introduce and analyse. The concepts presented in this chapter are based on the
references [5,33].

1.2 Stochastic Processes

1.2.1 Definition and Notation

Definition 1.1. Let (Q, F, P) be a probability space, T C RT a time (or parameter) space, and
E C R a state space. A stochastic process is a measurable mapping:

X QxT—E, (w0t~ X(tw) = X,(w), (1.1)

where, for a fized toy, the function w — Xy (w) is a random variable, and for a fized wy, the
function t — X (t,wp) is a measurable mapping called a trajectory or sample path.

Stochastic processes are widely used in probability theory and various applications such as queue-
ing systems, finance, and physics [2, 2, 3/].

1.3 Stationary Processes

1.3.1 Strongly Stationary Process

Definition 1.2. A stochastic process (Xi)ier is said to be strongly stationary (strictly station-
ary) if its finite-dimensional distributions are invariant under translation. That is, for all h > 0
and for all t,ts, ..., t, €T, with n € N*, the vector

( Xy, Xty oo, X4,)
has the same distribution as the vector
(Xt1+ha Xt2+h7 B 7th+h)'

In particular, X; and X, share the same distribution for allt,h € T.
This concept is fundamental in the study of stochastic processes and time series analysis [0, 9,
19].
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1.3.2 Weakly Stationary Process

Definition 1.3 (Weak Stationarity [6,8,19]). A stochastic process (Xi)ier is said to be weakly
stationary (or stationary in the wide sense) if the following conditions hold for allt,s € T':

1. The expected value is constant:

E(X:) :=my =m < 400.

2. The second moment is finite and constant:

E(X?) := 02 = 6% < +oo0.

3. The covariance function depends only on the time difference:
Cov( Xy, Xs) = E[(Xy —m)(Xs —m)]| =T(t,s) =T(t —s),

where I' is the covariance function of the process.

1.3.3 Processes with Independent and Stationary Increments (PISI)

Independent Increment Processes (IIP)

Definition 1.4. A stochastic process (Xi)ier is said to have independent increments (IIP)
if, for all to,t1,...,t, € T and any integer n, the random variables

th - th—n th—1 - th—Q? R Xt2 - th th - Xto

are independent.
This property is fundamental in the study of stochastic processes such as the Wiener process
and the Poisson process [?].

Stationary Increment Processes (SIP)

Definition 1.5. A stochastic process (Xi)ier is said to have stationary increments (SIP)
if, for allt,s € T, the law of the increment X, — X, depends only on the difference t —s. That
18, the distribution of X; — X, is the same as that of X;_

Processes with this property are time-homogeneous in terms of their increments, which is a
common characteristic in models of physical and financial systems [8].

Independent and Stationary Increment Processes (PISI)

Definition 1.6. A stochastic process (X;)ier is said to have independent and stationary
increments (PISI) if it satisfies both the independent increment property (IIP) and the sta-
tionary increment property (SIP).

Examples of such processes include Lévy processes, which form a rich class of stochastic mod-
els [35].

Example 1.1. 1. Poisson Process

The Poisson process (Ni)i>o is a counting process where:

hd N():O
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o [t has independent increments: the number of events in disjoint time intervals are inde-
pendent.

o [t has stationary increments: the number of events in an interval of length h is Poisson
distributed with parameter \h, independent of the starting time.

Therefore, the Poisson process is a classic example of a process with independent and stationary
increments (PISI) [7].
2. Wiener Process (Brownian Motion)
The Wiener process (By)i>o satisfies:
o By =0 almost surely.
e B, — Bs~N(0,t—s) for0<s<t.
o [t has independent increments: non-overlapping increments are independent.

o It has stationary increments: the distribution of increments depends only on the time
difference.

Hence, the Wiener process is another standard example of a PISI process [20)].

1.4 Markov Chains

The Markov process provides a simple modelling tool for a particular class of systems with a
discrete state space. A key characteristic of a Markov process is the “memoryless” property,
which states that the future evolution of the process depends only on the present state and not
on the sequence of events that preceded it.

Markov chains are widely used in modelling and analysing systems that evolve randomly over
time, especially in the context of discrete events. The analysis of Markov processes forms a
necessary prerequisite for the study of quewing systems, where arrivals, services, and departures
can be described probabilistically using transition probabilities and state dynamics

A state j is transient if and only if:
= pn)
ZOij < +o00.

In this case, we also have:
+00

Y P < 400, VieE.

n=0

The states in the same communication class are either all recurrent or all transient [?].

1.4.1 Continuous-Time Markov Chains

Definition 1.7. A stochastic process (Xi)i>o is called a continuous-time Markov chain (CTMC)
if, forall 0 <ty <ty <---<t, <t, and for all 3,19,11,...,1, € E withn € N,

P(thj | Xto :i())"'ath :Zn) :P(Xt:] | th :Zn)
Furthermore, the chain is said to be homogeneous if, for allt € RT andi,j € E,

9
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Transition Matrix

Definition 1.8. The transition matriz P(t) of the process, whose general term is given by:
pij(t) = P(Xy = j | Xo =),
s a stochastic matriz that satisfies:

Vi,j € E, py(t) >0, and > py(t)=1, VieE.

jEE

The transition probabilities of a continuous-time Markov chain satisfy the Chapman-Kolmogorov
equations. For alli,7 € E and for all non-negative real numbers s,t, we have:

plj t + 5 Z pzk pk]
keE

Continuous-Time Markov Chains (CTMCs)

Proposition 1.1. Infinitesimal Generator Matrixz We associate with a continuous-time
Markov chain (CTMC) the matriz Q), called the infinitesimal generator, defined as follows:

Vi # 7, Qij = Hij = :LLiPij7 (1-2)
J#i J#

Thus, the generator matriz () takes the form:

— i1 My H12 Hiz - Hin
H21 —Djro M2 oz - Han
Q= . . , . .
Hn1 Hn2 Hn3 - = Z]yén Hong

It satisfies the property:

J
Proposition 1.2. Sojourn Time Distribution For any state i € E, the time spent in @
before leaving follows an exponential distribution with parameter p; [32].

