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Abstract

In this thesis, we have studied a set of fractional differential inclusions prob-
lems under boundary and initial conditions, using strategy of fixed point
theorems.

In the beginning, we proved the existence of solutions for nonlinear fractional
differential inclusions in Banach spaces, after that we studied the existence
and uniqueness of the solution and the study of the topological structure
of the solutions of fractional differential inclusions in Lebesgue and Sobolev
spaces, and finally we discussed the existence and uniqueness of solutions for
fractional differential inclusions under initial conditions in unbounded do-
mains.

The proof in each problem are based on the formation of a multifunction
who whose elements are integral equations, which are originally fractional
differential equations, the second side is a function of the set valued mapping
present in the second side of the fractional differential inclusions, after that
it is prove that it has a fixed points

Key words: Riemann-Liouville integral, Riemann-Liouville derivative,

set valued mapping, boundary and initial value problems, measurable selec-
tion, fixed point theorem, fractional differential inclusion.
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Résumé

Dans cette these, nous avons étudié un ensemble de problemes d’inclusions
différentielles fractionnaires sous conditions aux limites et initiales, en utili-
sant la stratégie des théoremes du point fixe.

Au début, nous avons prouvé l'existence de solutions pour les inclusions
différentielles fractionnaires non linéaires dans les espaces de Banach, apres
cela nous avons étudié 'existence et I'unicité de la solution et I'étude de la
structure topologique des solutions d’inclusions différentielles fractionnaires
dans les espaces de Lebesgue et Sobolev, et enfin nous avons discuté de
I’existence et de 'unicité des solutions pour les inclusions différentielles frac-
tionnaires sous conditions initiales dans des domaines non bornés.

La preuve dans chaque probleme est basée sur la formation d’une multifonc-
tion dont les éléments sont des équations intégrales, qui sont a l’origine des
équations différentielles fractionnaires, le deuxieme coté est une fonction de
la multifonction présente dans le deuxieme coté des inclusions différentielles
fractionnaires, apres cela il est prouvé qu’il possede un point fixe.

Mots clés : Intégrale de Riemann-Liouville, dérivée de Riemann-Liouville,
fonction multivoque, probléemes aux limites et aux valeurs initiales, sélection
mesurable, théoreme du point fixe, inclusion différentielle fractionnaire.
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Introduction

Fractional calculus is a branch of mathematical analysis dealing with pseudo- differential
operators, interpreted as integrals and derivatives of non order. The fractional derivative
calculus is an old subject appeared in the 17*" century when the scientist Leibniz introduced

dy

the concept 72,

when n € N, so H ospital wrote his question to Leibniz : " what if n = %?".
Further the fractional (derivative & integral) it has been mentioned in some contexts
for instance Euler.LL (1730), Lagrange.J.L (1772) Laplace.P.S (1812), Lacroix.S.F (1819),
Fourier.J.B (1822), Abel.N.H (1823 — 1826), Liouville.J (1832), Riemann.B (1847), Green.E.A
(1859), Holmgren.H (1865), Grunwald.A. K (1867), Letnikov.A.B (1868), Sonin.N.Ya (1869),
Laurent.H (1884), Nekrassow.P.A (1888), Krug.A (1890), Hadamard.J (1892), Heaviside.O
(1892 -1912), Pincherle.S (1902), Hardy.G.H and Littlewood.J.EE (1917 -1928), Weyl.H
(1917), Levy.P (1923), Marchaud. A (1927), Davis.H.T (1924 -1936), Zygmund.A (1935-1945),
Love.E. R (1938-1996), Erdelyi.A (1939-1965), Kober.H (1940), Widder.D.V (1941) and
Riesz. M (1949).

The fractional differential equation is generalized to ordinary differential equation to arbi-
trary non integer odrer and the fractional differential inclusion is generalized to ordinary
differential inclusion to arbitrary non integer odrer when the solution is a function belong
in multifuction (set valued map). Their importance appears in the fields physics, chemistry,
engineering, biology, economics,...

Today there exist many different forms of fractional integral operators, ranging from divided-
difference types to infinite-sum types, but the Riemann-Liouville Operator is still the most
frequently used when fractional integration is performed.

In the last years many researchers interested in studying the existence and uniqueness so-

lutions for initial and boundary value problems fractional in Banach space, let’s cite the



examples [1, 2, 3, 4, 5, 6, 7, 14, 17, 25, 26, 39, 43|, and the other researchers interested
in studying the existence and uniquencess solutions for initial and boundary value prob-
lem on unbounded domain let’s cite the examples [8, 16, 38, 41, 45|, also some researchers
studied the existence and uniqueness solutions for fractional problem in Sobolev spaces
[10, 15, 28, 32].
This thesis consists of four chapters. In the first chapter we give topological definition and
properties about the set valued mapping, some fixed point theorem used in the existence of
the solutions, after that we touch the defintions integral and derivative of Riemann-Liouville
and properties of this definitions, finally some theorems and properties used to prove theo-
ries in the following chapters.
In the second chapter we study the existence results for the fractional differential inclusion
Let

Dy z(w) € Flw, 2(w), A12(w), ..., Ayz(w)), for almost w € [0,1],

2(0) =0, (1)

Dy 2(1) = plgig(1,2(1)),
where 1 < ¢ <2;p,up>0and 0 <v <¢—1,¢9:[0,1] x R — R is a continuous function,
F :10,1] x R™™ — P(R) is a set valued map, I}, is Riemann-Liouville fractional integral of
order y, A; is an operator bounded or Lipschitzean ( generally not necessary linear) defined
on the space of continuous functions on [0, 1] into itself for all 1 < j < n. But when A4,
is non bounded and non Lipschitzean, this is my publication in the second section, in this

section we study the existence solution in Banach space

X={z:2,Dyz...,Djtz € C([0,1],R)}, for the problem

Dy 2(w) € Flw, 2(w), Dy z(w), ..., Dyiz(w)), for almost w € [0, 1],
2(0) =0, (2)
Dy 2(1) = plyig(1, 2(1)),

with 1 <¢<2,p,u>0,¢:[0,1] x R — R is a continuous function and

F :10,1] x R*™ — P(R) is a set-valued map, 0 =y < v < -+ < ¥, < 1, ¢ > 7, + 1 and

0 < v < 9y, by using fixed point theorems, this result is published in [31].

In the third chapter we study the existence and uniqueness for boundary value problem of



fractional differential inclusion

D5, z(w) € H(w, z(w)), for almost w € [0, 1],
2(0) = 0, (3)
2(1) = pIitki (&1, 2(61)) + gl ke (82, 2(62)),

where 1 < ¢ < 2 ,p,¢ >0, p,p0 > 1, 0<&,6% <1, kj - [0,]] xR - Ris a
continuous function for 1 < j < 2, and H : [0,1] x R — P(R) is a set valued map
function, when the set valued map H has a convex valued by using Kakutani fixed point
theorem, and we study the topological structure for the set of solutions in L!([0, 1];R)
space, after that we study the existence the solution for that problem in Wh1([0,1]; R)
space when the set valued map F has a nonconvex valued by using Covitz-Nadler fixed
point theorem, and in third section we study the existence for the problem (3) without
using fixed point method, but by using strategy of iterative method in sobolev fractional
spaces X = {z € L*([0, 1]; R); Déiz € L2([0,1];R)} with 0 < 8 < ¢ — 1, after that we study
the uniqueness for this problem through the resultat of the existence.

In the fourth chapter we study the existence and uniqueness for initial value problem of

fractional differential inclusion

D;. 2(w) € H(w, z(w)), for almost w € J = [0, 400]
2(0) = 0, (4)

Dy 2(0) = I, 2($),

where 1 <¢<2,0<¢é<1,>1,and H:J xR — P(R) be a set valued map. In the
first section we study the existence and the uniqueness for this problem in the space defined

_ Y- |2(w)]
by X = {z € C([0, +oo[; R); ig;o) (EeE

the second section we use other technique for the existence solution for the problem (4) in

< 400}, by using fixed point theorems. In

C([0, +00); R), for this we define the auxiliary problem

Dy 2(w) € F(w, z(w)), for almost w € [0,1]
2(0) =0, (5)

D5 12(0) = 1), 2(€),



where F(w,z) = H(w,z) on w € [0,1] and z € R. After that we study the existence for
the problem 5 by using fixed point theorem and we construct an element in C([0, +00); R)
which depend on the solution for the auxiliary problem.

Finally in the conclusion we present the aim of this work in addition to future work in this

field.



Chapter 1

Preliminary

1.1 Notations

Let a,b € R, J = [a,b] and (X, ||.||x) be a Banach space.

C(J,X) the space of all continuous functions from J into X associated the norm

]l = max [lo(w)lx.

L!(J,X) the space of all Bochner integrable functions from J into X associated the norm

b
el = / (@) lxdw.

L°(J,X) the space of all Bochner functions from J into X bounded for almost everywhere

associated the norm
|%]|co = Inf{M > 0; [|z(w)|x < M a.e.on J}.

For a given Banach space X, let
P(X) be the set of all subsets of X.
Pp(X) ={Y C X;Y bounded in X}.
Pu(X) ={Y C X;Y closed in X}.



1.2 Set valued map

Definition 1.2.1. /23, 35] Let X and Y two sets.
A set valued map ( multivalued ) from X into P(Y) is an application, i.e. each v € X

associate subset in Y.
Definition 1.2.2. Let F' : X — P(Y) be a set valued map.

(a) The domain of F is the set Dom(F') where

Dom(F) = {z € X; F(z) # 0}.

(b) If Y = X, the point x € X is called a fized point of F' if x € F(x).

(c) For all M C X

(d) The graph of F is defined to be the set

G(F) ={(z,y) e XxY;y € F(x)}.

(e) Forall ACY
FYA)={r e X;F(z) C A}.

Proposition 1.2.1. Let F': X = P(Y) be a set valued map, (A;)icr € P(Y). Then

FHNA)=NFYA).

iel 1€l
Definition 1.2.3. [35] Let X, Y are topological spaces, F: X — P(Y) be a set valued map.
We say that F is an upper semicontinuous if for every open set O in'Y the set F~1(0) is

an open set in X.

Example 1. Let fi, fo : R® — R continuous such that f1 < fs, then the set valued map
F:R" — P(R) defined by
F(z) = [fi(2), fa(z)]

1S upper semicontinuous.



Proposition 1.2.2. [35] Let X, Y are two topological spaces and A C X, FF: A —Y bea
set valued map.

If F is upper semicontinuous, then for every xo € A and € > 0 there exist 6 > 0 such that
F(z) C F(x) + B-(0) on AN Bs(zo),

where Bs(zo) the ball with centered at a point xo and the radius 0. The converse is true if

F' has a compact values.

Definition 1.2.4. [9] Let X,Y are two normed spaces, F : X =Y be a set valued map.
We say that F' is Lipschitzean if there exist L > 0 such that

F(z) € F(y) + B(0, Ll|z — yll) for each z,y € X.
If the constant L < 1, we say that the set valued map F is contraction.

Proposition 1.2.3. Let X, Y are two normed spaces, F' : X =Y be a set valued map with
compact values.

If F is Lipschitzean then F' is upper semicontinuous.

Proof. Let xg € X and € > 0, then there exist 6 = 7 such that
F(x) C F(xg) + B:(0) for all = € Bs(zo).
O

Proposition 1.2.4. Let X, Y are two metric spaces and F : X — P(Y) be a set valued map.
F has a closed graph if and only if for each (z,,) C X converge to x € X and for each (y,)
such that y, € F(x,) converge to y we have y € F(x).

Proof. the proof of this proposition is obvious. n
Definition 1.2.5. Let X,Y be two topological spaces and F : X — Y be a set valued map.

(i) F is called completely continuous if for each B € Pyp(X) the set F(B) is relatively

compact i Y.

(ii) F is called compact if the set F(X) is relatively compact in Y.



Proposition 1.2.5. [33] Let F': X — P.,(Y) be a set valued map such that F' is completely

continuous. Then F is upper semicontinuous if and only if F has a closed graph.

Definition 1.2.6. [13] Let (X, d) be a metric space and A, B € Py(X).
The Hausdorff metric is an application Hy : Py(X) X Py(X) — Ry U {400} defined by

max{sup,c 4 d(a, B);sup,cg d(A,b)} if sup,cqd(a, B),sup,cgd(A,b) € Ry,
Hd(Aa B) =

+00 else.

(1.1)
Proposition 1.2.6. If A, B € P.,(X), then Hy(A, B) € R;.

Proof. For all A,B € P.(X), the application a € A — d(a, B) is continuous. Then by
theorem 1.13-6 in [21] there exist ag € A and by € B such that

sup d(a, B) = d(ao, B) = d(ao, bo) € R

a€A

Then Hy(A, B) € R,. O

Proposition 1.2.7. Let X, Y are two normed spaces, and F' : X — P.,(Y). Then
F is Lipschitzean if and only if there exist L > 0 such that for all x,y € X we have

Proof. Let x,y € X and F is Lipschitzean set valued map, then for each a € F'(x) we have
d(a, F(y)) = lla = bl| < L|lz —y| where b e F(y)

then
Hy(F(2), F(y)) < Lljz — y]|. (1.2)

Conversely if F verify (1.2), then for all a € F'(x) we have
d(a, F(y)) < Ho(F (), F(y)) < Lllz = y]|
After that there exist by € F'(y) such that
d(a, F(y)) = [la = bo| < Llz —y/.

That means a € F(y) + B(0, L||jz — y||), i.e. F is Lipschitzean. O



1.3 Fixed point theorem

Theorem 1.3.1. [22] (Covitz-Nadler). Let (X,d) be a complete metric space.
If T': X — Py(X) is a contraction, then T admits at least a fized point, i.e., there exists
u € X such that v € T(u).

Theorem 1.3.2. [30] (nonlinear alternative of Leray-Schauder). Let X be a Banach space,
C' a closed convex subset of X, U an open subset of C' with 0 € U.

Suppose that T : U — Py, .(C) is an upper semicontinuous compact map. Then either T
has a fized point in U, or there exist u € U and X € (0,1) such that u € NT'(u).

Theorem 1.3.3. [/4] Let X be a Banach space. Suppose that

(i) the set valued map T : K C X — P(K)is upper semicontinuous,
(i) K is a nonempty, compact, convez set in X,

(iii) the set T'(u) is closed, and convex for all u € K.

Then T has a fixed point in K.

1.4 Measurable multifunctions and measurable selection

Definition 1.4.1. [23]. Let (Q,20) be a measurable space and X be a Banach space. A set
valued map F : Q — P(X) is called measurable if {x € Q; F(x) N B # 0} € A for each open
set B in X.

Definition 1.4.2. [27]. Let f : [a,b] — R. We say that f is measurable if for each open set
U i R, we have

f(U)eM
where M be a o—algebra.
Proposition 1.4.1. [20]. Let (2,2) be a measurable space and X be a separable Banach
space. Let f:Q — X be a measurable map and ¢ : 2 — R, be a measurable function. Then

the set valued map w € Q — B(f(w),t(w)) ( the closed ball with center f(w) and radius

t(w)) is a measurable.



Proposition 1.4.2. [20]. Let Fy,F> : Q — Y are set valued map with compact valued .

Then the set valued map w € Q — Fi(w) N Fy(w) is a measurable.

Proposition 1.4.3. [20]. Let Fy,Fy : Q — Y are set valued map with compact valued.

Then the set valued map w € Q — Fi(w) U Fy(w) is a measurable.

Definition 1.4.3. [35] Let a,b € R and X,Y be two separable Banach spaces.
A set valued map F : [a,b] x X — P, (Y) is said to be Carathéodory if

(i) for every x € X the set valued map F(.,x) : [a,b] — P(Y) is measurable,
(i) for almost w € [a,b] the set valued map F(w,.) : X — P(Y) is upper semicontinuous.

Definition 1.4.4. [35] A Carathéodory set valued map F : [a,b] x R" — P(R) is said
L!-Carathéodory if

(i) F is Carathéodory set valued map.

(ii) for each 1l > 0 there exist x; € L*([a,b]; R) such that
1P, = supvrv € Flw,)) < ()
for all |z;] <1 (1 <i<mn) and almost w € [0,1].

Definition 1.4.5. [35] Let a,b € R and Y be a Banach space.
A function f :[a,b] — Y is said to be a measurable selection of a set valued map

F :la,b] = Py,(Y) if f is measurable and
fw) € F(w) a.e. w € [a,b].

Lemma 1.4.1. [33] Let J be a subset in R", Y is a complet separable space and F : J —

Pa(Y) be a measurable set valued map. Then F admits a measurable selection.

Proposition 1.4.4. [35]. Let I : [0,1] x X = Pep(X) be a Carathéodory set valued map
and
f:10,1] = Xo be a measurable function. Then the set valued map w € [0,1] — F(w, f(w))

15 measurable.

10



Lemma 1.4.2. Let G : [0,1] x R™ — P, ,(R) be an L'— Carathéodory set valued map and
let a linear continuous 0 from L([0,1];R) to C([0, 1];R). Then the operator 6 o Sg defined
by 0 o Sg(u) = 0(Sg.u) has a closed graph, where

Scu={veLY([0,1;R: v(w) € G(w,u(w)) for almost w € [0,1])}.

Definition 1.4.6. Let G : [0,1] x R" — P.,(R), we say that G is integrably bounded if
there exist ¢ € L*([0,1];R) such that for any v € Sg., we have

lv(w)| < ¢(w) for almost w € [0, 1]

Lemma 1.4.3. [46] Let F': [0,1] — P(R) be a measurable set valued map and x : [0,1] — R
a measurable function. Then for every measurable function y : [0,1] — RT there exist a

function v such that

v(w) € F(w) for all we|0,1],
[v(w) — z(w)| < d(z(w), F(w)) +y(w) for almost w € [0,1].

