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Abstract
In this thesis, we have studied a set of fractional differential inclusions prob-
lems under boundary and initial conditions, using strategy of fixed point
theorems.
In the beginning, we proved the existence of solutions for nonlinear fractional
differential inclusions in Banach spaces, after that we studied the existence
and uniqueness of the solution and the study of the topological structure
of the solutions of fractional differential inclusions in Lebesgue and Sobolev
spaces, and finally we discussed the existence and uniqueness of solutions for
fractional differential inclusions under initial conditions in unbounded do-
mains.
The proof in each problem are based on the formation of a multifunction
who whose elements are integral equations, which are originally fractional
differential equations, the second side is a function of the set valued mapping
present in the second side of the fractional differential inclusions, after that
it is prove that it has a fixed points

Key words: Riemann-Liouville integral, Riemann-Liouville derivative,
set valued mapping, boundary and initial value problems, measurable selec-
tion, fixed point theorem, fractional differential inclusion.

IV



Résumé

Dans cette thèse, nous avons étudié un ensemble de problèmes d’inclusions
différentielles fractionnaires sous conditions aux limites et initiales, en utili-
sant la stratégie des théorèmes du point fixe.
Au début, nous avons prouvé l’existence de solutions pour les inclusions
différentielles fractionnaires non linéaires dans les espaces de Banach, après
cela nous avons étudié l’existence et l’unicité de la solution et l’étude de la
structure topologique des solutions d’inclusions différentielles fractionnaires
dans les espaces de Lebesgue et Sobolev, et enfin nous avons discuté de
l’existence et de l’unicité des solutions pour les inclusions différentielles frac-
tionnaires sous conditions initiales dans des domaines non bornés.
La preuve dans chaque problème est basée sur la formation d’une multifonc-
tion dont les éléments sont des équations intégrales, qui sont à l’origine des
équations différentielles fractionnaires, le deuxième côté est une fonction de
la multifonction présente dans le deuxième côté des inclusions différentielles
fractionnaires, après cela il est prouvé qu’il possède un point fixe.

Mots clés : Intégrale de Riemann-Liouville, dérivée de Riemann-Liouville,
fonction multivoque, problèmes aux limites et aux valeurs initiales, sélection
mesurable, théorème du point fixe, inclusion différentielle fractionnaire.
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Introduction

Fractional calculus is a branch of mathematical analysis dealing with pseudo- differential

operators, interpreted as integrals and derivatives of non order. The fractional derivative

calculus is an old subject appeared in the 17th century when the scientist Leibniz introduced

the concept dny
dxn

, when n ∈ N, so H’ospital wrote his question to Leibniz : " what if n = 1
2
?".

Further the fractional (derivative & integral) it has been mentioned in some contexts

for instance Euler.L (1730), Lagrange.J.L (1772) Laplace.P.S (1812), Lacroix.S.F (1819),

Fourier.J.B (1822), Abel.N.H (1823 – 1826), Liouville.J (1832), Riemann.B (1847), Green.E.A

(1859), Holmgren.H (1865), Grunwald.A. K (1867), Letnikov.A.B (1868), Sonin.N.Ya (1869),

Laurent.H (1884), Nekrassow.P.A (1888), Krug.A (1890), Hadamard.J (1892), Heaviside.O

(1892 -1912), Pincherle.S (1902), Hardy.G.H and Littlewood.J.E (1917 -1928), Weyl.H

(1917), Levy.P (1923), Marchaud.A (1927), Davis.H.T (1924 -1936), Zygmund.A (1935–1945),

Love.E. R (1938-1996), Erdelyi.A (1939-1965), Kober.H (1940), Widder.D.V (1941) and

Riesz. M (1949).

The fractional differential equation is generalized to ordinary differential equation to arbi-

trary non integer odrer and the fractional differential inclusion is generalized to ordinary

differential inclusion to arbitrary non integer odrer when the solution is a function belong

in multifuction (set valued map). Their importance appears in the fields physics, chemistry,

engineering, biology, economics,...

Today there exist many different forms of fractional integral operators, ranging from divided-

difference types to infinite-sum types, but the Riemann-Liouville Operator is still the most

frequently used when fractional integration is performed.

In the last years many researchers interested in studying the existence and uniqueness so-

lutions for initial and boundary value problems fractional in Banach space, let’s cite the
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examples [1, 2, 3, 4, 5, 6, 7, 14, 17, 25, 26, 39, 43], and the other researchers interested

in studying the existence and uniquencess solutions for initial and boundary value prob-

lem on unbounded domain let’s cite the examples [8, 16, 38, 41, 45], also some researchers

studied the existence and uniqueness solutions for fractional problem in Sobolev spaces

[10, 15, 28, 32].

This thesis consists of four chapters. In the first chapter we give topological definition and

properties about the set valued mapping, some fixed point theorem used in the existence of

the solutions, after that we touch the defintions integral and derivative of Riemann-Liouville

and properties of this definitions, finally some theorems and properties used to prove theo-

ries in the following chapters.

In the second chapter we study the existence results for the fractional differential inclusion

Let 
Dς0+z(ω) ∈ F(ω, z(ω),A1z(ω), . . . ,Anz(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

Dν0+z(1) = pIµ0+g(1, z(1)),

(1)

where 1 < ς < 2, p, µ > 0 and 0 ≤ ν ≤ ς − 1, g : [0, 1] × R → R is a continuous function,

F : [0, 1]×Rn+1 → P(R) is a set valued map, Iµ0+ is Riemann-Liouville fractional integral of

order µ, Aj is an operator bounded or Lipschitzean ( generally not necessary linear) defined

on the space of continuous functions on [0, 1] into itself for all 1 ≤ j ≤ n. But when Aj
is non bounded and non Lipschitzean, this is my publication in the second section, in this

section we study the existence solution in Banach space

X = {z : z,Dγ10+z, . . . ,D
γn
0+z ∈ C([0, 1],R)}, for the problem

Dς0+z(ω) ∈ F(ω, z(ω),Dγ10+z(ω), . . . ,Dγn0+z(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

Dν0+z(1) = pIµ0+g(1, z(1)),

(2)

with 1 < ς < 2, p, µ ≥ 0, g : [0, 1]× R→ R is a continuous function and

F : [0, 1]× Rn+1 → P(R) is a set-valued map, 0 = γ0 < γ1 < · · · < γn < 1, ς > γn + 1 and

0 ≤ ν < γn, by using fixed point theorems, this result is published in [31].

In the third chapter we study the existence and uniqueness for boundary value problem of

2



fractional differential inclusion
Dς0+z(ω) ∈ H(ω, z(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

z(1) = pIµ10+k1(ξ1, z(ξ1)) + qIµ20+k2(ξ2, z(ξ2)),

(3)

where 1 < ς < 2 , p, q ≥ 0, µ1, µ2 ≥ 1, 0 < ξ1, ξ2 ≤ 1, kj : [0, 1] × R → R is a

continuous function for 1 ≤ j ≤ 2, and H : [0, 1] × R → P(R) is a set valued map

function, when the set valued map H has a convex valued by using Kakutani fixed point

theorem, and we study the topological structure for the set of solutions in L1([0, 1];R)

space, after that we study the existence the solution for that problem in W 1,1([0, 1];R)

space when the set valued map F has a nonconvex valued by using Covitz-Nadler fixed

point theorem, and in third section we study the existence for the problem (3) without

using fixed point method, but by using strategy of iterative method in sobolev fractional

spaces X = {z ∈ L2([0, 1];R);Dβ
0+z ∈ L2([0, 1];R)} with 0 < β < ς − 1, after that we study

the uniqueness for this problem through the resultat of the existence.

In the fourth chapter we study the existence and uniqueness for initial value problem of

fractional differential inclusion
Dς0+z(ω) ∈ H(ω, z(ω)), for almost ω ∈ J = [0,+∞[

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ),

(4)

where 1 < ς < 2, 0 < ξ < 1, β ≥ 1, and H : J × R → P(R) be a set valued map. In the

first section we study the existence and the uniqueness for this problem in the space defined

by X = {z ∈ C([0,+∞[;R); sup
ω≥0

|z(ω)|
(1 + ως−1)2

< +∞}, by using fixed point theorems. In

the second section we use other technique for the existence solution for the problem (4) in

C([0,+∞);R), for this we define the auxiliary problem
Dς0+z(ω) ∈ F (ω, z(ω)), for almost ω ∈ [0, 1]

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ),

(5)
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where F (ω, x) = H(ω, x) on ω ∈ [0, 1] and x ∈ R. After that we study the existence for

the problem 5 by using fixed point theorem and we construct an element in C([0,+∞);R)

which depend on the solution for the auxiliary problem.

Finally in the conclusion we present the aim of this work in addition to future work in this

field.
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Chapter 1

Preliminary

1.1 Notations

Let a, b ∈ R, J = [a, b] and (X, ‖.‖X) be a Banach space.

C(J,X) the space of all continuous functions from J into X associated the norm

‖x‖ = max
a≤ω≤b

‖x(ω)‖X.

L1(J,X) the space of all Bochner integrable functions from J into X associated the norm

‖x‖1 =

∫ b

a

‖x(ω)‖Xdω.

L∞(J,X) the space of all Bochner functions from J into X bounded for almost everywhere

associated the norm

‖x‖∞ = inf{M > 0; ‖x(ω)‖X ≤M a.e.on J}.

For a given Banach space X, let

P(X) be the set of all subsets of X.

Pb(X) = {Y ⊆ X;Y bounded in X}.

Pcl(X) = {Y ⊆ X;Y closed in X}.

Pcp(X) = {Y ⊆ X;Y compact in X}.

Pc,cp(X) = {Y ⊆ X;Y convex and compact in X}.

5



1.2 Set valued map

Definition 1.2.1. [23, 35] Let X and Y two sets.

A set valued map ( multivalued ) from X into P(Y) is an application, i.e. each x ∈ X

associate subset in Y.

Definition 1.2.2. Let F : X→ P(Y) be a set valued map.

(a) The domain of F is the set Dom(F ) where

Dom(F ) = {x ∈ X;F (x) 6= ∅}.

(b) If Y = X, the point x ∈ X is called a fixed point of F if x ∈ F (x).

(c) For all M ⊆ X

F (M) = ∪
x∈M

F (x).

(d) The graph of F is defined to be the set

G(F ) = {(x, y) ∈ X× Y; y ∈ F (x)}.

(e) For all A ⊆ Y

F−1(A) = {x ∈ X;F (x) ⊆ A}.

Proposition 1.2.1. Let F : X→ P(Y) be a set valued map, (Ai)i∈I ⊆ P(Y). Then

F−1( ∩
i∈I
Ai) = ∩

i∈I
F−1(Ai).

Definition 1.2.3. [35] Let X,Y are topological spaces, F : X→ P(Y) be a set valued map.

We say that F is an upper semicontinuous if for every open set O in Y the set F−1(O) is

an open set in X.

Example 1. Let f1, f2 : Rn → R continuous such that f1 ≤ f2, then the set valued map

F : Rn → P(R) defined by

F (x) =
[
f1(x), f2(x)

]
is upper semicontinuous.

6



Proposition 1.2.2. [35] Let X,Y are two topological spaces and A ⊆ X, F : A → Y be a

set valued map.

If F is upper semicontinuous, then for every x0 ∈ A and ε > 0 there exist δ > 0 such that

F (x) ⊆ F (x0) +Bε(0) on A ∩Bδ(x0),

where Bδ(x0) the ball with centered at a point x0 and the radius δ. The converse is true if

F has a compact values.

Definition 1.2.4. [9] Let X,Y are two normed spaces, F : X→ Y be a set valued map.

We say that F is Lipschitzean if there exist L > 0 such that

F (x) ⊆ F (y) +B(0, L‖x− y‖) for each x, y ∈ X.

If the constant L < 1, we say that the set valued map F is contraction.

Proposition 1.2.3. Let X,Y are two normed spaces, F : X→ Y be a set valued map with

compact values.

If F is Lipschitzean then F is upper semicontinuous.

Proof. Let x0 ∈ X and ε > 0, then there exist δ = ε
L
such that

F (x) ⊆ F (x0) +Bε(0) for all x ∈ Bδ(x0).

Proposition 1.2.4. Let X,Y are two metric spaces and F : X→ P(Y) be a set valued map.

F has a closed graph if and only if for each (xn) ⊆ X converge to x ∈ X and for each (yn)

such that yn ∈ F (xn) converge to y we have y ∈ F (x).

Proof. the proof of this proposition is obvious.

Definition 1.2.5. Let X,Y be two topological spaces and F : X→ Y be a set valued map.

(i) F is called completely continuous if for each B ∈ Pb(X) the set F (B) is relatively

compact in Y.

(ii) F is called compact if the set F (X) is relatively compact in Y.

7



Proposition 1.2.5. [33] Let F : X→ Pcp(Y) be a set valued map such that F is completely

continuous. Then F is upper semicontinuous if and only if F has a closed graph.

Definition 1.2.6. [13] Let (X, d) be a metric space and A,B ∈ Pcl(X).

The Hausdorff metric is an application Hd : Pcl(X)× Pcl(X)→ R+ ∪ {+∞} defined by

Hd(A,B) =

max{supa∈A d(a,B); supb∈B d(A, b)} if supa∈A d(a,B), supb∈B d(A, b) ∈ R+,

+∞ else.
(1.1)

Proposition 1.2.6. If A,B ∈ Pcp(X), then Hd(A,B) ∈ R+.

Proof. For all A,B ∈ Pcp(X), the application a ∈ A 7→ d(a,B) is continuous. Then by

theorem 1.13-6 in [21] there exist a0 ∈ A and b0 ∈ B such that

sup
a∈A

d(a,B) = d(a0, B) = d(a0, b0) ∈ R+.

Then Hd(A,B) ∈ R+.

Proposition 1.2.7. Let X,Y are two normed spaces, and F : X→ Pcp(Y). Then

F is Lipschitzean if and only if there exist L > 0 such that for all x, y ∈ X we have

Hd(F (x), F (y)) ≤ Ld(x, y).

Proof. Let x, y ∈ X and F is Lipschitzean set valued map, then for each a ∈ F (x) we have

d(a, F (y)) = ‖a− b‖ ≤ L‖x− y‖ where b ∈ F (y)

then

Hd(F (x), F (y)) ≤ L‖x− y‖. (1.2)

Conversely if F verify (1.2), then for all a ∈ F (x) we have

d(a, F (y)) ≤ Hd(F (x), F (y)) ≤ L‖x− y‖.

After that there exist b0 ∈ F (y) such that

d(a, F (y)) = ‖a− b0‖ ≤ L‖x− y‖.

That means a ∈ F (y) +B(0, L‖x− y‖), i.e. F is Lipschitzean.

8



1.3 Fixed point theorem

Theorem 1.3.1. [22] (Covitz-Nadler). Let (X, d) be a complete metric space.

If T : X → Pcl(X) is a contraction, then T admits at least a fixed point, i.e., there exists

u ∈ X such that u ∈ T (u).

Theorem 1.3.2. [30] (nonlinear alternative of Leray-Schauder). Let X be a Banach space,

C a closed convex subset of X, U an open subset of C with 0 ∈ U .

Suppose that T : Ū → Pcp,c(C) is an upper semicontinuous compact map. Then either T

has a fixed point in Ū , or there exist u ∈ ∂U and λ ∈ (0, 1) such that u ∈ λT (u).

Theorem 1.3.3. [44] Let X be a Banach space. Suppose that

(i) the set valued map T : K ⊆ X→ P(K)is upper semicontinuous,

(ii) K is a nonempty, compact, convex set in X,

(iii) the set T (u) is closed, and convex for all u ∈ K.

Then T has a fixed point in K.

1.4 Measurable multifunctions and measurable selection

Definition 1.4.1. [23]. Let (Ω,A) be a measurable space and X be a Banach space. A set

valued map F : Ω→ P(X) is called measurable if {x ∈ Ω;F (x) ∩B 6= ∅} ∈ A for each open

set B in X.

Definition 1.4.2. [27]. Let f : [a, b]→ R. We say that f is measurable if for each open set

U in R, we have

f−1(U) ∈M

whereM be a σ−algebra.

Proposition 1.4.1. [20]. Let (Ω,A) be a measurable space and X be a separable Banach

space. Let f : Ω→ X be a measurable map and ι : Ω→ R+ be a measurable function. Then

the set valued map ω ∈ Ω 7→ B(f(ω), ι(ω)) ( the closed ball with center f(ω) and radius

ι(ω)) is a measurable.

9



Proposition 1.4.2. [20]. Let F1, F2 : Ω → Y are set valued map with compact valued .

Then the set valued map ω ∈ Ω 7→ F1(ω) ∩ F2(ω) is a measurable.

Proposition 1.4.3. [20]. Let F1, F2 : Ω → Y are set valued map with compact valued.

Then the set valued map ω ∈ Ω 7→ F1(ω) ∪ F2(ω) is a measurable.

Definition 1.4.3. [35] Let a, b ∈ R and X,Y be two separable Banach spaces.

A set valued map F : [a, b]× X→ Pcp(Y) is said to be Carathéodory if

(i) for every x ∈ X the set valued map F (., x) : [a, b]→ P(Y) is measurable,

(ii) for almost ω ∈ [a, b] the set valued map F (ω, .) : X→ P(Y) is upper semicontinuous.

Definition 1.4.4. [35] A Carathéodory set valued map F : [a, b] × Rn → P(R) is said

L1-Carathéodory if

(i) F is Carathéodory set valued map.

(ii) for each l > 0 there exist χl ∈ L1([a, b];R) such that

‖F (ω, x)‖ =
def

sup{v; v ∈ F (ω, x)} ≤ χl(ω)

for all |xi| ≤ l (1 ≤ i ≤ n) and almost ω ∈ [0, 1].

Definition 1.4.5. [35] Let a, b ∈ R and Y be a Banach space.

A function f : [a, b]→ Y is said to be a measurable selection of a set valued map

F : [a, b]→ Pcp(Y) if f is measurable and

f(ω) ∈ F (ω) a.e. ω ∈ [a, b].

Lemma 1.4.1. [33] Let J be a subset in Rn, Y is a complet separable space and F : J →

Pcl(Y) be a measurable set valued map. Then F admits a measurable selection.

Proposition 1.4.4. [35]. Let F : [0, 1] × X0 → Pcp(X) be a Carathéodory set valued map

and

f : [0, 1] → X0 be a measurable function. Then the set valued map ω ∈ [0, 1] 7→ F (ω, f(ω))

is measurable.
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Lemma 1.4.2. Let G : [0, 1]× Rn → Pc,cp(R) be an L1− Carathéodory set valued map and

let a linear continuous θ from L1([0, 1];R) to C([0, 1];R). Then the operator θ ◦ SG defined

by θ ◦ SG(u) = θ(SG,u) has a closed graph, where

SG,u =
{
v ∈ L1([0, 1];R : v(ω) ∈ G(ω, u(ω)) for almost ω ∈ [0, 1])

}
.

Definition 1.4.6. Let G : [0, 1] × Rn → Pc,cp(R), we say that G is integrably bounded if

there exist φ ∈ L1([0, 1];R) such that for any v ∈ SG,u we have

|v(ω)| ≤ φ(ω) for almost ω ∈ [0, 1]

Lemma 1.4.3. [46] Let F : [0, 1]→ P(R) be a measurable set valued map and x : [0, 1]→ R

a measurable function. Then for every measurable function y : [0, 1] → R+ there exist a

function v such that

v(ω) ∈ F (ω) for all ω ∈ [0, 1],

|v(ω)− x(ω)| ≤ d(x(ω), F (ω)) + y(ω) for almost ω ∈ [0, 1].

1.5 Riemann-Liouville integral and derivative

Definition 1.5.1. The Euler gamma function noted by Γ(.) is defined by

Γ(t) =

∫ +∞

0

ωt−1 exp(−ω)dω, t > 0

Remark 1.5.1. For all t > 0 we have tΓ(t) = Γ(t+ 1).