Corollary 1.1. Transition Probability Matrix
The transition matriz P(t) of a CTMC can be expressed as:

+oo tn

P(t) =e'% = Z (1.5)
where Q) is the infinitesimal generator associated with the CTMC' [?].

1.4.2 Poisson Process

The Poisson process is a significant stochastic process in continuous time, frequently used to
model the random occurrence of events of the same type.

Definition 1.9. Counting Process A stochastic process (N (t))ier is called a counting process
if it satisfies the following:

10
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1. N(t) eN, VteR",
2.Vt >seR",  N(t) > N(s),
3. N(t) — N(s) represents the number of events in the interval [s,t].

Definition 1.10. Poisson Process A counting process (N (t))i>o s called a Poisson process
if it satisfies the following three conditions:

C1 Time Homogeneity: The probability of observing k events in an interval of given length
depends only on t, not on the location of the interval along the time axis:

P(N(t)=k)=P(N(s+t)—N(s)=k), Vs>0,t>0.

[%]
C2: Independent Increments: The process N(t) has independent increments, which

means that for all s > 0 and t > 0, the number of events in disjoint time intervals are indepen-
dent. Formally,

P(N(s+t)—N(s)=k, N(s)=j)=P(N(s+1t)— N(s) =k)-P(N(s) =j).
This property implies that the number of arrivals in the interval (s, s+ t| is independent of the
history up to time s [27, 34].

C3: Increment Probability: Let py(At) denote the probability that exactly k events occur
during the small time interval At. Assuming the rate A = E[N(t + 1) — N(t)], then:

1 — (\At +o(AL), if k=0,
pr(At) = S AAE + o(At), ifk =1,
o(At), if k> 2,

where o(At) is a function such that lima; g O(AAtt)

the construction of the Poisson process [27, 34].

= 0. This characterization is fundamental to

Remark and Proposition on the Poisson Process

Remark 1.1. The parameter X is called the intensity of the Poisson process {N(t),t > 0}. It
represents the expected number of events occurring in a unit time interval [34].

Proposition 1.3. Let {N(t)}:>0 be a Poisson process. Then there exists a constant A\ > 0 such
that, for all 0 < s < t, the random variable N(t) — N(s) follows a Poisson distribution with
parameter \(t — s), i.e.,

P(N(t) — N(s) = k) = e—W—@W, k €N. (1.6)

This property is known as the stationary independent increments of the process [?].

Poisson Process and the Exponential Law

We characterize the Poisson process through its arrival times. Let A, denote the time of the
n-th arrival:

A, =inf{t >0 : N(t) =n}. (1.7)

11
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Define T, as the n the interarrival time for n € N*:

T,=A,—A,_1, where Ay =0. (1.8)
Thus, the arrival time of the n th event can be expressed as the sum of interarrival times:
A, = Z T;, (1.9)
i=1
and the number of events up to time t is given by:
N(t) =max{n >0 : A, <t}. (1.10)

These properties follow from the standard construction of the Poisson process as a counting
process with exponentially distributed interarrival times [13].

A Ay Arrival tim/%s Ay
[ N ) ° . t (time)
from A; T to Ag
from Ao T, to As
. .  from Az to Ay
Interarrival times 7,, with expﬁml@’start /end

Figure 1.1: Arrival times A,, and interarrival times 7,, in a Poisson process, with start/end of
each T, labeled

Characterization via Interarrival Times

A process {Nt}teRJr is a Poisson process with rate X\ if and only if the interarrival times T, are
independent and identically distributed (i.i.d.) according to the exponential distribution e(\),
with the probability density function:

an (t) = >‘€_)\t1]0,+oo[(t)a (111)
as explained in [3]] and [?].

Distribution of 7}
We show that T follows an exponential distribution:

P(Ty >t) =P(N, =0) =e M =1- Ft), (1.12)
where Fy is the cumulative distribution function (CDF) of Ty. Hence, Ty ~ g(\) [30].

Distribution of 75

Using the independence of increments:
P(To >t | Ty =t1) =P(Nyyyt — Nyy =0 | Ny, = 1, Ny =0 for s < ty)
=P(Nty 1t — Ny = 0)
=P(N, =0) =e ™. (1.13)
Thus, Ty is independent of Ty and follows an exponential distribution e(\) [5].

12
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General Case by Induction

By induction, we show that for k > 2:

P([Ti>t] | [T =t]N...0 [Tt =t 1]) = P(Ny_, 41— N,,_, =0)
= P(N, =0) = e, (1.14)

Therefore, Ty is independent of T, ..., Tx—1 and follows an exponential distribution ().

Transition Graph

In the case of continuous-time processes, particularly the Poisson process, a transition graph can
be used to visualize the process’s behavior through state transitions characterized by exponential
holding times and memoryless properties [3/]).

1— XAt 1— XAt 1— XAt

AAtL AAtL

Figure 1.2: Colored transition graph of the Poisson process

Poisson Process and Transition Probabilities

In continuous-time Markov chains, the time unit is often replaced by a small interval At. Each
arc is labeled with the corresponding transition probability, as shown in Figure 2?7 (typically a
state transition diagram). To avoid overloading the diagram, the +o(At) term, which appears
in every transition probability, is usually omitted for simplicity [32].