1.5 Riemann-Liouville integral and derivative

Definition 1.5.1. The Euler gamma function noted by I'(.) is defined by

+o00
I'(t) = / W exp(—w)dw, t>0
0
Remark 1.5.1. For allt > 0 we have tI'(t) =T(t+1).

Definition 1.5.2. [40, /2] Let s > 0 and ¢ € L*(]0,1];R). The following integral

1

5.0 = 5 / (t — ) o(s)ds,

1s named the Riemann—Liouville integral of order .

Lemma 1.5.1. The fractional integration operators IS, with ¢ > 0 are bounded from

C([0,1];R) into C(]0,1];R), and for each f € C([0,1];R) we have

541 < I

+1)

11



Proof. For any f € C([0,1];R) we have

1 o 1
|15+ e / f(s)ds|
1 - 1
< W/ |f(s)|ds
/] 1, _ WAL e
Sﬁx/o(w—s) dS_P(g)Xg’
then
1571 < i

]

Definition 1.5.3. [40, /2] Let ¢ a function given on the interval [0,1]. The fractional

derivative of Riemann-Liouville of order ¢ > 0 is defined by

Do) =ty (5) [ =" te)as,

d\n
= (i) Bete)
where n = [¢] + 1 and [¢] denotes the greatest integer number less than .

Corollary 1. [40] Let ¢ > 0 and n = [¢] + 1.
The equality Dy, p(w) = 0 is valid if and only if

n

o(w) = 3 et

=1

Lemma 1.5.2. [36] Let u € L(0,1) and §; > §, > 0. Then,
(i) It It u(w) = I u(w),
(ii) Dot Igtu(w) = Igi " u(w),

(111) Dgi]giu(w) = u(w).

Lemma 1.5.3. For a given f € L'([0,1];R) the solution of

12



s given by .
p(w) =I5 f(w) + Z cjw ™,
j=1
where n = [¢] + 1.
Proof. From precedent lemma, we have f(w) = Dy, I5, f(w), then writing
Dy p(w) = f(w)

is equivalent to
D5 (o) — I f()) = 0.
Then .
pw) =I5 flw) + D cjw ™.
j=1

Lemma 1.5.4. [36] If ¢ > 0 and p > 0, then
Ple) , u—s—1 . o
(i) Dt = | T i s> 0

0, if n—cezZ”

)y ors o LTt e
(i) 15w = T(utern™

1.6 Some properties of functional analysis

Lemma 1.6.1. Let K be a compact set in a Banach space (X, ||.||). Then for each x € X
there exist yy € K such that

d(z, K) = inf ||z —y|| = ||z — yo||-
(z, K) = inf [lz —y[| = [lz — yo
Proof. Let x € X, by definition of inf, for each n > 1 there exist y,, € K such that
1
inf ||z —y|| < |lz —vy,|| < inf ||z — -
inf llz | <~ ynll < inf e — gl +

and by definition of the compact set, there exist a subsequence (y,,) € K such that (y,,)

converge to yo € K and

1
inf ||z — yl| < ||z — inf ||z — -
yngH:v yll < flz —yn |l < yngHx yll + o~

13



that means
gym—m#ﬂw—mﬂ

]

Theorem 1.6.1. (Dunford - Pettis)[18] Let A be a bounded set in L'([0,00[, R). Then A is
weakly compact in L'([0,00[, R) if and only if

(1) for all e > 0 there exist 6 > 0 such that for all f € A
/]f| <e for|A] <9,
A
(i) for all € > 0 there exist A C [0, 00| measurable such that for all f € A

|Al < 00 and/ If] <e.

[0,00[—A

Definition 1.6.1. (equicontinuous set)[18]. Let A be a subset of C([a,b],R), we say that A

15 equicontinuous set if for every € > 0 there exist 6 > 0 such that
lz—y|<o=|f(x)— fly)| <e forall feA.

Theorem 1.6.2. (Ascoli- Arzela) [18]. Let K be a bounded subset of C([a, b], R) and equicon-
tinuous set. Then the closure of K is compact in C([a,b],R).

Theorem 1.6.3. [18]. Let A be a bounded set in L'(R). Assume that

lim (|7 f — fllL =0 for each f € A.

h—0
Then the closure of A,y in L'([0,1]) is compact in L*([0, 1]), where 7, f (w) = f(w + k).
Theorem 1.6.4. [18]. Let (f,) be a sequence in L1([0,1]) and let f € L1([0,1]) be such that

[ = Fllx =0

Then, there ezist a subsequence (fy,) such that

Jo, (W) = f(w) a.e. on0,1].

14



Definition 1.6.2. [21] Let X be a Banach space, and let A be a subset in X, we called A is
weakly compact if A compact set in weak topology o(X,X).

Proposition 1.6.1. [21] Let X be a Banach space. A set A is weakly compact if and only

if for any sequence (x,,) in A contains a subsequence (z,,) that weakly converge in X.
Proposition 1.6.2. [35]. Let A C L*([0,1];R) such that
(1) A(w) are relatively compact for a.e w € [0,1].

(ii) There exist h € L'([0,1];R) such that

v(w) < h(w)  forve A and almost w € [0, 1].

Then A is weakly compact in L([0, 1]; R).

15



Chapter 2

Existence results for semilinear

fractional differential inclusions

2.1 Existence results for semilinear fractional differen-
tial inclusions 1
Let
DS, 2(w) € Flw, 2(w), Ar2(w), . .., Apz(w)), for almost w € [0, 1],
2(0) = 0, (2.1)
Dpyi2(1) = plyZe(l, 2(1)),

where 1 < ¢ < 2, p, g >0and 0 < gy < ¢—1,¢g:[0,1] x R — R is a continuous
function, F : [0,1] x R™' — P(R) is a multivalued, I? is Riemann-Liouville fractional
integral of order ji5, A; is an operator ( generally not necessary linear) defined on the space

of continuous functions on [0, 1] into itself for all 1 < j < n.

Lemma 2.1.1. For a given v € L'([0,1],R), a function z is a solution to

Dy z(w) =v(w), wel0,1],1<¢<2,
2(0) =0, (2.2)

Diiz(1) = pIiig(1, 2(1)),

16



if and only if

1 N ¢—1 1 ' s—p1—1
pr(g - Ml) ! _ po—1 e wcfl

Proof. Assume that z satisfies (2.2), by lemma 1.5.3 we have

s—1

2(w) = I§,v(w) — cw™ — w3, (2.4)

where ¢, ¢y € R.
By using first boundary condition, we get that c; = 0, furthermore we require an additional

approach for handling the second boundary condition

Da(1) = Lol - e = plize(L, (D) 0
this means that
! 1 <*M171U
“ - m/o (1=4) (A)dA
CPD =) [ e
T(112)C(s) /0 (1= A)=""g(A, 2(A))dA.

By replacing ¢; in (2.4) we get (2.3).
Conversely, if z satisfies (2.3) by lemma 1.5.2 and lemma 1.5.4, we have Dy, z(w) = v(w),

and
Dy z(1) = pIiFe(l, 2(1)),

and we can easily to see that z(0) = 0. O

Let X = C([0,1],R) the space of continuous functions on [0, 1] equipped with the norm
2]l = max |z(w)].

we[0,1]

It’s evident (X, |.||x) is a complete space.

Let

Sr.={veL}0,1;R) : v(w) € Fw,2(w), A12(w), ..., Apz(w))), for almost w € [0, 1]}.

17



2.1.1 The case where F is convex

Now we prove the existence of solutions for the problem with a convex valued F, by

applying a fixed point theorem for set valued maps.
Theorem 2.1.1. Supposons that the following hypothesis (A1) — (A4) are met.
(A1) F :10,1] x R"*t — P, .(R) is a L*-Carathéodory set valued.

(A2) There exist fi, fo € L>([0,1],R*) and @,¢n,..., ¢, : Ry — R continuous, nonde-

creasing functions with

| F(w,x,21,...,2,)|| = sup{|v|:v € Flw,z,21,...,2,)}
< fiw)e(lz]) + fa(w) Y wi(|ay)),
=1

for almost w € [0, 1].

(A8) The operators A;, j = 1,...,n, are bounded, i.e., transform all bounded set into

bounded set.

(A4) There are 0,6 > 0 such that

|Ajz|lx <& Vze Bx(0,0),1<j<n,

and
? _ > 1,
o, + (I|f1||ooso(0) T ||f2||oozwj<a>)g

j=1

where
1 1

2=ty T

~ aspl'(s — 1)

Q”:rwy+nn0’
with o, = max {|g(w, z)|, (w,z) € [0,1] x [-0,0]}.

Then the problem (2.1) has at least one solution.

18



Lemma 2.1.2. The first and the second conditions of this theorem implies that the set of
selections of F defined by Sr ., is non-empty.

Proof. From (Al) and by proposition 1.4.4 the set valued F has a selection measurable
noted by v, and v € S, for all z € X. O

Proof. of Theorem 2.1.1 Define an operator N : X — P(X) by

N(z) = {h e X:h(w)= % /Ow(w — A ro(A)dA
1

-5 /0 (1= M) Lu(A)dA

_IM ' _ po—1 p cug_l v
NMW@LAO A)*~g(A, 2(A))dA] ,e&v}
(2.6)

We will show that N satisfies all hypotheses of the theorem 1.3.2. The proof will be

given in five steps.

Step 1. (MN(z) is convex valued). Let z € X, and hy,hy € N(2), then there exist
vy, v € Sx, such that for i € {1,2} we have

h(w) = % /0 (= ALy (A)dA — [ﬁ /0 1 A (A)A
o) [ Ay
For A € [0,1] we have
Mia(w) + (1 = Aha(w) = % /Ow@u ~ A (A (A) + (1 A)ws(A))dA
_ [% /01(1 — AT Aoy (A) + (1 — A)wa(A))dA
—%/Olu — AYg(A, 2(A))dA |w

Since F is convex set valued map, then Ahy + (1 — A)hy € N (2).

Step 2. (AN maps bounded sets into bounded sets in X). Let B, = {z € X ||z||x < r}. We

necessitate an alternative approach to establish the existence of a constant [ > 0 such that
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for every z € B;, one has ||h|x <1 for h € N(z).
Let z € B, and h € N (z), then there exists v € S, with
hw) = o / C(w— A o(A)dA {L / (1= A (YA
I'(<) Jo I'(<) Jo

P ) [y gy 2 Wil
RG) /0 (1= A)=g(A, (A))dA}

by (A3) there exist R > 0 such that

14,2l < .
By simple calculations, we have
1 n c—1 1 ' c—p1—1
Ml < 55 / (= A (WA + 55 / (1= A o(A)dA
PE =) [ ayetigia s
Tt / (1= A=~ |g(A, 2(A))|dA.
(2.7)
Then
Il < 1= | + e | * [ ler) + 1l 3 050
O(rpr<§ B /JJ1> (28)

I'(pe + DI()
Step 3. (N maps bounded sets into equicontinuous sets in X). Let B, be a bounded set
in X as in Step 2. Let 0 <t; <ty <1 and z € B,. For each h € N(z), then there exists
v € Sr . such that

|h(t2) — h(t )!
(t2 —A v(A) T (we = AT = (wn = A)Mo(A)
< /t dA + /O o dA
1 s—p—ly, _pr(g—ﬂl) ' _ AHe—1 ~
+ F(g A) (Wih — S /0 (1= Aylg(A, (A))dA}
x (tsh =t 1)
£ gt — 57t
< [l 1l s | [e=dl, B

+F€5§5‘ DT(e) (“g ),

20



Consequently
‘h(tg) — h(t1>’ — 0 as ty — .

Step 4. (N upper semicontinuous). Let (z,,) be set of element in X with z,, — 2, and
(hm) be a sequence converges to h, with h,, € N(z,,) for any m > 1, we need to show that

h. € N(z). Now h,, € N(z,) implies that there exists v,, € Sr_,,, such that

—1 ? s—1 1 1 -1

o) = g [0~ | [t
PR =) (1) \eigp s -
s [t s

We prove that there exists v, € Sr ., such that for every w € [0, 1],

ha(w) = ﬁ /0 (= A (A)IA — [ﬁ /O (1= A)=1=1y, (A)dA
Pl — ) [* a1 1
e /O (1= Ay—lg(A, z*(A))dA]w .
Let us consider the continuous linear operator ¢ : L'([0, 1], R) — C([0, 1], R) given by
(00) (w) = % /0 (= A Iu(A)dA — % /0 (1= A= =Ty(A)dA.

Thus, by lemma 1.4.2 it follows that € o Sz is a closed graph operator.

Further, we have

o (1) — (ZM /0 e A)m—lg(A,zm(A))dA> € B(Spa ).

I'(p2)L(<)
Since z,, — 2, therefore, we have
ha(w) = % /0 (= A, (A)dA — [% /O (1= Ay =11y, (A)dA
pr(s—m) [ A m2—1 5 ol
B /O (1= Ay g(A, *(A))dA} . v € Sra

Since N closed graph and completely continuous, then N upper semicontinuous
Step 5. (a priori bounds on solutions). Let z € X such that z € AN (z) for A € (0,1). Then

for every w € [0, 1] we have

c+1)  (s—pu)l(o)

) pL'(S — )
D(pe +1)0(s)

p@) < ot o Tzl + el 3 (A5l
I( .

(2.9)
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Let V={zeX:|z]x < o}

It is distinctly that V is an open set of X and 0 € V. From step 2, step 3 and step 4 we can
conclude that the restriction of A" in V is upper semicontinuous, completely continuous and
has a compact convex values. From the choice of V, for all z € 9V and A € (0,1) and by
fourth condition in theorem we get z ¢ AN (z). Therefore, by theorem 1.3.2, we deduce that
N has a fixed point z € V, which represents a solution of the problem 2.1. This finishes the

proof. O
Remark 2.1.1. If we remplace the hypothesis (A3) and (A4) by

(A3") The operator Aj; is linear continuous, for every 1 < j <n.

(A4") There are o > 0 such that

g

o, + (Hf1Hoo¢(0) + D040 x max ||AjH)||szoo> 0
j=1 -

> 1,

the resultat of theorem (2.1.1) still valid.
Corollary 2. Let us assume that the following statement be true.
(A1) F:10,1] x R*"*t — P, .(R) is a L*-Carathéodory set valued map.

(A2) There exist fi, fo € L>([0,1],R") and p,v1,...,¢, : Ry — R continuous, nonde-

creasing functions with

| F(w,x,21,...,2,)|| = sup{|v|:v € Flw,z,21,...,2,)}
< fi@)e(lz]) + f2(w) Y wi(|ay)),
=1

for almost w € [0,1].
(A3") The operators A;, j =1,...,n are linear continuous.

(A4") There are o > 0 with

g

0, + ([ilete) + 300500 x s 14, DAl ) ©
j=1 e

> 1,
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where

1 1
Q= I'(c+1) + (¢ —p)T(s)’
S aJpF(g B :ul)

7 D(pa+ 1)0(s)’
with a, = max {|g(w,z)|, (w,z) € [0,1] x [~0,0]}.

Then there is at least one solution to problem (2.1).
Proof. For all 1 < j <n, the operator A; convert all bounded sets to bounded set, and we

put: 6; = ||Aj|| x 0, and ¢ = max &;. Then by theorem 2.1.1 the problem (2.1) has at

1<j<n
least one solution. O

Example 2. Consider the following fractional differential inclusion

(
DY 2(w) € Flw, 2(w), 0 2(w), 082(w)),  w € [0,1],

2(0) = 0, (2.10)
4 ! z(A)
DO22(1 :—/ 1— AP A+ dA,
\ 0+ ( ) 1‘!(4) 0 ( ) ( )
with
| w In(6lz:| +1) 1423 exp(w) In(6|xy| +1) 1+ 23
Flw, @21, @) = | g7 sin(le)+ R TR T T G e e T

In this problem, we get

exp(w) 2]-+exp(w) (ln(G\xll + 1)+1 + x2>'

|F(w, 21, 22) | = sup{lo],v € Flw,z,a1,22)} < —5- 1 212

It is evident that F has convex compact valued and of L*-Carathéodory type.
Mﬁwzmmzmw>@m=ﬂwwn IO 4 () = S22,
It is obvious that ||A|| = T and || As|| = r(13)

Taking o = 11, then Q, ~ 0.6094, Q ~ 1.3811, and || fi|lso = ||f2/|oc ~ 2.7183.

Then we obtain

o

~ 1.4231.

g+g@mu@ Hmmj:%axmme®

Consequently, by corollary 2 the considered problem (2.1) has at least one solution.
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In the theorem above, the boundedness condition of operators A;, j = 1,...,nis replaced

by a boundedness condition on the functions v;, 7 =1,...,n.
Theorem 2.1.2. Let us assume that the following statement (B1) — (B4) be true.
(B1) F:[0,1] x R"™ — P, (R) is a L'-Carathéodory set valued map.

(B2) There exist fi, fo € L°([0,1],]0;00)) and @, 1, ..., ¢y : [0,400) — (0,400) continu-

ous functions with ¢ s nondecreasing function such that

| F(w,z,21,...,2,)]] = sup{|v|:v € Flw,z,x1,...,2,)}
< fi@)e(lz]) + faw) D ty(las),
j=1

for almost w € [0, 1].

(B3) The functions v, j = 1,...,n are bounded i.e., there are cy,...,c, > 0 such that for

every x € R we have |¢;(x)] <¢; for1 <j <n.

(B4) There exists 0 > 0 such that

g

0, + (Iilmtto) + el ) @

> 1,

where
1 1
C= T T o)
5 aJpF(g B :ul)

[(pe +1DT(c)’
with o, = max {|g(w, 2|, (w,z) € [0,1] x [-0,0]}.

Then there is at least one solution to problem (2.1).