Definition 1.5.2. [40, 42] Let ς > 0 and ϕ ∈ L1([0, 1];R). The following integral

I ς0+ϕ(t) =
1

Γ(ς)

∫ t

0

(t− s)ς−1ϕ(s)ds,

is named the Riemann–Liouville integral of order ς.

Lemma 1.5.1. The fractional integration operators I ς0+ with ς > 0 are bounded from

C([0, 1];R) into C([0, 1];R), and for each f ∈ C([0, 1];R) we have

‖I ς0+f‖ ≤
1

Γ(ς + 1)
‖f‖.
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Proof. For any f ∈ C([0, 1];R) we have

|I ς0+f(ω)| = 1

Γ(ς)
|
∫ ω

0

(ω − s)ς−1f(s)ds|

≤ 1

Γ(ς)

∫ ω

0

(ω − s)ς−1|f(s)|ds

≤ ‖f‖
Γ(ς)

×
∫ ω

0

(ω − s)ς−1ds =
‖f‖
Γ(ς)

× ως

ς
,

then

‖I ς0+f‖ ≤
‖f‖

Γ(ς + 1)
,

Definition 1.5.3. [40, 42] Let ϕ a function given on the interval [0, 1]. The fractional

derivative of Riemann-Liouville of order ς > 0 is defined by

Dς0+ϕ(ω) =
1

Γ(n− ς)

( d

dω

)n ∫ ω

0

(ω − s)n−ς−1ϕ(s)ds,

=
( d

dω

)n
In−ς0+ ϕ(ω),

where n = [ς] + 1 and [ς] denotes the greatest integer number less than ς.

Corollary 1. [40] Let ς > 0 and n = [ς] + 1.

The equality Dς0+ϕ(ω) = 0 is valid if and only if

ϕ(ω) =
n∑
j=1

cjω
ς−j

Lemma 1.5.2. [36] Let u ∈ L1(0, 1) and δ1 > δ2 > 0. Then,

(i) Iδ10+I
δ2
0+u(ω) = Iδ1+δ2

0+ u(ω),

(ii) Dδ20+I
δ1
0+u(ω) = Iδ1−δ20+ u(ω),

(iii) Dδ10+I
δ1
0+u(ω) = u(ω).

Lemma 1.5.3. For a given f ∈ L1([0, 1];R) the solution of

Dς0+ϕ(ω) = f(ω),

12



is given by

ϕ(ω) = I ς0+f(ω) +
n∑
j=1

cjω
ς−j,

where n = [ς] + 1.

Proof. From precedent lemma, we have f(ω) = Dς0+I
ς
0+f(ω), then writing

Dς0+ϕ(ω) = f(ω)

is equivalent to

Dς0+(ϕ(ω)− I ς0+f(ω)) = 0.

Then

ϕ(ω) = I ς0+f(ω) +
n∑
j=1

cjω
ς−j.

Lemma 1.5.4. [36] If ς > 0 and µ > 0, then

(i) Dς0+ω
µ−1 =


Γ(µ)

Γ(µ−ς)ω
µ−ς−1, if ς − µ > 0

0, if µ− ς ∈ Z−

(ii) I ς0+ω
µ = Γ(µ+1)

Γ(µ+ς+1)
ωµ+ς .

1.6 Some properties of functional analysis

Lemma 1.6.1. Let K be a compact set in a Banach space (X, ‖.‖). Then for each x ∈ X

there exist y0 ∈ K such that

d(x,K) = inf
y∈K
‖x− y‖ = ‖x− y0‖.

Proof. Let x ∈ X, by definition of inf, for each n ≥ 1 there exist yn ∈ K such that

inf
y∈K
‖x− y‖ ≤ ‖x− yn‖ < inf

y∈K
‖x− y‖+

1

n

and by definition of the compact set, there exist a subsequence (ynk) ∈ K such that (ynk)

converge to y0 ∈ K and

inf
y∈K
‖x− y‖ ≤ ‖x− ynk‖ < inf

y∈K
‖x− y‖+

1

nk
,
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that means

inf
y∈K
‖x− y‖ = ‖x− y0‖.

Theorem 1.6.1. (Dunford - Pettis)[18] Let A be a bounded set in L1([0,∞[,R). Then A is

weakly compact in L1([0,∞[,R) if and only if

(i) for all ε > 0 there exist δ > 0 such that for all f ∈ A∫
A

|f | < ε for |A| < δ,

(ii) for all ε > 0 there exist A ⊂ [0,∞[ measurable such that for all f ∈ A

|A| <∞ and
∫

[0,∞[−A
|f | < ε.

Definition 1.6.1. (equicontinuous set)[18]. Let A be a subset of C([a, b],R), we say that A

is equicontinuous set if for every ε > 0 there exist δ > 0 such that

|x− y| < δ ⇒ |f(x)− f(y)| < ε for all f ∈ A.

Theorem 1.6.2. (Ascoli- Arzelà) [18]. Let K be a bounded subset of C([a, b],R) and equicon-

tinuous set. Then the closure of K is compact in C([a, b],R).

Theorem 1.6.3. [18]. Let A be a bounded set in L1(R). Assume that

lim
h→0
‖τhf − f‖1 = 0 for each f ∈ A.

Then the closure of A|[0,1] in L1([0, 1]) is compact in L1([0, 1]), where τhf(ω) = f(ω + h).

Theorem 1.6.4. [18]. Let (fn) be a sequence in L1([0, 1]) and let f ∈ L1([0, 1]) be such that

‖fn − f‖1 → 0.

Then, there exist a subsequence (fnk) such that

fnk(ω)→ f(ω) a.e. on [0, 1].
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Definition 1.6.2. [21] Let X be a Banach space, and let A be a subset in X, we called A is

weakly compact if A compact set in weak topology σ(X,X
′
).

Proposition 1.6.1. [21] Let X be a Banach space. A set A is weakly compact if and only

if for any sequence (xn) in A contains a subsequence (xnk) that weakly converge in X.

Proposition 1.6.2. [35]. Let A ⊂ L1([0, 1];R) such that

(i) A(ω) are relatively compact for a.e ω ∈ [0, 1].

(ii) There exist h ∈ L1([0, 1];R) such that

v(ω) ≤ h(ω) for v ∈ A and almost ω ∈ [0, 1].

Then A is weakly compact in L1([0, 1];R).
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Chapter 2

Existence results for semilinear

fractional differential inclusions

2.1 Existence results for semilinear fractional differen-

tial inclusions 1

Let 
Dς0+z(ω) ∈ F(ω, z(ω),A1z(ω), . . . ,Anz(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

Dµ10+z(1) = pIµ20+g(1, z(1)),

(2.1)

where 1 < ς < 2, p, µ2 > 0 and 0 ≤ µ1 ≤ ς − 1, g : [0, 1] × R → R is a continuous

function, F : [0, 1] × Rn+1 → P(R) is a multivalued, Iµ20+ is Riemann-Liouville fractional

integral of order µ2, Aj is an operator ( generally not necessary linear) defined on the space

of continuous functions on [0, 1] into itself for all 1 ≤ j ≤ n.

Lemma 2.1.1. For a given v ∈ L1([0, 1],R), a function z is a solution to
Dς0+z(ω) = v(ω), ω ∈ [0, 1], 1 < ς < 2,

z(0) = 0,

Dµ10+z(1) = pIµ20+g(1, z(1)),

(2.2)
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if and only if

z(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ

]
ως−1. (2.3)

Proof. Assume that z satisfies (2.2), by lemma 1.5.3 we have

z(ω) = I ς0+v(ω)− c1ω
ς−1 − c2ω

ς−2, (2.4)

where c1, c2 ∈ R.

By using first boundary condition, we get that c2 = 0, furthermore we require an additional

approach for handling the second boundary condition

Dµ10+z(1) = I ς−µ10+ v(1)− Γ(ς)

Γ(ς − µ1)
c1 = pIµ20+g(1, z(1)), (2.5)

this means that

c1 =
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ.

By replacing c1 in (2.4) we get (2.3).

Conversely, if z satisfies (2.3) by lemma 1.5.2 and lemma 1.5.4, we have Dς0+z(ω) = v(ω),

and

Dµ10+z(1) = pIµ20+g(1, z(1)),

and we can easily to see that z(0) = 0.

Let X = C([0, 1],R) the space of continuous functions on [0, 1] equipped with the norm

‖z‖X = max
ω∈[0,1]

|z(ω)|.

It’s evident (X, ‖.‖X) is a complete space.

Let

SF ,z = {v ∈ L1([0, 1];R) : v(ω) ∈ F(ω, z(ω),A1z(ω), . . . ,Anz(ω))), for almost ω ∈ [0, 1]}.
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2.1.1 The case where F is convex

Now we prove the existence of solutions for the problem with a convex valued F , by

applying a fixed point theorem for set valued maps.

Theorem 2.1.1. Supposons that the following hypothesis (A1)− (A4) are met.

(A1) F : [0, 1]× Rn+1 → Pcp,c(R) is a L1-Carathéodory set valued.

(A2) There exist f1, f2 ∈ L∞([0, 1],R+) and ϕ, ψ1, . . . , ψn : R+ → R∗+ continuous, nonde-

creasing functions with

‖F(ω, x, x1, . . . , xn)‖ = sup{|v| : v ∈ F(ω, x, x1, . . . , xn)}

≤ f1(ω)ϕ(|x|) + f2(ω)
n∑
j=1

ψj(|xj|),

for almost ω ∈ [0, 1].

(A3) The operators Aj, j = 1, . . . , n, are bounded, i.e., transform all bounded set into

bounded set.

(A4) There are σ, σ̄ > 0 such that

‖Ajz‖X ≤ σ̄ ∀z ∈ B̄X(0, σ), 1 ≤ j ≤ n,

and
σ

Q̃σ +

(
‖f1‖∞ϕ(σ) + ‖f2‖∞

n∑
j=1

ψj(σ̄)

)
Q
> 1,

where

Q =
1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)
,

Q̃σ =
ασpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
,

with ασ = max
{
|g(ω, x)|, (ω, x) ∈ [0, 1]× [−σ, σ]

}
.

Then the problem (2.1) has at least one solution.
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Lemma 2.1.2. The first and the second conditions of this theorem implies that the set of

selections of F defined by SF ,z is non-empty.

Proof. From (A1) and by proposition 1.4.4 the set valued F has a selection measurable

noted by v, and v ∈ SF ,z for all z ∈ X.

Proof. of Theorem 2.1.1 Define an operator N : X→ P(X) by

N (z) =

{
h ∈ X : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ

−[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ]ως−1, v ∈ SF ,z
}
.

(2.6)

We will show that N satisfies all hypotheses of the theorem 1.3.2. The proof will be

given in five steps.

Step 1. (N (z) is convex valued). Let z ∈ X, and h1, h2 ∈ N (z), then there exist

v1, v2 ∈ SF ,z such that for i ∈ {1, 2} we have

hi(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vi(Λ)dΛ− [
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1vi(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ]ως−1.

For λ ∈ [0, 1] we have

λh1(ω) + (1− λ)h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ

−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ

]
ως−1.

Since F is convex set valued map, then λh1 + (1− λ)h2 ∈ N (z).

Step 2. (N maps bounded sets into bounded sets in X). Let Br = {z ∈ X; ‖z‖X < r}. We

necessitate an alternative approach to establish the existence of a constant l > 0 such that
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for every z ∈ Br, one has ‖h‖X ≤ l for h ∈ N (z).

Let z ∈ Br and h ∈ N (z), then there exists v ∈ SF ,z with

h(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ

]
ως−1,

by (A3) there exist R > 0 such that

‖Ajz‖X ≤ R.

By simple calculations, we have

|h(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v(Λ)|dΛ +
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1|v(Λ)|dΛ

+
pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1|g(Λ, z(Λ))|dΛ.

(2.7)

Then

‖h‖X ≤ l =

[
1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)

]
×
[
‖f1‖∞ϕ(r) + ‖f2‖∞

n∑
j=1

ψj(R)

]
+
αrpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
. (2.8)

Step 3. (N maps bounded sets into equicontinuous sets in X). Let Br be a bounded set

in X as in Step 2. Let 0 ≤ t1 ≤ t2 ≤ 1 and z ∈ Br. For each h ∈ N (z), then there exists

v ∈ SF ,z such that

|h(t2)− h(t1)|

≤
∣∣∣∣ ∫ t2

t1

(t2 − Λ)ς−1v(Λ)

Γ(ς)
dΛ +

∫ t1

0

[(ω2 − Λ)ς−1 − (ω1 − Λ)ς−1]v(Λ)

Γ(ς)
dΛ

+

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ− pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ

]
×
(
tς−1
2 − tς−1

1

)∣∣∣∣
≤

[
‖f1‖∞ϕ(r) + ‖f2‖∞

n∑
j=1

ψj(R)

][ ∣∣tς2 − tς1∣∣
Γ(ς + 1)

+

∣∣tς−1
2 − tς−1

1

∣∣
(ς − µ1)Γ(ς)

]
+
αrpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

(∣∣tς−1
2 − tς−1

1

∣∣).
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Consequently

|h(t2)− h(t1)| → 0 as t2 → t1.

Step 4. (N upper semicontinuous). Let (zm) be set of element in X with zm → z∗ and

(hm) be a sequence converges to h∗ with hm ∈ N (zm) for any m ≥ 1, we need to show that

h∗ ∈ N (z∗). Now hm ∈ N (zm) implies that there exists vm ∈ SF ,zm such that

hm(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vm(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1vm(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, zm(Λ))dΛ

]
ως−1.

We prove that there exists v∗ ∈ SF ,z∗ such that for every ω ∈ [0, 1],

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v∗(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z∗(Λ))dΛ

]
ως−1.

Let us consider the continuous linear operator θ : L1([0, 1],R)→ C([0, 1],R) given by

(θv)(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ− ως−1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ.

Thus, by lemma 1.4.2 it follows that θ ◦ SF is a closed graph operator.

Further, we have

hm(ω)−
(
pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, zm(Λ))dΛ

)
ως−1 ∈ θ(SF ,zm).

Since zm → z∗, therefore, we have

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v∗(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z∗(Λ))dΛ

]
ως−1, v∗ ∈ SF ,z∗ .

Since N closed graph and completely continuous, then N upper semicontinuous

Step 5. (a priori bounds on solutions). Let z ∈ X such that z ∈ λN (z) for λ ∈ (0, 1). Then

for every ω ∈ [0, 1] we have

|z(ω)| ≤
[

1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)

]
×
[
‖f1‖∞ϕ(‖z‖X) + ‖f2‖∞

n∑
j=1

ψj(‖Ajz‖X)

]
+
α‖z‖pΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
. (2.9)
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Let V = {z ∈ X : ‖z‖X < σ}.

It is distinctly that V is an open set of X and 0 ∈ V . From step 2, step 3 and step 4 we can

conclude that the restriction of N in V̄ is upper semicontinuous, completely continuous and

has a compact convex values. From the choice of V , for all z ∈ ∂V and λ ∈ (0, 1) and by

fourth condition in theorem we get z /∈ λN (z). Therefore, by theorem 1.3.2, we deduce that

N has a fixed point z ∈ V̄ , which represents a solution of the problem 2.1. This finishes the

proof.

Remark 2.1.1. If we remplace the hypothesis (A3) and (A4) by

(A3′) The operator Aj is linear continuous, for every 1 ≤ j ≤ n.

(A4′) There are σ > 0 such that

σ

Q̃σ +

(
‖f1‖∞ϕ(σ) +

n∑
j=1

ψj(σ × max
1≤j≤n

‖Aj‖)‖f2‖∞
)
Q
> 1,

the resultat of theorem (2.1.1) still valid.

Corollary 2. Let us assume that the following statement be true.

(A1) F : [0, 1]× Rn+1 → Pcp,c(R) is a L1-Carathéodory set valued map.

(A2) There exist f1, f2 ∈ L∞([0, 1],R+) and ϕ, ψ1, . . . , ψn : R+ → R∗+ continuous, nonde-

creasing functions with

‖F(ω, x, x1, . . . , xn)‖ = sup{|v| : v ∈ F(ω, x, x1, . . . , xn)}

≤ f1(ω)ϕ(|x|) + f2(ω)
n∑
j=1

ψj(|xj|),

for almost ω ∈ [0, 1].

(A3′) The operators Aj, j = 1, . . . , n are linear continuous.

(A4′) There are σ > 0 with

σ

Q̃σ +

(
‖f1‖∞ϕ(σ) +

n∑
j=1

ψj(σ × max
1≤j≤n

‖Aj‖)‖f2‖∞
)
Q
> 1,
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where

Q =
1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)
,

Q̃σ =
ασpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
,

with ασ = max
{
|g(ω, x)|, (ω, x) ∈ [0, 1]× [−σ, σ]

}
.

Then there is at least one solution to problem (2.1).

Proof. For all 1 ≤ j ≤ n, the operator Aj convert all bounded sets to bounded set, and we

put: σ̄j = ‖Aj‖ × σ, and σ̄ = max
1≤j≤n

σ̄j. Then by theorem 2.1.1 the problem (2.1) has at

least one solution.

Example 2. Consider the following fractional differential inclusion
D1.7

0+ z(ω) ∈ F(ω, z(ω), I0.1
0+ z(ω), I0.3

0+ z(ω)), ω ∈ [0, 1],

z(0) = 0,

D0.2
0+ z(1) =

4

Γ(4)

∫ 1

0

(1− Λ)3(Λ +
z(Λ)

4
)dΛ,

(2.10)

with

F(ω, x, x1, x2) =

[
ω

101
sin(|x|)+ω ln(6|x1|+ 1)

4
+

1 + x2
2

212
; |x|exp(ω)

101
+exp(ω)

ln(6|x1|+ 1)

4
+

1 + x2
2

212

]
.

In this problem, we get

‖F(ω, x, x1, x2)‖ = sup{|v|, v ∈ F(ω, x, x1, x2)} ≤ exp(ω)

101
|x|+exp(ω)

(
ln(6|x1|+ 1)

4
+

1 + x2
2

212

)
.

It is evident that F has convex compact valued and of L1-Carathéodory type.

Let f1(ω) = f2(ω) = exp(ω), ϕ(|x|) = |x|
101
, ψ1(|x1|) = ln(6|x1|+1)

4
, ψ2(|x2|) =

1+x22
212

.

It is obvious that ‖A1‖ = 1
Γ(1.1)

and ‖A2‖ = 1
Γ(1.3)

.

Taking σ = 11, then Q̃σ ≈ 0.6094, Q ≈ 1.3811, and ‖f1‖∞ = ‖f2‖∞ ≈ 2.7183.

Then we obtain

σ

Q̃σ +Q
(
‖f1‖∞ϕ(σ) + ‖f2‖∞

2∑
j=1

ψj(σ × max
1≤j≤2

‖Aj‖)
) ≈ 1.4231.

Consequently, by corollary 2 the considered problem (2.1) has at least one solution.
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In the theorem above, the boundedness condition of operatorsAj, j = 1, . . . , n is replaced

by a boundedness condition on the functions ψj, j = 1, . . . , n.

Theorem 2.1.2. Let us assume that the following statement (B1)− (B4) be true.

(B1) F : [0, 1]× Rn+1 → Pcp,c(R) is a L1-Carathéodory set valued map.

(B2) There exist f1, f2 ∈ L∞([0, 1], [0;∞)) and ϕ, ψ1, . . . , ψn : [0,+∞)→ (0,+∞) continu-

ous functions with ϕ is nondecreasing function such that

‖F(ω, x, x1, . . . , xn)‖ = sup{|v| : v ∈ F(ω, x, x1, . . . , xn)}

≤ f1(ω)ϕ(|x|) + f2(ω)
n∑
j=1

ψj(|xj|),

for almost ω ∈ [0, 1].

(B3) The functions ψj, j = 1, ..., n are bounded i.e., there are c1, . . . , cn > 0 such that for

every x ∈ R we have |ψj(x)| ≤ cj for 1 ≤ j ≤ n.