The Poisons process is a fundamental stochastic model used in queueing theory and reliability
analysis. It is characterized by independent and exponentially distributed interarrival times,
with a constant rate X [3]]. The memoryless property of the exponential distribution makes
the Poisons process particularly useful in modeling arrivals in service systems and failures in
reliability theory [?].

1.4.3 Birth and Death Processes

Generalities

Birth and death processes are continuous-time stochastic processes with a discrete state space
n = 0,1,2,.... These processes are memoryless, meaning that the future evolution depends
only on the current state, not on the past history [5]. From a given state n, transitions are
possible only to the neighbouring states n+ 1 and n — 1 (with n > 1). These transitions are
commonly referred to as "births” and “deaths,” respectively.

Such processes are widely used to model queueing systems, such as the number of customers
in a service facility, and population dynamics, where individuals are born and die at certain
rates [36].

Definition 1.11. Let {X(t);t > 0} be a time-homogeneous discrete-state stochastic process,
meaning:
PX(t+s) =7 | X(s) =) = py(1),

13
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which does not depend on s. The process {X(t);t > 0} is a birth and death process if it
satisfies the following conditions:

Pii+1(AL) = NAL + o(At), i>0,
pz’,z’—l(At) wiAt + o(At), i>1,
pii(At) =1 — (N + ) At +o(At), >0,
pi;(Al) = O(At)a i —j] > 2,

where the positive coefficients \; and p; are called the transition rates, specifically the birth (or
growth) rate for \; and the death (or decay) rate for p; [?2,3/].

Transient Regime

The transient regime of a Markov chain refers to the period during which the state probabil-
ities are still evolving over time and have not yet reached the stable values of the steady-state
regime. Specifically, it is the time interval t during which the probabilities p;(t) of being in state
7 at time t still depend on the initial distribution and vary with t.

The system of equations known as the Chapman-Kolmogorov equations associated with
the process (X¢)i>o is defined by the following system:

Po(t) = pap1(t) — Aopo(t), n =0,
p%@) = ,un+1pn+1<t> - ()‘n + Nn)pn(t> + >\n71pn71(t)a n>1,
(S) ano pn(t) =1,

pn(0) = P[Xo =n| = {

1, n=0,
0, n>0.

Remark 1.2. To derive the system (S), the total probability theorem (see Appendiz) is used.
Since it is a system of differential and recurrence equations, its analytical solution involves
orthogonal Bessel functions in the transient (non-stationary) case [2,11].

Ao dt A1 dt An—1dt An dt Ant1dt

p1 dt

fn—1dt Hnt1dt Hnt2 dt

Figure 1.3: Transition graph with all states (including symbolic ones) inside circles

Steady-State Regime of Markov Chains

The steady-state regime of a Markov chain is reached when the transition probabilities between
states stabilize at fized values, independent of the initial distribution of states. In other words,
as t — 400, the limits:

Pn = lim pn (1)

exist and are independent of the initial state of the process [3]]. At steady state, we also have:

lim pf, (t) = 0,

t—o00

14
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where p, is a stationary distribution if the steady-state regime exists. This leads to the so-called
balance equations [31].
The previous system of equations (S) becomes:

fip1 — Aopo = 0, forn =0,
(S LnDPn — An—1Pn—1 = Hn—1Pn—1 — An—2Dn—2, forn >1,
Enzopn = 1.
Solving the system (S") [27]:
Forn =0:
Ao
P1 = —Do,
121
Forn=1:
Hap2 — AiP1 = pip1 — AoPos
Forn = 2:

H13P3 — AaP2 = oPa — AiP1.

By recurrence, we obtain:
)\nfl)\an e )\1)\0
Pn = Po-
Mnfln—1 - Hop1

Thus, we can write:

LA Vi
pn=<H 1>po=anpo, Vn > 1,

=1 g

where the sequence (pn)n>o0 Tepresents a probability distribution. Since:

an =1,

n>0
we have:
B 1
o= 1 +Zn21an.
Conclusion. If 3, a, < +00, then:
& >1 d !
n — T — n -1, an R ———
b 1 + anl Qn bo 1 + anl Qn
where:
)\nfl)\an e )\0
ay, = .
Unln—1" " H1

This approach is fundamental in queuing theory and stochastic processes, particularly for birth-
death processes [13].

15



NS G v =~

Chapter 2

Queueing Systems

2.1 Problem Statement

Queueing systems are widespread in daily life, appearing in areas such as customer service,
traffic, and telecommunications. Various stochastic models have been developed to analyse these
systems, with the M/M/1 Markovitz model being the most common due to its memoryless
nature [15]. Key questions in performance optimization include customer wait time, queue
length, server idle time, and the service capacity required to avoid congestion [?]. Markov
chains and stochastic processes offer reliable answers based on the model used. Thus, queueing
theory serves as a vital tool for analysing and enhancing service systems, with model selection
playing a crucial role in addressing real-world challenges [?].

2.2 The Formalism of Queueing Systems

Queueing theory aims to model and analyse various seemingly different situations. In these
models, customers arrive at random intervals to a system with multiple servers where they
request service. The service time at each server is also random. After being served, customers
leave the system.

Definition 2.1. A queueing system is the mathematical abstraction of a system that can be
described by the following elements:

The arrival process of customers;

The source of customers;

The behavior of customers;

The service time distribution,

The service discipline;

The number of servers;

The queue capacity.

The Arrival Process of Customers: It is often assumed that inter-arrival times are inde-
pendently and identically distributed (i.i.d.). In many cases, the arrival process is modeled as

Poissonian, meaning that the inter-arrival times follow an exponential distribution [15]. How-
ever, this assumption is not always realistic. Customers may arrive individually or in batches.
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The Source of Customers: In most models, the customer source is assumed to be infinite.
Howewver, in reliability models, the source is finite. For example, in a factory setting where a
repairman services machines, the number of machines needing repair is limited [?].