Proof. The proof is slightly different from the proof of theorem 2.1.1. Namely, in step 2,

instead of (2.8), we use the estimation

1 w 1 1 1 s
(W) < m/@ (w—A) |v(A)|dA+m/O(1_A) lo(A)|dA

PP —m) 1) pymeriga -

s, (e i
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then

1 1
e < | * o] Ml +Zc]||f2||oo}
arpl'(c — )

T(po + D)

and in step 5, instead of (2.9) we use the estimation

1 1 -
I | R e voi e LA LIRSS

2L (s — )
(e + DI(s)

O

Example 3. Let us consider the following problem

(

DI 2(w) € Flw, 2(w), 92 (w), 1832(w)),

2(0) =0, (2.11)

4 ! z(A)

DY2z(1) = —— [ (1—AP*(A dA

D8200) = o [ (- Ean
where
Flw,z, 21, x9) = % sin(|z|) + w exp(—62?) + Sy a:%; ‘x’e)ql)éw) + exp(w — 627) + T, a:%] .

In this problem, we have

exp(w 1
| F(w, 2, x1, 29)|| = sup{|v|,v € F(w,z,x1,22)} < Il)(() )|:L‘|—|—exp(w) (exp(—Gﬁ)—i—m).
2

The set valued map F is convex compact valued and of L'-Carathéodory.

Let fi(w) = 222 fy(w) = exp(w), p(la]) = |el, r(|e1]) = exp(—622), d(laal) = 1y
and ¢; = cp = 1.

Taking o = 17, s0 Q, ~ 0.8534, Q ~ 1.3811, || fi||cc =~ 0.2718 and

| folloo == 2.7183. Then we obtain

g

5, + Q(nflnoogo ; chllhlloo)

~ 1.1531.

Consequently, by theorem 2.1.2 the considered problem (2.11) has at least one solution.
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Remark 2.1.2. If we replace the hypothesis (B4) by
(B4') There exists o, B > 0 with
lgw, z)| < a, for (w,z) €[0,1] xR,

and

o(x)] < B, for z € RT,

the result of theorem 2.1.2 still true. Indeed, it is clear that the boundedness of the function
g on [0,1] x R suffices to realize the hypothesis (B4). Then we state the following corollary.

Corollary 3. Assume that

(B1) F:[0,1] x R"™ — P, (R) is a L'-Carathéodory set valued map.

(B2) There exist f1, fa € L*=([0,1],[0;4+00)) and ¢, %1, ..., ¢, : Ry — R continuous func-

tions with ¢ is nondecreasing such that
H‘F<w7 T, Ty,... 7xn)|| = Sup{’U| tvE ‘F(w r xl? cee an)}

< filw)e(lz)) + falw Z% |751).

(B3) The functions ¢;, j =1,...,n are bounded i.e., there exist ci, ..., c, > 0 such that for
all x € R we have |Y;(z)| < ¢ for z; € R and for almost w € [0, 1].

(B4') There exists cv, B > 0 with
lg(w,z)| < «, for (w,z) €0,1] x R,
and
lp(x)| < B, for x € [0;400).
Then there is at least one solution to problem (2.1).

Example 4. Let us consider the following problem

(DL72(w) € Flw 2(w), 100 2(w), 102(w)).
2(0) = 0, (2.12)

D820 = o [ 0= IR
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where

T exp(w) +exp(w — 6z7) +

F(w,z,11,29) = |warctan(|z|) +w exp(—6x2) + m; 3

In this problem, we have

T
| F(w, z, x1, x2)|| = sup{|v|,v € F(w,z,x1,22)} < exp(w)(§ + exp(—6:v%) + 22
2

It is evident that F is convex compact valued and of L'-Carathéodory type.

Let fi(w) = fo(w) = exp(w), ¢(|z]) = §, ¢r(|z1]) = exp(—621), va(lz2]) = 175
Then the hypotheses of corollary 3 are fulfilment. Therefore, (3.9) have a solution.

2.1.2 The case where F is nonconvex

Now we study the existence solution of the problem (2.1) when the set valued map F is

not necessarily convex valued.
Theorem 2.1.3. Let us assume that the following statement valid.
(C1) F:10,1] x R™™ — P, (R) is a multivalued with

1. F is integrably bounded and the set valued map w € [0,1] — F(w,z,z1,...,2,)

is measurable for r,r; € R with 1 <i<n ;

2. there exist f € L*°([0, 1], R") such that for almost w € [0,1] and
x,y,x,y € Rwith 1 <1 <n,

BP0, ) Pl oan)) < )l =l + 3l = ]
j=1
(C2) There are 8 > 0 with for w € [0,1] and x,y € R, we have
lg(w, ) — g(w, y)| < Olz —yl.
(C3) The operator A; is o;-Lipschitz for all 1 < j <mn.
o o) )
=

Then there ezist a solution for the problem (2.1).
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Proof. From (C1) for almost w € [0,1] the set valued map F(w,.) is upper semicon-
tinuous, then from proposition 7.9 page 229 in [33| the set valued map w € [0,1] —
Flw, z(w), A1z(w), ..., Apz(w)) is measurable and from lemma 1.4.1 there exist a mea-
surable function A such that

h(w) € Flw, z2(w), A1z(w), ..., Apz(w)) for z € X, then h € Sx .. Define the set valued map
N by

1 ¥ —1 1 ' c—p1—1
N(z) = {h eX:h(w) = m/o (w—A)"v(A)dA — [TC)/O (1—-A) v(A)dA

D= m) [T ety e
NMWG%A“ A=A, 2(A))dA] 7€Sm}7 (2.13)

we will show the set valued map investigated theorem 1.3.1.
Step 1. (N (y) € Pu(X)). Let (y,) be set of element in N (y) with y, — ¢ in X. Then
g € X and there exists v, € Sr, with for w € [0, 1],

Yn(w) =

1 N ¢—1 _ L ' — A1,
m/g (W — A) o, (A)dA {F(g)/o(l A) W (A)dA

pF(C - :ul) ' p2—1 Wl
S T A IR CYCY T

Let V = {v, € Sr.;n > 1}, since F has a compact values, and by proposition 1.6.2 there
exist a subsequence to obtain that v,, converges weakly to v in L'([0,1];R). Therefore

v € Sr, and for w € [0, 1]

% /0 (= Ao (A)dA {% /0 (L= Ay, (A)dA} o
- % /0 (= A Tu(A)dA {% /0 (1= Ay (AYaA ],

then for every w € [0, 1], we have

Jlw) = %/Ow(w—Ay—lv(A)dA— [%/ﬂ (1 — A7 y(A)dA
D) [ e N
T(p2)L(<) /0 (1—4) g(Aay(A))dA] |

Hence 7 € N (y).
Step 2. (N is contraction.) We prove that there exist 0 < v < 1 with

HyN (), N@) <y =3llx v, 57X
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Let y,7 € X and hy € N (y), there exists a function measurable v; such that

n(w) € Flw,yw), Aiy(w),..., A, y(w))  for almost w € [0, 1], (2.14)
hi(w) = % RCETSTE {% /0 (1= A1y, (A)dA
_ple—m)

T(12)0(<) /0 (1= Ay g(A,y(A))dA} wt forall w e [0,1].
By (C1), we have

Ha((F(w,y(@), Arg(@), - Ay (@) Flo, 5(@) Aig(). ., An()))

< W) (|y<w> S+ Y () - Amw)\).

Then by proposition 1.4.4 the set valued map w — F(w, 412(w), ..., A,z(w)) is measurable,
from lemma 1.4.3 has a measurable selection noted by vy such that

01 () — v2(w)] < Sl >( |+Z\Ajy >|), we 0.1

For w € [0, 1], define the element

1 “ c—1 1 ! s—p1—1
) = 5 [ 0= e = s [ 0= )i

pl(s — 1) p2—1 J Wt for ae. w
— ()T () /0 (1—-A) g(A, g(A))dA] f . we|0,1].

Thus,
|hi(w) — he(w)] <
+

A
1 — A)g_’ul_1|?}1

L i 1 — va(w
m/ (= A for(w) — v2(w)|dA
)/0< (

1
T w) — vo(w)|dA
pl'(s — ) INZER ~
I R ap g, 0)) — (A 5 A
Fle e\ s
(e o) < (e ) e oo e
Then
ke, Ul (s — )
b= e < | (5 + ) (”Z 1)+ T 1o e
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Analogously, interchanging the roles of y and g, we get

HyN (), N (@) <Ally = illx, y.5€X,

(e ) = (1 )+ s )

That means N is a contraction.

with

From step 1 and step 2 and theorem 1.3.1 the set valued map A has a fixed point, this
point represent a solution of (2.1). The proof is fulfilled. O

Corollary 4. Assume that the conditions (C1) and (C2) of the precedent theorem are sat-

1sfied, and we assume that

(C3') A; is linear and bounded operator for all 1 < j <n.

o0 () (1 1) + RS ] <

Then there is at least one solution to problem 2.1.

Proof. The operator A; is ||A;||-Lipschitz, by precedent theorem the problem (2.1) has

solution in X. O

2.1.3 Application
Let
DS, 2(w) € Flw, 2(w), It 2(w), ..., I 2(w)), for almost w € [0, 1],
2(0) =0, (2.15)
Dyiz(1) = pl)ze(l, 2(1)),

where 1 < ¢ <2, p,us >0and 0 < p; <¢—1,g:1[0,1] x R = R is a continuous function,
F :[0,1] x R — P(R) is a multivalued, 157, [gi, . ,[gi is Riemann-Liouville fractional

integral of order s, d1, ..., 0,.

Theorem 2.1.4. Assume that the following assertions (Al),(A2),(A3) and (A4) hold.
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(A1) F:[0,1] x R*"*t — P, .(R) is a L*-Carathéodory set valued map.

(A2) There exist fi, fo € L>([0,1],R") and p,v1,...,¢, : Ry — R continuous, nonde-

creasing functions such that

| F(w,x,21,...,2,)]] = sup{|v|:ve Flw,x a;l,.. ,Tn)}

< fi(w)e(z]) + folw ng |251),

(A3) There exists L > 0 such that

L
> 1,
0u+ (Ifllee(t) + Z% i)l )2
1<j<n
where
1 1
Q= T ,
Ple+1) (¢ = p)I(<)
= apl'(s — )
L= % oy
I'(p2 +1)I(s)
with o, = max {|g(w, )|, (w,z) € [0,1] x [-L, L] }.
Then there is at least one solution to problem (2.15).
Proof. From corollary 2 the problem (2.15) has a solution when we take A; = Igi. O
Theorem 2.1.5. Let us assume that the following statement are true.
(C1) F:10,1] x R™™ — P, (R) is a set valued map such that
1. F is integrably bounded and the set valued map w — F(w,x,x1,...,x,) is mea-

surable for x,x; € R with 1 <1 <mn ;

2. there exist f € L>([0, 1], R") with for almost w € [0, 1]

and x,y,x;,y € R with 1 <[ < n,

Hd(‘F(wwral‘la7xn)7f(w7y7y177yn)) S f(w) [|$—y| +Z|$J _yj|:| .
j=1
(C2) There exist 0 > 0 with for w € [0,1] and a,b € R, we have

|g(wa CL) - g(wv b)| < 0|a - b|
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(C4) Kr”éﬁ) +7 ”LST?«)) (HZ T, + 1 ) e(i(jrz)llil())

Then there is at least one solution to problem (2.15).

2.2  Existence results for semilinear fractional differen-
tial inclusions 2

Now we study the existence of the semilinear fractional differential inclusions for multi-

term boundary value problem (2.16) with the following data:
D;z(w) € Flw,2(w), Dy 2(w), ..., Dyiz(w)), for almost w € [0, 1],
2(0) = 0, (2.16)
Dy 2(1) = plj,g(1, 2(1)),
with 1 < ¢ <2,p,u>0,g:[0,1] x R — R is a continuous function and F : [0, 1] x R*™! —
P(R) is a set valued map, 0 =y <711 < - <7 <1, ¢>79,+1land 0 < v < ,.
Consider C(]0, 1], R) the space of all continuous functions defined on [0, 1] and define the

space X = {z: 2,Djiz,..., Dtz € C([0,1],R)},
(0 <y <+ <7, <1) equipped with the norm

Izl = max |z(w |+Zj£[?;§] D 2(w)].

Lemma 2.2.1. (X,|.|[x) is a Banach space.

Proof. Let (z,) be a sequence in X such that for every ¢ > 0 there exist my € N, for any

m > mg we have for every p € N.
|Zm+p — 2mllx < €. (2.17)

For m > mg, and p € N
Hzm-i-p — Zmlleo < €

the space C([0, 1], R) is a Banach space, then there exist z € C([0, 1], R) such that

|zm — 2]loc = O,
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1—; 1—; 1—; 1 v .
[Ip: " zm(w) = I P 2(w)| = [Is 7 (2 — 2)(w)] = ‘T/ (w—A) 7 (25, — 2)(A)dA]
( 7]) 0
— [w-n |2 = 2
< W= A) e — 2lldh =
(1 —75) Jo (1 —)T (1 =)
Hzm - ZHoo
T T@2-)’
that means
Il—'yj - _Il—’Yj - < ||2m - ZHOO
My om = Iy 72l < I2-v)’
then

Hloliv"zm — I;f’szoo —0 for1<j<n,
from (2.17), there exist v; € C([0, 1], R) such that for every m > my

1D 22— vyl < €

i[lf'Yj

so1o+ 7 2y and by theorem 2.5 page 92 in [12] we get v; = Dgiz.

Since Dy’ 2, =

That means X is Banach space. O

For all z € X, define the set of selections of the set valued map F by

Sr.={veLl'([0,1,R) : v(w) € F(w, 2(w), D} 2(w), ..., DJiz(w)) for almost w € [0,1]}.
(2.18)

Theorem 2.2.1. Let A be a subset of X such that

(i) A is bounded,i.e, there exist M > 0 such that for all f € A

1fllx < M.

(ii) A equicontinuous,i.e, given any € > 0 there exist §() > 0 such that for all t,s € [0, 1]

we have

[t = sl <) = |f() = F(s)| + 3_IDGLf(t) = Dot f(s)] < e

for all f € A.
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Then the set A is relatively compact set in X.

Proof. Let ¢ > 0, by property (ii) there exist d(¢) > 0 such that for all £, s € [0, 1] we have
5; £
|t —s] <d(e) = [f(?) |+Z|D ) = Dyhfls)l < -

Since [0,1] C % ]]t —d(e),t+d(e)[ and [0, 1] is a compact set in R, then there exist a finite
te[0,1
number of points ¢; € [0, 1](1 <[ < p) such that

0,1 ¢ O — (), i+ 6(e)].

Second there exist a finite number of points y,, € R (1 < m < q) such that

M=y <y < <yg=Mand Y1 —yn <35, 1<m<gqg—1,

where M is the constant appearing in property (i).

Let then {o;;1 < j < n} denote the fini te set formed by all the applications from the set
{1,...,p} into the set {1,...,¢} and let the subsets A;(1 < j < n) of A be defined by

- : 19
Ay ={f € A1 (1) = yo, + D 1D f (1) = Yoy0| < T L1<i<p}

j=1

Then we claim that

AcC GlAj and diamA; <e (see [21] page 24).
]:
To prove our assertion let f € A be any function in A. Since
[Ft)]+ ) IDE ()] < M,
j=1

there exist for all [ € {1,...,p} an integer k = k(f,1) € {1,...,q} such that

|f(t) — yrern| + Z |Dgif(tz — Yr(ry| <

Jj=1

€
4

Then by definition of the application ¢}, there exist an integer j(f) € {1,...,n} such that
the application o;(s)(l) = k(f,1), or equivalently such that f € A, (y). Hence A C U A,
Given any integer j € {1,...,n}, and let f,g € A; and ¢ € [0, 1].
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Since [0,1] C lEle]tl —0(g),t; + d(e)[, there exist I = [(t) such that t €]t; — d(e),t; + d(e)[.
Then

1) = g(®)] + D _IDRLF(t) = DRhg()] < [£() = ()| + Y IDGLA (1) — DL (1)

+f ) — ysrp| + Z Dk £(t1) — ynern | + 19(t) — yneral + Z 1Dy g(tt) — Y]
j=1

j=1

Ho(t) = gt + ) IDGLg(t) — Diig(ty)]| <e.

j=1

Hence diamA; < e, and the proof is complete. n

2.2.1 The case where F is convex

Theorem 2.2.2. Supposons that the following assertions (B1),(B2) and (B3) hold
(B1) F :10,1] x R — P, (R) is a Carathéodory set valued map.

(B2) There exist f € L>([0,1],[0;+00)) and vy, ..., ¢, : Ry — RL continuous, nonde-
creasing with

n

IF (@, &0, &)l = supflo] - v € Flw, &, ... &)} < flw) Y will&l),

=0

for & € R and almost w € [0, 1].

(B3) There are o > 0 with

o

> 1,

n

0, + (3 (@)1 12

=0
with

u 1 1
=2 (r(g—%ﬂ)+(<—u)r(<—%-))’

N a,pl'(s — v)
&= 2 Tk DTG - )

forr >0, such that o, = max {|g(w, &)|, (w, &) € [0,1] x [—r,7]}.

Then the problem (2.16) has at least one solution.
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Lemma 2.2.2. The first and the second conditions of this theorem implies that the set of
selections of F defined by Sr ., is non-empty.

Proof. From (B1) and proposition 1.4.4 the set valued map w € [0,1] — F(w, xq, ..., z,) is
measurable, by lemma 1.4.1 has a selection measurable noted by h.

By second condition (B2), we have

n

[h(w)] < fw) Y bs(ll=ID),

J=0

that means h € L'([0, 1];R), then Sz is non-empty. O

Proof. of Theorem 2.2.2. Define an operator N : X — P(X) by

N(z) = {h €X: hiw) = % /O (W — A o(A)dA — [ﬁ /0 (1= AY—1y(A)dA
pL(s—v) [! ARl 5 T
g ) 4tk e (249

We will show that N satisfies all hypotheses of theorem 1.3.2. The proof will be given

in five steps.