(B4) There exists σ > 0 such that

σ

Q̃σ +

(
‖f1‖∞ϕ(σ) +

n∑
j=1

cj‖f2‖∞
)
Q
> 1,

where

Q =
1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)
,

Q̃σ =
ασpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
,

with ασ = max
{
|g(ω, x)|, (ω, x) ∈ [0, 1]× [−σ, σ]

}
.

Then there is at least one solution to problem (2.1).

Proof. The proof is slightly different from the proof of theorem 2.1.1. Namely, in step 2,

instead of (2.8), we use the estimation

|h(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v(Λ)|dΛ +
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1|v(Λ)|dΛ

+
pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1|g(Λ, z(Λ))|dΛ,
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then

‖h‖X ≤
[

1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)

]
×
[
‖f1‖∞ϕ(r) +

n∑
j=1

cj‖f2‖∞
]

+
αrpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
= l,

and in step 5, instead of (2.9) we use the estimation

|z(ω)| ≤
[

1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)

]
×
[
‖f1‖∞ϕ(‖z‖) +

n∑
j=1

cj‖f2‖∞
]

+
α‖z‖pΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
.

Example 3. Let us consider the following problem
D1.7

0+ z(ω) ∈ F(ω, z(ω), I0.1
0+ z(ω), I0.3

0+ z(ω)),

z(0) = 0,

D0.2
0+ z(1) =

4

Γ(4)

∫ 1

0

(1− Λ)3(Λ +
z(Λ)

4
)dΛ,

(2.11)

where

F(ω, x, x1, x2) =

[
ω

10
sin(|x|) + ω exp(−6x2

1) +
1

2 + x2
2

; |x|exp(ω)

10
+ exp(ω − 6x2

1) +
1

1 + x2
2

]
.

In this problem, we have

‖F(ω, x, x1, x2)‖ = sup{|v|, v ∈ F(ω, x, x1, x2)} ≤ exp(ω)

10
|x|+exp(ω)

(
exp(−6x2

1)+
1

1 + x2
2

)
.

The set valued map F is convex compact valued and of L1-Carathéodory.

Let f1(ω) = exp(ω)
10

, f2(ω) = exp(ω), ϕ(|x|) = |x|, ψ1(|x1|) = exp(−6x2
1), ψ2(|x2|) = 1

1+x22

and c1 = c2 = 1.

Taking σ = 17, so Q̃σ ≈ 0.8534, Q ≈ 1.3811, ‖f1‖∞ ≈ 0.2718 and

‖f2‖∞ ≈ 2.7183. Then we obtain

σ

Q̃σ +Q
(
‖f1‖∞ϕ(σ) +

2∑
j=1

cj‖f2‖∞
) ≈ 1.1531.

Consequently, by theorem 2.1.2 the considered problem (2.11) has at least one solution.
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Remark 2.1.2. If we replace the hypothesis (B4) by

(B4′) There exists α, β > 0 with

|g(ω, x)| ≤ α, for (ω, x) ∈ [0, 1]× R,

and

|ϕ(x)| ≤ β, for x ∈ R+,

the result of theorem 2.1.2 still true. Indeed, it is clear that the boundedness of the function

g on [0, 1]×R suffices to realize the hypothesis (B4). Then we state the following corollary.

Corollary 3. Assume that

(B1) F : [0, 1]× Rn+1 → Pcp,c(R) is a L1-Carathéodory set valued map.

(B2) There exist f1, f2 ∈ L∞([0, 1], [0; +∞)) and ϕ, ψ1, . . . , ψn : R+ → R∗+ continuous func-

tions with ϕ is nondecreasing such that

‖F(ω, x, x1, . . . , xn)‖ = sup{|v| : v ∈ F(ω, x, x1, . . . , xn)}

≤ f1(ω)ϕ(|x|) + f2(ω)
n∑
j=1

ψj(|xj|).

(B3) The functions ϕj, j = 1, . . . , n are bounded i.e., there exist c1, . . . , cn > 0 such that for

all x ∈ R we have |ψj(x)| ≤ cj for xi ∈ R and for almost ω ∈ [0, 1].

(B4′) There exists α, β > 0 with

|g(ω, x)| ≤ α, for (ω, x) ∈ [0, 1]× R,

and

|ϕ(x)| ≤ β, for x ∈ [0; +∞).

Then there is at least one solution to problem (2.1).

Example 4. Let us consider the following problem
D1.7

0+ z(ω) ∈ F(ω, z(ω), I0.1
0+ z(ω), I0.3

0+ z(ω)),

z(0) = 0,

D0.2
0+ z(1) =

4

Γ(4)

∫ 1

0

(1− Λ)3(
5 cos(z(Λ))

(7 + Λ)2
)dΛ,

(2.12)

26



where

F(ω, x, x1, x2) =

[
ω arctan(|x|) +ω exp(−6x2

1) +
1

2 + x2
2

;
π

2
exp(ω) + exp(ω−6x2

1) +
1

1 + x2
2

]
.

In this problem, we have

‖F(ω, x, x1, x2)‖ = sup{|v|, v ∈ F(ω, x, x1, x2)} ≤ exp(ω)(
π

2
+ exp(−6x2

1) +
1

1 + x2
2

).

It is evident that F is convex compact valued and of L1-Carathéodory type.

Let f1(ω) = f2(ω) = exp(ω), ϕ(|x|) = π
2
, ψ1(|x1|) = exp(−6x2

1), ψ2(|x2|) = 1
1+x22

.

Then the hypotheses of corollary 3 are fulfilment. Therefore, (3.9) have a solution.

2.1.2 The case where F is nonconvex

Now we study the existence solution of the problem (2.1) when the set valued map F is

not necessarily convex valued.

Theorem 2.1.3. Let us assume that the following statement valid.

(C1) F : [0, 1]× Rn+1 → Pcp(R) is a multivalued with

1. F is integrably bounded and the set valued map ω ∈ [0, 1] 7→ F(ω, x, x1, . . . , xn)

is measurable for x, xi ∈ R with 1 ≤ i ≤ n ;

2. there exist f ∈ L∞([0, 1],R+) such that for almost ω ∈ [0, 1] and

x, y, xl, yl ∈ R with 1 ≤ l ≤ n,

Hd(F(ω, x, x1, . . . , xn),F(ω, y, y1, . . . , yn)) ≤ f(ω)

[
|x− y|+

n∑
j=1

|xj − yj|
]
.

(C2) There are θ > 0 with for ω ∈ [0, 1] and x, y ∈ R, we have

|g(ω, x)− g(ω, y)| ≤ θ|x− y|.

(C3) The operator Aj is σj-Lipschitz for all 1 ≤ j ≤ n.

(C4)
[(

‖f‖∞
Γ(ς+1)

+ ‖f‖∞
(ς−µ1)Γ(ς)

)
×
(

1 +
n∑
j=1

σj

)
+

θpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

]
< 1.

Then there exist a solution for the problem (2.1).
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Proof. From (C1) for almost ω ∈ [0, 1] the set valued map F(ω, .) is upper semicon-

tinuous, then from proposition 7.9 page 229 in [33] the set valued map ω ∈ [0, 1] 7→

F(ω, z(ω),A1z(ω), . . . ,Anz(ω)) is measurable and from lemma 1.4.1 there exist a mea-

surable function h such that

h(ω) ∈ F(ω, z(ω),A1z(ω), . . . ,Anz(ω)) for z ∈ X, then h ∈ SF ,z. Define the set valued map

N by

N (z) =

{
h ∈ X : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ− [
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

− pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, z(Λ))dΛ]ως−1, v ∈ SF ,z
}
, (2.13)

we will show the set valued map investigated theorem 1.3.1.

Step 1. (N (y) ∈ Pcl(X)). Let (yn) be set of element in N (y) with yn → ỹ in X. Then

ỹ ∈ X and there exists vn ∈ SF ,y with for ω ∈ [0, 1],

yn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1vn(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, y(Λ))dΛ

]
ως−1.

Let V = {vn ∈ SF ,z;n ≥ 1}, since F has a compact values, and by proposition 1.6.2 there

exist a subsequence to obtain that vnk converges weakly to v in L1([0, 1];R). Therefore

v ∈ SF ,z and for ω ∈ [0, 1]

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vnk(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1vnk(Λ)dΛ

]
ως−1

−→ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

]
ως−1,

then for every ω ∈ [0, 1], we have

ỹ(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, y(Λ))dΛ

]
ως−1.

Hence ỹ ∈ N (y).

Step 2. (N is contraction.) We prove that there exist 0 < γ < 1 with

Hd(N (y),N (ỹ)) ≤ γ‖y − ỹ‖X y, ỹ ∈ X.
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Let y, ỹ ∈ X and h1 ∈ N (y), there exists a function measurable v1 such that

v1(ω) ∈ F(ω, y(ω),A1y(ω), . . . ,Any(ω)) for almost ω ∈ [0, 1], (2.14)

h1(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v1(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v1(Λ)dΛ

−pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, y(Λ))dΛ

]
ως−1 for all ω ∈ [0, 1].

By (C1), we have

Hd

(
F(ω, y(ω),A1y(ω), . . . ,Any(ω));F(ω, ỹ(ω),A1ỹ(ω), . . . ,Anỹ(ω))

)
≤ f(ω)

(
|y(ω)− ỹ(ω)|+

n∑
j=1

|Ajy(ω)−Aj ỹ(ω)|
)
.

Then by proposition 1.4.4 the set valued map ω 7→ F(ω,A1z(ω), . . . ,Anz(ω)) is measurable,

from lemma 1.4.3 has a measurable selection noted by v2 such that

|v1(ω)− v2(ω)| ≤ f(ω)

(
|y(ω)− ỹ(ω)|+

n∑
j=1

|Ajy(ω)−Aj ỹ(ω)|
)
, ω ∈ [0, 1].

For ω ∈ [0, 1], define the element

h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v2(Λ)dΛ− [
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1v2(Λ)dΛ

− pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1g(Λ, ỹ(Λ))dΛ]ως−1 for a.e. ω ∈ [0, 1].

Thus,

|h1(ω)− h2(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v1(ω)− v2(ω)|dΛ

+
1

Γ(ς)

∫ 1

0

(1− Λ)ς−µ1−1|v1(ω)− v2(ω)|dΛ

+
pΓ(ς − µ1)

Γ(µ2)Γ(ς)

∫ 1

0

(1− Λ)µ2−1|g(Λ, y(Λ))− g(Λ, ỹ(Λ))|dΛ

≤
[(
‖f‖∞

Γ(ς + 1)
+

‖f‖∞
(ς − µ1)Γ(ς)

)
×
(

1 +
n∑
j=1

σj

)
+

θpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

]
‖y − ỹ‖X.

Then

‖h1 − h2‖X ≤
[(
‖f‖∞

Γ(ς + 1)
+

‖f‖∞
(ς − µ1)Γ(ς)

)
×
(

1 +
n∑
j=1

σj

)
+

θpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

]
‖y − ỹ‖X.
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Analogously, interchanging the roles of y and ỹ, we get

Hd(N (y),N (ỹ)) ≤ γ‖y − ỹ‖X, y, ỹ ∈ X,

with

γ =

[(
‖f‖∞

Γ(ς + 1)
+

‖f‖∞
(ς − µ1)Γ(ς)

)
×
(

1 +
n∑
j=1

σj

)
+

θpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

]
.

That means N is a contraction.

From step 1 and step 2 and theorem 1.3.1 the set valued map N has a fixed point, this

point represent a solution of (2.1). The proof is fulfilled.

Corollary 4. Assume that the conditions (C1) and (C2) of the precedent theorem are sat-

isfied, and we assume that

(C3′) Aj is linear and bounded operator for all 1 ≤ j ≤ n.

(C4′)

[(
‖f‖∞

Γ(ς+1)
+ ‖f‖∞

(ς−µ1)Γ(ς)

)
×
(

1 +
n∑
j=1

‖Aj‖
)

+
θpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

]
< 1.

Then there is at least one solution to problem 2.1.

Proof. The operator Aj is ‖Aj‖-Lipschitz, by precedent theorem the problem (2.1) has

solution in X.

2.1.3 Application

Let
Dς0+z(ω) ∈ F(ω, z(ω), Iδ10+z(ω), . . . , Iδn0+z(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

Dµ10+z(1) = pIµ20+g(1, z(1)),

(2.15)

where 1 < ς < 2, p, µ2 > 0 and 0 ≤ µ1 ≤ ς − 1, g : [0, 1]× R→ R is a continuous function,

F : [0, 1]× Rn+1 → P(R) is a multivalued, Iµ20+ , I
δ1
0+ , . . . , I

δn
0+ is Riemann-Liouville fractional

integral of order µ2, δ1, . . . , δn.

Theorem 2.1.4. Assume that the following assertions (A1), (A2), (A3) and (A4) hold.
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(A1) F : [0, 1]× Rn+1 → Pcp,c(R) is a L1-Carathéodory set valued map.

(A2) There exist f1, f2 ∈ L∞([0, 1],R+) and ϕ, ψ1, . . . , ψn : R+ → R∗+ continuous, nonde-

creasing functions such that

‖F(ω, x, x1, . . . , xn)‖ = sup{|v| : v ∈ F(ω, x, x1, . . . , xn)}

≤ f1(ω)ϕ(|x|) + f2(ω)
n∑
j=1

ψj(|xj|),

(A3) There exists L > 0 such that

L

Q̃L +

(
‖f1‖∞ϕ(L) +

n∑
j=1

ϕj
( L

min
1≤j≤n

Γ(δj + 1)

)
‖f2‖∞

)
Q
> 1,

where

Q =
1

Γ(ς + 1)
+

1

(ς − µ1)Γ(ς)
,

Q̃L =
αLpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)
,

with αL = max
{
|g(ω, x)|, (ω, x) ∈ [0, 1]× [−L,L]

}
.

Then there is at least one solution to problem (2.15).

Proof. From corollary 2 the problem (2.15) has a solution when we take Aj = I
δj
0+ .

Theorem 2.1.5. Let us assume that the following statement are true.

(C1) F : [0, 1]× Rn+1 → Pcp(R) is a set valued map such that

1. F is integrably bounded and the set valued map ω → F(ω, x, x1, . . . , xn) is mea-

surable for x, xl ∈ R with 1 ≤ l ≤ n ;

2. there exist f ∈ L∞([0, 1],R+) with for almost ω ∈ [0, 1]

and x, y, xl, yl ∈ R with 1 ≤ l ≤ n,

Hd(F(ω, x, x1, . . . , xn),F(ω, y, y1, . . . , yn)) ≤ f(ω)

[
|x− y|+

n∑
j=1

|xj − yj|
]
.

(C2) There exist θ > 0 with for ω ∈ [0, 1] and a, b ∈ R, we have

|g(ω, a)− g(ω, b)| ≤ θ|a− b|.
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(C4)
[(

‖f‖∞
Γ(ς+1)

+ ‖f‖∞
(ς−µ1)Γ(ς)

)
×
(

1 +
n∑
j=1

1

Γ(δj + 1)

)
+

θpΓ(ς − µ1)

Γ(µ2 + 1)Γ(ς)

]
< 1.

Then there is at least one solution to problem (2.15).

2.2 Existence results for semilinear fractional differen-

tial inclusions 2

Now we study the existence of the semilinear fractional differential inclusions for multi-

term boundary value problem (2.16) with the following data:
Dς0+z(ω) ∈ F(ω, z(ω),Dγ10+z(ω), . . . ,Dγn0+z(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

Dν0+z(1) = pIµ0+g(1, z(1)),

(2.16)

with 1 < ς < 2, p, µ ≥ 0, g : [0, 1]×R→ R is a continuous function and F : [0, 1]×Rn+1 →

P(R) is a set valued map, 0 = γ0 < γ1 < · · · < γn < 1, ς > γn + 1 and 0 ≤ ν < γn.

Consider C([0, 1],R) the space of all continuous functions defined on [0, 1] and define the

space X = {z : z,Dγ10+z, . . . ,D
γn
0+z ∈ C([0, 1],R)},

(0 < γ1 < · · · < γn < 1) equipped with the norm

‖z‖X = max
ω∈[0,1]

|z(ω)|+
n∑
j=1

max
ω∈[0,1]

|Dγj0+z(ω)|.

Lemma 2.2.1. (X, ‖.‖X) is a Banach space.

Proof. Let (zm) be a sequence in X such that for every ε > 0 there exist m0 ∈ N, for any

m ≥ m0 we have for every p ∈ N.

‖zm+p − zm‖X < ε. (2.17)

For m ≥ m0, and p ∈ N

‖zm+p − zm‖∞ < ε

the space C([0, 1],R) is a Banach space, then there exist z ∈ C([0, 1],R) such that

‖zm − z‖∞ → 0,
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and∣∣I1−γj
0+ zm(ω)− I1−γj

0+ z(ω)
∣∣ =

∣∣I1−γj
0+ (zm − z)(ω)

∣∣ =
∣∣ 1

Γ(1− γj)

∫ ω

0

(ω − Λ)−γj(zm − z)(Λ)dΛ
∣∣

≤ 1

Γ(1− γj)

∫ ω

0

(ω − Λ)−γj‖zm − z‖∞dΛ =
ω1−γj‖zm − z‖∞
(1− γj)Γ(1− γj)

≤ ‖zm − z‖∞
Γ(2− γj)

,

that means

‖I1−γj
0+ zm − I

1−γj
0+ z‖∞ ≤

‖zm − z‖∞
Γ(2− γj)

,

then

‖I1−γj
0+ zm − I

1−γj
0+ z‖∞ → 0 for 1 ≤ j ≤ n,

from (2.17), there exist vj ∈ C([0, 1],R) such that for every m ≥ m0

‖Dγj0+zm − vj‖∞ < ε

Since Dγj0+zm = d
dω
I

1−γj
0+ zm and by theorem 2.5 page 92 in [12] we get vj = Dγj0+z.

That means X is Banach space.

For all z ∈ X, define the set of selections of the set valued map F by

SF ,z = {v ∈ L1([0, 1],R) : v(ω) ∈ F(ω, z(ω),Dγ10+z(ω), . . . ,Dγn0+z(ω)) for almost ω ∈ [0, 1]}.

(2.18)

Theorem 2.2.1. Let A be a subset of X such that

(i) A is bounded,i.e, there exist M > 0 such that for all f ∈ A

‖f‖X ≤M.

(ii) A equicontinuous,i.e, given any ε > 0 there exist δ(ε) > 0 such that for all t, s ∈ [0, 1]

we have

|t− s| < δ(ε)⇒ |f(t)− f(s)|+
n∑
j=1

|Dγj0+f(t)−Dγj0+f(s)| < ε

for all f ∈ A.
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Then the set A is relatively compact set in X.

Proof. Let ε > 0, by property (ii) there exist δ(ε) > 0 such that for all t, s ∈ [0, 1] we have

|t− s| < δ(ε)⇒ |f(t)− f(s)|+
n∑
j=1

|Dγj0+f(t)−Dδj0+f(s)| < ε

4
.

Since [0, 1] ⊂ ∪
t∈[0,1]

]t− δ(ε), t+ δ(ε)[ and [0, 1] is a compact set in R, then there exist a finite

number of points tl ∈ [0, 1](1 ≤ l ≤ p) such that

[0, 1] ⊂
p
∪
l=1

]tl − δ(ε), tl + δ(ε)[.

Second there exist a finite number of points ym ∈ R (1 ≤ m ≤ q) such that

−M = y1 < y2 < · · · < yq = M and ym+1 − ym < ε
2
, 1 ≤ m ≤ q − 1,

where M is the constant appearing in property (i).

Let then {σj; 1 ≤ j ≤ n} denote the fini te set formed by all the applications from the set

{1, . . . , p} into the set {1, . . . , q} and let the subsets Aj(1 ≤ j ≤ n) of A be defined by

Aj = {f ∈ A; |f(tl)− yσj(l)|+
n∑
j=1

|Dγj0+f(tl)− yσj(l)| <
ε

4
, 1 ≤ l ≤ p}.