Customer Behavior: Some customers are patient and willing to wait for extended periods.
Others become impatient and leave the system after some time. This is the case in telephone
call centers where customers hang up if they wait too long before a line becomes available, only
to try calling again later [?].

Service Time Distribution: Service times are generally assumed to be independently and
identically distributed (i.i.d.) and independent of the inter-arrival times. However, this is
not always true. For instance, in a production system, machine processing time may increase
significantly when the number of tasks becomes too large [15].

Service Discipline: Customers can be served individually or in batches. Several service order

disciplines are commonly considered:

— FIFO (First In, First Out): Enlities leave the system in the order they entered. This
is the most commonly used discipline.

— LIFO (Last In, First Out): The last entity to enter is the first to be served. This is
typical in computer stacks.

— Random: All entities have the same probability of being served first.
Number of Servers: The number of servers may vary depending on the nature of the service.

It can be a single server or multiple servers working simultaneously [%].

Queue Capacity: In many cases, the queue is assumed to be infinite. However, in some
situations, it is finite. Such cases arise in practical systems where space or resource limitations
prevent indefinite queueing [?].

2.3 Classification of Queueing Systems

To classify queueing systems, we use the symbolic notation introduced by Kendall in the early
1950s [23].

2.3.1 Kendall Notation

This notation consists of four symbols arranged in the order A/B/s/N, where:

A: The distribution of time intervals separating two consecutive customer arrivals in the system
(arrival process).

B: The distribution of the random time it takes for a customer to receive service (service time).
s: The number of service stations available simultaneously.

N: The total capacity of the system (mazximum number of customers that can be present in the

system at the same time).

The last symbol is omitted if the system has infinite capacity (no customer will ever be refused).
To specify the distributions A and B, the following symbols are used:

M : Markovian process (exponential distribution).

Ey: Erlang distribution of order k.
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Hj.: Hyperexponential distribution.
G: General distribution.

D: Deterministic case.

We also introduce:

>

- The arrival rate (average number of arrivals per unit time).
: The average time interval separating two consecutive arrivals.

- The service rate (average number of customers served per unit time).

= -

: The average service time duration.

==

In the following, we focus on M /M/1/(c0) systems, where:

A = M: The distribution of intervals between two arrivals is exponential.
B = M : The distribution of service times is exponential.
s =1: A single service station is available at a time.

N = oco: The system capacity is infinite (the queue can grow indefinitely).

2.4 Queueing System M /M /1

2.4.1 Model Description

The M/M/1 queueing system is a fundamental model in queueing theory. It describes a system
where customers arrive according to a Poisons process with rate X (average number of customers
arriving per unit time). This implies that the time intervals between consecutive arrivals follow
an exponential distribution with parameter A > 0. Service is provided by a single server. Upon
arrival, if the server is free, the customer is immediately served. Otherwise, the customer
joins the queue. The queue capacity is unlimited (infinite number of positions and no other
restrictions). The queue discipline is First-In-First-Out (FIFO). The service times follow an
exponential distribution with parameter p > 0. Consequently, the service rate is j (average
number of customers served per unit time), and the average service time for a customer is L.
The random variables representing the intervals between consecutive arrivals and the service
times are mutually independent. We are interested in the evolution of the number of customers
N(t) present in the system at time t (t > 0). N(t) is a stochastic process, and its behavior
depends on the system parameters [2, 2, 2].

Waiting queue (k = o0)

3
Arrival Departure
rate A
—

~"
System = Queue + Seryer,. ). 0

Figure 2.1: M/M/1 Queue with arriving, waiting, served, and departed customers.
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2.5 General Approach

The mathematical study of a queueing system is most often conducted by introducing a stochastic
process defined in an appropriate manner. In general, we are interested in the number N(t)
of customers in the system at time t (t > 0). Based on the quantities that define the system
structure, we aim to calculate:

The state probabilities p,(t) = P(N(t) = n), which define the transient regime of the process.
These probabilities p,(t) must obviously depend on the initial state or the initial distribution of
the process. In the case of M/M/1 systems, the calculations involve Bessel functions, which are
complex. Therefore, we will not calculate the transient regime.

The stationary regime of the stochastic process is defined by:

pn = lim p,(t) = P(N(+o0) =n), n=0,1,2,...

t——+o0

From the stationary distribution of the process {N(t)}i>0, it is possible to obtain other opera-
tional characteristics of the system, such as:

The average number L of customers in the system.

The average number L, of customers in the queue.

The average waiting time W, of a customer.

The average sojourn time W in the system (waiting + service).

The utilization rate of the service stations.

The percentage of customers who could not be served.

The duration of an activity period, i.e., the time interval during which there is always at least
one customer in the system.

2.6 Transient Regime

Although the transient regime is difficult to calculate, thanks to the properties of the Poisson pro-
cess and the exponential distribution, we obtain results necessary for calculating the stationary
regime [?, ?].