Step 1. (N (z) is convex valued).
Let z € X and hy, hy € N (2), then there exist vy, vy € Sr. such that

1 w 1 1 1 o |
hi(w) = m/o (w—=A)*"v(A)dA — [m/o (1—-A) vi(A)dA.
JM 1 — AP! z WSt
CT(W)T(s) /0 (1= A)"Ig(A, 2(A))dA]

for i € {1,2}. Then for A € [0, 1]

1 [ 1
()\hl + (1 - )\)hg)(&)) = Tg)/o ((JJ — A) ()\’Ul + (1 — )\)Ug)(A)dA
1 ! s—v—1 _ v
— [W/o (1—A) (A1 + (1 = X)va) (A)dA
pl'(s —v)

I'(w)T'(<)
Since F is convex set valued map, then Ay + (1 — A\)he € Sz, then, it is clear that N (z)

/0 (1— A)*"g(A, 2(A))dA]w ",

is convex for z € X.
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Step 2. (N set valued map convert any bounded sets to bounded sets).
Let B, = {z € X, ||z]|x < r}. We prove that there are a constant [ > 0 such that for any
z € By, one has ||h]|x < I for all h € N(z). Let z € B, and h € N(z), then there are

v E S]—',z with
1 ¢ s—1 1 ' s—v—1
hw) = @/o (w — A Lo(A)dA — {W/o (1— A)—"To(A)dA
pF(g - V) ! A1 - Wt
g [, 4t snas
By simple calculation, we find
DI hw)| < ﬁ/ow(w_A)<—vj—l|v(A)|dA+ﬁ/0 (1= AP fo(A)]dA
L= [ g )
1 ' s—y;i—1 1 ' _ A)s—v—1 - (r
s [t gt [aeaeia ke 31t
a,pl'(s — v) ! R
RO, AT

where 0 < 7 < n and 79 = 0. Hence we get
IR/l < O + [Iflle Y %:(r)Q =1 (a constant ).
i=0

Step 3. (N set valued map convert any bounded set to equicontinuous sets). Let B, be a
bounded set of X as in step 2, and let 0 < t; <ty <1 and z € B,. For each h € N(z), then

there exists v € Sr, such that

D3 h(ts) — DY h(t)
2 (ty = A u(A) Mty = AT — (1 = AT u(A)
= /tl I'(c =) dA+/o I'(c =) “°
4 [—r - L - /0 (1= A o(ayin - LY (Zg‘gg__”i > /0 (1= A)Plg(A, 2(A))dA| x

(t;*’Yj*1 _ tiﬂjfl)

< £ iq/; ( )Pt;_% - ti_”" . }t;_%—l _ ti_w_lq
[e¢) yi r
=R RN CER T VR CE A CEn

Pl —v) <‘t<—w—1 B tc—’Y;‘—lD.
D(u+1E(s =)\ '
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where 0 < 7 < n and 79 = 0. Therefore

From theorem 2.2.1 the closure of N'(B,) is compact set in X. Consequently N is completely

continuous.

Step 4. (N has a closed graph). Let z, — 2z, h, € N(z,) converge to h,, we need
to show that h, € N(z,). Now there exist v, in S F.2m such that

hon(w) = % /0 (= Ao (A)dA — {% /0 (1 AL, (M)A
_% /0 (1= Apig(a, zm(A))dA} !
we show that there exist v, € Sz, such that for every w € [0, 1],
ho(w) = % /O (= A (A)dA — {ﬁ /0 (1 A (A)dA
_% /01(1 - A)“‘lg(A,z*(A))dA} !

While F is upper semicontinuous, then for £ > 0 there are my with for m > my
F (@, 20(0), Do), - Do) € F(w, 24(w), D 2u(), - D)) + B(0).
Then there exist v, (w) € F(w, 2.(w), Dji 2(w), . . ., Dyt 2. (w)) for almost w € [0, 1] such that
U (W) = vi(w).
1

1 w o1 L ' ALy,
h*(w)—F—/O (w — Ao, (A)dA + [F<§>/o (1= ALy (A)dA
pL'(s —v)

/01(1 — AP g(A, z*(A))dAl e

C T()T(s)
< Nhm(w) = ho(w)] + %/0 (w— AN Hup(A) — v (A)|[dA
[ e / 1= (A) — v (A)]dA
pL'(s —v)

F(,u)l_‘(g) /0 (1= A)"Hg(A, 2m(A) —g(A,z*(A))\dA}ml,
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according to Lebesgue DCT, we get v, € Sz ., and

1

% /0 (= A (A)dA — {W /0 1(1 — A, (A)dA

Pr(g_y)/l -1 ] -1

PO TV A (A, 2 (A))dA | W

L) Jo (A7 e

This means that h, € N (z,).

Step 5. (a priori bounds on solutions). Let z € X such that z € AN (z) for A € (0,1). Then

ho(w) =

for every w € [0, 1] we have
i |ID%‘ z(w)] < i |:; /w(w _ A)gi’inldA + ; /1(1 _ A)quldAl %
= - Pl =) Jo I'(¢ =) Jo

j=o Lo\ T

1 £lloe > tillzllx + Qe
=0

n 1 1 n ]
-2 <F(< —yi+1) " (¢ —v)T(s — %)) 171 ;wiuzux + Qzfix-

1=0

where 0 < 7 < n and 7y = 0. Finally, we find

I2llx < QI flloe (D tillzl1%)) + Qe
1=0

Let V={zeX:|z|x < o}

It is distinctly that V is an open subset of X and 0 € V. From steps 1, step 2, step 3 and
step 4 we can conclude that the restriction of A" in V is upper semicontinuous, completely
continuous and has a compact convex values. From the choice of V for all z € 0V and
A € (0,1) and by third condition (B3) in theorem we get z ¢ AN (z). Therefore, by theorem
1.3.2, we conclude that A has a fixed point z € V, then, the problem 2.1 have a solution. [

Example 5. Consider the following fractional differential inclusion problem

p

DLz (w) € Flw, 2(w), DALz (w), D22(w),

2(0) =0, (2.20)
4 [ z(A)
DO.Q 1) = —— 1-A 3 A ARV
\0+Z<) P(4>/O( )(+4>d7
where
1
F(w, zg, x1,22) = |w(exp(—6|zs|) + arctan(|zg|) + ————; exp(w) + Tl
1+ |z4] 2
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In this problem, we have

T
| F (w, xo, 21, x2)|| = sup{|v],v € F(w,xo,21,22)} < exp(w) + 5+ 1.

It is clear that

(1) F(w,xo,x1,%2) € Peep(R).

(i) From example 1 the set valued F is upper semicontinuous.
(i1i) From 1.4.1 the set valued F is measurable.

From definition of Carathéodory set valued map 1.4.4, the set valued map F is Carathéodory
set valued map.

Let f(w) = exp(w), Yo(|zo]) = 5, ¥i(lz1]) = 1 and Ya(|z2]) = 1.
Taking o = 43, we find Q, ~ 5.7506, Q ~ 3.7447 and |m)||s ~ 2.7183. Then we get

d ~ 1.0214.

2
Q + m Q) ¥;(0)
j=0
Consequently, there is at least one solution to problem (2.20).
Remark 2.2.1. If we replace the hypothesis (B3) by
(B53*) There are o > 0 and ay, ..., oy such that
lg(w,z)| < a forall (w,z)€[0,1] xR,

and

[Vs(z)| <a; forall z€eR and0<i<n

the result of theorem 2.2.2 still true. Indeed, it is clear that the boundedness of the function g

on [0,1] x R"™ suffices to realize the hypothesis (B3). Then we state the following corollary.
Corollary 5. Assume that

(B1) F:[0,1] x R*™ — P, (R) Carathéodory set valued map.
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(B2) There exist f € L>([0,1],[0; +00]) and 1y, ..., ¢y, : Ry = RY continuous, nondecreas-
ing such that

n

1F(w, &0, &)l = sup{Jo] : v € Flw, &, .-, &)} < Fw) D will&)),

i=0
with & € R and almost w € [0, 1].
(B3) There are o > 0 and ay, . .., o, with
g(w,§) < a, for (w,§) €0,1] xR,
and
|Vi(&)| < iy forE €R and 0 < i < n.
Then there ezist a solution for the problem (2.16).
The following example illustrates the previous situation.
Example 6. Let us consider the following problem
(
DA (w) € Fw, 2(w), D =(w), DI2(w)),
2(0) =0, (2.21)
4 ! 5cos(z(A))
DY22(1) = —/ 1— A3 22 dA,
S O A (R VE
with
1 us
F(w, zg, x1,22) = {w(exp(—6|x2|) + arctan(|zo|) + ————;exp(w) + = + 1
L+ |a4] 2

In this problem, we have

T
| F(w, zo, x1, x2)|| = sup{|v|,v € F(w, xo, 1, 22)} < exp(w) + 5 + 1.

It is obvious that F is convex compact valued and of Carathéodory set valued map.

Let f(w) = exp(w), to(|zo]) = 5, ¢r(la]) = 1 and y(|aaf) = 1.

Then, from corollary 5 the problem (2.21) has at least one solution.
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2.2.2 The case where F is nonconvex

Now we study the case when F is not necessarily convex set valued map.
Theorem 2.2.3. Assume that the following assertions are met.

(C1) F:[0,1] x R™ — P (R) is a set valued map with

1. F is integrably bounded and the set valued map w — F(w, &, - . ., &) is measurable
forall e R with0 <1< n,

2. there exist f € L>([0,1],R") such that for almost [0,1] and all z;,y; € R with
0<13<n,

n

Hd(f((*)?x()?'"756”)7?(“73/07"'7yn)) < f(w)Z\:c] _yj|'

J=0

(C2) There exist 0 > 0 such that, for all w € [0,1] and z,y € R, we have

lg(w, ) — g(w,y)| < Oz —y|.

£l 1l oL (< — 1)
(©5) Z( T () S P e F(u+1)F(<—vj)) <t

Then, the problem (2.16) has at least one solution.

Proof. From (C1)(2) for almost w € [0, 1] the set valued map F(w,.) is upper semicontinu-
ous, then from proposition 7.9 page 229 in [33] the set valued w — F(w, 2(w), Dy} z(w), . .., Djiz(w))
is measurable and from lemma 1.4.1 there exist a measurable function A such that
h(w) € F(w, 2(w), Dt z(w), ..., Dyt z(w)) for z € X, then h € Sr ..
For prove the existence the solution for problem (2.16) we must show that the set valued
map N that defines in (2.2.1) has a fixed point.
Now we prove that N satisfies all hypotheses of theorem 1.3.1. The proof is done in two
steps.
Step 1. (N(2) € Py(X)). Indeed, let (z,) be a sequence in N (z) such that z, — Z in X.
Then Z € X and there exists v, € Sx, such that, for every w € [0, 1],
w 1
(W) = % /O (= Ao, (A)dA — [ﬁ /0 (1= ALy, (A)dA
(s —v)

TG /o (L=Ar g<A,z<A))dA} W
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As the set valued map F has compact values, then the set A = {v,, € Sr,;n > 1} satisfied
all hypothesis of proposition 1.6.2 we pass onto a subsequence to obtain that v,, converges

weakly to v in L!([0,1]; R). Therefore, v € Sz, and for each w € [0, 1]

% /0 (= ALy (A)dA — [ﬁ /0 e A)g""lvn(A)dA} !
s % /0 (W= A u(A)dA — {% /0 (1= Ay LA W

we establish that, for every w € [0, 1], we have

~ 1 w 1 L 1 B gillilv
Z(w) = m/o (w—A)"Tw(A)dA — {F(g)/o (1—A) (M)
]M 1 — A1 z Wt
- T(u)T(s) /0 (1= A)g(A, (A))dA] _

Hence z € N (z).
Step 2. There exists v < 1 such that

HyN(2),N(2)) < ||z — Z||xfor each z,z e X.

Let z,Z € X and h; € N(z). Then by lemma 1.4.3 there exists a function measurable v;
such that, for each w € [0, 1],

v(w) € Fw,z(w),. ., Doz (w)), (2.22)
R 1! i

me) = 55 /0 vi(A)dA — {F@ /0 (1 — A)S™" Lo (A)dA
pl(s

—/ (1= A)"""g(A, z(A))dA] e

From (C1), we have
Ha(F(w, 2(w), D 2(w), .., D () Flw, 2(w), D W), ..., Dyt 2(w)))
< )3 DY aw) — DR W),
=0
Then there are w € F(w, 2(w), DILZ(w), .. ., DI 2(w)) with

1 (w) —w| < f(W)(Z [Dyiz(w) = Dt z(w)l), w€[0,1].
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Then by proposition 1.4.4 implies that the set valued map w — F(w, Z(w), D" Z(w), ..., Dyt Z(w))

is measurable, from lemma 1.4.3 has a measurable selection noted by v, such that
[v1(w) — va(w)] < flw Z Dy’ 2(w) — Dyl 2(w)]).

For each w € [0, 1], let us define

o (w) = % /0 (= A Lun(A)dA — [ﬁ /O (1 A y(A)dA
— % /01(1 — A)"tg(A, Z(A))dA]Jw ! for almost w € [0, 1].
Hence
Ditne) = Dihale) < e [ (o= 07 n(w) = el
b [0 ) — el
D [ a ) - s, 24
< | e T ke

where 0 < 7 < n with 79 = 0. Therefore

- 1/l [ Opl'(< —v) .
o = allx = LZ:;(F(C 4D G-l —7y) Tt DIk - vj))} 2= 2l

Analogously, interchanging the roles of z and z, we get

Hy(N(2),N (%)) < ||z — Z||x for each z Z€X,

with

[/l 1/l Opl'(c —v) >
V= + + )
Z( Flc—y+1) (—v)(c—y) T+DIE—)
While NV is a contraction set valued map, and from theorem 1.3.1 we get N has a fixed
point z which is represent a solution of (2.16). The proof is fulfilled. O

Example 7. Consider the following fractional differential inclusion
(

Dy z(w) € F(w, z(w), Dy z(w), Dy z(w)),

z(0) =0, (2.23)
| Dh2=(1) = %/O (1- A)?%d/\,
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where

SiIlLUO 1 ) 1 . exp w
F(w, zg, 21, 22) = [9 T + iarctanxl — T —5] U [17 T]@‘ + 1]7
and
g(wax) = ————-COSZ.
(74 w)?
We have

(i) F is closed valued but is not convex valued.
(ii) From lemma 1.4.3 F is measurable.
(iii) n=2,6=19,7 =01,%=03,vr=02, andpu=p=4

In view of the data given above, we have for w € [0,1] and x,y € R,

1 expw
Ha(F (@, 0, 01,2); F (60,30, 91, 32)) < g—la0 = wol + gy ler = o] + =5 s = el
8w, 2) — (@, 9)] < — |z — 4|
wW,xr) — W — | —
g(w, g(w,y)l < lv =l
1 1 exp w
and also
- £l oo [ f1l oo OpI'(s —v) )
N = + + ~ 0.7864 < 1.
(F(c—’vﬁl) (c=9)l(c =) Tlp+1DI(c—y)

j=0
Hence, all the hypotheses of theorem 2.2.3 are satisfied. Then the problem (2.23) has at least

one solution.
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Chapter 3

Study the existence and uniqueness for
fractional differential inclusions in

Lebesgue and Sobolev spaces

In this chapter we study the existence and uniqueness for BVP of fractional differential

inclusion
D;.z(w) € H(w, 2(w)), for almost w € [0, 1],

Z<0) =0, (31)
2(1) = pIfiiki (&, 2(&)) + qlhi ke (&2, 2(&2)),

where 1 <¢ <2 ,p,¢>0, py,pue >1, 0<&,& <1, kj:[0,1] x R — R is a continuous
function for 1 < j <2, and H : [0,1] x R — P(R) is a set valued map.

Definition 3.0.1. A function z is said to be a solution of the problem (3.1), if there exists
a function v € L*([0,1], R) with v(w) € H(w, z(w)) for almost w € [0,1] such that

D5 z(w) =v(w), 1<¢<2,
2(0) =0,

2(1) = pIiit ki (&1, 2(861)) + gl ka (&2, 2(62))-

46



Lemma 3.0.1. For a given y € L'([0,1],R), a function z is a solution to

DS, 2(w) = y(w), 1<¢<2, foralmost we [0,1],
2(0) =0, (3.2)
2(1) = plpi ki (&1, 2(61)) + algtka (&, 2(&2)),

if and only if

1 N s—1 1 ! ¢—1
) = 75 [-n y(A)dA—{m RSNV

B & Ayl . g &2 R , Ll
F(Ml)/o (51 A) kfl(A, (A))d/\ F(Mz)/o (52 A) kQ(A, (A))d/\ (3.3)

Proof. Assume that z satisfies (3.2), from lemma 1.5.3 we get

2(w) =I5 y(w) — ciw' ™! — w2,

where ¢, ¢ € R.
The first boundary condition, we obtain I, y(w) = 0, c;ws™' = 0 and lim,_,o = +0o0, then

2(0) = 0 that means ¢y = 0. From the second boundary condition, we get

2(1) = I5y(1) —er = pIiiki (61, 2(61)) + gl 2k (62, 2(62)),

this means that

1 31
o=t / O T / (6 — A ki (A, 2(A))dA
&2
- s | (@ = A () (3.4

we replace the value of ¢; with the value obtained in (3.4) we get the integral equation (3.3).
Conversely, if z satisfies (3.3) by lemma 1.5.2 and 1.5.4, we have Dj, 2(w) = y(w).