Then we claim that

A ⊂
n
∪
j=1
Aj and diamAj ≤ ε (see [21] page 24).

To prove our assertion let f ∈ A be any function in A. Since

|f(tl)|+
n∑
j=1

|Dγj0+f(tl)| ≤M,

there exist for all l ∈ {1, . . . , p} an integer k = k(f, l) ∈ {1, . . . , q} such that

|f(tl)− yk(f,l)|+
n∑
j=1

|Dγj0+f(tl)− yk(f,l)| ≤
ε

4
.

Then by definition of the application σj, there exist an integer j(f) ∈ {1, . . . , n} such that

the application σj(f)(l) = k(f, l), or equivalently such that f ∈ Aσj(f). Hence A ⊂
n
∪
j=1
Aj.

Given any integer j ∈ {1, . . . , n}, and let f, g ∈ Aj and t ∈ [0, 1].
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Since [0, 1] ⊂
p
∪
l=1

]tl − δ(ε), tl + δ(ε)[, there exist l = l(t) such that t ∈]tl − δ(ε), tl + δ(ε)[.

Then

|f(t)− g(t)|+
n∑
j=1

|Dγj0+f(t)−Dγj0+g(t)| ≤ |f(t)− f(tl)|+
n∑
j=1

|Dγj0+f(t)−Dγj0+f(tl)|

+|f(tl)− yk(f,l)|+
n∑
j=1

|Dγj0+f(tl)− yk(f,l)|+ |g(tl)− yk(f,l)|+
n∑
j=1

|Dγj0+g(tl)− yk(f,l)|

+|g(t)− g(tl)|+
n∑
j=1

|Dγj0+g(t)−Dγj0+g(tl)| < ε.

Hence diamAj < ε, and the proof is complete.

2.2.1 The case where F is convex

Theorem 2.2.2. Supposons that the following assertions (B1), (B2) and (B3) hold

(B1) F : [0, 1]× Rn+1 → Pcp,c(R) is a Carathéodory set valued map.

(B2) There exist f ∈ L∞([0, 1], [0; +∞)) and ψ0, . . . , ψn : R+ → R∗+ continuous, nonde-

creasing with

‖F(ω, ξ0, . . . , ξn)‖ = sup{|v| : v ∈ F(ω, ξ0, . . . , ξn)} ≤ f(ω)
n∑
i=0

ψi(|ξi|),

for ξi ∈ R and almost ω ∈ [0, 1].

(B3) There are σ > 0 with
σ

Q̃σ + (
n∑
j=0

ψj(σ))‖f‖∞Q
> 1,

with

Q =
n∑
i=0

(
1

Γ(ς − γi + 1)
+

1

(ς − ν)Γ(ς − γi)

)
,

Q̃r =
n∑
j=0

αrpΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)
,

for r > 0, such that αr = max
{
|g(ω, ξ)|, (ω, ξ) ∈ [0, 1]× [−r, r]

}
.

Then the problem (2.16) has at least one solution.

35



Lemma 2.2.2. The first and the second conditions of this theorem implies that the set of

selections of F defined by SF ,z is non-empty.

Proof. From (B1) and proposition 1.4.4 the set valued map ω ∈ [0, 1] 7→ F(ω, x0, . . . , xn) is

measurable, by lemma 1.4.1 has a selection measurable noted by h.

By second condition (B2), we have

|h(ω)| ≤ f(ω)
n∑
j=0

ψj(‖z‖),

that means h ∈ L1([0, 1];R), then SF ,z is non-empty.

Proof. of Theorem 2.2.2. Define an operator N : X→ P(X) by

N (z) =

{
h ∈ X : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ− [
1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v(Λ)dΛ

− pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ]ως−1, v ∈ SF ,z
}
. (2.19)

We will show that N satisfies all hypotheses of theorem 1.3.2. The proof will be given

in five steps.

Step 1. (N (z) is convex valued).

Let z ∈ X and h1, h2 ∈ N (z), then there exist v1, v2 ∈ SF ,z such that

hi(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vi(Λ)dΛ− [
1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1vi(Λ)dΛ.

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ]ως−1

for i ∈ {1, 2}. Then for λ ∈ [0, 1](
λh1 + (1− λ)h2

)
(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1 + (1− λ)v2

)
(Λ)dΛ

−
[ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1
(
λv1 + (1− λ)v2

)
(Λ)dΛ

− pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ
]
ως−1.

Since F is convex set valued map, then λh1 + (1− λ)h2 ∈ SF ,z, then, it is clear that N (z)

is convex for z ∈ X.
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Step 2. (N set valued map convert any bounded sets to bounded sets).

Let Br = {z ∈ X; ‖z‖X < r}. We prove that there are a constant l > 0 such that for any

z ∈ Br, one has ‖h‖X ≤ l for all h ∈ N (z). Let z ∈ Br and h ∈ N (z), then there are

v ∈ SF ,z with

h(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ

]
ως−1.

By simple calculation, we find

|Dγj0+h(ω)| ≤ 1

Γ(ς − γj)

∫ ω

0

(ω − Λ)ς−γj−1|v(Λ)|dΛ +
1

Γ(ς − γj)

∫ 1

0

(1− Λ)ς−ν−1|v(Λ)|dΛ

+
pΓ(ς − ν)

Γ(µ)Γ(ς − γj)

∫ 1

0

(1− Λ)µ−1|g(Λ, z(Λ))|dΛ

≤
[

1

Γ(ς − γj)

∫ 1

0

(1− Λ)ς−γj−1dΛ +
1

Γ(ς − γj)

∫ 1

0

(1− Λ)ς−ν−1dΛ

]
‖f‖∞

n∑
j=1

ψj(r)

+
αrpΓ(ς − ν)

Γ(µ)Γ(ς − γj)

∫ 1

0

(1− Λ)µ−1dΛ,

where 0 ≤ j ≤ n and γ0 = 0. Hence we get

‖h‖X ≤ Q̃r + ‖f‖∞
n∑
i=0

ψi(r)Q = l ( a constant ).

Step 3. (N set valued map convert any bounded set to equicontinuous sets). Let Br be a

bounded set of X as in step 2, and let 0 ≤ t1 ≤ t2 ≤ 1 and z ∈ Br. For each h ∈ N (z), then

there exists v ∈ SF ,z such that

|Dγj0+h(t2)−Dγj0+h(t1)|

≤
∫ t2

t1

(t2 − Λ)ς−γj−1v(Λ)

Γ(ς − γj)
dΛ +

∫ t1

0

[(t2 − Λ)ς−γj−1 − (t1 − Λ)ς−γj−1]v(Λ)

Γ(ς − γj)
dΛ

+

[
1

Γ(ς − γj)

∫ 1

0

(1− Λ)ς−ν−1v(Λ)dΛ− pΓ(ς − ν)

Γ(µ)Γ(ς − γj)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ

]
×(

t
ς−γj−1
2 − tς−γj−1

1

)
≤ ‖f‖∞

n∑
j=0

ψj(r)

[∣∣tς−γj2 − tς−γj1

∣∣
Γ(ς − γj + 1)

+

∣∣tς−γj−1
2 − tς−γj−1

1

∣∣
(ς − ν)Γ(ς − γj)

]
+

α‖z‖pΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)

(∣∣tς−γj−1
2 − tς−γj−1

1

∣∣).
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where 0 ≤ j ≤ n and γ0 = 0. Therefore

|Dγj0+h(t2)−Dγj0+h(t1)| → 0 as t2 → t1.

From theorem 2.2.1 the closure of N (Br) is compact set in X. Consequently N is completely

continuous.

Step 4. (N has a closed graph). Let zm → z∗, hm ∈ N (zm) converge to h∗, we need

to show that h∗ ∈ N (z∗). Now there exist vm in SF ,zm such that

hm(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vm(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1vm(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, zm(Λ))dΛ

]
ως−1,

we show that there exist v∗ ∈ SF ,z∗ such that for every ω ∈ [0, 1],

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v∗(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z∗(Λ))dΛ

]
ως−1.

While F is upper semicontinuous, then for ε > 0 there are m0 with for m ≥ m0

F(ω, zm(ω),Dγ10+zm(ω), . . . ,Dγn0+zm(ω)) ⊆ F(ω, z∗(ω),Dγ10+z∗(ω), . . . ,Dγn0+z∗(ω)) +Bε(0).

Then there exist v∗(ω) ∈ F(ω, z∗(ω),Dγ10+z∗(ω), . . . ,Dγn0+z∗(ω)) for almost ω ∈ [0, 1] such that

vm(ω)→ v∗(ω).

Then∣∣∣∣h∗(ω)− 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ +

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v∗(Λ)dΛ

− pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z∗(Λ))dΛ

]
ως−1

∣∣∣∣
≤ |hm(ω)− h∗(ω)|+ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|vm(Λ)− v∗(Λ)|dΛ

+

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1|vm(Λ)− v∗(Λ)|dΛ

− pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1
∣∣g(Λ, zm(Λ))− g(Λ, z∗(Λ))

∣∣dΛ

]
ως−1,
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according to Lebesgue DCT, we get v∗ ∈ SF ,z∗ and

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v∗(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z∗(Λ))dΛ

]
ως−1.

This means that h∗ ∈ N (z∗).

Step 5. (a priori bounds on solutions). Let z ∈ X such that z ∈ λN (z) for λ ∈ (0, 1). Then

for every ω ∈ [0, 1] we have
n∑
j=0

|Dγj0+z(ω)| ≤
n∑
j=0

[
1

Γ(ς − γj)

∫ ω

0

(ω − Λ)ς−γj−1dΛ +
1

Γ(ς − γj)

∫ 1

0

(1− Λ)ς−ν−1dΛ

]
×

‖f‖∞
n∑
i=0

ψi‖z‖X + Q̃‖z‖X

=
n∑
i=0

(
1

Γ(ς − γi + 1)
+

1

(ς − ν)Γ(ς − γi)

)
‖f‖∞

n∑
i=0

ψi‖z‖X + Q̃‖z‖X .

where 0 ≤ j ≤ n and γ0 = 0. Finally, we find

‖z‖X ≤ Q.‖f‖∞(
n∑
i=0

ψi(‖z‖X)) + Q̃‖z‖X .

Let V = {z ∈ X : ‖z‖X < σ}.

It is distinctly that V is an open subset of X and 0 ∈ V . From steps 1, step 2, step 3 and

step 4 we can conclude that the restriction of N in V̄ is upper semicontinuous, completely

continuous and has a compact convex values. From the choice of V for all z ∈ ∂V and

λ ∈ (0, 1) and by third condition (B3) in theorem we get z /∈ λN (z). Therefore, by theorem

1.3.2, we conclude that N has a fixed point z ∈ V̄ , then, the problem 2.1 have a solution.

Example 5. Consider the following fractional differential inclusion problem
D1.9

0+ z(ω) ∈ F(ω, z(ω),D0.1
0+ z(ω),D0.3

0+ z(ω)),

z(0) = 0,

D0.2
0+ z(1) =

4

Γ(4)

∫ 1

0

(1− Λ)3(Λ +
z(Λ)

4
)dΛ,

(2.20)

where

F(ω, x0, x1, x2) =

[
ω(exp(−6|x2|) + arctan(|x0|) +

1

1 + |x1|
; exp(ω) +

π

2
+ 1

]
.
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In this problem, we have

‖F(ω, x0, x1, x2)‖ = sup{|v|, v ∈ F(ω, x0, x1, x2)} ≤ exp(ω) +
π

2
+ 1.

It is clear that

(i) F(ω, x0, x1, x2) ∈ Pc,cp(R).

(ii) From example 1 the set valued F is upper semicontinuous.

(iii) From 1.4.1 the set valued F is measurable.

From definition of Carathéodory set valued map 1.4.4, the set valued map F is Carathéodory

set valued map.

Let f(ω) = exp(ω), ψ0(|x0|) = π
2
, ψ1(|x1|) = 1 and ψ2(|x2|) = 1.

Taking σ = 43, we find Q̃σ ≈ 5.7506, Q ≈ 3.7447 and ‖m‖∞ ≈ 2.7183. Then we get

σ

Q̃σ + ‖m‖∞Q
2∑
j=0

ψj(σ)

≈ 1.0214.

Consequently, there is at least one solution to problem (2.20).

Remark 2.2.1. If we replace the hypothesis (B3) by

(B3∗) There are α > 0 and α1, . . . , αn such that

|g(ω, x)| ≤ α for all (ω, x) ∈ [0, 1]× R,

and

|ψi(x)| ≤ αi for all x ∈ R and 0 ≤ i ≤ n

the result of theorem 2.2.2 still true. Indeed, it is clear that the boundedness of the function g

on [0, 1]×Rn+1 suffices to realize the hypothesis (B3). Then we state the following corollary.

Corollary 5. Assume that

(B1) F : [0, 1]× Rn+1 → Pcp,c(R) Carathéodory set valued map.
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(B2) There exist f ∈ L∞([0, 1], [0; +∞]) and ψ0, . . . , ψn : R+ → R∗+ continuous, nondecreas-

ing such that

‖F(ω, ξ0, . . . , ξn)‖ = sup{|v| : v ∈ F(ω, ξ0, . . . , ξn)} ≤ f(ω)
n∑
i=0

ψi(|ξi|),

with ξi ∈ R and almost ω ∈ [0, 1].

(B3′) There are α > 0 and α1, . . . , αn with

|g(ω, ξ)| ≤ α, for (ω, ξ) ∈ [0, 1]× R,

and

|ψi(ξ)| ≤ αi, for ξ ∈ R and 0 ≤ i ≤ n.

Then there exist a solution for the problem (2.16).

The following example illustrates the previous situation.

Example 6. Let us consider the following problem
D1.9

0+ z(ω) ∈ F(ω, z(ω),D0.1
0+ z(ω),D0.3

0+ z(ω)),

z(0) = 0,

D0.2
0+ z(1) =

4

Γ(4)

∫ 1

0

(1− Λ)3.
5 cos(z(Λ))

(7 + Λ)2
dΛ,

(2.21)

with

F(ω, x0, x1, x2) =

[
ω(exp(−6|x2|) + arctan(|x0|) +

1

1 + |x1|
; exp(ω) +

π

2
+ 1

]
In this problem, we have

‖F(ω, x0, x1, x2)‖ = sup{|v|, v ∈ F(ω, x0, x1, x2)} ≤ exp(ω) +
π

2
+ 1.

It is obvious that F is convex compact valued and of Carathéodory set valued map.

Let f(ω) = exp(ω), ψ0(|x0|) = π
2
, ψ1(|x1|) = 1 and ψ2(|x2|) = 1.

Then, from corollary 5 the problem (2.21) has at least one solution.
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2.2.2 The case where F is nonconvex

Now we study the case when F is not necessarily convex set valued map.

Theorem 2.2.3. Assume that the following assertions are met.

(C1) F : [0, 1]× Rn+1 → Pcp(R) is a set valued map with

1. F is integrably bounded and the set valued map ω 7→ F(ω, ξ0, . . . , ξn) is measurable

for all ξl ∈ R with 0 ≤ l ≤ n ,

2. there exist f ∈ L∞([0, 1],R+) such that for almost [0, 1] and all xi, yi ∈ R with

0 ≤ i ≤ n,

Hd(F(ω, x0, . . . , xn),F(ω, y0, . . . , yn)) ≤ f(ω)
n∑
j=0

|xj − yj|.

(C2) There exist θ > 0 such that, for all ω ∈ [0, 1] and x, y ∈ R, we have

|g(ω, x)− g(ω, y)| ≤ θ|x− y|.

(C3)
n∑
j=0

(
‖f‖∞

Γ(ς − γj + 1)
+

‖f‖∞
(ς − ν)Γ(ς − γj)

+
θpΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)

)
< 1.

Then, the problem (2.16) has at least one solution.

Proof. From (C1)(2) for almost ω ∈ [0, 1] the set valued map F(ω, .) is upper semicontinu-

ous, then from proposition 7.9 page 229 in [33] the set valued ω 7→ F(ω, z(ω),Dγ10+z(ω), . . . ,Dγn0+z(ω))

is measurable and from lemma 1.4.1 there exist a measurable function h such that

h(ω) ∈ F(ω, z(ω),Dγ10+z(ω), . . . ,Dγn0+z(ω)) for z ∈ X, then h ∈ SF ,z.

For prove the existence the solution for problem (2.16) we must show that the set valued

map N that defines in (2.2.1) has a fixed point.

Now we prove that N satisfies all hypotheses of theorem 1.3.1. The proof is done in two

steps.

Step 1. (N (z) ∈ Pcl(X)). Indeed, let (zn) be a sequence in N (z) such that zn → z̃ in X.

Then z̃ ∈ X and there exists vn ∈ SF ,z such that, for every ω ∈ [0, 1],

zn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1vn(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ

]
ως−1.
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As the set valued map F has compact values, then the set A = {vn ∈ SF ,z;n ≥ 1} satisfied

all hypothesis of proposition 1.6.2 we pass onto a subsequence to obtain that vnk converges

weakly to v in L1([0, 1];R). Therefore, v ∈ SF ,z and for each ω ∈ [0, 1]

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1vn(Λ)dΛ

]
ως−1

−→ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v(Λ)dΛ

]
ως−1,

we establish that, for every ω ∈ [0, 1], we have

z̃(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ

]
ως−1.

Hence z̃ ∈ N (z).

Step 2. There exists γ < 1 such that

Hd(N (z),N (z̃)) ≤ γ‖z − z̃‖Xfor each z, z̃ ∈ X.

Let z, z̃ ∈ X and h1 ∈ N (z). Then by lemma 1.4.3 there exists a function measurable v1

such that, for each ω ∈ [0, 1],

v1(ω) ∈ F(ω, z(ω), . . . ,Dδnz(ω)), (2.22)

h1(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v1(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v1(Λ)dΛ

−pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z(Λ))dΛ

]
ως−1.

From (C1), we have

Hd

(
F(ω, z(ω),Dγ10+z(ω), . . . ,Dγn0+z(ω));F(ω, z̃(ω),Dγ10+ z̃(ω), . . . ,Dγn0+ z̃(ω))

)
≤ f(ω)(

n∑
j=0

|Dγj0+z(ω)−Dγj0+ z̃(ω)|).

Then there are w ∈ F(ω, z̃(ω),Dγ10+ z̃(ω), . . . ,Dγn0+ z̃(ω)) with

|v1(ω)− w| ≤ f(ω)(
n∑
j=0

|Dγj0+z(ω)−Dγj0+ z̃(ω)|), ω ∈ [0, 1].
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Then by proposition 1.4.4 implies that the set valued map ω 7→ F(ω, z̃(ω),Dγ1 z̃(ω), . . . ,Dγn0+ z̃(ω))

is measurable, from lemma 1.4.3 has a measurable selection noted by v2 such that

|v1(ω)− v2(ω)| ≤ f(ω)(
n∑
j=0

|Dγj0+z(ω)−Dγj0+ z̃(ω)|).

For each ω ∈ [0, 1], let us define

h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v2(Λ)dΛ− [
1

Γ(ς)

∫ 1

0

(1− Λ)ς−ν−1v2(Λ)dΛ

− pΓ(ς − ν)

Γ(µ)Γ(ς)

∫ 1

0

(1− Λ)µ−1g(Λ, z̃(Λ))dΛ]ως−1 for almost ω ∈ [0, 1].