1—-AAt 1=+ )ALl — (A4 p)At 1= A+ p)Atl — (A4 p)At
PVAV
WAL e At
Figure 2.2: Transition Graph of the M/M/1 Queue (colored: arrivals in green, services in red,
self-loops in blue)

HAL

Stationary Regime Focus

Due to the complezities involved in the transient regime, particularly the appearance of Bessel
functions, we focus on the steady-state behavior of the M/M/1 queue [?, 38].
For a small time interval At, the following probabilities are given [?]:
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Pr(ezactly one arrival during At) = AAt + o( At)

Pr(no arrivals during At) =1 — AAt + o(At)

Pr(two or more arrivals during At) = o(At)

Pr(ezactly one departure during At | N(t) > 0) = uAt + o(At)

Pr(no departures during At | N(t) > 0) = 1 — uAt + o(At)

Pr(two or more departures during At) = o(At)

Let p;j(At) = Pr(N(t+ At) = j | N(t) = 1), where i = 0,1,2,.... These probabilities depend
only on At, not on t. Because arrivals and departures are independent, N (t) is a homogeneous

Markov process [?].
We compute the transition probabilities as follows:

Prnt1(At) = (AAL + o(At)) (1 — pAt + o(At))
= AAt + o(At) (2.1)
DPnn(At) = AAL - pAt+ (1 — AAL) (1 — pAt) + o(At)
=1—(A+p)At+o(At), n>1
Poo(At) =1 — AAL + o(At)
Pnt1n(AL) = (1 — AAL) pAL + o( At)
= At +o(At), n>0
DPnm(At) = o(At), |m—n|>2

From the law of total probability:
po(t+ At) = puAtpi(t) + (1 — AAL) po(t) + o(At) (2.6)

Pt + At) = pAt pria(t) + AAEpp_1(t) + (1 — (AN + ) At)p,(t) + o(At), n>1

2.6.1 Differential Equations

Taking the limit as At — 0, we obtain the Kolmogorov forward differential equations:

dp;t(t) = —Apo(t) + pup1 (1) (2.8)
dp;f Y Ot 10Palt) + s ) + s (6), n 21 (2.9)

Solving this system analytically involves Bessel functions [38], which are beyond the scope of
this discussion.

2.6.2 Steady-State Probabilities

In the long run (ast — oo), the system reaches a steady state. That is:

tli)m pn(t) =pn, n>0 (2.10)
o dp,(t)
Jim =2 =0 (2.11)

These results allow us to analyze the equilibrium behavior of the queue, independent of initial
conditions [?].
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Balance Equations

FEquations (2.1) and (2.2) yield the following system of balance equations: [?]

P11 = Apo (2.12)
APn-1 + fipns1 = (A + p)pn, n =1 (2.13)

The solution of this system proceeds as follows: [?]

W)\ 2
Forn = 1: A\po + pp2 = (A + p)p1 = p2 = (ﬁ) Po-

Forn>1:p,= (%)npo.

To find the value of py, we apply the normalization condition:

ipn=1:poi<2)n=1 (2.14)

n=0 n—=0
This is a geometric series with ratio p = % It converges if p < 1:
Pozl_é:l—p (2.15)
I
Thus, the stationary distribution is: [15]
= (=p)p", 020 (2.16)

An M/M/1 queue is stable if A < p.
The utilization factor is p = % =1-—pp.

If p > 1, the system becomes unstable and the queue length diverges.

2.7 Performance Measures

Once the stationary regime is established, we define: [1]

L = E[N]: average number of customers in the system.
L,: average number of customers in the queue.

W : average time a customer spends in the system.
W,: average waiting time in the queue.

W, : average waiting time for customers who must wait.

According to Little’s law: [29]

L=\W (2.17)

L, =W, (2.18)
1

W=Ww,+ - (2.19)
!

L=L,+ 2 (2.20)
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For the M/M/1 system (A\. = \), we compute:

L:nZ:Onpn:(l—p)nz::Onpnzlfp:Mi)\ (2.21)
Ly=L—-p= u(uAi y (2.22)
Wq:L)\":M (2.23)
W:izuiA (2.24)

2.8 Waiting Time Distribution

When a customer arrives and finds n customers ahead, the total waiting time T is the sum

of n exponential random variables of rate p plus his own service time. This follows a Gamma
distribution I'(n + 1, p): [%]

n+17.n

t
P(T<t|n)= / e "dr (2.25)
0

n!

In steady-state, the cumulative distribution function (CDF) is:

P(T<t)= i P(T <t|n)P(X =n) (2.26)
= i_o: [/Ot ’un:;—ne‘”dr (1 - p)p"] (2.27)
—(1—p)u /O Ceu i (our)" ‘:;)ndT (2:28)
=(1- ,LL/t e HTePPTdr (2.29)

(1- u/ e gy = (1 — u/ =) g7 (2.30)
=1 —e WY (2.31)

Hence, T ~ Exp(pn — \) with mean:
E[T] = —— (2.32)

This confirms Little’s law:
L=\W (2.33)
[29]

Example 2.1. Derivation of Waiting Time Distribution The derivation involves calculating the
probability that the waiting time T s less than or equal to t, given that there are n customers
ahead in the queue. This conditional probability is based on the assumption that the service
times are independent and identically distributed.

Given n customers ahead, the total service time before the tagged customer is the sum of n
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independent service times. If the service time of each customer follows an exponential distri-
bution with rate u, then the sum of n such exponential random variables follows a Gamma
distribution with parameters n and . Therefore, the conditional probability that the waiting
time T < t, given n customers ahead, is given by the cumulative distribution function of the
Gamma distribution:

tpngn e
o (n—1)
Now, suppose the number of customers ahead follows a Poisson distribution with parameter X,
then the total (unconditional) probability is obtained by summing over all possible values of n:

P(T<t|n)= dx

o0 )\ne—A
P(I<t)=> P(T'<t|n)- .y
n=0 :

This method combines the Poisons distribution for the number of customers in the system and
the Gamma distribution for the sum of exponential service times, which is a standard approach
in the analysis of queueing systems such as the M/M/1 model [?, 2, 38].

2.9 Description of Other Queueing Systems

2.9.1 The Queue M/M/C

This model is an extension of the M/M/1 queue, with C' identical and independent servers.
Customer arrivals follow a Poisons process with rate A\, and service times are exponentially
distributed with rate u per server [17, 25].