By simple calculation, we get

2(1) = plgi ki (&1, 2(&1)) + Lyt ke (&2, 2(62)),

and we can easily to see that z(0) = 0. O
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3.1 Existence and uniqueness result in L! space

Consider X; = L!([0, 1], R) the space of all integrable functions defined on [0, 1] provided
by the norm

1
el = [ el

0

It’s clearly that (Xi,||.||x,) is a Banach space.
For each z € Xy, the set of selections of H is defined by

Sy, = {v e L'([0,1],R) : v(w) € H(w, 2(w)) for almost w € [0,1]}. (3.5)

3.1.1 Existence result

In this work we have studied the existence and uniqueness for (3.1) in X; when A has a

convex values.
Theorem 3.1.1. Assume that the following assertions (B1) — (B4) hold
(B1) The set valued map H : [0,1] x R — P, ,(R) is a Carathéodory map.
(B2) Ezistence two functions ¢ € L'([0,1],R") and ¢ € L>°([0, 1], R™) with
[H(w, 2)|| = sup{[v]| : v € H(w, 2)} < p(w) + p(w)lz,
for x € R and almost w € [0, 1].

(B3) There exists Cy,Cy > 0 such that

ki(w, z) — ki(w,y)| < Cilz —yl,

and
ki(w,0) =0,
for w € [0,1] and i € {1, 2}.
p1—1 p2—1
(34) 2H1/f”oo Cip€} Caq&sy <1

Fc+1)  <T'(m) I'(p2)

Then there ezists a solution for the problem (3.1).
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Lemma 3.1.1. The first and the second conditions of this theorem implies that Sy, . is

non-empty set.

Proof. The set valued map H satifies all hypothesis of proposition 1.4.4, then for every
z € X there exist a measurable function f such that f(w) € H(w, z(w)) for almost w € [0, 1].
From (B2) we have

1f(w)] < p(w) + Y(w)|z(w)], for almost w € [0, 1],

after that

1
1510 < el + 1 lelell, <+
0

that means f € L'([0,1];R), then Sy . is non-empty. O

Proof. of theorem 3.1.1 Define an operator N : X; — P(X;) by

N(z) = {h €Xy: h(w) = ﬁ /Ow(w — A ro(A)dA

- [% /O 1(1 — A l(A)dA

p o p1—1 >
‘TGSA(&‘A> Fa(A, 2(A))dA

_ﬁ /0 " 6 A)Wle(A,z(A))dA} € SH,Z} - (3.6)

We will show that N satisfies all hypotheses of the theorem 1.3.3.

Step 1. (N(2) is convex valued). Let z € X; and hy,hy € N(2), then there exist

v1, V2 € Sy, such that

1 w 1. B 1 1 B gilv'
hiw) = _F(g)/o (w—A)"v;(A)dA [_I’(g)/o (1 — Ao (A)dA
P & -1 . g &2 Ayl . Ll
s | = A sa)as - 5 e - At )i
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for i € {1,2}. Then for A € [0, 1]

(M1 + (L= Nho)(w) = % /Ow(w — N (A + (1= A)wo) (A)dA
1 ! s—1 “ e
—[m/o (1= A" (Aoy + (1 = A)v) (A)dA
P &1 _— .
) / (6 — Ay (A, 2(A))dA
4 © p2—1 Py WL
) / (62 — A= (A, 2(A))dA |

Since H is convex set valued map, then Ahy + (1 — A)hy € Sy ., therefore we can easily to

see that N (z) is convex for each z € X;.

Step 2. (N maps bounded sets into bounded sets in X;). Let B, = {z € Xy; ||z]| < r}, we
show that there exists a constant [ > 0 such that for each z € B, and h € N (z) one has

1Pl <L

h(w) = % /0 “(w— A Lu(A)dA — {ri) /0 (1— A)¥~To(A)dA

(s

&1 &2
S / (& — A ey (A, 2(A))dA — = / (@—A>M2—1k2<A,z<A>>dA]w€-l. (3.7)

I'(p) I'(p2)
From the conditions (B2) and (B3) we have
)l < w5 [ i+ [ [ a- e
+5 (Z 3 /0 " (& — M)k (A, 2(A))]dA + % /0 " (&2 — M) ks (A, z<A>>!dA1 w!

<7 | @m0 )+ ule)aa
i [0 7 )+ vlean
#2276 m e ian + 2 [ e - aptajan] o
< ‘;(g) / " (o(A) + BN (A))dA + [ﬁ / (p(A) () |=(A) A

pm1—1 &1 n2—1  r&o
Clpgl ‘Z(A) |dA + 02q£2 ’Z
D) Jo (p2)  Jo

(A)|dA] WL
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By simple calculation, we get

_ /[ 2lells (20l , Cipgt T G
I = [ 1rapan < ey (S0 Cull | Q)

2]l <2Hw\|oo Cupgi™ ! Czqgé‘“y

e+ D) AT+ " Tla) | <Tlu)

<l=

Step 3. (N set valued map convert any bounded sets into relatively compact sets in X;).
Let B, the ball in X; as previous step . From precedent step the set A'(B,) is bounded in
Xj, now we prove that the closure of N'(B,) is compact in Xj.

For f € N(B,), there are an element z € B, with f € N (2), let fis a function defined by
f(w) if welo,1],

0 if weR—|0,1].
Let A be a subset in L'(R) defined by

A= {ﬁf € N<BT)}
Let be a function ]?6 A, we have
Il = 1l < 2,

where [ is a constant as a step 2, that means A is bounded in L'(R).
Now we prove that

IAWS = flliimy — 0 as h — 0.

where Ay, f(w) = f(w+ h).
Let h € (—1,1).
Case h >0

S Fw+h) = flw)ldw = [7, |f @+ h)dw + fo7" @+ h) = f@)ldw+ [}, |f(w)|dw.

w hg—l _ C é—ﬂl*l C. gl"Q*l
o [F@h] < 2 (gl el 2l )+ (o) (S ooy
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fwtn - sl < || ot = Ao(A)dA

v (W+h =N = (w—A)"")o(A)dA
J \

+‘%g) /01(1 — A lo(A)dA — F&) /0& (€0 = A" i (A, 2(A))dA
= (22) /0 52(52 — M) ey (A, 2(A))dA| x ((w +h) - of‘l)

< Ih;(g; /w RN A)[dA

+‘%/01(1—A) v(A)dA F(m)/o (61— MYy (A, 2(A))dA
= “ (6 — AP, | (- )

< 21?(1; (||so||1 e ||z||xW) (el folelele
o ) )

1 Cipett™h Ohget
o 7)< 22t 5 (lplly + ozl ) + w5 x (ST 4 G2 2y

By simple calculation, we get

[ 1R 0 = Fldo < (el + Iolldell) (R + 25 )

2 —2(1—h) ,Cip&™"  Cheeh™
+ ( ) 1p§1 2q€ )”ZHX1
S ['(p1) ()

as h — 0 we find that [*° 1w+ h) — f(w)|dw — 0.

Case h <0

20w+ h) = f@)ldw = [ [fw)ldw + [1, [fw+R) = fw)ldw + 7" [f(w + h)|dw

c—1 C Eﬂl_l C E
o [F@) <25 % (el + ellsollzll) +ws x (BEL— + e el
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lflw+h)— flw)| < /0w+ ((w +h—A)T = (w— A)<*1)U(A)dA

+ /w w+h(w - A)g‘lv(A)dA‘

-l—}%/ol(l—A)C_lv(A)dA

| /0 * (6 — APy (A, 2(A))dA

—ﬁ/o&(&—A)“?lkg(A,z(A) dA| % |(w+ By — s

< (_lfz);)_l [+h [w(A)]dA + (_F}z):)_l /Ow [o(A)|dA

—i—‘%/ol(l—A)glv(A)dA

—ﬁ /0 (6 — APy (A, 2(A))dA

s [ e, | (et -

< 220 (ol + 1=lele )

N ||90||1+||?/J|| 12| C1p€1’:1(ull|)! 2|, C’zé]fl’:zﬂlquxl)
| 4+ 1y

2wth)s—1 _ Cipef1™t | Cpget2™!
o [fwH)] < 2 (ol + llaclllle, ) + (o4 R) x (CREET L Cast Ty

By simple calculation, we get

+oo R
/ [flw+h) = flwldw < (el + [¥llllzllx)
< ((—h)< —-3(1+h)>+3 N 2(1+ h)(—h)<—1)

L(c+1) I'(c)
221+ h) Cipgl" ™ | Coggh™”
e Gy T e e

as h — 0 we get fj;°|f(w+h) Fw)|dw — 0, ie., |Anf — f||L1 —0 as h—0.
By theorem 1.6.3 we have the closure of Ajo1) = N(B,) is compact set in L'([0, 1]).
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The set valued map N converts each bounded set into relatively compact set, then it’s a

completely continuous map.

Step 4. (N has a closed graph). Let 2z, — 2., fn € N(z,) and f, — f., we need to
show that f. € N(z.). Now f, € N(z,) implies that there exists v, € Sy ., such that

—1 ) s—1 1 1 o1
Il = F(§)/o (0= A on(A)dA = {m/@ (1= A) o, (A)dA
P ‘ p1—1 P
_F<u1)/0 (& — M)k (A, 2 (A))dA
g [ L .
_F(/m)/o (& — A2 koA, n(A))dA:| ’

we will prove the existence v, € Sy ., such that for all w € [0, 1],

1 ? s—1 1 ! s—1
P &1 1 .
i [ 6= s )
q ‘e po—1 Py wg—l
s [ - A A s i,

from ||z, — z.||x, — 0, then by theorem 1.6.4 there exist a subsequence z,, € X; such that
Zn, (W) = z.(w) for almost w € [0, 1]. (3.8)

From proposition 1.2.2 the upper continuity of H(w, .) dictates that there exists ¢ > 0 such

that for every x € R, we have

|z — z(w)| < implies that H(w,z) C H(w, z«(w)) + B:(0),

and from (3.8) there exist kg € N such that for every k > ko we have
|2, (W) — ze(w)| < a.e. on [0,1],

that means H(w, z,, (w)) C H(w, z«(w)) + B:(0), for almost w € [0, 1].
Since vy, (w) € H(w,zn, (w)) it follows that there exist vi(w) € H(w,z(w)) for almost
w € [0,1] such that
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[Up, (W) — vi(w)] <& a.e. on [0,1], for k> ko

ie., Uy () = v,(w) a.e. on [0,1].
Therefore
/0 i) — % /0 (= A (A)dA {ﬁ /0 (1= e (A)an
_F(ZZU) /0&(51 C A (A, 2 (A))dA
q

) dw

&
(115 /0 (& — A)F2 kQ(A7z*(A))dA}w<
< /0 (@) = fulw)ldw + /O \% /0 0 Ao — () A

1 s-1 1 )
+/ / 1—A)" v, — v (A)|dAdw
g [ 0=, )

1pw<*1 &1 1 . - . i
+/0 F(M)/O (& = M) R (A, 20, (A))dA — E1 (A, 2, (A))|dAd

1 qwc—l &2 - . - ] ’
+/0 F(MQ)/O (&2 — N)* 7 ko (A, 20, (A))dA — Ko (A, 2. (A)) [dAdw.

Returning to Lebesgue DCT we get v, € Sy .. and

1 1

felw) = m/o (w— Ao, (A)dA — {m/o (1 —A) o, (A)dA

&1
_F@l) /o (& = A" (A, 2 (A))dA
q &2 - . wg_l
_F(MQ)/O (€2 — A= ko (A, *(A))dA} ,

This means that f, € N(z.).

From step 2, step 3 and step 4 the set valued map N is upper semicontinuous.

Step 5. ( Construction the compact set in L'([0,1])). Let &; and &3 two functions de-
fined on (—1,1) by
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)$—3(1+h)*+3

2(14+h)(—h)*~! .
TetD + if h<0,

I'(s)

hs— 3(1 h)<+3 2(1—h)hs—1 .
NESY T(<) if h>0,

{Moo ( h)s—3(14+-h)S+3 + 2(1+h)(—h)<*1> + 2—2(1+h)<(01p£f1_1 + Czq&SQ_l) if h<0,

I'(s+1) r'(s) S D(p1) D(p2)
3(1=h)*+3 | 2(1—h)hs—1 2-2(1—h)s (Cipe1™" | Cogeh?™" .
1o (* <+1) R )+ = o T o ) if h>0.
_ A Foo ~ Aey(h)
K = B(0, ﬁ) NqfeXy |f(w+h) = fw)]dw < [lelliei(h) + T— B (
where
H1—1 Ho—1 ~

A= %, B = ﬂ'ﬂ‘ﬁ + c;;:%“) + Czﬁ%m) , and f the function that defined in step 3.

As step 2 and step 3, for any z € K and for any f € N (z), we have

A
1l < A+ Bllellxy < 17—

and

[ 1B ) = Fllds < e + 320

—00

that means that f € K.
The element 0 € K that means the set K is nonempty.
Let A= {f;f € K}, from step 2 we have

1l = I1fllx < 125,
and
||Ah]?_ f”Ll(R) < lellei(h) + Aff—sgh) —0 ash—0.
Then by theorem 1.6.3 the closure of K = Ajjg; is compact set in X;, and it’s clearly

that K is closed and convex set in X;.

We define M : z € K +— M(z) = N(z) € P.u(K)
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Let Ok be an open set in K i.e., Ox = K N O, where O is a open set in Xj.
MY Og) = {z€eK;M(2) CO}={2€ K;N(2) CO}=KnN0),

since the map N is upper semicontinuous, we have N~1(0) is open set in X; we conclude
that M~1(Og) = KNN7L(O) is open set in K that means the set valued map M is upper
semicontinuous.

From step 1 and step 4 the set M(z) is convex and closed in Xj.

Using theorem 1.3.3, we conclude that M has a fixed point z € K, which is a solution of
the problem (3.1). O

Remark 3.1.1. If the function ¢ = 0, then the function z = 0 is a solution of (3.1).

Corollary 6. Assume that the following assertions (B1) — (B4) in theorem 3.1.1 hold, and
¢ = 0. Then the function z =0 is a solution for the problem (3.1).

Proof. Let z =0, then
2(1) = pIliki(w,0) + qI}? ks(w, 0) = 0.
From (B2), we have H(w,0) = {0} and Dy, 0 = 0 € {0}, which z = 0 is a solution of
problem (3.1).
O

Theorem 3.1.2. Suppose that the hypothesis (B1*), (B2),(B3) and (B4*) are hold, where
(B1*) H :[0,1] x R — P.»(R) satisfies

1. The set valued map H(w,.) is Lipschitzean,

2. H(.,x) is measurable for each x € R.

o 2max{L,¥llc} , Cipel1T' | Cageh2™!
(B47) T(s+1) + CF(in) + <F(Zz) <1

Then the problem (3.1) has a unique solution in Xj.

Proof. The set valued map H(w, .) is Lipschitzean, then from proposition 1.2.3 the set valued
map F(w,.) is upper semicontinuous, that means the assumption (B1) is valid, by theorem

3.1.1 the problem (3.1) has a solution, we prove now this solution is unique.
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Let z; and 2, are two solutions of the problem (3.1), then there exist vy € Sy ., and vy € Sy,
such that for each i € {1,2}
1

w . 1 1 -
s(w) = W/o (w — A ~Tuy(A)dA — [m/ou_m ui(A)dA

- b ‘ — p1—1 .
F(ul)/o (&1 = M) k(A zi(A))dA

q &2 pa—1 . Sl
_F(,ug) /0 (& —A) ka (A, Z(A>>dA} ) € [0,1].

For every w € [0, 1] we have

|21(w) — zo(w)| < m/o (W= A) " or(A) = va(A)|dA
—/0 (1= A" Jor (A) — va(A)|dA

ptgfl &1 ot . B )
+m/o (& = A HE(A, 21(N) = Ea (A, 25(A)) |[dA

qtgfl &2 it . B )
+m/o (€2 = M) koA, 21 (A)) = ka(A, 22(A))]dA,

that means

1
|21 — 2flx, < I‘_// ) 1‘1)1 >_'U2(A)|dAdw

+m/{)‘ ( —AC 1‘1)1 _U2(A)‘dA

P [ _ MYk (A, 21(A)) = Fa (A, 25(A))|dA
+§P(,U1)/0 (51 1 s ~1 1 y <2

R A A2 k(A 21 (A)) = (A, 25(A))|dA
+§F(,LL2)/ (52 2(4), 21 2(L\, 22 )

using Fubini theorem, we get

||Zl — Z2||X1 S / / g 1‘1)1 ) — vg(A)‘dwdA + ;1)/0 "Ul(A) — ’UQ(A)ldA

Clpf’“ ! Coqel? 1
+_§F(,u1) /O |21<A) - ZQ(A)ldA + m/o ‘Zl(A) — ZQ(A)’dA

p1—1 p2—1
S ( 2L Clpg OQQS )Hzl o 22||X1-
Fc+1) ¢T(1) ST (pz)

Since 2L 4 Sl | Conh®_ g =0, iee., 21 = 2, which th
ince w5 + —rom- T ooy < L then |21 — 22|lx, = 0, i.e., 21 = 2o, which means the

solution is unique. O
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Corollary 7. Assume that assumptions (B1*),(B2),(B3) and (B4*) are hold, and ¢ = 0.

Then the function z = 0 is the unique solution for the problem (3.1).

3.1.2 Topological Structure

We present a result on the topological structure of the set of solutions of problem (3.1).
Let
S = {y € Xj : y is a solution of problem (3.1)}.
It follows that from theorem 3.1.1 that S is nonempty set.

Theorem 3.1.3. If the following (B1),(B2),(B3) and (B4) hold. Then the set S its a

compact 1n X;.

Proof. The proof this theorem is done in three steps.
Step 1. (S is bounded in X;). Let z be an element in S, then from step 2 in theorem 3.1.1,
we have

2]l < A+ Bllz[x,,

where A and B are defined in step 5 and B < 1, then
(1= B)llzlx <A,

that mean S is bounded set in Xj.