Hence

|Dγj0+h1(ω)−Dγj0+h2(ω)| ≤ 1

Γ(ς − γj)

∫ ω

0

(ω − Λ)ς−γj−1|v1(ω)− v2(ω)|dΛ

+
1

Γ(ς − γj)

∫ 1

0

(1− Λ)ς−ν−1|v1(ω)− v2(ω)|dΛ

+
pΓ(ς − ν)

Γ(µ)Γ(ς − γj)

∫ 1

0

(1− Λ)µ−1|g(Λ, z(Λ))− g(Λ, z̃(Λ))|dΛ

≤
[

‖f‖∞
Γ(ς − γj + 1)

+
‖f‖∞

(ς − ν)Γ(ς − γj)
+

θpΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)

]
‖z − z̃‖X,

where 0 ≤ j ≤ n with γ0 = 0. Therefore

‖h1 − h2‖X ≤
[ n∑
j=0

(
‖f‖∞

Γ(ς − γj + 1)
+

‖f‖∞
(ς − ν)Γ(ς − γj)

+
θpΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)
)

]
‖z − z̃‖X.

Analogously, interchanging the roles of z and z̃, we get

Hd(N (z),N (z̃)) ≤ γ‖z − z̃‖X for each z, z̃ ∈ X,

with

γ =
n∑
j=0

(
‖f‖∞

Γ(ς − γj + 1)
+

‖f‖∞
(ς − ν)Γ(ς − γj)

+
θpΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)

)
.

While N is a contraction set valued map, and from theorem 1.3.1 we get N has a fixed

point z which is represent a solution of (2.16). The proof is fulfilled.

Example 7. Consider the following fractional differential inclusion
D1.9

0+ z(ω) ∈ F(ω, z(ω),D0.1
0+ z(ω),D0.3

0+ z(ω)),

z(0) = 0,

D0.2
0+ z(1) =

4

Γ(4)

∫ 1

0

(1− Λ)3.
5 cos(z(Λ))

(7 + Λ)2
dΛ,

(2.23)
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where

F(ω, x0, x1, x2) =
[ sinx0

9 + ω2
+

1

31
arctanx1 − π;−1

2

]
∪
[
1;

expω

51
|x2|+ 1

]
,

and

g(ω, x) =
5

(7 + ω)2
cosx.

We have

(i) F is closed valued but is not convex valued.

(ii) From lemma 1.4.3 F is measurable.

(iii) n = 2, ς = 1.9, γ1 = 0.1, γ2 = 0.3, ν = 0.2, and µ = p = 4

In view of the data given above, we have for ω ∈ [0, 1] and x, y ∈ R,

Hd(F(ω, x0, x1, x2);F(ω, y0, y1, y2)) ≤ 1

9 + ω2
|x0 − y0|+

1

31
|x1 − y1|+

expω

51
|x2 − y2|,

|g(ω, x)− g(ω, y)| ≤ 5

49
|x− y|,

f(ω) =
1

9 + ω2
+

1

31
+

expω

51
,

and also

γ =
n∑
j=0

(
‖f‖∞

Γ(ς − γj + 1)
+

‖f‖∞
(ς − δj)Γ(ς − γj)

+
θpΓ(ς − ν)

Γ(µ+ 1)Γ(ς − γj)

)
≈ 0.7864 < 1.

Hence, all the hypotheses of theorem 2.2.3 are satisfied. Then the problem (2.23) has at least

one solution.
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Chapter 3

Study the existence and uniqueness for

fractional differential inclusions in

Lebesgue and Sobolev spaces

In this chapter we study the existence and uniqueness for BVP of fractional differential

inclusion 
Dς0+z(ω) ∈ H(ω, z(ω)), for almost ω ∈ [0, 1],

z(0) = 0,

z(1) = pIµ10+k1(ξ1, z(ξ1)) + qIµ20+k2(ξ2, z(ξ2)),

(3.1)

where 1 < ς < 2 , p, q ≥ 0, µ1, µ2 ≥ 1, 0 < ξ1, ξ2 ≤ 1, kj : [0, 1]× R → R is a continuous

function for 1 ≤ j ≤ 2, and H : [0, 1]× R→ P(R) is a set valued map.

Definition 3.0.1. A function z is said to be a solution of the problem (3.1), if there exists

a function v ∈ L1([0, 1],R) with v(ω) ∈ H(ω, z(ω)) for almost ω ∈ [0, 1] such that
Dς0+z(ω) = v(ω), 1 < ς < 2,

z(0) = 0,

z(1) = pIµ10+k1(ξ1, z(ξ1)) + qIµ20+k2(ξ2, z(ξ2)).
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Lemma 3.0.1. For a given y ∈ L1([0, 1],R), a function z is a solution to
Dς0+z(ω) = y(ω), 1 < ς < 2, for almost ω ∈ [0, 1],

z(0) = 0,

z(1) = pIµ10+k1(ξ1, z(ξ1)) + qIµ20+k2(ξ2, z(ξ2)),

(3.2)

if and only if

z(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1y(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1y(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1.(3.3)

Proof. Assume that z satisfies (3.2), from lemma 1.5.3 we get

z(ω) = I ς0+y(ω)− c1ω
ς−1 − c2ω

ς−2,

where c1, c2 ∈ R.

The first boundary condition, we obtain I ς0+y(ω) = 0, c1ω
ς−1 = 0 and limω→0 = +∞, then

z(0) = 0 that means c2 = 0. From the second boundary condition, we get

z(1) = I ς0+y(1)− c1 = pIµ10+k1(ξ1, z(ξ1)) + qIµ20+k2(ξ2, z(ξ2)),

this means that

c1 =
1

Γ(ς)

∫ 1

0

(1− Λ)ς−1y(Λ)dΛ− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ, (3.4)

we replace the value of c1 with the value obtained in (3.4) we get the integral equation (3.3).

Conversely, if z satisfies (3.3) by lemma 1.5.2 and 1.5.4, we have Dς0+z(ω) = y(ω).

By simple calculation, we get

z(1) = pIµ10+k1(ξ1, z(ξ1)) + qIµ20+k2(ξ2, z(ξ2)),

and we can easily to see that z(0) = 0.
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3.1 Existence and uniqueness result in L1 space

Consider X1 = L1([0, 1],R) the space of all integrable functions defined on [0, 1] provided

by the norm

‖z‖X1 =

∫ 1

0

|z(ω)|dω.

It’s clearly that (X1, ‖.‖X1) is a Banach space.

For each z ∈ X1, the set of selections of H is defined by

SH,z = {v ∈ L1([0, 1],R) : v(ω) ∈ H(ω, z(ω)) for almost ω ∈ [0, 1]}. (3.5)

3.1.1 Existence result

In this work we have studied the existence and uniqueness for (3.1) in X1 when H has a

convex values.

Theorem 3.1.1. Assume that the following assertions (B1)− (B4) hold

(B1) The set valued map H : [0, 1]× R→ Pc,cp(R) is a Carathéodory map.

(B2) Existence two functions ϕ ∈ L1([0, 1],R+) and ψ ∈ L∞([0, 1],R+) with

‖H(ω, x)‖ = sup{|v| : v ∈ H(ω, x)} ≤ ϕ(ω) + ψ(ω)|x|,

for x ∈ R and almost ω ∈ [0, 1].

(B3) There exists C1, C2 > 0 such that

|ki(ω, x)− ki(ω, y)| ≤ Ci|x− y|,

and

ki(ω, 0) = 0,

for ω ∈ [0, 1] and i ∈ {1, 2}.

(B4)
2‖ψ‖∞

Γ(ς + 1)
+
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)
< 1.

Then there exists a solution for the problem (3.1).
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Lemma 3.1.1. The first and the second conditions of this theorem implies that SH,z is

non-empty set.

Proof. The set valued map H satifies all hypothesis of proposition 1.4.4, then for every

z ∈ X1 there exist a measurable function f such that f(ω) ∈ H(ω, z(ω)) for almost ω ∈ [0, 1].

From (B2) we have

|f(ω)| ≤ ϕ(ω) + ψ(ω)|z(ω)|, for almost ω ∈ [0, 1],

after that ∫ 1

0

|f(Λ)|dΛ ≤ ‖ϕ‖1 + ‖ψ‖∞‖z‖X1 < +∞,

that means f ∈ L1([0, 1];R), then SH,z is non-empty.

Proof. of theorem 3.1.1 Define an operator N : X1 → P(X1) by

N (z) =

{
h ∈ X1 : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ

−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1, v ∈ SH,z

}
. (3.6)

We will show that N satisfies all hypotheses of the theorem 1.3.3.

Step 1. (N (z) is convex valued). Let z ∈ X1 and h1, h2 ∈ N (z), then there exist

v1, v2 ∈ SH,z such that

hi(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vi(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vi(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1,
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for i ∈ {1, 2}. Then for λ ∈ [0, 1](
λh1 + (1− λ)h2

)
(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1 + (1− λ)v2

)
(Λ)dΛ

−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1
(
λv1 + (1− λ)v2

)
(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1.

Since H is convex set valued map, then λh1 + (1 − λ)h2 ∈ SH,z, therefore we can easily to

see that N (z) is convex for each z ∈ X1.

Step 2. (N maps bounded sets into bounded sets in X1). Let Br = {z ∈ X1; ‖z‖ ≤ r}, we

show that there exists a constant l > 0 such that for each z ∈ Br and h ∈ N (z) one has

‖h‖X1 ≤ l.

h(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1−Λ)µ1−1k1(Λ, z(Λ))dΛ− q

Γ(µ2)

∫ ξ2

0

(ξ2−Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1. (3.7)

From the conditions (B2) and (B3) we have

|h(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v(Λ)|dΛ +

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−1|v(Λ)|dΛ

+
p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1|k1(Λ, z(Λ))|dΛ +
q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1|k2(Λ, z(Λ))|dΛ

]
ως−1

≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
ϕ(Λ) + ψ(Λ)|z(Λ)|

)
dΛ

+

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−1
(
ϕ(Λ) + ψ(Λ)|z(Λ)|

)
dΛ

+
C1p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1|z(Λ)|dΛ +
C2q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1|z(Λ)|dΛ

]
ως−1

≤ ως−1

Γ(ς)

∫ ω

0

(
ϕ(Λ) + ψ(Λ)|z(Λ)|

)
dΛ +

[
1

Γ(ς)

∫ 1

0

(
ϕ(Λ) + ψ(Λ)|z(Λ)|

)
dΛ

+
C1pξ

µ1−1
1

Γ(µ1)

∫ ξ1

0

|z(Λ)|dΛ +
C2qξ

µ2−1
2

Γ(µ2)

∫ ξ2

0

|z(Λ)|dΛ

]
ως−1.
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By simple calculation, we get

‖f‖X1 =

∫ 1

0

|f(Λ)|dΛ ≤ 2‖ϕ‖1

Γ(ς + 1)
+

(
2‖ψ‖∞

Γ(ς + 1)
+
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)

)
‖z‖X1

≤ l =
2‖ϕ‖1

Γ(ς + 1)
+

(
2‖ψ‖∞

Γ(ς + 1)
+
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)

)
r.

Step 3. (N set valued map convert any bounded sets into relatively compact sets in X1).

Let Br the ball in X1 as previous step . From precedent step the set N (Br) is bounded in

X1, now we prove that the closure of N (Br) is compact in X1.

For f ∈ N (Br), there are an element z ∈ Br with f ∈ N (z), let f̂ is a function defined by

f̂(ω) =

f(ω) if ω ∈ [0, 1],

0 if ω ∈ R− [0, 1].

Let A be a subset in L1(R) defined by

A =
{
f̂ ; f ∈ N (Br)

}
.

Let be a function f̂ ∈ A, we have

‖f̂‖L1(R) = ‖f‖X1 ≤ l,

where l is a constant as a step 2, that means A is bounded in L1(R).

Now we prove that

‖Λhf̂ − f̂‖L1(R) → 0 as h→ 0.

where Λhf̂(ω) = f̂(ω + h).

Let h ∈ (−1, 1).

Case h > 0

∫ +∞
−∞ |f̂(ω + h)− f̂(ω)|dω =

∫ 0

−h |f(ω + h)|dω +
∫ 1−h

0
|f(ω + h)− f(ω)|dω +

∫ 1

1−h |f(ω)|dω.

• |f(ω+h)| ≤ 2(ω+h)ς−1

Γ(ς)
×
(
‖ϕ‖1 +‖ψ‖∞‖z‖X1

)
+(ω+h)ς−1×

(C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
‖z‖X1 .

51



•

|f(ω + h)− f(ω)| ≤
∣∣∣∣ ∫ ω+h

ω

(ω + h− Λ)ς−1v(Λ)dΛ

+

∫ ω

0

(
(ω + h− Λ)ς−1 − (ω − Λ)ς−1

)
v(Λ)dΛ

∣∣∣∣
+

∣∣∣∣ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

∣∣∣∣× ((ω + h)ς−1 − ως−1

)
≤ hς−1

Γ(ς)

∫ ω+h

ω

|v(Λ)|dΛ +
hς−1

Γ(ς)

∫ ω

0

|v(Λ)|dΛ

+

∣∣∣∣ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

∣∣∣∣((ω + h)ς−1 − ως−1

)
≤ 2hς−1

Γ(ς)

(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

)
+

(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

Γ(ς)

+
C1pξ

µ1−1
1 ‖z‖X1

Γ(µ1)
+
C2qξ

µ2−1
2 ‖z‖X1

Γ(µ2)

)(
(ω + h)ς−1 − ως−1

)

• |f(ω)| ≤ 2tς−1

Γ(ς)
×
(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

)
+ ως−1 ×

(C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
‖z‖X1 .

By simple calculation, we get∫ +∞

−∞
|f̂(ω + h)− f̂(ω)|dω ≤

(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

)(hς − 3(1− h)ς + 3

Γ(ς + 1)
+

2(1− h)hς−1

Γ(ς)

)
+

2− 2(1− h)ς

ς

(C1pξ
µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖z‖X1

as h→ 0 we find that
∫ +∞
−∞ |f̂(ω + h)− f̂(ω)|dω → 0.

Case h < 0

∫ +∞
−∞ |f̂(ω + h)− f̂(ω)|dω =

∫ −h
0
|f(ω)|dω +

∫ 1

−h |f(ω + h)− f(ω)|dω +
∫ 1−h

1
|f(ω + h)|dω

• |f(ω)| ≤ 2tς−1

Γ(ς)
×
(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

)
+ ως−1 ×

(C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
‖z‖X1 .
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•

|f(ω + h)− f(ω)| ≤
∣∣∣∣ ∫ ω+h

0

(
(ω + h− Λ)ς−1 − (ω − Λ)ς−1

)
v(Λ)dΛ

+

∫ ω+h

ω

(ω − Λ)ς−1v(Λ)dΛ

∣∣∣∣
+

∣∣∣∣ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

∣∣∣∣× ∣∣(ω + h)ς−1 − ως−1
∣∣

≤ (−h)ς−1

Γ(ς)

∫ ω+h

ω

|v(Λ)|dΛ +
(−h)ς−1

Γ(ς)

∫ ω

0

|v(Λ)|dΛ

+

∣∣∣∣ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

∣∣∣∣((ω + h)ς−1 − ως−1

)
≤ 2(−h)ς−1

Γ(ς)

(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

)
+

(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

Γ(ς)
+
C1pξ

µ1−1
1 ‖z‖X1

Γ(µ1)
+
C2qξ

µ2−1
2 ‖z‖X1

Γ(µ2)

)
×
∣∣∣∣(ω + h)ς−1 − ως−1

∣∣∣∣
• |f(ω+h)| ≤ 2(ω+h)ς−1

Γ(ς)
×
(
‖ϕ‖1 +‖ψ‖∞‖z‖X1

)
+(ω+h)ς−1×

(C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
‖z‖X1 .

By simple calculation, we get∫ +∞

−∞
|f̂(ω + h)− f̂(ω)|dω ≤

(
‖ϕ‖1 + ‖ψ‖∞‖z‖X1

)
×
(

(−h)ς − 3(1 + h)ς + 3

Γ(ς + 1)
+

2(1 + h)(−h)ς−1

Γ(ς)

)
+

2− 2(1 + h)ς

ς

(C1pξ
µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖z‖X1 ,

as h→ 0 we get
∫ +∞
−∞ |f̂(ω + h)− f̂(ω)|dω → 0, i.e., ‖Λhf̂ − f̂‖L1(R) → 0 as h→ 0.

By theorem 1.6.3 we have the closure of A|[0,1] = N (Br) is compact set in L1([0, 1]).
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The set valued map N converts each bounded set into relatively compact set, then it’s a

completely continuous map.

Step 4. (N has a closed graph). Let zn → z∗, fn ∈ N (zn) and fn → f∗, we need to

show that f∗ ∈ N (z∗). Now fn ∈ N (zn) implies that there exists vn ∈ SH,zn such that

fn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vn(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, zn(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, zn(Λ))dΛ

]
ως−1,

we will prove the existence v∗ ∈ SH,z∗ such that for all ω ∈ [0, 1],

f∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v∗(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z∗(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z∗(Λ))dΛ

]
ως−1,

from ‖zn − z∗‖X1 → 0, then by theorem 1.6.4 there exist a subsequence znk ∈ X1 such that

znk(ω)→ z∗(ω) for almost ω ∈ [0, 1]. (3.8)

From proposition 1.2.2 the upper continuity of H(ω, .) dictates that there exists δ > 0 such

that for every x ∈ R, we have

|x− z∗(ω)| < δ implies that H(ω, x) ⊂ H(ω, z∗(ω)) +Bε(0),

and from (3.8) there exist k0 ∈ N such that for every k ≥ k0 we have

|znk(ω)− z∗(ω)| < δ a.e. on [0, 1],

that means H(ω, znk(ω)) ⊂ H(ω, z∗(ω)) +Bε(0), for almost ω ∈ [0, 1].

Since vnk(ω) ∈ H(ω, znk(ω)) it follows that there exist v∗(ω) ∈ H(ω, z∗(ω)) for almost

ω ∈ [0, 1] such that
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|vnk(ω)− v∗(ω)| < ε a.e. on [0, 1], for k ≥ k0

i.e., vnk(ω)→ v∗(ω) a.e. on [0, 1].

Therefore∫ 1

0

∣∣∣∣f∗(ω) − 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v∗(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z∗(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z∗(Λ))dΛ

]
ως−1

∣∣∣∣dω
≤
∫ 1

0

|fnk(ω)− f∗(ω)|dω +

∫ 1

0

| 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|vnk − v∗(Λ)|dΛdω

+

∫ 1

0

ως−1

Γ(ς)

∫ 1

0

(1− Λ)ς−1|vnk − v∗(Λ)|dΛdω

+

∫ 1

0

pως−1

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1|k1(Λ, znk(Λ))dΛ− k1(Λ, z∗(Λ))|dΛdω

+

∫ 1

0

qως−1

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1|k2(Λ, znk(Λ))dΛ− k2(Λ, z∗(Λ))|dΛdω.

Returning to Lebesgue DCT we get v∗ ∈ SH,z∗ and

f∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v∗(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z∗(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z∗(Λ))dΛ

]
ως−1.

This means that f∗ ∈ N (z∗).

From step 2, step 3 and step 4 the set valued map N is upper semicontinuous.

Step 5. ( Construction the compact set in L1([0, 1])). Let ε1 and ε2 two functions de-

fined on (−1, 1) by
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ε1(h) =


(−h)ς−3(1+h)ς+3

Γ(ς+1)
+ 2(1+h)(−h)ς−1

Γ(ς)
if h < 0,

hς−3(1−h)ς+3
Γ(ς+1)

+ 2(1−h)hς−1

Γ(ς)
if h > 0,

and

ε2(h) =

‖ψ‖∞
( (−h)ς−3(1+h)ς+3

Γ(ς+1)
+ 2(1+h)(−h)ς−1

Γ(ς)

)
+ 2−2(1+h)ς

ς

(C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
if h < 0,

‖ψ‖∞
(hς−3(1−h)ς+3

Γ(ς+1)
+ 2(1−h)hς−1

Γ(ς)

)
+ 2−2(1−h)ς

ς

(C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
if h > 0.