The state space is E = {0,1,2,...}. This is a birth-death process with transition rates:

N =) Cnp if0<n<C
T T o ifn>C

Forn < C, all customers are being served. The probability of a transition from state n ton—1
in time At is:

n

Pan_1(At) = (Z(NN + o(At))(1 — pAt + O(At))”_l) (1 — MNAE + o(At))

j=1
Using a first-order Taylor expansion:
Prn—1(At) = nuAt 4 o( At)

Forn > C, only C servers are active, giving a transition rate of C'u. The arrival rate remains
A.The stability condition is:
A< Cu

The steady-state probabilities satisfy:

{Pn:an_l fort<n<C

P, = an_l forn>C

A
where p = —
1
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Performance Metrics
The average waiting time is given by:

L 1
+

1
W=W,+—=-2+—
X

To compute L, (the average number in queue), we use:

[e's) C

P
L, = n—C)P, —P np"” ~ p.
q T;( UZ ol 0 (1_p)2
Hence,
¢ P 1
W = p - 20y -
CC—p)? n  n
pCH1
L=\W= P
(C—ic—pp "’

2.9.2 The Queue M/M /o

This system has an infinite number of servers. Each arriving customer is served immediately.
Arrivals follow a Poisons process with rate X, and services are exponentially distributed with
rate pu [3, 37].

This yields:

The equilibrium condition:

With:

Performance Metrics

Throughput:
d= ZnuPn:u-Zn-p—'e_p:)\
n=1 n=1 n:

Average Number of Customers:

Average Waiting Time:
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Priority Queueing Models among Cus-
tomer Classes

3.1 Mathematical Models

In this chapter, we develop mathematical models for priority queueing systems with multiple
customer classes. These models will be derived under the assumption of an M/M/1 system,
where arrivals follow a Poisson process and service times are exponentially distributed. We will
consider both preemptive and non-preemptive priority disciplines.

3.1.1 M/M/1 Priority Queue

The classical M/M/1 queue is the simplest form of a queueing system with a single server. The
system is characterized by the following:

Arrivals follow a Poisson process with rate \.
Service times are exponentially distributed with rate .

There is a single server in the system.

The steady-state distribution for the number of customers in the system is given by the
following probability mass function:

P,=(1-=p)p", n=0,1,2...

where p = 2 is the utilization factor of the server.
The average number of customers in the system is:

3.1.2 Priority Queue with Two Classes

Now, consider an M/M/1 queue with two classes of customers: high-priority (class 1) and low-
priority (class 2). FEach class has its own arrival rate Ay and Xy, respectively. The service rate
for both classes is p, and the server serves class 1 customers first (non-preemptive priority).
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Non-preemptive Priority

In the non-preemptive case, if a high-priority customer arrives while a low-priority customer
is being served, the low-priority customer continues receiving service until completion. The
system’s behavior can be modeled as follows:

The probability that the system is serving a high-priority customer is:

M

Py = —1
high N Ny

The probability of serving a low-priority customer is:

Piow = ﬂ
A+ Ay

The average waiting time for high-priority customers is:

1

W, =
' = A

For low-priority customers, the average waiting time is:

Preemptive Priority

In the preemptive priority system, the service of a low-priority customer can be interrupted
when a high-priority customer arrives. The interrupted customer will resume service after the
high-priority customer is served.

The system behavior under preemptive priority can be derived by modifying the arrival and
service rates. The key difference is that class 1 customers effectively “block” the server from
serving class 2 customers. The effective service rate for class 1 customers is i, while the service
rate for class 2 customers is effectively reduced during times when class 1 customers are being
served.

The average waiting time for a high-priority customer is still:

1
W:
' = A

Howewver, for a low-priority customer, the waiting time is affected by interruptions and is
given by:

3.1.3 Generalized Priority Models

In more complex scenarios with multiple classes and varying priority schemes, the analysis
involves generalizing the M/M/c queue model. For instance, in a system with ¢ servers and
multiple classes of customers, each class may have a different service rate and priority, and the
system can be described by a system of differential equations or using matriz-analytic methods.

26



CHAPTER 3. PRIORITY QUEUEING MODELS AMONG CUSTOMER CLASSES

3.2 Mathematical Derivations and Diagrams

3.2.1 Derivation of Waiting Times for Two-Class M/M/1 Queue
(Non-Preemptive)

Assume the following:

Arrival rate for Class 1 (high-priority): A\

Arrival rate for Class 2 (low-priority): g

Service rate (shared): p

A=A+ <pu

Class 1: High Priority Customers

They are unaffected by Class 2 customers. Thus, their waiting time is simply:

Class 2: Low Priority Customers

These customers must wait for all Class 1 customers ahead of them, so their waiting time
includes:

Derivation Justification

For Class 1: The Class 1 customers effectively experience a standard M/M/1 queue because:
Their arrivals follow a Poisson process with rate A\

They are never delayed by Class 2 customers

The service rate is

Thus, by standard M/M/1 theory, the expected waiting time in the system is:
1

= A1

le

For Class 2: Class 2 customers must wait:

. For any Class 1 customers already in the queue or arriving before them

. For other Class 2 customers already ahead of them

Their delay consists of two parts:

Own Queue: If Class 1 didn't exist, they’d behave like M/M/1 with rate \s:

Own waiting:

p— Az
Blocking by Class 1: On average, they are blocked by Class 1 traffic:

Class 1 blocking time:

= A
Therefore, the total expected waiting time for Class 2 is:
1 1
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Note: This derivation assumes the non-preemptive rule, i.e., once a service begins for any
customer, it completes even if a higher priority customer arrives.