Step 2. ( Sisclosed in X;). Let (z,) be a sequence in S converges to z. the element (2, 2,)
belongs in graph of multivalued N and from step 4 in theorem 3.1.1 the multivalued A has
a closed graph, then S is closed in X;.

Step 3. (S is compact in X;). Let S = {Z € LY(R); z € S}, where

z(w) if welo1],

0 if weR—[0,1].

From step 1 the set S is bounded in X; and

Agg(h)
1-B’

|ARZ = 2wy < [lellier(h) +
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where £1, €9 are defined in step 5 in theorem 3.1.1. Then from theorem 1.6.3 the closure of

S is compact set in Xj.

From step 1, step 2 and step 3, we conclude that the set S is compact in Xj. O
Theorem 3.1.4. If the following (B1),(B2),(B3) and (B4) hold, and supposons that
(B5)
H(w, Az + (1 = N)y) = \H(w,z) + (1 = N H(w,y),
ki(w, Ax 4+ (1 = Ny) = Mi(w, x) + (1 — Nki(w, y),
forie{1,2},(w,\) €10,1] x [0,1] and z,y € R.
Then the set of solutions of problem (3.1) is nonempty, compact and convex set in Xj.

Proof. From theorem 3.1.3 the set of solution is nonempty and compact set in X;. We prove

now the set S is convex.

Let 21, 2o are two solutions for problem (3.1), and let A € [0, 1]

Az (w) + (1 = N)za(w) = ﬁ /Ow(w — A (v (A) 4 (1 = Nwa(A))dA
1t 1 e
s [ 0= 0w + 0= )i
p (6 - ) ) )
i [ = AP A 1) (1= D4, 2(0)))
q &2 " s B 5 Wl
i [ = AP (i 1) (1= k(A 2(0)))
1 .
= m/o (w— A (Avr(A) + (1 = Nva(A))dA
1 1 1
_[m/() (1= A (Aor(A) + (1 — Aws(A))dA.
P e A ey (A A (A) + (1 — Ak (A, 25(A)))dA
F(Iul)/o (51 1 3 1 1 3 A2
q &2 a1 s ) w1
i [ A, () + (1= ()

The set valued map H is convex, we conclude

Ap + (1 = A)ve € Syrz+(1-1)z and Az + (1 — X))z be an element in S. O
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3.1.3 Examples

Example 8. Let us consider the following problem
D2(w) € H(w, 2()),
2(0) =0, (3.9)

(1) = %/0 A1 = AP2(A)dA,

\
where

|z sinw| w|z|

H: (w,x) €[0,1] Xx R~ [ 5 o + arctanw| € P(R).

In this problem, we have

(i) the set valued map H is carathéodory set valued, and H(w,x) is nonempty, convex and

compact set in R.
(i)
[H(w, 2)|| = sup{[v],v € H(w, 2)} < (W) + ¢ (w)|z].
where p(w) = arctanw and P(w) = 5.
(11i) ki(w,z) =tz and ke(w,x) = 0.
(w) c=19p=pu =4,q=0 and C; = 1.

Since

2l Cipel™t  Chgeh>™

~ 0.8981 < 1.
Ic+1)  <T'(m) I'(p2)

Consequently, by theorem 3.1.1 the considered (3.9) admits a solution.

Example 9. Let us consider the following problem

,

Défz(w) — w4+ arctar;(z(o.)))7

2(0) =0, (3.10)

+(1) - %/0 A1 = AP2(A)dA,
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where H(w, x) = {w + ZL@
The set valued map H s %—Lipschitzean.

In this problem, we have
(i) ki(w,z) = tx and ke(w,z) =0,
(i) s =19, p=p =4,q=0,

(iii) we will take ¥(w) = L and C; = 1.

2

Since

2max{L, |[¢]le} Cip&l"  Cogeh*™

~ 0.8981 < 1.
(s +1) SI'(p1) SI'(p2)

Consequently, from theorem 3.1.2 the considered (3.10) has a unique solution.

3.2 Existence result in Sobolev spaces

Consider X, = WH([0, 1]; R) the space of all functions f such that f € X; and f* € Xy,
provided by the norm

’
121 = [I2llx, + 112 llx,

It’s clearly that (X, ||.||x,) is a complete space.

For z € X,, the set of all selections of H is defined by

Sy, = {v e L([0,1],R) : v(w) € H(w, 2(w)) for almost w € [0,1]}. (3.11)
Theorem 3.2.1. Suppose the following assertions are satisfied.
(C1) H :[0,1] x R — P,(R) is aset valued map with

1. H is integrably bounded and the set valued map w € [0, 1] — H(w, z) is measurable
forallz e R ;

2. there exist m € L>°([0,1],R™) such that for almost w € [0,1] and all z,y € R,

Hy(H(w, z), H(w,y) < m(w)lz —yl.
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(C2) There exists Cy,Cy > 0 such that
|ki(w, z) — ki(w,y)| < Cilz —yl,

for w e [0,1] and i € {1,2}.

_ 1\ (2mllee |, Cip€1™ | Cageh?™!
(C3) v=(1+3)( NG Ny a7y ) <1

Then, the problem (2.16) has at least one solution in WH1([0, 1], R).

Proof. From (C1)(2) for almost w € [0, 1] the multivalued H(w, .) is upper semicontinuous,
then from proposition 7.9 page 229 in [33] the set valued w € [0, 1] — H(w, z(w)) is measur-
able and from lemma 1.4.1 there exist a measurable function f such that f(w) € H(w, z(w))

for z € X, then f € Sy... Define the set valued map N by

N(z) = {h €X,: h(w) = ﬁ /0 "l — A u(A)dA — [ﬁ /0 (1= A L(A)dA
b (6 o ]
—F(M)/O (&1 — N7y (A, 2(A))dA
d N pa—l z w e
s [t - A span e s

(3.12)

we will show satisfies conditions of theorem 1.3.1. The proof is done in two steps.
Step 1. (N (2) € Pa(Xy)). let (2,) be a sequence in N(z) converges to Z in X,. Then

Z € Xy and there exist v,, € Sy, such that, for every w € [0, 1],

_1 i s—1 — L ' _ cflv
) = F [ = i {r@ [ a=n @
P & -1 . _q £2 R . Ll
T T(m) /O (& = A (A, 2(A)dA = o /0 (& = M) Ko (A, 2(A))dA | w

Let A = {v, € Sy .;n > 1}, since H has compact values, then by proposition 1.6.2, the set
A is weakly compact in L'([0, 1];R), there exist a subsequence to obtain that v, converges

weakly to v in L'([0, 1]; R). Therefore v € Sy, , and for each w € [0, 1]

% /Ow(w — A, (A)dA — [%G)/o (1= A) o, (A)dA]ws
R % /0 (W= A u(A)dA — [% /0 (1= &) o(A)dA]w
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then, for every w € [0, 1], we have

o = T et [ e
Hw) = F(<)/o( A to(A)dA lF(g)/()(l A o(A)dA
p 3 a1 . B q &2 et ] o1
_TWQA<&_A> ki(A, z(A))dA FWﬂA(& A2y (A, 2(A))dA '

Hence z € N (z).

Step 2. (N is contraction.) We prove that there exist 0 < v < 1 such that
HiN(2),N(2)) <v|lz — Z||x, for every z,z € X..

Let 2,z € Xy and f; € N(z), there exists v; € Sy . such that, for all w € [0, 1],

1 N s—1 _ L ! o c—l,U
Tc)/o (w — A oy (A)dA {F(g)/ou Ao (A)dA

- P ‘ _ n1—1 .
F(Nl)/o (&1 = M)k (A, 2(A))dA

q & pa—1 . Wt
s [Me = A s

filw) =

By (C1), we have
Hy (H(w, 2(w)): H(w, Z(W))) < m(w)|z(w) — 3(w)| weo1].

Then by proposition 1.4.4 implies that the set-valued map w — H(w, Z(w)) is measurable,

from lemma 1.4.3 has a measurable selection noted by vy such that
|v1(w) = va(w)] < m(w)]z(w) — Z(w)].

For each w € [0, 1], let us define

folw) = %/ﬂw(w—/\)“lvl(/&)d/\— {ﬁ/o (1 — Ao (A)dA
p o p1—1 >
s | = A s))as
d . p2=1 z w L for ae. w
_F(Nz)/o (& — N)"2 " y(A, (A))dA] for a.e. w e [0,1].
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Hence

) = £ < 175 | 0= 07 ) = )l
+ ‘;(;)1 /01(1 — A or(A) — va(A)|dA
2 [ 6 = A, 2(0) — R4 S
[ 6 - M, 2(0) — kA T

Then

/|f1 — fa(w)ldw < —// w— Ao (A) — vy(A)|dAdw
! /71—Af*wm ) — ual(A)dA

L(c+1) Jo
P [ pa—1 Z(A)) — z
b [ 6 M 20) — k8, 2D
C [ e AP k(A 2(A) — Ka(A, (A))[dA
+de)A - a o |

< 2
- 1
(w |v1(A) — va(A)|dAdw

/ @) — falw)ldo <

—?1A<1 )

I'(c)
p &1 o1 s _ E
+F(/~01) /0 (& — MMk (A, 2(A)) — k(AL Z2(A))|dA
q [* AP k(A 2(A)) — ka(A, Z(A))|dA
‘me>/ (& — AP s (A, 2(A, -

By Fubini theorem, we get

1 1
|M—ﬁm:=/Wﬁw—hwmw/Lﬁ ) — fo(w)ldew

2|lmllos | Cip&t” ' Caq8h*~ '
(1+ )( (<) T(11) T(j12) )HZ

- ZHXT

Analogously, interchanging the roles of z and Z, we get

HyN(2),N(2)) <~z — Z|lx, for every z,z e X,.
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Since N is a contraction set valued map, it follows from theorem 1.3.1 that A has a fixed

point z € Xy which represent a solution of (3.1). The proof is fulfilled. O

Example 10. Consider the following fractional differential inclusion

(

Dyl z(w) € H(w, z(w)) for almost t € [0, 1],

2(0) = 0, (3.13)
1 ! 3c0s(z(A))

=1 J, OV T Rt

where
1 |sinz|
H(w,z) = [_1_0'1—|—w2 —1,-1]u0,1],
and
ki(w,z) = (1(::)_—85)2, ka(w,z) =0,

letc=17,u1=4,Ci=p=& =1 and q= 0.

For each w € [0,1] and z,y € R

k1w, ) = ka(w, y)| <[z —yl,

() = =
T 100 w?)
and . )
1, 2lmllee  Cip€lt™'  Chqel=
v = (141 A e STy g 143,

JVTR) T T(m) | T(p)
From theorem 3.2.1 the problem (3.13) has a solution z € Xa.
3.3 Existence and uniqueness results in sobolev fractional
space
Let
X = {z € LX([0,1];R); DY, z € L*([0,1;;R)} where 0 < 8 <¢ — L.
The space (X, ||.]|x) is complete reflexive space [34], with

21l = llzll2 + | Dy 21l2-

66



In this section we study the existence solution for the problem (3.1).
Theorem 3.3.1. Assume that the following assertions (D1) — (D3) hold

(D1) H :[0,1] x R = P, (R) is a Carathéodory set valued map and integrably bounded with
¢ € C([0,1];R).

(D2) There are Cy,Cy > 0 such that
|kj(w7x) - kj(wvy” < CJ|*I - y|7

and

kj(wa O) = 07

for w e [0,1] and j € {1,2}.

Cipef1 Tt Cageh?!
(D3) =y + Ty < -

Then there ezists a solution for the problem (3.1).

Proof. For each measurable function z, the set Sy . is nonempty.

We use the iterative method, let (z,) be a sequence of measurable function with z, € X

such that
1 w —1 . 1 ! - (*10
Zpp1(w) = m/o (w— Ao, (A)dA [_F(g)/o (1-4A) n(A)dA
&
_F(I:u) /0 (&1 = Ay (A, 20 (A))dA
&2
o [Me = A s (3.14)

with v, € Sy ., for each n € N.

Step 1 ( z, € X).
We use the proof by recurrence, since H integrably bounded, then there exist a function

¢ € L1([0,1];R) such that

vp(w) < ¢(w) for almost w € [0, 1],
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then 2z € X and if z, € X, we get
9 Cpeh— 1 Chgh? 1
vl < 20y G P jan+ CE [P ojan,

M) T T(u) C(us)
hence z,,1 € L2([0,1]; R) and
Dionnw) = e | (0= N N (a)an
_ I'(s) 1 ! — A1y
m—m[r@/o“ AV ou(A)dA
P &1 i .
| / (60— APy (A, 2a(A))dA
__ 4 ¢ — A)me—l > ws P
s [ A, s Ao
that means

2l|vn ]|y I'(s) (01]?5“1 b Otk 1)”2 |2
Lc—p) T(=8)" T(m) Pluz) 77

that means Dg+ Zna1 € L2([0,1]; R), then the sequence (z,) belongs to X.
Step 2 (boundedness of (z,) in X).
Let n > 1 and w € [0, 1], then

DG z41(w)] <

2 ! Cipél" ™ | Cogy®”
6] < gy ) ol + (S + S Yl

then by simple calculation, we have

DT T T T S )
ol < (080 2 R+ S+ (Gl + ) ke

finally we get
2([¢lx zn: (01]3511_1 T Caq€y°~ 1)'

n <

ol = R 2 UGy T )
Clpfijrl C2Q§5271 n+1
+ )
AR T

i.e., the sequence (z,) is bounded in L*([0, 1];R), and

B (w L ww— A1y — r) L 1 — A
Do) = o [ = Wit - 5 s [ i wan
L e A (A (A))dA
F(Ml)/o & ne
__ 1 e — A H2—l P wsh1
s /O (€ — M)y (A, n(A))dA] |
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SO

2valn Tl Gl Coagh*! )
Mo T T A TG T T el

Since (z,) is bounded in L%([0, 1];R) and H integrably bounded, we can easily to see that

Dzl <

there exist v > 0 such that
||Dg+zn|]2 <~ for every n > 1. (3.15)

From (3.15) and (3.15) we conclude that the sequence (z,) is bounded in X.

Step 3 (Passage to the limit).

Since (z,) is bounded in X and X is reflexive Banach space, then has a subsequence (z,, )
converges weakly to an element in X noted by z. Now we show that Z is solution to the
problem (3.3).

Let (vy,) be a sequence in L'([0, 1]; R) with

Un,, (W) € H(w, 2, (w)) for almost w € [0, 1].

By proposition 1.6.2 the sequence (v, ) has a subsequence converge weakly to v in L'([0, 1]; R).
The sequence z,, (w) be a bounded sequence in R, then has a subsequence noted by z,, (w)

converge to u(w) and u(w) = Z(w) for each w € [0, 1].

The sequence (v, (w)) be a bounded sequence in R (because ¢ is bounded), then has a

subsequence noted by v, (w) converge to w(w) and w(w) = v(w).

The upper semicontinuous of H dictates that
t(w) € H(w, z2(w)) for almost w € [0, 1].

Passage to the limit of the equation (3.14), we get

W) = —— / “(w = A IB(A)dA — {L / (1= A o(A)dA
(<) Jo I'(¢) Jo
&1 &2
_F<i1) /0 (& — ANy (A, 2(A))dA — F(i2) /0 (€9 — N>y (A, 2(A))dA [wo ™
that means Z is solution to problem (3.1), and z € X. O
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Example 11. Let us consider the following problem

(

DiPz(w) € H(w, z(w)) for almost t € [0, 1],

z(0) =0, (3.16)
4 /1
2(1) = =— A(1 — A)3z(A)dA,
)= g | AL A
where
H:(w,z)€[0,1]] xR — [@, % + arctanw| € P(R).
We have

(i) the set valued map H is carathéodory set valued, and H(w, x) is nonempty and compact

set in R.
(11i) ki(w,z) =tz and ke(w,x) = 0.

(w) c=19p=pu =4,q=0 and C; = 1.

Since . )
Cip&lt ™ Coqly®
sI'(p) ST (p2)

< 1.

Consequently, by theorem 3.3.1 the considered (3.16) admits a solution.

Remark 3.3.1. If the function ¢ is not continuous functions, but ¢ is measurable and

bounded on [0,1]. Then the result of theorem 3.3.1 still valid.
Theorem 3.3.2. Assume that the following assertions (D1*), (D2) and (D3) are satisfied
(D1*) H :[0,1] x R — P,(R) is integrably bounded with ¢ € C([0,1];R) such that

— The set-valued map H(w,.) is K-lipschitzean.

— The set-valued map H(.,x) is measurable for x € R.

(D2) There are Cy,Cy > 0 such that

|kj(w7x) - kj<wvy>| < Cj|x - y|>
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and

ki(w,0) =0,

for w e [0,1] and j € {1,2}.

Cipefl ™ | Cogeh?®™"
(DB) F(§)+ F(lil) + F(jz) <1

Then the problem 3.1 has one solution in X.

Proof. From theorem 3.3.1 the problem (3.1) has a solution, now we prove this solution is
unique.

Let z; and z2 be two solution for the problem (3.1), then there exist v; € Sy ., and vy € Sy,

such that
1 v 1, [ 1 .
zj(w) = m/o (w—A)" v (A)dA [F(c)/o(l AT, (A)A
&
“t @ i
&
) / (& = Ay ha(A, zj<A>>dA] !

for 1 < j <2, then

(W) - aWw)] < o

s / Jaa(A) — 2 (A)ldA
+<(pr‘“‘ 02615“2 1)/ |22(A) — 21 (A)|dA,

(1)
after that
2K Cipet ™ Chgdh® 1)
- < + + 22 — X )
o2 = all < (s + St Sy
while
p1—1 po—1
2K Clpf i C 2q&s <1,
NS [ (p1) ['(p2)
then z; = 25. O

Example 12. Let us consider the following problem
(

Difz(w) =w+ w for almost w € [0, 1],

2(0) =0, (3.17)




where H(w, x) = {w + ZL@
The set valued map H s %—Lz’pschz’tzean.