Let

K = B̄(0,
A

1−B
) ∩
{
f ∈ X1;

∫ +∞

−∞
|f̂(ω + h)− f̂(ω)|dω ≤ ‖ϕ‖1ε1(h) +

Aε2(h)

1−B

}
,

where

A = 2‖ϕ‖1
Γ(ς+1)

, B = 2‖ψ‖∞
Γ(ς+1)

+
C1pξ

µ1−1
1

ςΓ(µ1)
+

C2qξ
µ2−1
2

ςΓ(µ2)
, and f̂ the function that defined in step 3.

As step 2 and step 3, for any z ∈ K and for any f ∈ N (z), we have

‖f‖X1 ≤ A+B‖z‖X1 ≤
A

1−B
,

and ∫ +∞

−∞
|f̂(ω + h)− f̂(ω)|dω ≤ ‖ϕ‖1ε1(h) +

Aε2(h)

1−B
,

that means that f ∈ K.

The element 0 ∈ K that means the set K is nonempty.

Let Â = {f̂ ; f ∈ K}, from step 2 we have

‖f̂‖L1(R) = ‖f‖X1 ≤ A
1−B ,

and

‖Λhf̂ − f̂‖L1(R) ≤ ‖ϕ‖1ε1(h) + Aε2(h)
1−B → 0 as h→ 0.

Then by theorem 1.6.3 the closure of K = A|[0,1] is compact set in X1, and it’s clearly

that K is closed and convex set in X1.

We defineM : z ∈ K 7→ M(z) = N (z) ∈ Pc,cl(K)
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Let OK be an open set in K i.e., OK = K ∩O, where O is a open set in X1.

M−1(OK) = {z ∈ K;M(z) ⊆ O} = {z ∈ K;N (z) ⊆ O} = K ∩N−1(O),

since the map N is upper semicontinuous, we have N−1(O) is open set in X1 we conclude

thatM−1(OK) = K ∩N−1(O) is open set in K that means the set valued mapM is upper

semicontinuous.

From step 1 and step 4 the setM(z) is convex and closed in X1.

Using theorem 1.3.3, we conclude that M has a fixed point z ∈ K, which is a solution of

the problem (3.1).

Remark 3.1.1. If the function ϕ = 0, then the function z = 0 is a solution of (3.1).

Corollary 6. Assume that the following assertions (B1)− (B4) in theorem 3.1.1 hold, and

ϕ = 0. Then the function z = 0 is a solution for the problem (3.1).

Proof. Let z = 0, then

z(1) = pIµ10+k1(ω, 0) + qIµ20+k2(ω, 0) = 0.

From (B2), we have H(ω, 0) = {0} and Dς0+0 = 0 ∈ {0}, which z = 0 is a solution of

problem (3.1).

Theorem 3.1.2. Suppose that the hypothesis (B1∗), (B2), (B3) and (B4∗) are hold, where

(B1∗) H : [0, 1]× R→ Pc,cp(R) satisfies

1. The set valued map H(ω, .) is Lipschitzean,

2. H(., x) is measurable for each x ∈ R.

(B4∗) 2 max{L,‖ψ‖∞}
Γ(ς+1)

+
C1pξ

µ1−1
1

ςΓ(µ1)
+

C2qξ
µ2−1
2

ςΓ(µ2)
< 1.

Then the problem (3.1) has a unique solution in X1.

Proof. The set valued mapH(ω, .) is Lipschitzean, then from proposition 1.2.3 the set valued

map F (ω, .) is upper semicontinuous, that means the assumption (B1) is valid, by theorem

3.1.1 the problem (3.1) has a solution, we prove now this solution is unique.
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Let z1 and z2 are two solutions of the problem (3.1), then there exist v1 ∈ SH,z1 and v2 ∈ SH,z2
such that for each i ∈ {1, 2}

zi(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vi(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vi(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, zi(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, zi(Λ))dΛ

]
ως−1, ω ∈ [0, 1].

For every ω ∈ [0, 1] we have

|z1(ω)− z2(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
∣∣v1(Λ)− v2(Λ)

∣∣dΛ

+
ως−1

Γ(ς)

∫ 1

0

(1− Λ)ς−1
∣∣v1(Λ)− v2(Λ)

∣∣dΛ

+
ptς−1

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1
∣∣k1(Λ, z1(Λ))− k1(Λ, z2(Λ))

∣∣dΛ

+
qtς−1

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1
∣∣k2(Λ, z1(Λ))− k2(Λ, z2(Λ))

∣∣dΛ,

that means

‖z1 − z2‖X1 ≤
1

Γ(ς)

∫ 1

0

∫ ω

0

(ω − Λ)ς−1
∣∣v1(Λ)− v2(Λ)

∣∣dΛdω

+
1

Γ(ς + 1)

∫ 1

0

(1− Λ)ς−1
∣∣v1(Λ)− v2(Λ)

∣∣dΛ

+
p

ςΓ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1
∣∣k1(Λ, z1(Λ))− k1(Λ, z2(Λ))

∣∣dΛ

+
q

ςΓ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1
∣∣k2(Λ, z1(Λ))− k2(Λ, z2(Λ))

∣∣dΛ,

using Fubini theorem, we get

‖z1 − z2‖X1 ≤
1

Γ(ς)

∫ 1

0

∫ 1

Λ

(ω − Λ)ς−1
∣∣v1(Λ)− v2(Λ)

∣∣dωdΛ +
1

Γ(ς + 1)

∫ 1

0

∣∣v1(Λ)− v2(Λ)
∣∣dΛ

+
C1pξ

µ1−1
1

ςΓ(µ1)

∫ ξ1

0

∣∣z1(Λ)− z2(Λ)
∣∣dΛ +

C2qξ
µ2−1
2

ςΓ(µ2)

∫ ξ2

0

∣∣z1(Λ)− z2(Λ)
∣∣dΛ

≤
( 2L

Γ(ς + 1)
+
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)

)
‖z1 − z2‖X1 .

Since 2L
Γ(ς+1)

+
C1pξ

µ1−1
1

ςΓ(µ1)
+

C2qξ
µ2−1
2

ςΓ(µ2)
< 1, then ‖z1 − z2‖X1 = 0, i.e., z1 = z2, which means the

solution is unique.
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Corollary 7. Assume that assumptions (B1∗), (B2), (B3) and (B4∗) are hold, and ϕ = 0.

Then the function z = 0 is the unique solution for the problem (3.1).

3.1.2 Topological Structure

We present a result on the topological structure of the set of solutions of problem (3.1).

Let

S =
{
y ∈ X1 : y is a solution of problem (3.1)

}
.

It follows that from theorem 3.1.1 that S is nonempty set.

Theorem 3.1.3. If the following (B1), (B2), (B3) and (B4) hold. Then the set S its a

compact in X1.

Proof. The proof this theorem is done in three steps.

Step 1. ( S is bounded in X1). Let z be an element in S, then from step 2 in theorem 3.1.1,

we have

‖z‖X1 ≤ A+B‖z‖X1 ,

where A and B are defined in step 5 and B < 1, then

(1−B)‖z‖X1 ≤ A,

that mean S is bounded set in X1.

Step 2. ( S is closed in X1). Let (zn) be a sequence in S converges to z. the element (zn, zn)

belongs in graph of multivalued N and from step 4 in theorem 3.1.1 the multivalued N has

a closed graph, then S is closed in X1.

Step 3. (S is compact in X1). Let Ŝ = {ẑ ∈ L1(R); z ∈ S}, where

ẑ(ω) =

z(ω) if ω ∈ [0, 1],

0 if ω ∈ R− [0, 1].

From step 1 the set S is bounded in X1 and

‖Λhẑ − ẑ‖L1(R) ≤ ‖ϕ‖1ε1(h) +
Aε2(h)

1−B
,

59



where ε1, ε2 are defined in step 5 in theorem 3.1.1. Then from theorem 1.6.3 the closure of

S is compact set in X1.

From step 1, step 2 and step 3, we conclude that the set S is compact in X1.

Theorem 3.1.4. If the following (B1), (B2), (B3) and (B4) hold, and supposons that

(B5)

H(ω, λx+ (1− λ)y) = λH(ω, x) + (1− λ)H(ω, y),

ki(ω, λx+ (1− λ)y) = λki(ω, x) + (1− λ)ki(ω, y),

for i ∈ {1, 2}, (ω, λ) ∈ [0, 1]× [0, 1] and x, y ∈ R.

Then the set of solutions of problem (3.1) is nonempty, compact and convex set in X1.

Proof. From theorem 3.1.3 the set of solution is nonempty and compact set in X1.We prove

now the set S is convex.

Let z1, z2 are two solutions for problem (3.1), and let λ ∈ [0, 1]

λz1(ω) + (1− λ)z2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ

−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ.

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1
(
λk1(Λ, z1(Λ)) + (1− λ)k1(Λ, z2(Λ))

)
dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1
(
λk2(Λ, z1(Λ)) + (1− λ)k2(Λ, z2(Λ))

)
dΛ

]
ως−1

=
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ

−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ.

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1
(
k1(Λ, λz1(Λ) + (1− λ)k1

(
Λ, z2(Λ))

)
dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2

(
Λ,
(
λz1(Λ) + (1− λ)z2(Λ)

))
dΛ

]
ως−1.

The set valued map H is convex, we conclude

λv1 + (1− λ)v2 ∈ SH,λz1+(1−λ)z2 and λz1 + (1− λ)z2 be an element in S.
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3.1.3 Examples

Example 8. Let us consider the following problem
D1.9

0+ z(ω) ∈ H(ω, z(ω)),

z(0) = 0,

z(1) =
4

Γ(4)

∫ 1

0

Λ(1− Λ)3z(Λ)dΛ,

(3.9)

where

H : (ω, x) ∈ [0, 1]× R 7→
[
|x sinω|

2
;
ω|x|

2
+ arctanω

]
∈ P(R).

In this problem, we have

(i) the set valued map H is carathéodory set valued, and H(ω, x) is nonempty, convex and

compact set in R.

(ii)

‖H(ω, x)‖ = sup{|v|, v ∈ H(ω, x)} ≤ ϕ(ω) + ψ(ω)|x|.

where ϕ(ω) = arctanω and ψ(ω) = ω
2
.

(iii) k1(ω, x) = tx and k2(ω, x) = 0.

(iv) ς = 1.9, p = µ1 = 4, q = 0 and C1 = 1.

Since
2‖ψ‖∞

Γ(ς + 1)
+
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)
≈ 0.8981 < 1.

Consequently, by theorem 3.1.1 the considered (3.9) admits a solution.

Example 9. Let us consider the following problem
D1.9

0+ z(ω) = ω + arctan(z(ω))
2

,

z(0) = 0,

z(1) =
4

Γ(4)

∫ 1

0

Λ(1− Λ)3z(Λ)dΛ,

(3.10)
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where H(ω, x) = {ω + arctan(x)
2
}.

The set valued map H is 1
2
-Lipschitzean.

In this problem, we have

(i) k1(ω, x) = tx and k2(ω, x) = 0,

(ii) ς = 1.9, p = µ1 = 4, q = 0,

(iii) we will take ψ(ω) = 1
2
and C1 = 1.

Since
2 max{L, ‖ψ‖∞}

Γ(ς + 1)
+
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)
≈ 0.8981 < 1.

Consequently, from theorem 3.1.2 the considered (3.10) has a unique solution.

3.2 Existence result in Sobolev spaces

Consider X2 = W1,1([0, 1];R) the space of all functions f such that f ∈ X1 and f ′ ∈ X1,

provided by the norm

‖z‖X2 = ‖z‖X1 + ‖z′‖X1

It’s clearly that (X2, ‖.‖X2) is a complete space.

For z ∈ X2, the set of all selections of H is defined by

SH,z = {v ∈ L1([0, 1],R) : v(ω) ∈ H(ω, z(ω)) for almost ω ∈ [0, 1]}. (3.11)

Theorem 3.2.1. Suppose the following assertions are satisfied.

(C1) H : [0, 1]× R→ Pcp(R) is aset valued map with

1. H is integrably bounded and the set valued map ω ∈ [0, 1] 7→ H(ω, x) is measurable

for all x ∈ R ;

2. there exist m ∈ L∞([0, 1],R+) such that for almost ω ∈ [0, 1] and all x, y ∈ R,

Hd(H(ω, x),H(ω, y) ≤ m(ω)|x− y|.
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(C2) There exists C1, C2 > 0 such that

|ki(ω, x)− ki(ω, y)| ≤ Ci|x− y|,

for ω ∈ [0, 1] and i ∈ {1, 2}.

(C3) γ =
(
1 + 1

ς

)(2‖m‖∞
Γ(ς)

+
C1pξ

µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)

)
< 1.

Then, the problem (2.16) has at least one solution in W 1,1([0, 1],R).

Proof. From (C1)(2) for almost ω ∈ [0, 1] the multivalued H(ω, .) is upper semicontinuous,

then from proposition 7.9 page 229 in [33] the set valued ω ∈ [0, 1] 7→ H(ω, z(ω)) is measur-

able and from lemma 1.4.1 there exist a measurable function f such that f(ω) ∈ H(ω, z(ω))

for z ∈ X, then f ∈ SH,z. Define the set valued map N by

N (z) =

{
h ∈ X1 : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1, v ∈ SH,z

}
.

(3.12)

we will show satisfies conditions of theorem 1.3.1. The proof is done in two steps.

Step 1. (N (z) ∈ Pcl(X2)). let (zn) be a sequence in N (z) converges to z̃ in X2. Then

z̃ ∈ X2 and there exist vn ∈ SH,z such that, for every ω ∈ [0, 1],

zn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vn(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1.

Let A = {vn ∈ SH,z;n ≥ 1}, since H has compact values, then by proposition 1.6.2, the set

A is weakly compact in L1([0, 1];R), there exist a subsequence to obtain that vnk converges

weakly to v in L1([0, 1];R). Therefore v ∈ SH,z and for each ω ∈ [0, 1]

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vn(Λ)dΛ
]
ως−1

→ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[ 1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ
]
ως−1,
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then, for every ω ∈ [0, 1], we have

z̃(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1.

Hence z̃ ∈ N (z).

Step 2. (N is contraction.) We prove that there exist 0 < γ < 1 such that

Hd(N (z),N (z̃)) ≤ γ‖z − z̃‖X2 for every z, z̃ ∈ X2.

Let z, z̃ ∈ X2 and f1 ∈ N (z), there exists v1 ∈ SH,z such that, for all ω ∈ [0, 1],

f1(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v1(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v1(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1.

By (C1), we have

Hd

(
H(ω, z(ω));H(ω, z̃(ω))

)
≤ m(ω)|z(ω)− z̃(ω)| ω ∈ [0, 1].

Then by proposition 1.4.4 implies that the set-valued map ω 7→ H(ω, z̃(ω)) is measurable,

from lemma 1.4.3 has a measurable selection noted by v2 such that

|v1(ω)− v2(ω)| ≤ m(ω)|z(ω)− z̃(ω)|.

For each ω ∈ [0, 1], let us define

f2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v1(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v1(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z(Λ))dΛ

]
ως−1. for a.e. ω ∈ [0, 1].
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Hence

|f1(ω)− f2(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v1(Λ)− v2(Λ)|dΛ

+
ως−1

Γ(ς)

∫ 1

0

(1− Λ)ς−1|v1(Λ)− v2(Λ)|dΛ

+
pως−1

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1|k1(Λ, z(Λ))− k1(Λ, z̃(Λ))|dΛ

+
qως−1

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1|k2(Λ, z(Λ))− k2(Λ, ỹ(Λ))|dΛ.

Then∫ 1

0

|f1(ω)− f2(ω)|dω ≤ 1

Γ(ς)

∫ 1

0

∫ ω

0

(ω − Λ)ς−1|v1(Λ)− v2(Λ)|dΛdω

+
1

Γ(ς + 1)

∫ 1

0

(1− Λ)ς−1|v1(Λ)− v2(Λ)|dΛ

+
p

ςΓ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1|k1(Λ, z(Λ))− k1(Λ, z̃(Λ))|dΛ

+
q

ςΓ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1|k2(Λ, z(Λ))− k2(Λ, z̃(Λ))|dΛ,

and ∫ 1

0

|f ′1(ω)− f ′2(ω)|dω ≤ 1

Γ(ς − 1)

∫ 1

0

∫ ω

0

(ω − Λ)ς−2|v1(Λ)− v2(Λ)|dΛdω

+
1

Γ(ς)

∫ 1

0

(1− Λ)ς−1|v1(Λ)− v2(Λ)|dΛ

+
p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1|k1(Λ, z(Λ))− k1(Λ, z̃(Λ))|dΛ

+
q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1|k2(Λ, z(Λ))− k2(Λ, z̃(Λ))|dΛ.

By Fubini theorem, we get

‖f1 − f2‖X2 =

∫ 1

0

|f1(ω)− f2(ω)|dω +

∫ 1

0

|f ′1(ω)− f ′2(ω)|dω

≤
(
1 +

1

ς

)(2‖m‖∞
Γ(ς)

+
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖z − z̃‖X2 .

Analogously, interchanging the roles of z and z̃, we get

Hd(N (z),N (z̃)) ≤ γ‖z − z̃‖X2 for every z, z̃ ∈ X2.
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Since N is a contraction set valued map, it follows from theorem 1.3.1 that N has a fixed

point z ∈ X2 which represent a solution of (3.1). The proof is fulfilled.

Example 10. Consider the following fractional differential inclusion
D1.7

0+ z(ω) ∈ H(ω, z(ω)) for almost t ∈ [0, 1],

z(0) = 0,

z(1) =
1

Γ(4)

∫ 1

0

(1− Λ)3 cos(z(Λ))

(1 + Λ)2
dΛ,

(3.13)

where

H(ω, x) =
[
− 1

10
.
| sinx|
1 + ω2

− 1,−1
]
∪
[
0, 1
]
,

and

k1(ω, x) =
cosx

(1 + ω)2
, k2(ω, x) = 0,

let ς = 1.7, µ1 = 4, C1 = p = ξ1 = 1 and q = 0.

For each ω ∈ [0, 1] and x, y ∈ R

|k1(ω, x)− k1(ω, y)| ≤ |x− y|,

m(ω) =
1

10(1 + ω2)
,

and

γ =
(
1 +

1

ς

)(2‖m‖∞
Γ(ς)

+
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
≈ 0.6143.

From theorem 3.2.1 the problem (3.13) has a solution z ∈ X2.

3.3 Existence and uniqueness results in sobolev fractional

space

Let

X = {z ∈ L2([0, 1];R);Dβ
0+z ∈ L2([0, 1];R)} where 0 < β < ς − 1.

The space (X, ‖.‖X) is complete reflexive space [34], with

‖z‖X = ‖z‖2 + ‖Dβ
0+z‖2.
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In this section we study the existence solution for the problem (3.1).

Theorem 3.3.1. Assume that the following assertions (D1)− (D3) hold

(D1) H : [0, 1]×R→ Pcp(R) is a Carathéodory set valued map and integrably bounded with

φ ∈ C([0, 1];R).

(D2) There are C1, C2 > 0 such that

|kj(ω, x)− kj(ω, y)| ≤ Cj|x− y|,

and

kj(ω, 0) = 0,

for ω ∈ [0, 1] and j ∈ {1, 2}.

(D3) C1pξ
µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)
< 1.

Then there exists a solution for the problem (3.1).

Proof. For each measurable function z, the set SH,z is nonempty.

We use the iterative method, let (zn) be a sequence of measurable function with z0 ∈ X

such that

zn+1(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vn(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, zn(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, zn(Λ))dΛ

]
ως−1, (3.14)

with vn ∈ SH,zn for each n ∈ N.

Step 1 ( zn ∈ X).