3.2.2 State Transition Diagram for M/M/1 with Non-Preemptive

Priority

A A1

(070) \Iil/ (LO} '\Iﬁl/ (2:0)

Ao A2 A2
Al A1

(071) \Iil/ (171) ‘\Iﬂl/ (271)

Ao A2 A2
)\1 )\1

(072) \Iil/ (172) \M/ (2;2)

3.3 Performance Analysis

In this chapter, we analyze the performance of priority queueing systems using mathematical
tools derived in the previous chapter. We focus on key performance indicators such as average
waiting time, queue length, and system utilization, with a special emphasis on the effects of
customer prioritization.

3.3.1 Average Waiting Time

The average waiting time, denoted by W;, is one of the most important performance measures
in a queueing system. It represents the expected time a customer spends in the queue before
TECETVING SETVice.

For an M/M/1 queue with a single class of customers, the average waiting time is given by
the well-known formula:

1
= 7# —
where X\ is the arrival rate and p is the service rate.

For a system with two classes of customers, the waiting times differ between high-priority
and low-priority customers. For non-preemptive priority, the average waiting time for a high-
priority customer 1s:

1
a = A
For low-priority customers, the waiting time is affected by the high-priority customers:

Wi

3.3.2 Average Number of Customers in the System

The average number of customers in the system, L, is another key performance measure. It
represents the expected number of customers present in the system, including those being served.
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For an M/M/1 queue with a single class of customers, the average number of customers in the
system s given by:
A
L=——
= A

For systems with multiple classes, the average number of customers in the system can be found by
considering the contributions of both high-priority and low-priority customers. For the M/M/1
queue with two classes, the average number of customers in the system is:

A A2

= 0, L =
=X T p=X

Ly

Thus, the total number of customers in the system is:

Ltotal = Ll + L2

3.3.3 System Utilization

System utilization is an important performance indicator, particularly in multi-server systems.
It is defined as the fraction of time the server is busy. For a system with a single server, the
utilization p is given by:
A
p=—
1

In a multi-class priority queueing system, the utilization for each class depends on the arrival
rate and the service rate of the system. For example, in a non-preemptive priority system, the
utilization for high-priority customers is:

A
P11 = —
o

Similarly, the utilization for low-priority customers can be expressed as:
A2
P2 = —
1
3.3.4 Probability of Delay

The probability that a customer will have to wait before being served is an important performance
measure, especially in systems with strict quality of service requirements. This can be expressed
as the probability that the system is not empty, i.e., that there is at least one customer in the
system. For an M/M/1 queue, this probability is:

Pdelay =p

For a multi-class priority system, the probability of delay for high-priority customers is:

A
Pdelay, high — —

For low-priority customers, the probability of delay is:

A2

Pdelay, low — —
1
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3.3.5 Effect of Prioritization on Performance

In general, introducing priority mechanisms into a queueing system can have significant effects
on performance metrics. For example, higher-priority customers often experience lower waiting
times, but this can result in longer waiting times for low-priority customers, as they are only
served when no high-priority customers are in the system.

Graphically, the effect of priority on waiting times can be illustrated by plotting the average
waiting time as a function of the arrival rate for both classes. The results typically show that
as the arrival rate increases, the waiting time for low-priority customers increases significantly
more than for high-priority customers.

In the next chapter, we will provide numerical ezamples to illustrate these effects and com-
pare the performance of different priority schemes.

3.4 Numerical Examples and Illustrations

In this chapter, we present numerical examples and graphical illustrations to demonstrate the
impact of priority queueing models on system performance. We consider both preemptive and
non-preemptive disciplines and analyze key performance indicators such as average waiting
time, queue length, and system utilization for each customer class.

3.4.1 Assumptions and Parameter Values

We consider a queueing system with the following parameters:

Service rate: = 10 customers per unit time
Arrival rate of high-priority customers: A\ = 4

Arrival rate of low-priority customers: Ao = 3

The total arrival rate is A = Ay + Ao = 7, which is less than u, ensuring system stability.

3.4.2 Non-Preemptive Priority Analysis

Using the analytical formulas from the previous chapters:

Average waiting time for high-priority customers:

1 1
W: pr—
TN 104

1
= - ~ 0.1667
6

Average waiting time for low-priority customers:

o Lot 111
T u—X  u—XMN 10-3 10-4 7

~ 0.3095

L1
6

3.4.3 Preemptive Priority Analysis

In the preemptive case, high-priority customers always preempt low-priority customers, which
can reduce their waiting time:

Wi

1 1
= = - ~ 0.1667
[L—)\l 6

Wy = (increased due to preemptions, analysis involves Laplace transforms or simulation)
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To simplify, we consider the effective service rate for low-priority customers as:

feff = — A1 =6

1 1 1
Wy ~ = — ~ ~0.3333
T - 6-3 3
3.4.4 Graphical Illustration
]. | | | | I II\
— W, (Non-Preemptive) ;
q-) 4
£ 08| |-~ W, (Preemptive) y |
= K
o0 K
g 06| . l
= P
g ”//
04 |
0 P
g S
R g
O | | | | | | | | |

o 05 1 15 2 25 3 35 4 45 5 55 6
Low-priority arrival rate Ay

Figure 3.1: Effect of increasing Ay on W5 under both disciplines (with fixed A\; = 4 and p = 10)

3.4.5 Observations

o The waiting time for high-priority customers remains stable regardless of the arrival rate of
low-priority customers.

o The waiting time for low-priority customers increases more rapidly under the preemptive dis-
cipline.
o Preemptive policies are more favorable for critical services where delay for high-priority cus-

tomers is unacceptable.

In the next chapter, we will explore real-world applications of these priority queueing models in
various industries.