In this problem, we have
(1) ki(w,z) = 1.9wx and ky(w,z) = 0,
(i) ¢=19p=pm =4,¢=0,

(iii) Cy = 1.9.

Since ) )
2L Cip&t T Cogly®

+ ~ (0.8981 < 1.
I'(s) ['(p1) ['(p2)

Consequently, from theorem 3.3.2 the considered (3.17) has a unique solution.
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Chapter 4

Existence and uniqueness results for
IVP of nonlinear fractional inclusion on

an unbounded domain

In this chapter we study the existence and uniqueness for IVP of fractional differential

inclusion
D;, 2(w) € H(w, z(w)), for almost w € J = [0, 400]

2(0) =0, (4.1)
Dg'2(0) = I 2(),
where 1 <¢ <2 0<¢<1,>1,and H:J xR — P(R) be a set valued mapping.

Definition 4.0.1. A function z is said to be a solution of problem (4.1), if there exists a

function v € L*([0,1],R) with v(w) € H(w, z(w)) for almost w € J such that

D, 2(w) = v(w), for almost we J1<¢<2,
2(0) =0, (4.2)

Dy 2(0) = 1) 2(6).
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Lemma 4.0.1. For a given y € L'(J,R), a function z is a solution to

D; 2(w) = y(w), for almost we J1<¢<2,
2(0) =0, (4.3)
D5 '2(0) = 15, 2(6),

if and only if

¢—1

1

v s—1 W ¢ B—1 A
W) = m/o (w— A) y<A)dA+W/O(g—A) J(A)dA. (4.4)

Proof. Assume that z satisfies (4.15), from lemma 1.5.3 we have
2(w) =I5, y(w) — cw™ — w2, (4.5)

where ¢, ¢y € R.
By using first boundary condition, we get that c; = 0 and from the second boundary

condition, we find

Dy 2 (w) = IS y(w) — al(s),
this means that

D571 2(0) = —eiD(s) = 1P, 2(€),

that is

-1 13 51
AT /0 (€ — A)P12(A)dA.

By replacing ¢y in (4.5) we get the equation (4.4).

C1 =

Conversely, if z satisfies (4.4) by lemma 1.5.2 and lemma 1.5.4, we have Dy, z(w) = y(w),

and

3
Diit2(e) = I570(w) + 7 [ (€= A=),

by simple calculation, we get DS, "z(0) = Iéiz(f), and we can easily to see that z(0) = 0. [
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4.1 Study the existence and uniqueness in weight spaces

Let C(J;R) the space of all functions defined on J and continuous on J, and let

_ _ [2(w)]
X= {Z € C<J7 R)ai}ég (1 + wg—l)Q < 00}7

equipped the norm

[P SUPM.
wes (I +ws=1)2

Lemma 4.1.1. The space (X, ||.||x) is Banach space.
Proof. Let (z,) be be a Cauchy sequence in X. Then for every € > 0 there exist N € N such
that

[2m (W) = 2n(w)|
(1+w1)?

|zm — znllx = sup <§ for m >n > N.
weJ

We remark that

[2m(w) = Zn(w)]

< l2m = zallx < % for all w € J.

(14 ws™1)2
The sequence ( (1&@1)2) be a Cauchy sequence in R, thus it’s converge to % for all
w € J, and
|2(w) = 2(to) | < z(w) = 2(W)] + |2n(w) = 2n(to)] + [2n(to) — 2(t0)]
c—1y2) (W) z(w)
< (]‘ tw ) |(1 +w<—1)2 - (1 +w§_1)2| + |Z’fl(w) - Z’ﬂ(to)|
zn(to) z(to)

—1\2
+(1 "‘(JJ( ) |(1 +W§71)2 - (1+w§,1)2|

as w — ty and n — oo we have z(w) — z(tg) — 0.

Then z € C(J,R) and for each w € J there exist N; = N;(¢,w) € N such that

[2n(w) —2(W)] _ €
0+ w) <3 for all n > Nj.

Let n > max(N;, N) then

L C) I N C) ek C)) A N CO)]
(14 ws1)2 = (14w 1) 1+ w1)2
|zn(w) — z(w)| = |an(w) — zn(w)] 2y (w)]
= (1 +w<fl)2 (1 + w<*1)2 (1 + wg,l)Q
£
<5+ len = allx + llavllx < e+ llawllx

Then z € X, i.e., X is Banach space. O
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Lemma 4.1.2. Let A be a bounded set in X. Then A s relatively compact in X if the

following conditions hold
e (i) A is equicontinuous in [0, +00).

o (ii) for all € > 0, there exist x > 0, for all z € A andw > x

2(w)

(+wsp = °

Proof. For each € > 0, by (ii) there exist z > 0 such that for each z € A and w > z, we

have
z(w)

T twig = °
Let

Ajo.e] = {202, 2 € A}

In view of (i) and theorem 1.6.2 we get that the closure of Ay, is compact set in C([0, z], R),

that means there exist z1,..., 2, € A such that

maxw<g for some 1 < 57 < n.
weloz] (14 ws™1)?

Thence
_ 2(w) — zj(W)] _[2(w) — z(w)]
||Z - ZjHX - max{wrg[%ii] (1 + w§,1)2 ?igg (1 + wgfl)Z } <€
Hence A is precompact,i.e., the closure of A is compact set in C(J,R). n

4.1.1 Existence result in convex case

Theorem 4.1.1. Assume that the following assertions (B1) — (B3) hold

(B1) H : J xR — P.,(R) such that for every measurable function z : J — R we have

we J— H(w, z2(w)) is measurable.
(B2) There are ¢, € L'(J,R) NL>(J,R) such that

(i) [Hw,2)]| = sup{[v] : v € H(w, 2)} < p(w) + rsal,

(ii) Ve > 0,3b. > 0 such that [, |p(A)|dA < £ and [," [1h(A)]dA < §.
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[l gh-1 2° | gt
! + F(g)F(,B) (5 —'I— T + 2(_1) < 1

Then the problem (4.1) has a least one solution.

Proof. Using the conditions (B1), (B2)(i) and by applying lemma 1.4.1 we can easily to see
that Sy . # 0 for all z € X. Define an operator N : X — P(X) b

N(z) = {h €eX:h(w)= ﬁ /Ow(w — A tu(A)dA

s—1 3
—w — B_lz v .
T, €A v e S’“}

(4.6)
We will show that N satisfies all hypotheses of the theorem 1.3.3.
Step 1. (N is convex valued.) Let z € X, and hy, hy € N(z), then there exist vy, vy € Sy,
such that

-1

_ Lo s—1,,. W ‘ — NP or i
hi(w)_l“(g)/o (w—A) ’(A)dA+F(§)F(B)/O (€ — NP '2(A)dA for i € {1,2}.

Then for A € [0,1] we have
My (w) + (1= Nhe(w) = FL /Ow(w — A (Ao (A) + (1 — Nva(A))dA
3
e / (€ — NP z(A)dA

LOT(B) Jo
Since H is convex set-valued, then A\hy + (1 — A\)hy € N(2).

Step 2. (N bounded set into bounded set.)
Let B, = {z € X, ||z|lx < r} and let h € N(z) with z € B,, then there exist v € Sy, such
that

1

_ o 1, W ¢ AV,
h(w)_r(g)/0 (w—A) (A)dA+F(§)F(6)/O(§ AYPLz(A)dA.

For all w € J we have

)l il
= 1 < /|v )|dA + (<)F(6)/o |z(A)|dA

||so\|1+||w|| [ — ¢
< F(g) + ()F(ﬁ)(€+ )HzHX

leoll1 %11 £o-1 25 | gx!
= 155 1 (5 + €t e 3T

7



remark that

f I AP 1] P
[ an = [Caeasy < g < el |1+ A

26 &
=€+ =ty

Dl

Then

el - (1R ¢o-1 2 gx
e < 1= D o (Bl e 20 ),

and

|h(w)| !
— < [ = 0.
wortoo (1 +ws™1)2 = w—1>r-&{loo 1+ ws ! 0

Step 3. (N bounded set into equicontinuous set.)
Let B, the set as defined in step 2, and t1,t, € J where t; < 5, then

ht)  h() ‘1 ZQUW‘AVJ(AMA

T+62 1+t T) Sy T+t

ol (o

+ {r 5 A)P- (A)dA}
5~ 1 tyt
X(1+t<1 1+f1))

< o x Lo [ wjan

L)~ 1+t
+L/OI|U(A)|dA>< qup [L2= A (= A

I'(s) Acpoa] | (1 + 52 (L4t
1 AT
*Lﬁﬁwxé“ A) mm@
st 5t

d L+ 1+ t;‘l)Q‘
1 (ta—ty)!

< 75 % e < (el + ol

(L= A (L =A)F!

(L4877 (L+7)?

1
+—=— X sup
F(g) AG[O,tﬂ

xQMh+wmmm)
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+ [W /Os(f - A)/B_lz(A)dA]

5 ty
X —
|(1 +671)2 (14 t§_1)2’

1 (ty — 1) !
i < 2 (ll+ ool

1 (tg — A=t (t — A)!
+ X sup o Y
F(g) A€[0,t1] (1415 ) (1 +177)
. (kul " uwnluzux)
L+ Cell2llx | S N |
LOTB) A+t (Q+t51)2"
_ _ h h
where ¢¢ = foé(l + ASH2(6 — A)P~LdA.  As ty — t; we have |(1+gl_)1)2 - (1+t(§3)1)2| — 0.

Step 4. (N has a closed graph.)
Let 2, — 24, hy, € N'(2,) and h,, — h,, we need to show that h, € N(z,). Now h, € N(z,)

implies that there exists v, € Sy ., such that

-1

_ L “ o cflv L ¢ o ﬁ*lz
h) = 75 / (0= A ()i + 5 / (€ — AP Ly (A)dA,

we have to show that there exists v, € Sy ., such that for every w € [0, +00),

¢s—1

1

N s—1 w ¢ -1
h(w) = m/o (w—A) v*(A)dA—i—W/O(f—A) zo(N)dA.

By theorem 1.6.1, we prove that the set V = {v, € Sy .,;n > 1} is weakly compact in
LY(J;R)
[ lm@lan < [ eida + el [ o
A A A
< A (llelloo + Nznllxllflo0) <e,

we take § = - , then the first conditions of theorem 1.6.1 is satisfied.
[ellootsup,>1 [[znllx([¥]loo

Now we prove the second conditions of this theorem

—+00

—+o0 +oo
[ wan< [ ein oo [ v@an <
be be

be
Then by theorem 1.6.1 we conclude that V is weakly compact set in L'(J, R).

Conclusion
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There exist a subsequence vy, € Sy 4, such that v, — v, in L'(J,R), then

-1

S 13
= / (6~ AP (A)dA,  (47)

ha(w) = L) /0 (W= AL (A)dA + FOrG

IN(S

because

¢ 1 ¢ e |z (A) = 2(A)]
— APz (A) — 2(A)|dA Zn(A) — z(A)|dA = + A A
/0 €3 )7 |z (A) (A)]dA < /0 |z (A) (A)]d /0 (1 ) 1+ A1) d

(see 0 < &< 1)

3
< Hzn—zHXx/ (14+A"1HdA =0 as n — co.
0

Step 5. (A priori bounds on solutions.)

Let
_ A h(ty) h(ts) 1
= _ . _ < _ S
K B(O7 1 — B) N {h € X’ | (1 + ti_l)Q (1 + t;—1)2| = A<t2 tl) + Al(tlatQ)
A (WHl(b — )t ¢ | R |
1-B I'(s) LOT(B) = (14712 (1+1t51)?
+A2(t1,t2)> }7
where

~ el el | & 260 &7

A_F(g) and B = ()+F(g)F( >(§+ c +2§_1)’

el (t2 = A0 (1= A

Ai(ty, L) = F(g) X SL(l)I?LI] 1+t 1) (1+1t5 1)2
1l su (tz =A™t (=N

T(o) " aeprg| Q6502 (T 02

?

Ao(ty,t0) =

The set K is nonempty convex and compact set in X, by theorem 1.3.3 the set valued map

N has a fixed point, which represent a solution. O

Example 13. Consider the following fractional differential inclusion

sz(w) € H(w, 2(w)), for almost w € [0, +o0],
2(0) =0, (4.8)

D2, 2(0) = (0.6 — A)2(A)dA,
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where

) = Lot At o g )
—wo welid cosw wel0,1
b(w) = Vi € [0,1] | o .
0 w>1 0 .
and
e e
r) " TL®) (€+ . ) ~ 0.8041.

Then the problem (4.18) has a least one solution.

Corollary 8. On suppose that the all conditions of theorem 4.1.1 hold with o = 0. Then

the function z =0 is a solution for (4.1) .
Theorem 4.1.2. Supposons that the conditions (B1) — (B3) are hold

(B1) H : J xR — P.,(R) such that for every measurable function z : J — R we have

we J— H(w, z(w)) is measurable.

(B2) There are m € L}*(J,R) NL>*(J,R) and ¢ continuous nondecreasing such that

(i) [[H(w, )| = sup{|v] : v € H(w, 2)} < m(w)e(g=e)

(ii) Ve > 0,3b. > 0 such that [, m(A)dA < e.

(B3) There exist L > 0 such that

Imlhe(L) &

L2 Tttt

Then the problem (4.1) has a least one solution.

Proof. To prove the problem (4.1) admits a solution, we have shown that A" admits a fixed
point.

From (B1) and (B2)(i) we can easily to show that Sy, ., # 0.

From step 1 in proof of theorem 4.1.1, we can see that A is convex valued. Now we prove
that satisfied all hypothesis of theorem 1.3.2 the proof is given in four steps.

Step 1. (N bounded set into bounded set.)
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Let B, = {z € X, ||z||x < r} and let h € N(z) with z € B,, then there exist v € Sy, such
that

Y N W ‘ _ AVl .
h(w)—r@/o (w—A) v(A)dAJrF(g)F(B)/O (&= A)P7L2(A)dA fori € {1,2}.
For all w € J we have
h
1‘+(:)<)‘1 < /|U |dA+ /|Z )|dA
o xetishe) € g e
== I'(c) +F(§)F(ﬁ)(§+ o Tkl
and
lim ()l < lim l = 0.

wotoo (1 4+ ws™1)2 ~ wotoo 1 +ws!
Step 2 (N bounded set into equicontinuous set.)

h(t1) h(ts) 1 Pty = A
|(1 +657)2 P T T /t1 (1 Tz VWA

1 (" (= At (4 — A
i [ (e~ ey ) v

1 ¢ 1 ngl wi~
+{F(c)F(ﬁ)/o(£_A)ﬁ_ ZWA}’ TR

1 (tg o tl)g—l to
r (i, vl

b ! v su (t — ) — (h = A)!
T >/0 PR s T T )

-
o) Wi

<

(I+ws )2 (1+wi)?

< mll > ellzllx) |, (f2 =)

- I'(<) (14125712
—_ A)s—1
+||m\|1><90(||2Hx)x “ (ta A_)1 (t1 — /\)1
L'(s) Aot | (LH2577)2  (T+15)?

-1 s—1

1 ws wi

I'(s
1 ¢ -1 _
" [r<<>r<ﬂ> JAGE ZW‘M} T Tra

3 41
*[r@r(ﬁ) JAGRE ZW‘M} e Trwre

< il > ellzllx) |, (f2 =)

- I'(<) (1+157)
X to— At (G — A
N [ Ve T Vo
F(g) A€[0,t1] (1+t2 ) 1+ )
. cellllx ws™! wi ™

INOINE) ‘(1 tws 2 (1 +w571)2|»
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where ¢ = ff(g — NP1 + As71)2dA. As ty — £ we have ’11(;{*)1 - %] — 0.

Step 3. (N has a closed graph.)
Let z, — 2, hy, € N(2,) and h,, — h,, we need to show that h, € N(z,). Now h, € N(z,)

implies that there exists v, € Sy ., such that

-1

w WS 13
ho(w) = 1) /0 (w—A)<-1vn(A)dA+F B /0 (€ = NPz, (A)dA,  (4.9)

(s (ST
we have to show that there exists v, € Sy ., such that for every w € [0, 1],

¢—1

1

N s—1 w ¢ -1
h(w) = m/o (w—A) v(A)dA—i—W/O(f—A) z(N)dA.  (4.10)

By theorem 1.6.1, we prove that the set V = {v, € Sy.,;n > 1} is weakly compact in
LY(J;R)

/A fon(A)dA < |Alllmlleg(lzallx) < <.

we take 6 = ”m”w‘p(sug SISl then the first conditions of theorem 1.6.1 is satisfied.
Now we prove the second conditions of this theorem, from (B2)(ii) there exist b = b(e) such

that

400 +o0
/b on(AVAA < (2 ) / m(A)dA <.

Then by theorem 1.6.1 we conclude that V is weakly compact set in L'(J, R).
Conclusion.

There exist a subsequence vy, € Sy, such that v, — vin LY(J,R), then

¢—1

N s—1 w ¢ -1
ho(w) = P_/o (w—A) U(A)dA+W/o(£_A) zo(N)dA.  (4.11)

because
o |20 (A) — 2(A)]

(1 +A<—1)2
(see 0 < &< 1)

dA

I3 3 3
/0 (6~ AP (M) — 2(A)|dA < / lzn(A) — 2(A)]dA = / (14 A

3
< Hzn—zHXx/ (14+A"1HdA =0 as n — co.
0
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Step 4. (a priori bounds on solutions.) Let z € AN (z) for A € (0,1). Then for every w € J,

|2(w)] [m|l: x o(]|]lx) ¢! £
1 _i_wgfl S F(g) + F<§>F(ﬁ) (f + ?)HZHFQ
then
[l x (]2]lx) ¢! &
|z]lx < Q) + T(OT () &+ ?)||Z||x.