We use the proof by recurrence, since H integrably bounded, then there exist a function

φ ∈ L1([0, 1];R) such that

vn(ω) ≤ φ(ω) for almost ω ∈ [0, 1],
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then z0 ∈ X and if zn ∈ X, we get

|zn+1(ω)| ≤ 2‖φ‖1

Γ(ς)
+
C1pξ

µ1−1
1

Γ(µ1)

∫ ξ1

0

|zn(Λ)|dΛ +
C2qξ

µ2−1
2

Γ(µ2)

∫ ξ2

0

|zn(Λ)|dΛ,

hence zn+1 ∈ L2([0, 1];R) and

Dβ
0+zn+1(ω) =

1

Γ(ς − β)

∫ ω

0

(ω − Λ)ς−β−1vn(Λ)dΛ

− Γ(ς)

Γ(ς − β)

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vn(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, zn(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, zn(Λ))dΛ

]
ως−β−1,

that means

|Dβ
0+zn+1(ω)| ≤ 2‖vn‖1

Γ(ς − β)
+

Γ(ς)

Γ(ς − β)

(C1pξ
µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖zn‖2,

that means Dβ
0+zn+1 ∈ L2([0, 1];R), then the sequence (zn) belongs to X.

Step 2 (boundedness of (zn) in X).

Let n ≥ 1 and ω ∈ [0, 1], then

|zn+1(ω)| ≤ 2

Γ(ς + 1)

∫ 1

0

|vn(Λ)|dΛ +

(
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖zn‖2,

then by simple calculation, we have

|zn+1(ω)|2 ≤
(

2‖φ‖1

Γ(ς + 1)

n∑
j=0

(C1pξ
µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)j
+
(C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)n+1‖z0‖2

)2

,

finally we get

‖zn+1‖2 ≤
2‖φ‖1

Γ(ς + 1)

n∑
j=0

(C1pξ
µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)j
+
(C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)n+1‖z0‖2,

i.e., the sequence (zn) is bounded in L2([0, 1];R), and

Dβ
0+zn+1(ω) =

1

Γ(ς − β)

∫ ω

0

(ω − Λ)ς−β−1vn(Λ)dΛ− Γ(ς)

Γ(ς − β)

[
1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vn(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, zn(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, zn(Λ))dΛ

]
ως−β−1,
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so

|Dβ
0+zn+1(ω)|2 ≤

(
2‖vn‖1

Γ(ς − β)
+

Γ(ς)

Γ(ς − β)

(C1pξ
µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖zn‖2

)2

.

Since (zn) is bounded in L2([0, 1];R) and H integrably bounded, we can easily to see that

there exist γ > 0 such that

‖Dβ
0+zn‖2 ≤ γ for every n ≥ 1. (3.15)

From (3.15) and (3.15) we conclude that the sequence (zn) is bounded in X.

Step 3 (Passage to the limit).

Since (zn) is bounded in X and X is reflexive Banach space, then has a subsequence (znk)

converges weakly to an element in X noted by z̄. Now we show that z̄ is solution to the

problem (3.3).

Let (vnk) be a sequence in L1([0, 1];R) with

vnk(ω) ∈ H(ω, znk(ω)) for almost ω ∈ [0, 1].

By proposition 1.6.2 the sequence (vnk) has a subsequence converge weakly to v̄ in L1([0, 1];R).

The sequence znk(ω) be a bounded sequence in R, then has a subsequence noted by znk(ω)

converge to u(ω) and u(ω) = z̄(ω) for each ω ∈ [0, 1].

The sequence (vnk(ω)) be a bounded sequence in R (because φ is bounded), then has a

subsequence noted by vnk(ω) converge to w(ω) and w(ω) = v̄(ω).

The upper semicontinuous of H dictates that

v̄(ω) ∈ H(ω, z̄(ω)) for almost ω ∈ [0, 1].

Passage to the limit of the equation (3.14), we get

z̄(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v̄(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1v̄(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, z̄(Λ))dΛ− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, z̄(Λ))dΛ

]
ως−1,

that means z̄ is solution to problem (3.1), and z̄ ∈ X.
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Example 11. Let us consider the following problem
D1.9

0+ z(ω) ∈ H(ω, z(ω)) for almost t ∈ [0, 1],

z(0) = 0,

z(1) =
4

Γ(4)

∫ 1

0

Λ(1− Λ)3z(Λ)dΛ,

(3.16)

where

H : (ω, x) ∈ [0, 1]× R 7→
[
|x sinω|

2
;
ω|x|

2
+ arctanω

]
∈ P(R).

We have

(i) the set valued map H is carathéodory set valued, and H(ω, x) is nonempty and compact

set in R.

(iii) k1(ω, x) = tx and k2(ω, x) = 0.

(iv) ς = 1.9, p = µ1 = 4, q = 0 and C1 = 1.

Since
C1pξ

µ1−1
1

ςΓ(µ1)
+
C2qξ

µ2−1
2

ςΓ(µ2)
< 1.

Consequently, by theorem 3.3.1 the considered (3.16) admits a solution.

Remark 3.3.1. If the function φ is not continuous functions, but φ is measurable and

bounded on [0, 1]. Then the result of theorem 3.3.1 still valid.

Theorem 3.3.2. Assume that the following assertions (D1∗), (D2) and (D3) are satisfied

(D1∗) H : [0, 1]× R→ Pcp(R) is integrably bounded with φ ∈ C([0, 1];R) such that

– The set-valued map H(ω, .) is K-lipschitzean.

– The set-valued map H(., x) is measurable for x ∈ R.

(D2) There are C1, C2 > 0 such that

|kj(ω, x)− kj(ω, y)| ≤ Cj|x− y|,
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and

kj(ω, 0) = 0,

for ω ∈ [0, 1] and j ∈ {1, 2}.

(D3) 2K
Γ(ς)

+
C1pξ

µ1−1
1

Γ(µ1)
+

C2qξ
µ2−1
2

Γ(µ2)
< 1.

Then the problem 3.1 has one solution in X.

Proof. From theorem 3.3.1 the problem (3.1) has a solution, now we prove this solution is

unique.

Let z1 and z2 be two solution for the problem (3.1), then there exist v1 ∈ SH,z1 and v2 ∈ SH,z2
such that

zj(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vj(Λ)dΛ−
[

1

Γ(ς)

∫ 1

0

(1− Λ)ς−1vj(Λ)dΛ

− p

Γ(µ1)

∫ ξ1

0

(ξ1 − Λ)µ1−1k1(Λ, zj(Λ))dΛ

− q

Γ(µ2)

∫ ξ2

0

(ξ2 − Λ)µ2−1k2(Λ, zj(Λ))dΛ

]
ως−1,

for 1 ≤ j ≤ 2, then

|z2(ω)− z1(ω)| ≤ 2K

Γ(ς)

∫ 1

0

|z2(Λ)− z1(Λ)|dΛ

+

(
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)∫ 1

0

|z2(Λ)− z1(Λ)|dΛ,

after that

‖z2 − z1‖2 ≤
(

2K

Γ(ς)
+
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)

)
‖z2 − z1‖2,

while

2K

Γ(ς)
+
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)
< 1,

then z1 = z2.

Example 12. Let us consider the following problem
D1.9

0+ z(ω) = ω + 1.9 arctan(z(ω))
2

for almost ω ∈ [0, 1],

z(0) = 0,

z(1) =
4

Γ(4)

∫ 1

0

Λ(1− Λ)3z(Λ)dΛ,

(3.17)
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where H(ω, x) = {ω + arctan(x)
2
}.

The set valued map H is 1.9
2
-Lipschitzean.

In this problem, we have

(i) k1(ω, x) = 1.9ωx and k2(ω, x) = 0,

(ii) ς = 1.9, p = µ1 = 4, q = 0,

(iii) C1 = 1.9.

Since
2L

Γ(ς)
+
C1pξ

µ1−1
1

Γ(µ1)
+
C2qξ

µ2−1
2

Γ(µ2)
≈ 0.8981 < 1.

Consequently, from theorem 3.3.2 the considered (3.17) has a unique solution.
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Chapter 4

Existence and uniqueness results for

IVP of nonlinear fractional inclusion on

an unbounded domain

In this chapter we study the existence and uniqueness for IVP of fractional differential

inclusion 
Dς0+z(ω) ∈ H(ω, z(ω)), for almost ω ∈ J = [0,+∞[

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ),

(4.1)

where 1 < ς < 2, 0 < ξ < 1, β ≥ 1, and H : J × R→ P(R) be a set valued mapping.

Definition 4.0.1. A function z is said to be a solution of problem (4.1), if there exists a

function v ∈ L1([0, 1],R) with v(ω) ∈ H(ω, z(ω)) for almost ω ∈ J such that
Dς0+z(ω) = v(ω), for almost ω ∈ J, 1 < ς < 2,

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ).

(4.2)
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Lemma 4.0.1. For a given y ∈ L1(J,R), a function z is a solution to
Dς0+z(ω) = y(ω), for almost ω ∈ J, 1 < ς < 2,

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ),

(4.3)

if and only if

z(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1y(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ. (4.4)

Proof. Assume that z satisfies (4.15), from lemma 1.5.3 we have

z(ω) = I ς0+y(ω)− c1ω
ς−1 − c2ω

ς−2, (4.5)

where c1, c2 ∈ R.

By using first boundary condition, we get that c2 = 0 and from the second boundary

condition, we find

Dς−1
0+ z(ω) = I ς−1

0+ y(ω)− c1Γ(ς),

this means that

Dς−1
0+ z(0) = −c1Γ(ς) = Iβ0+z(ξ),

that is

c1 =
−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

By replacing c1 in (4.5) we get the equation (4.4).

Conversely, if z satisfies (4.4) by lemma 1.5.2 and lemma 1.5.4, we have Dς0+z(ω) = y(ω),

and

Dς−1
0+ z(ω) = I ς−1

0+ y(ω) +
1

Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ,

by simple calculation, we get Dς−1
0+ z(0) = Iβ0+z(ξ), and we can easily to see that z(0) = 0.
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4.1 Study the existence and uniqueness in weight spaces

Let C(J ;R) the space of all functions defined on J and continuous on J, and let

X = {z ∈ C(J,R); sup
ω∈J

|z(ω)|
(1 + ως−1)2

<∞},

equipped the norm

‖z‖X = sup
ω∈J

|z(ω)|
(1 + ως−1)2

.

Lemma 4.1.1. The space (X, ‖.‖X) is Banach space.

Proof. Let (zn) be be a Cauchy sequence in X. Then for every ε > 0 there exist N ∈ N such

that

‖zm − zn‖X = sup
ω∈J

|zm(ω)− zn(ω)|
(1 + ως−1)2

<
ε

2
for m ≥ n ≥ N.

We remark that

|zm(ω)− zn(ω)|
(1 + ως−1)2

≤ ‖zm − zn‖X <
ε

2
for all ω ∈ J.

The sequence ( zn(ω)
(1+ως−1)2

) be a Cauchy sequence in R, thus it’s converge to z(ω)
(1+ως−1)2

for all

ω ∈ J, and

|z(ω)− z(t0) | ≤ |zn(ω)− z(ω)|+ |zn(ω)− zn(t0)|+ |zn(t0)− z(t0)|

≤ (1 + ως−1)2| zn(ω)

(1 + ως−1)2
− z(ω)

(1 + ως−1)2
|+ |zn(ω)− zn(t0)|

+(1 + ως−1)2| zn(t0)

(1 + ως−1)2
− z(t0)

(1 + ως−1)2
|

as ω → t0 and n→∞ we have z(ω)− z(t0)→ 0.

Then z ∈ C(J,R) and for each ω ∈ J there exist N1 = N1(ε, ω) ∈ N such that

|zn(ω)− z(ω)|
(1 + ως−1)2

<
ε

2
for all n ≥ N1.

Let n ≥ max(N1, N) then

| z(ω)

(1 + ως−1)2
| ≤ |zN(ω)− z(ω)|

(1 + ως−1)2
+
|zN(ω)|

(1 + ως−1)2

≤ |zn(ω)− z(ω)|
(1 + ως−1)2

+
|zN(ω)− zn(ω)|

(1 + ως−1)2
+
|zN(ω)|

(1 + ως−1)2

<
ε

2
+ ‖zN − zn‖X + ‖zN‖X < ε+ ‖zN‖X.

Then z ∈ X, i.e., X is Banach space.
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Lemma 4.1.2. Let A be a bounded set in X. Then A is relatively compact in X if the

following conditions hold

• (i) A is equicontinuous in [0,+∞).

• (ii) for all ε > 0, there exist x > 0, for all z ∈ A and ω ≥ x

z(ω)

(1 + ως−1)2
< ε.

Proof. For each ε > 0, by (ii) there exist x > 0 such that for each z ∈ A and ω ≥ x, we

have
z(ω)

(1 + ως−1)2
< ε.

Let

A|[0,x] = {z|[0,x], z ∈ A}.

In view of (i) and theorem 1.6.2 we get that the closure of A|[0,x] is compact set in C([0, x],R),

that means there exist z1, . . . , zn ∈ A such that

max
ω∈[0,x]

|z(ω)− zj(ω)|
(1 + ως−1)2

< ε for some 1 ≤ j ≤ n.

Thence

‖z − zj‖X = max
{

max
ω∈[0,x]

|z(ω)− zj(ω)|
(1 + ως−1)2

, sup
ω>x

|z(ω)− zj(ω)|
(1 + ως−1)2

}
< ε.

Hence A is precompact,i.e., the closure of A is compact set in C(J,R).

4.1.1 Existence result in convex case

Theorem 4.1.1. Assume that the following assertions (B1)− (B3) hold

(B1) H : J × R → Pc,cp(R) such that for every measurable function z : J → R we have

ω ∈ J 7→ H(ω, z(ω)) is measurable.

(B2) There are ϕ, ψ ∈ L1(J,R) ∩ L∞(J,R) such that

(i) ‖H(ω, x)‖ = sup{|v| : v ∈ H(ω, x)} ≤ ϕ(ω) + ψ(ω)
(1+ως−1)2

|x|,

(ii) ∀ε > 0,∃bε > 0 such that
∫ +∞
bε
|ϕ(Λ)|dΛ < ε

2
and

∫ +∞
bε
|ψ(Λ)|dΛ < ε

2
.
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(B3) ‖ψ‖1
Γ(ς)

+ ξβ−1

Γ(ς)Γ(β)
(ξ + 2ξς

ς
+ ξ2ς−1

2ς−1
) < 1.

Then the problem (4.1) has a least one solution.

Proof. Using the conditions (B1), (B2)(i) and by applying lemma 1.4.1 we can easily to see

that SH,z 6= ∅ for all z ∈ X. Define an operator N : X→ P(X) by

N (z) =

{
h ∈ X : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ

+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ, v ∈ SH,z
}
.

(4.6)

We will show that N satisfies all hypotheses of the theorem 1.3.3.

Step 1. (N is convex valued.) Let z ∈ X, and h1, h2 ∈ N (z), then there exist v1, v2 ∈ SH,z
such that

hi(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vi(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ for i ∈ {1, 2}.

Then for λ ∈ [0, 1] we have

λh1(ω) + (1− λ)h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ

+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

Since H is convex set-valued, then λh1 + (1− λ)h2 ∈ N (z).

Step 2. (N bounded set into bounded set.)

Let Br = {z ∈ X, ‖z‖X < r} and let h ∈ N (z) with z ∈ Br, then there exist v ∈ SH,z such

that

h(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

For all ω ∈ J we have

|h(ω)|
1 + ως−1

≤ 1

Γ(ς)

∫ ω

0

|v(Λ)|dΛ +
ξβ−1

Γ(ς)Γ(β)

∫ ξ

0

|z(Λ)|dΛ

≤ ‖ϕ‖1 + ‖ψ‖1‖z‖X
Γ(ς)

+
ξβ−1

Γ(ς)Γ(β)
(ξ +

ξς

ς
)‖z‖X

=
‖ϕ‖1

Γ(ς)
+ ‖z‖X

(
‖ψ‖1

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

2ξς

ς
+

ξ2ς−1

2ς − 1
)

)
,
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remark that∫ ξ

0

|z(Λ)|dΛ =

∫ ξ

0

(1 + Λς−1)2 × |z(Λ)|
(1 + Λς−1)2

dΛ ≤ ‖z‖X
∫ ξ

0

(1 + Λς−1)2dΛ

= (ξ +
2ξς

ς
+

ξ2ς−1

2ς − 1
)‖z‖X.

Then

‖h‖X ≤ l =
‖ϕ‖1

Γ(ς)
+ r

(
‖ψ‖1

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

2ξς

ς
+

ξ2ς−1

2ς − 1
)

)
,

and

lim
ω→+∞

|h(ω)|
(1 + ως−1)2

≤ lim
ω→+∞

l

1 + ως−1
= 0.

Step 3. (N bounded set into equicontinuous set.)

Let Br the set as defined in step 2, and t1, t2 ∈ J where t1 ≤ t2, then

| h(t1)

(1 + tς−1
1 )2

− h(t2)

(1 + tς−1
2 )2

| =

∣∣∣∣ 1

Γ(ς)

∫ t2

t1

(t2 − Λ)ς−1

(1 + tς−1
2 )2

v(Λ)dΛ

+
1

Γ(ς)

∫ t1

0

(
(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

)
v(Λ)dΛ

+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]
×
( tς−1

1

(1 + tς−1
1 )2

− tς−1
2

(1 + tς−1
2 )2

)∣∣∣∣
≤ 1

Γ(ς)
× (t2 − t1)ς−1

(1 + tς−1
2 )2

∫ t2

t1

|v(Λ)|dΛ

+
1

Γ(ς)

∫ t1

0

|v(Λ)|dΛ× sup
Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣
+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]
×
∣∣ tς−1

1

(1 + tς−1
1 )2

− tς−1
2

(1 + tς−1
2 )2

∣∣
≤ 1

Γ(ς)
× (t2 − t1)ς−1

(1 + tς−1
2 )2

×
(
‖ϕ‖1 + ‖ψ‖1‖z‖X

)
+

1

Γ(ς)
× sup

Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣
×
(
‖ϕ‖1 + ‖ψ‖1‖z‖X

)
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+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]
×
∣∣ tς−1

1

(1 + tς−1
1 )2

− tς−1
2

(1 + tς−1
2 )2

∣∣
≤ 1

Γ(ς)
× (t2 − t1)ς−1

(1 + tς−1
2 )2

×
(
‖ϕ‖1 + ‖ψ‖1‖z‖X

)
+

1

Γ(ς)
× sup

Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣
×
(
‖ϕ‖1 + ‖ψ‖1‖z‖X

)
+

cξ‖z‖X
Γ(ς)Γ(β)

×
∣∣ tς−1

1

(1 + tς−1
1 )2

− tς−1
2

(1 + tς−1
2 )2

∣∣,
where cξ =

∫ ξ
0

(1 + Λς−1)2(ξ − Λ)β−1dΛ. As t2 → t1 we have | h(t1)

(1+tς−1
1 )2

− h(t2)

(1+tς−1
2 )2
| → 0.

Step 4. (N has a closed graph.)

Let zn → z∗, hn ∈ N (zn) and hn → h∗, we need to show that h∗ ∈ N (z∗). Now hn ∈ N (zn)

implies that there exists vn ∈ SH,zn such that

hn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1zn(Λ)dΛ,

we have to show that there exists v∗ ∈ SH,z∗ such that for every ω ∈ [0,+∞),

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z∗(Λ)dΛ.

By theorem 1.6.1, we prove that the set V = {vn ∈ SH,zn ;n ≥ 1} is weakly compact in

L1(J ;R) ∫
A

|vn(Λ)|dΛ ≤
∫
A

|ϕ(Λ)|dΛ + ‖zn‖X
∫
A

|ψ(Λ)|dΛ

≤ |A|
(
‖ϕ‖∞ + ‖zn‖X‖ψ‖∞

)
< ε,

we take δ = ε
‖ϕ‖∞+supn≥1 ‖zn‖X‖ψ‖∞

, then the first conditions of theorem 1.6.1 is satisfied.

Now we prove the second conditions of this theorem∫ +∞

bε

vn(Λ)dΛ ≤
∫ +∞

bε

ϕ(Λ)dΛ + ‖zn‖X ×
∫ +∞

bε

ψ(Λ)dΛ < ε.

Then by theorem 1.6.1 we conclude that V is weakly compact set in L1(J,R).