3.5 Applications in Real-World Systems

Priority queueing models are widely applicable in real-world systems where it is necessary to
distinguish between different types of customers, tasks, or data based on urgency, importance, or
required quality of service. This chapter highlights key areas where such models are practically
implemented.

3.5.1 Healthcare Systems

In hospitals and emergency rooms, patients are typically triaged based on the severity of their
conditions. For example:
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o Critical patients (e.qg., heart attacks, trauma) are served immediately.

o Less severe cases (e.g., mild injuries or checkups) may wait longer.

This setup can be modeled as a multi-class priority queue, where high-priority patients have
either preemptive or non-preemptive service over lower-priority ones. Example: In an emer-
gency room with one doctor (server), high-priority patients are served immediately upon arrival
(preemptive), while others wait.

3.5.2 Telecommunication Networks

Priority queueing is essential in communication systems to ensure Quality of Service (QoS).
Different data packets are assigned different priorities:

o Voice or video data (requiring low latency) gets higher priority.

o Email or file transfers (delay-tolerant) are low priority.
Routers use scheduling algorithms like Weighted Fair Queueing (WFQ) or Priority Queuing
(PQ) to manage such priorities efficiently.

3.5.3 Manufacturing and Production Lines

In manufacturing, certain orders (e.g., urgent or high-value customers) are given processing
priority over others:

e Rush orders are treated as high priority.

o Standard orders follow a reqular queue.

Queueing models with priority help optimize production schedules, minimize delay for key
clients, and reduce penalties.

3.5.4 Cloud Computing and Data Centers

Cloud service providers often use priority-based resource allocation for:

o Premium users (with Service Level Agreements) who require faster processing.

o Free-tier users who are served when resources are available.

This is modeled as a priority queue with either preemptive or probabilistic service discipline.

3.5.5 Customer Service and Call Centers

Call centers frequently employ priority queuing:

o VIP customers or subscribers with premium packages are queued ahead.

e Regular customers may be on hold longer.

Simulation and optimization of such queueing systems improve overall customer satisfaction
and resource efficiency.
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3.5.6 Traffic and Transportation Systems

Traffic control systems use priority queueing, for example:

Emergency vehicles get priority at intersections.

Public transport lanes provide faster service to buses.

Queueing models support the design of traffic signals and lane prioritization strategies to im-
prove flow and safety.

3.5.7 Observations

Across these applications:

Priority queueing enhances system responsiveness and efficiency.
The choice of preemptive vs. non-preemptive policy depends on context.

Proper analysis and simulation are crucial to avoid unfair service or resource starvation.

In the next chapter, we summarize the key findings and propose future directions for research.
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Conclusion and Future Work

In this study, we have conducted an in-depth exploration of priority queueing models among dif-
ferent customer classes. Through theoretical formulation, mathematical modeling, and numer-
ical analysis, we have demonstrated how prioritization impacts the performance and efficiency
of service systems. The main contributions and findings can be summarized as follows:

We introduced the foundational concepts of queueing theory and extended them to multi-class
priority systems, distinguishing between preemptive and non-preemptive strategies.

We formulated and derived key performance measures such as average wailting time, queue
length, and utilization for each priority class.

We presented numerical examples to illustrate the influence of priority rules on customer expe-
rience and service fairness.

We examined various real-world applications including healthcare, telecommunication, manu-
facturing, cloud computing, and transportation systems.

Overall, priority queueing models are powerful tools for managing heterogeneous service de-
mands, ensuring responsiveness for high-priority entities, and optimizing resource allocation.
Future Work Despite the progress made in this research, several avenues remain open for
future study and enhancement:

Stochastic Modeling: Incorporating non-Markovian arrival and service processes (e.g., M/G/1,
G/M/1) for greater realism.

Simulation-Based Optimization: Applying discrete-event simulation techniques for more
complex systems with dynamic priorities or time-varying rates.

Machine Learning Integration: Using predictive models to assign dynamic priorities based
on customer behavior or system load.

Fairness and FEthics: Balancing service efficiency with fairness, especially in sensitive con-
texts like healthcare and public services.

Energy-Aware Queueing: Considering energy consumption and sustainability in priority-
based scheduling for data centers and mobile networks.

We hope this work serves as a foundation for further research in advanced queueing systems
and contributes to both academic understanding and practical implementations.
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Résumé de I’étude

Cette étude analyse les systemes de files d’attente a ’aide de modeles probabilistes, en
mettant 'accent sur le modele M/M/1 et les files d’attente a priorité entre différentes
classes de clients. Elle commence par les notions fondamentales des processus sto-
chastiques et des chaines de Markov, avant de développer une analyse détaillée des
systemes de files d’attente selon leur structure et leurs performances. Des dérivations
mathématiques permettent d’évaluer des mesures de performance telles que le temps
d’attente ou le nombre moyen de clients. L’étude aborde également des applications
pratiques dans les domaines de la santé, des télécommunications et de la production
industrielle. Elle se termine par une synthese des résultats et des pistes pour les tra-
vaux futurs.

Mots-Clés :
Modeles de files d’attente, processus stochastiques, chaines de Markov, files a
priorité, mesures de performance.

Study Summary

This study analyzes queueing systems using probabilistic models, with a focus on
the M/M/1 model and priority queues among customer classes. It begins with the
fundamentals of stochastic processes and Markov chains, then presents a detailed ex-
amination of queueing systems in terms of structure and performance. Mathematical
derivations are used to analyze key performance measures such as waiting time and
the number of customers in the system. The study also includes real-world appli-
cations in healthcare, telecommunications, and manufacturing. It concludes with a
summary of results and suggestions for future research.

Key words:
Queueing models, stochastic processes, Markov chains, priority queues, performance
measures.