Now, Let V ={z € X : ||2|lx < L}.

The set V' is an open set in X with 0 € V. From the steps 1, step 2, step 3 and step 4,
together with theorem 1.3.2, we get that N/ : V — P..p(X) is upper semicontinuous and
completely continuous. From (B3) there is no z € 9V such that z € AN (z) for A € (0,1).
Therefore by theorem 1.3.2, we deduce that A has a fixed point z € V, which represents a
solution of the problem 4.1. This finishes the proof. ]

Example 14. Consider the following fractional differential inclusion

3

& 2(w) € H(w, z(w)) for almost w € [0, +o0],
2(0) =0, (4.12)
DZ,2(0) = [25(0.6 — A)z(A)dA,

where

m(w) XD 17 o z
H(w,z) = ,m(w) exp —————|,
2 (14 y/w)?
;2 w € O, 1 s
m(w) _ 7(14w?) [ ]
0 w>1,

we take L =1, we have L > ”m”F1

€2) ¢t ENT ~

Then the problem (4.12) has a least one solution in X.
4.1.2 Existence and uniqueness result in nonconvex case
Theorem 4.1.3. Assume that the following assertions are met

(C1) H : J xR — Py(R) such that for every measurable function z : J — R we get

w— H(w, z(w)) is measurable.
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(C2) There is a function my € L>®°(J,RT) such that

(1) | H(w, )| < m(w)

(i) Ve >0, 3b. > 0 such that
+oo
/ mq (A)dA < E.
be

(C3) There are my € LY(J,RT) such that

HaH(e) M) < i) 2
(C4) .
Imally | _ce o, 052/ (€ — AYPH(1 + ASY)2dA.
0

L(c)  T(QT(B)

Then the problem (4.1) has a unique solution in X.

Proof. Let N the set valued map defined (4.1.1), we prove that N has a unique fixed point,
which represent the unique solution.

Let z € X, from (C1) and (C2)(i) and lemma 1.4.1 the set Sy, , # 0.

1. Proof the existence.

Step 1. (N(z) € Pa(X)). Let (2,) be a set in N (z) with z, — Z in X. After that 2 € X
and there exist v, € Sy, with for w € J

-1

1

w S 3
zn (W) = —— w—A)*"tp v — AP, .
() / (= 0 (i + 15 / (6 — AP 2(A)dA

T()T(
By (C2) the set V = {v,, € Sy .;n > 1} satisfies all the conditions of theorem 1.6.1. Then
we have V is weakly compact in L'(J,R), then there exist v € V such that

¢—1

o1 © 1 w ¢ B -1,
z(w)——/o (w—A) v(A)dAJr—F(g)F(B)/O(g AYP12(A)dA.

Step 2. There exists v < 1 such that

Hy(N(2),N(2)) <z = 2%,
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Indeed. Let 2,2 € X and hy € N(z), then there exist v; € Sy . such that for every
weJ

L i 1 —wgil ! —5)°712(s)ds
m/o (M—S) U1(5>d5+ F(§)F(ﬁ)/0 (7] )6 ( )d .

From (C3), we deduce

hi(w) =

[2(w) = 2(w)|

0+ o1)2 for almost w € J.
w

H, (H(w, 2(w)); H(w, 2(w))> < ma(w)

Hence, there exists w € H(w, Z(w)) such that

2(w) = Z(w)|

0wy for almost w € J.
w

01 (w) — w| < my(w)
For almost w € J, we consider the set-valued map defined as follows:
z(w) — z(w

Uw) = f € B - () — ] < o) B2y 0, (),
where ((w) = mﬂw)%. Assumption (C'1) implies that the set-valued map
w > F(w, Z(w)) is measurable. Since v; and ¢ are measurable, it follows from
proposition 1.4.1 that the multivalued U is measurable, and the set valued map
wi— V(w) = U(w)NH(w, Z2(w)) is nonempty, measurable ( see proposition 1.4.2) and closed
set-valued, there are by lemma 1.4.1 an element v, which is a measurable selection for V.

So
ve(w) € H(w, 2(w)),

and for almost w € J, we have

1) — ()] < () EL =L

For each w € J, let us define

w ws—1 3
ha(w) = % /0 (w — A) " Lup(A)dA + T /0 (€ — A)P1Z(A)dA.
Hence
o) =) < 575 [ “(w = A r(A) - va(A)|dA
ws—1 3 51 R
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and

Iz = Z[lx,

) - / o1 (A) — va(A)|dA +

(1+w<1 _F W

with cg = [£(€ — A)P1(1 + As"1)2dA. Then

[ma|[1 Ce -
hl—hgxf< + Z — Z||X-
I = nallx < ( S5+ Froyega ) I~
We apply theorem 1.3.1 we get the set valued map N has a fixed point, which represent a

solution.
2. Proof the uniqueness.

Let 2, 2o are two solution for (4.1), then there exist v; € Sy ., and vy € Sy ,, such that

s—1

1 @ 1 w ¢ -1
50) = Fg [ = DT+ 55 [ €0 s,

S
for 1 < j < 2. Then

Il , e
b= e < (A + g o e

It’s obvious that z; = 29. O
Example 15. Consider the following fractional differential inclusion
Do+z( w) € H(w, z(w)) for almost w € J,
2(0) =0, (4.13)

D0+Z(O) = I&ﬁz(i%

where
33 - omw)
H(w l’) - {1}U[ + (1_'_\/—) |SlIlZL’|]7
and
1 w e (0,1
m(w) = 4 €01
0 w > 1.

It’s clearly that the set valued map H is measurable, and we take

mi(w) = 3 m(w)

SRRCESmEs

ma(w) = m(w),
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1 [[mal| c
e < 3 and ‘55 + wor < 0.903L

After that we conclude the problem (4.13) has a unique solution.

Corollary 9. If the conditions of precedent theorem are satisfied and the function m; = 0.

Then the unique solution for (4.1) is z = 0.

Corollary 10. If the conditions of precedent theorem are satisfied and 0 € F(w,0) for

almost w € J. Then the unique solution for (4.1) is z = 0.

4.2 Other technical for study the existence result in C(J; R)

In this section we construct an other method to prove the existence to solution for (4.1)

in the space C(J;R), for this let

D;.z(w) € F(w, z(w)) for almost w € [0,1],
2(0) =0, (4.14)
D5 '2(0) = 17, 2(6),

where F'(w,z) = H(w,x) on [0,1] and = € R.

Lemma 4.2.1. For a given v € L'([0,1],R), a function v is a solution to

Dy z(w) = v(w) for almost w € [0,1],1 <¢ < 2,
z(0) = 0, (4.15)
Dy '2(0) = 17, 2(6),

if and only if

1 -1

w S 13
z(w) = —— w— ) tu(s)ds Y — 8)%712(s)ds. )
@ = 75 | @9 w5 [ €9 4ae)

Theorem 4.2.1. Supposons that the conditions (B1), (B2) and (B3) are hold

(Bl) H : J xR = P.p(R) is a Carathéodory set valued map such that for almost w €
(1,+00) and all x € R we have 0 € H(w, x).

88



(B2) There are i € L>®(J,R,) and ¢ € C(J,R,) nondecreasing such that
[H(w, z)[| = sup{|v] : v € H(w, 2)} < P(w)o(|z).

(B3) There exist o > 0 such that

L Wlwtt) | &

I'(s) L()T(B)

()

Then the problem (4.1) has a least one solution in C(J;R).

Proof. For show that the problem (4.1) has a solution, we show that the problem (4.14) has
a solution. The prove of this result is done in five steps.

After that in step 6 we construct an element in C(J;R) depending on the solution for the
problem (4.14) which represent a solution for the problem (4.1).

Now we prove the existence the solution for the problem (4.14). From (B1) and proposition
1.4.4 and lemma 1.4.1 there exist a selection measurable for the set valued w € [0,1] —
F(w, 2(w)) and by (B2) this selection belongs in L!([0,1];R) that means Sg, # 0 for all
z € C([0,1]; R). Define an operator N : C([0,1];R) — P(C([0, 1];R)) by

N(z) = {h € C([0,1;R) : h(w) = % /Ow(w — A tu(A)dA

3
——— — A7z v € Sk
+F(<)F(6)/o (€ — AYP12(A)dA, v € Sp }

where Sp, = {v € L'([0,1];R); v(w) € F(w, 2(w)) for almost w € [0,1]}.

We will show that A satisfies all hypotheses of the theorem 1.3.2.

Step 1. (N is convex valued.) Let z € C([0,1];R), and hy,he € N(z), then there exist
V1,9 € Sp, such that

-1

! i Ty, W f — “1z or i
hi(w):m/o (w—A) vZ(A)dA—i—F(g)F(B)/O (€ — N)P12(A)dA for i € {1,2}.

Then for A € [0, 1] we have

Min(w) + (1= Mho(w) = FL /Ow(w C AT Aon(A) + (1 — A)us(A))dA



Since H is convex set-valued, then Ay + (1 — A)hy € N (2).

Step 2. (N bounded set into bounded set.)

Let B, = {z € C([0,1;R), ||z]|oc < 7} and let h € N(z) with z € B,, then there exist
v € SF such that

1 —1

¢ ¢—1 w* ¢ B—1
h(w) = m/ﬂ (0 — AY~u(A)dA + W/o (€ — A)P~12(A)dA.

For all w € [0, 1] we have

1 w gﬁfl £
bl < Fg / B e / |2(A)[dA
llet(lolle) €
=TT TOMG)

Step 3. (N bounded set into equicontinuous set.)

2]l oc-

Let B, the set as defined in step 2, and ¢;,ts € [0, 1] where t; < 5, then

'% /: (fs — A)—Lu(A)dA

+% /0 " <(t2 A (- A)H)v(A)dA
+{m /05(5 — A)ﬁlz(A)dA] x (7 =t

(tg _ tl)g—l to tgfl . tifl t1
< T /tl |v(A)|dA + T /0 [v(A)|dA

+{m /j(g - A)B‘lz(A)dA} x |65 — 157

[h(ty) = h(t2)| =

(tg — 1) (5 ' =157
< T~ [mlecd([|2l[00) + T [[m] o ([l 2]] )
55
+W||ZHO®
Q(tg _ t1)<71 55

S S Im/[sce(r) + TOT(F)
As t; — ty we get h(ty) — h(ts).
Step 4. (N has a closed graph.)
Let z, — 2, hy, € N(2,) and h,, — h,, we need to show that h, € N(z,). Now h, € N(z,)

implies that there exists v, € Sp,, with

w w1 13
ho(w) = % /0 (w— Ao, (A)dA + TOT() /0 (€ — N)P1 2, (A)dA.
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We have to show that there exists v, € S, such that for each w € [0, 1],

1 —1

w S 3

ho(w) = — — A u(A)dA “’—/ — APz (A)dA.

@ = 75 ] @m0 g [ e-n )

Step 5. ( A priori bounds on solutions.) Let z € C([0,1];R) such that z € AN(z) for

A € (0,1). Then for every w € [0, 1] we have

sy < o) € o

I'(<) INCOINCE)
Let V={z€C([0,1;R) : ||z]|oc < g}
It is clearly that V is an open set in C([0, 1]; R) and 0 € V. From step 2, step 3 and step 4 we

can conclude that the restriction of A" in V is upper semicontinuous, completely continuous
and has a compact convex values. From the choice of V, for all z € 9V and A € (0, 1) and
by third condition in theorem we get z ¢ AN (z). Therefore, by theorem 1.3.2, we deduce
that N has a fixed point z € Vi.e., there exist v € Sp., satisfies (4.16). which z represents
a solution for (4.14)

Step 6. ( Construct the solution for (4.1).)

Let v an element in Sg, such that v satisfies (4.16), and let
v(w) w € [0,1],
0 w > 1,
and
z(w) w € [0,1],
5 Jo (@ = M)A + 55005 Jo (€= A)PT12(A)dA - w > 1,

where z be a solution for (4.14).

It is clearly that 0 € Sy ; = {w € L}(J,R) ; w(w) € H(w, 2(w)) for almost w € J} and

w w1 3
2(0.)) = %/0 (w - A)gilfj(A>dA + W/O (5 - A)ﬁilg(A)dA
That means Z € C(J;R) is a solution for (4.1). O
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Example 16. Consider the following fractional differential inclusion
3
oru(w) € Flw,u(w)),

u(0) =0, (4.18)

1

D2 u(0) = [°(0.6 — s)u(s)ds,

where
Fle5) = [pl), () + 1zl
w—w welol cosw we|0,7
m(w) = v .1 and o(w) = <03
0 w>1 0 w> 7

| i )~

Then the problem (4.18) has a least one solution.
Theorem 4.2.2. Assume that the following assertions are met

(C1) H:J xR = Pe,(R) is a multivalued with for all w > 1 we get 0 € H(w, ) for each

r € R, and

— H is integrably bounded and w — H(w,x) is measurable for each x € R.

— There are my € LY(J,RY) such that

Hy(H(w, z); H(w, y)) < ma(w)|z —yl.

(C4)

[[maly 1

I'(s) - L()T(B)

Then the problem (4.1) has a unique solution in C(J;R).

< 1.

Proof. We use the same method used in the theorem 4.2.1, let z € C([0,1];R), from (C1)

and proposition 1.4.4 the set Sg, # 0.

1. Proof the existence.
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Step 1. (N (z2) € Py(C([0,1];R))). Indeed, let (2,) be a sequence in N'(z) such that z, — z
in C([0,1];R). Then z € C([0, 1];R) and there exist v,, € Sp. such that for every w € [0, 1]

-1

1

w S £
2z (W) = — w—A)*"1u v — APy .
() / (= 00 (M)A + 55 / (6 — AP 12(A)dA

P()(
By (C1) the set V = {v,, € Sp.;n > 1} satisfies all the conditions of theorem 1.6.2. Then
we have V is weakly compact in L*([0, 1], R), then there exist v € V such that

s—1

w 3
Z(w) = —= w— A"t Y — NP1z )
@) =7 [ =D A+ 5 [ €= ()

Then z € N (z), i.e., N(z) is closed in C([0, 1]; R).
Step 2. There exists v < 1 such that

Hy(N(2), N(2)) < 7|z = Z[|oo-

Indeed. Let z,z € C([0,1];R) and h; € N(z), then there exist v; € Sg, such that for
every w € [0,1]

From (C1), we deduce
H(F(w 20)); Fw, 20))) < mafu)[z() - ()] for almost w € [0, 1]
Hence, there exists w € F(w, Z(w)) such that
|v1(w) — w| < ma(w)|z(w) — Z(w)| for almost w € [0, 1].
For almost w € [0, 1], we consider the set-valued map defined as follows:
Uw) = {w e R foi(w) —w| < ma(w)[2(w) = 2(w)[} == Blui(w), ((w)),

where ((w) = ma(w)|z(w) — Z(w)|. Assumption (C1) implies that the set-valued map
w — F(w, z(w)) is measurable (see proposition 1.4.4). Since v; and ( are measurable, it
follows from proposition 1.4.1 that the closed ball B is measurable. Moreover, the map

wi— V(w) =U(w)N F(w, Z(w)) is nonempty, measurable ( see proposition 1.4.2) and closed
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set-valued, there exists by lemma 1.4.1 a function vy which is a measurable selection for V.

So
ve(w) € F(w, z(w)),

and for almost w € [0, 1], we have
[01(w) = va(w)] < Mma(w)|z(w) — 2(w)].

For each w € [0, 1], let us define

w Wt 13
hg(w) = %/0‘ (w — A)gilvg(A)dA + WA (6 - A)’Bilg(A)dA.
Hence
1 w 1 .
|hi(w) = ha(w)] < m/o (w = A) o (A) — va(A)[dA
Wt 3
R J, (€ ) - sl
and
|hi(w) = ho(w)] I 1 _
< ms | n) — eWias+ ol =
Then

2] 1

= < (B + g = 1

We apply theorem 1.3.1 we get the set valued map A has a fixed point, which represent a

solution.
2. Proof the uniqueness.

Let 21, zo are two solution for (4.14), then there exist v; € Sp., and vy € Sp, such that

s—1

1

w 3
zi(w) = =— w— A"ty L — AP,
@) = w5 | @m0+ S [ €= s

for 1 < j < 2. Then

| 1
b=l < (1 gy 1~ e
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It’s obvious that z; = zs.
3. Construct the solution on the problem 4.1.

Let v an element in Sg, such that v satisfies (4.16), and let

v(w) w € [0, 1],
0 w>1,

and

2(w) w e [0,1],

1 — w ™ -
ﬁ fo (w B A)g 17}<A)dA T Wf(lﬁ) fof(f o A)B 1z(A)dA w>1,

where z be a solution for (4.14).
It is clearly that 0 € Sy ; = {w € L (J,R) ;w(w) € H(w, Z(w)) for almost w € J} and

Hw) = i

1 ¢ 1~ w ¢ _ AV
W/o (w—A) v(A)dA+—F(§)F(ﬁ)/O (€ = AYP~12(A)dA.

That means Z € C(J;R) is a solution for (4.1). Since the problem (4.14) has one solution,
then the solution for the problem (4.1) is unique. O
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Conclusion and some perspectives

The aim of this thesis it is provide a study on existence and uniqueness for fractional
differential inclusion in the Riemann-Liouville sense in different situations, for this we rely
on three basic stages.

1. Construct the integral equation equivalent to fractional differential equation whose the
second side is a selection in L! space.

2. Construct a multivalued with its element is the integral equation in terms of the selections
of the inconnu function.

3. Prove that the multivalued has a fixed point, which represent a solution.

4. Example to ensure that proven theories are applicable.

In the future

1. Study the existence solution for the problem fractional inclusion in Lobesgue spaces in
unbounded domain.

2. We will study the stability of the solution for the problem fractional in Banach space.
3. Study the existence solution for the problem fractional inclusion in other topological

spaces ( not necessary Banach space ).
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