Conclusion
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There exist a subsequence vnk ∈ SH,unk such that vnk ⇀ v∗ in L1(J,R), then

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v∗(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z∗(Λ)dΛ, (4.7)

because∫ ξ

0

(ξ − Λ)β−1|zn(Λ)− z(Λ)|dΛ ≤
∫ ξ

0

|zn(Λ)− z(Λ)|dΛ =

∫ ξ

0

(1 + Λς−1)2 |zn(Λ)− z(Λ)|
(1 + Λς−1)2

dΛ

(see 0 < ξ < 1)

≤ ‖zn − z‖X ×
∫ ξ

0

(1 + Λς−1)2dΛ→ 0 as n→∞.

Step 5. ( A priori bounds on solutions.)

Let

K = B̄(0,
A

1−B
) ∩

{
h ∈ X; | h(t1)

(1 + tς−1
1 )2

− h(t2)

(1 + tς−1
2 )2

| ≤ A(t2 − t1)ς−1 + Λ1(t1, t2)

+
A

1−B

(
‖ψ‖1(t2 − t1)ς−1

Γ(ς)
+

cξ
Γ(ς)Γ(β)

×
∣∣ tς−1

1

(1 + tς−1
1 )2

− tς−1
2

(1 + tς−1
2 )2

∣∣
+Λ2(t1, t2)

)}
,

where

A =
‖ϕ‖1

Γ(ς)
and B =

‖ψ‖1

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

2ξς

ς
+

ξ2ς−1

2ς − 1
),

Λ1(t1, t2) =
‖ϕ‖1

Γ(ς)
× sup

Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣,
Λ2(t1, t2) =

‖ψ‖1

Γ(ς)
× sup

Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣.
The set K is nonempty convex and compact set in X, by theorem 1.3.3 the set valued map

N has a fixed point, which represent a solution.

Example 13. Consider the following fractional differential inclusion
D

3
2

0+z(ω) ∈ H(ω, z(ω)), for almost ω ∈ [0,+∞[,

z(0) = 0,

D
1
2

0+z(0) =
∫ 0.6

0
(0.6− Λ)z(Λ)dΛ,

(4.8)
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where

H(ω, x) =
[
ϕ(ω), ϕ(ω) +

|x|
(1 +

√
ω)2

ψ(ω)
]
,

ψ(ω) =


√
ω − ω ω ∈ [0, 1]

0 ω > 1
, ϕ(ω) =

cosω ω ∈ [0, π
2
]

0 ω > π
2

and

‖ψ‖1

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

ξς

ς
) ≈ 0.8041.

Then the problem (4.18) has a least one solution.

Corollary 8. On suppose that the all conditions of theorem 4.1.1 hold with ϕ = 0. Then

the function z = 0 is a solution for (4.1) .

Theorem 4.1.2. Supposons that the conditions (B1)− (B3) are hold

(B1) H : J × R → Pc,cp(R) such that for every measurable function z : J → R we have

ω ∈ J 7→ H(ω, z(ω)) is measurable.

(B2) There are m ∈ L1(J,R) ∩ L∞(J,R) and ϕ continuous nondecreasing such that

(i) ‖H(ω, x)‖ = sup{|v| : v ∈ H(ω, x)} ≤ m(ω)ϕ( x
(1+ως−1)2

)

(ii) ∀ε > 0,∃bε > 0 such that
∫ +∞
bε

m(Λ)dΛ < ε.

(B3) There exist L > 0 such that

L >
‖m‖1ϕ(L)

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

ξς

ς
)L.

Then the problem (4.1) has a least one solution.

Proof. To prove the problem (4.1) admits a solution, we have shown that N admits a fixed

point.

From (B1) and (B2)(i) we can easily to show that SH,z 6= ∅.

From step 1 in proof of theorem 4.1.1, we can see that N is convex valued. Now we prove

that satisfied all hypothesis of theorem 1.3.2 the proof is given in four steps.

Step 1. (N bounded set into bounded set.)
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Let Br = {z ∈ X, ‖z‖X < r} and let h ∈ N (z) with z ∈ Br, then there exist v ∈ SH,z such

that

h(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ for i ∈ {1, 2}.

For all ω ∈ J we have
|h(ω)|

1 + ως−1
≤ 1

Γ(ς)

∫ ω

0

|v(Λ)|dΛ +
ξβ−1

Γ(ς)Γ(β)

∫ ξ

0

|z(Λ)|dΛ

≤ l =
‖m‖1 × ϕ(‖z‖X)

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

2ξς

ς
+

ξ2ς−1

2ς − 1
)‖z‖X,

and

lim
ω→+∞

|h(ω)|
(1 + ως−1)2

≤ lim
ω→+∞

l

1 + ως−1
= 0.

Step 2 (N bounded set into equicontinuous set.)

| h(t1)

(1 + tς−1
1 )2

− h(t2)

(1 + tς−1
2 )2

| =
1

Γ(ς)

∫ t2

t1

(t2 − Λ)ς−1

(1 + tς−1
2 )2

v(Λ)dΛ

+
1

Γ(ς)

∫ t1

0

(
(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

)
v(Λ)dΛ

+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]∣∣ ως−1
2

(1 + ως−1
2 )2

− ως−1
1

(1 + ως−1
1 )2

∣∣
≤ 1

Γ(ς)
× (t2 − t1)ς−1

(1 + tς−1
2 )2

∫ t2

t1

|v(Λ)|dΛ

+
1

Γ(ς)

∫ t1

0

|v(Λ)|dΛ× sup
Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣
+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]∣∣ ως−1
2

(1 + ως−1
2 )2

− ως−1
1

(1 + ως−1
1 )2

∣∣
≤ ‖m‖1 × ϕ(‖z‖X)

Γ(ς)
× (t2 − t1)ς−1

(1 + tς−1
2 )2

+
‖m‖1 × ϕ(‖z‖X)

Γ(ς)
× sup

Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣
+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]∣∣ ως−1
2

(1 + ως−1
2 )2

− ως−1
1

(1 + ως−1
1 )2

∣∣
≤ ‖m‖1 × ϕ(‖z‖X)

Γ(ς)
× (t2 − t1)ς−1

(1 + tς−1
2 )2

+
‖m‖1 × ϕ(‖z‖X)

Γ(ς)
× sup

Λ∈[0,t1]

∣∣∣∣(t2 − Λ)ς−1

(1 + tς−1
2 )2

− (t1 − Λ)ς−1

(1 + tς−1
1 )2

∣∣∣∣
+

cξ‖z‖X
Γ(ς)Γ(β)

×
∣∣ ως−1

2

(1 + ως−1
2 )2

− ως−1
1

(1 + ως−1
1 )2

∣∣,
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where cξ =
∫ ξ

0
(ξ − Λ)β−1(1 + Λς−1)2dΛ. As t2 → t1 we have | h(t1)

1+tς−1
1

− h(t2)

1+tς−1
2

| → 0.

Step 3. (N has a closed graph.)

Let zn → z∗, hn ∈ N (zn) and hn → h∗, we need to show that h∗ ∈ N (z∗). Now hn ∈ N (zn)

implies that there exists vn ∈ SH,zn such that

hn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1zn(Λ)dΛ, (4.9)

we have to show that there exists v∗ ∈ SH,z∗ such that for every ω ∈ [0, 1],

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z∗(Λ)dΛ. (4.10)

By theorem 1.6.1, we prove that the set V = {vn ∈ SH,zn ;n ≥ 1} is weakly compact in

L1(J ;R) ∫
A

|vn(Λ)|dΛ ≤ |A|‖m‖∞ϕ(‖zn‖X) < ε,

we take δ = ε
‖m‖∞ϕ(supn≥1 ‖zn‖X)

, then the first conditions of theorem 1.6.1 is satisfied.

Now we prove the second conditions of this theorem, from (B2)(ii) there exist b = b(ε) such

that ∫ +∞

b

vn(Λ)dΛ ≤ ϕ(‖zn‖X)

∫ +∞

b

m(Λ)dΛ < ε.

Then by theorem 1.6.1 we conclude that V is weakly compact set in L1(J,R).

Conclusion.

There exist a subsequence vnk ∈ SH,unk such that vnk ⇀ v in L1(J,R), then

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z∗(Λ)dΛ. (4.11)

because∫ ξ

0

(ξ − Λ)β−1|zn(Λ)− z(Λ)|dΛ ≤
∫ ξ

0

|zn(Λ)− z(Λ)|dΛ =

∫ ξ

0

(1 + Λς−1)2 |zn(Λ)− z(Λ)|
(1 + Λς−1)2

dΛ

(see 0 < ξ < 1)

≤ ‖zn − z‖X ×
∫ ξ

0

(1 + Λς−1)2dΛ→ 0 as n→∞.
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Step 4. ( a priori bounds on solutions.) Let z ∈ λN (z) for λ ∈ (0, 1). Then for every ω ∈ J,

|z(ω)|
1 + ως−1

≤ ‖m‖1 × ϕ(‖z‖X)

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

ξς

ς
)‖z‖X,

then

‖z‖X ≤
‖m‖1 × ϕ(‖z‖X)

Γ(ς)
+

ξβ−1

Γ(ς)Γ(β)
(ξ +

ξς

ς
)‖z‖X.

Now, Let V = {z ∈ X : ‖z‖X < L}.

The set V is an open set in X with 0 ∈ V . From the steps 1, step 2, step 3 and step 4,

together with theorem 1.3.2, we get that N : V̄ → Pc,cp(X) is upper semicontinuous and

completely continuous. From (B3) there is no z ∈ ∂V such that z ∈ λN (z) for λ ∈ (0, 1).

Therefore by theorem 1.3.2, we deduce that N has a fixed point z ∈ V̄ , which represents a

solution of the problem 4.1. This finishes the proof.

Example 14. Consider the following fractional differential inclusion
D

3
2

0+z(ω) ∈ H(ω, z(ω)) for almost ω ∈ [0,+∞[,

z(0) = 0,

D
1
2

0+z(0) =
∫ 0.6

0
(0.6− Λ)z(Λ)dΛ,

(4.12)

where

H(ω, x) =

[
m(ω) exp x

(1+
√
ω)2

2
,m(ω) exp

x

(1 +
√
ω)2

]
,

m(ω) =


1

7(1+ω2)
ω ∈ [0, 1],

0 ω > 1,

we take L = 1, we have L > ‖m‖1×ϕ(L)
Γ(ς)

+ ξβ−1

Γ(ς)Γ(β)
(ξ + ξς

ς
)L ≈ 0.9602.

Then the problem (4.12) has a least one solution in X.

4.1.2 Existence and uniqueness result in nonconvex case

Theorem 4.1.3. Assume that the following assertions are met

(C1) H : J × R → Pcl(R) such that for every measurable function z : J → R we get

ω 7→ H(ω, z(ω)) is measurable.
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(C2) There is a function m1 ∈ L∞(J,R+) such that

(i) ‖H(ω, x)‖ ≤ m1(ω)

(ii) ∀ε > 0, ∃bε > 0 such that ∫ +∞

bε

m1(Λ)dΛ < ε.

(C3) There are m2 ∈ L1(J,R+) such that

Hd(H(ω, x);H(ω, y)) ≤ m2(ω)
|x− y|

(1 + ως−1)2
.

(C4)
‖m2‖1

Γ(ς)
+

cξ
Γ(ς)Γ(β)

< 1 with cξ =

∫ ξ

0

(ξ − Λ)β−1(1 + Λς−1)2dΛ.

Then the problem (4.1) has a unique solution in X.

Proof. Let N the set valued map defined (4.1.1), we prove that N has a unique fixed point,

which represent the unique solution.

Let z ∈ X, from (C1) and (C2)(i) and lemma 1.4.1 the set SH,z 6= ∅.

1. Proof the existence.

Step 1. (N (z) ∈ Pcl(X)). Let (zn) be a set in N (z) with zn → z̃ in X. After that z̃ ∈ X

and there exist vn ∈ SH,z with for ω ∈ J

zn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

By (C2) the set V = {vn ∈ SH,z;n ≥ 1} satisfies all the conditions of theorem 1.6.1. Then

we have V is weakly compact in L1(J,R), then there exist v ∈ V such that

z̃(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

Step 2. There exists γ < 1 such that

Hd(N (z),N (z̃)) ≤ γ‖z − z̃‖X.
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Indeed. Let z, z̃ ∈ X and h1 ∈ N (z), then there exist v1 ∈ SH,z such that for every

ω ∈ J

h1(ω) =
1

Γ(ς)

∫ ω

0

(ω − s)ς−1v1(s)ds+
ως−1

Γ(ς)Γ(β)

∫ η

0

(η − s)β−1z(s)ds.

From (C3), we deduce

Hd

(
H(ω, z(ω));H(ω, z̃(ω))

)
≤ m2(ω)

|z(ω)− z̃(ω)|
(1 + ως−1)2

for almost ω ∈ J.

Hence, there exists w ∈ H(ω, z̃(ω)) such that

|v1(ω)− w| ≤ m2(ω)
|z(ω)− z̃(ω)|
(1 + ως−1)2

for almost ω ∈ J.

For almost ω ∈ J, we consider the set-valued map defined as follows:

U(ω) = {w ∈ R : |v1(ω)− w| ≤ m2(ω)
|z(ω)− z̃(ω)|

1 + ως−1
} := B(v1(ω), ζ(ω)),

where ζ(ω) = m2(ω) |z(ω)−z̃(ω)|
1+ως−1 . Assumption (C1) implies that the set-valued map

ω 7→ F(ω, z̃(ω)) is measurable. Since v1 and ζ are measurable, it follows from

proposition 1.4.1 that the multivalued U is measurable, and the set valued map

ω 7→ V (ω) = U(ω)∩H(ω, z̃(ω)) is nonempty, measurable ( see proposition 1.4.2) and closed

set-valued, there are by lemma 1.4.1 an element v2 which is a measurable selection for V .

So

v2(ω) ∈ H(ω, z̃(ω)),

and for almost ω ∈ J , we have

|v1(ω)− v2(ω)| ≤ m2(ω)
|z(ω)− z̃(ω)|

1 + ως−1
.

For each ω ∈ J , let us define

h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v2(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z̃(Λ)dΛ.

Hence

|h1(ω)− h2(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v1(Λ)− v2(Λ)|dΛ

+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1|z(Λ)− z̃(Λ)|dΛ,
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and

|h1(ω)− h2(ω)|
(1 + ως−1)2

≤ 1

Γ(ς)

∫ ω

0

|v1(Λ)− v2(Λ)|dΛ +
cξ

Γ(ς)Γ(β)
‖z − z̃‖X,

with cξ =
∫ ξ

0
(ξ − Λ)β−1(1 + Λς−1)2dΛ. Then

‖h1 − h2‖X ≤
(
‖m2‖1

Γ(ς)
+

cξ
Γ(ς)Γ(β)

)
‖z − z̃‖X.

We apply theorem 1.3.1 we get the set valued map N has a fixed point, which represent a

solution.

2. Proof the uniqueness.

Let z1, z2 are two solution for (4.1), then there exist v1 ∈ SH,z1 and v2 ∈ SH,z2 such that

zj(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vj(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1zj(Λ)dΛ,

for 1 ≤ j ≤ 2. Then

‖z1 − z2‖X ≤
(
‖m2‖1

Γ(ς)
+

cξ
Γ(ς)Γ(β)

)
‖z1 − z2‖X.

It’s obvious that z1 = z2.

Example 15. Consider the following fractional differential inclusion
D

3
2

0+z(ω) ∈ H(ω, z(ω)) for almost ω ∈ J,

z(0) = 0,

D
1
2

0+z(0) = I1.7
0+ z(1

4
),

(4.13)

where

H(ω, x) = {1} ∪ [
3

2
,
3

2
+

m(ω)

(1 +
√
ω)2
| sinx|],

and

m(ω) =


1
4

ω ∈ [0, 1]

0 ω > 1.

It’s clearly that the set valued map H is measurable, and we take

m1(ω) =
3

2
+

m(ω)

(1 +
√
ω)2

,

m2(ω) = m(ω),
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cξ <
1
2
and ‖m2‖1

Γ(ς)
+

cξ
Γ(ς)Γ(β)

< 0.9031.

After that we conclude the problem (4.13) has a unique solution.

Corollary 9. If the conditions of precedent theorem are satisfied and the function m1 = 0.

Then the unique solution for (4.1) is z = 0.

Corollary 10. If the conditions of precedent theorem are satisfied and 0 ∈ F (ω, 0) for

almost ω ∈ J. Then the unique solution for (4.1) is z = 0.

4.2 Other technical for study the existence result in C(J ;R)

In this section we construct an other method to prove the existence to solution for (4.1)

in the space C(J ;R), for this let
Dς0+z(ω) ∈ F (ω, z(ω)) for almost ω ∈ [0, 1],

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ),

(4.14)

where F (ω, x) = H(ω, x) on [0, 1] and x ∈ R.

Lemma 4.2.1. For a given v ∈ L1([0, 1],R), a function v is a solution to
Dς0+z(ω) = v(ω) for almost ω ∈ [0, 1], 1 < ς < 2,

z(0) = 0,

Dς−1
0+ z(0) = Iβ0+z(ξ),

(4.15)

if and only if

z(ω) =
1

Γ(ς)

∫ ω

0

(ω − s)ς−1v(s)ds+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − s)β−1z(s)ds. (4.16)

Theorem 4.2.1. Supposons that the conditions (B1), (B2) and (B3) are hold

(B1) H : J × R → Pc,cp(R) is a Carathéodory set valued map such that for almost ω ∈

(1,+∞) and all x ∈ R we have 0 ∈ H(ω, x).

88



(B2) There are ψ ∈ L∞(J,R+) and φ ∈ C(J,R+) nondecreasing such that

‖H(ω, x)‖ = sup{|v| : v ∈ H(ω, x)} ≤ ψ(ω)φ(|x|).

(B3) There exist σ > 0 such that

σ >
‖ψ‖∞φ(σ)

Γ(ς)
+

ξβ

Γ(ς)Γ(β)
σ.

Then the problem (4.1) has a least one solution in C(J ;R).

Proof. For show that the problem (4.1) has a solution, we show that the problem (4.14) has

a solution. The prove of this result is done in five steps.

After that in step 6 we construct an element in C(J ;R) depending on the solution for the

problem (4.14) which represent a solution for the problem (4.1).

Now we prove the existence the solution for the problem (4.14). From (B1) and proposition

1.4.4 and lemma 1.4.1 there exist a selection measurable for the set valued ω ∈ [0, 1] 7→

F (ω, z(ω)) and by (B2) this selection belongs in L1([0, 1];R) that means SF,z 6= ∅ for all

z ∈ C([0, 1];R). Define an operator N : C([0, 1];R)→ P(C([0, 1];R)) by

N (z) =

{
h ∈ C([0, 1];R) : h(ω) =

1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ

+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ, v ∈ SF,z
}
,

where SF,z = {v ∈ L1([0, 1];R); v(ω) ∈ F (ω, z(ω)) for almost ω ∈ [0, 1]}.

We will show that N satisfies all hypotheses of the theorem 1.3.2.

Step 1. (N is convex valued.) Let z ∈ C([0, 1];R), and h1, h2 ∈ N (z), then there exist

v1, v2 ∈ SF,z such that

hi(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vi(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ for i ∈ {1, 2}.

Then for λ ∈ [0, 1] we have

λh1(ω) + (1− λ)h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1
(
λv1(Λ) + (1− λ)v2(Λ)

)
dΛ

+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.
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Since H is convex set-valued, then λh1 + (1− λ)h2 ∈ N (z).

Step 2. (N bounded set into bounded set.)

Let Br = {z ∈ C([0, 1];R), ‖z‖∞ < r} and let h ∈ N (z) with z ∈ Br, then there exist

v ∈ SF,z such that

h(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

For all ω ∈ [0, 1] we have

|h(ω)| ≤ 1

Γ(ς)

∫ ω

0

|v(Λ)|dΛ +
ξβ−1

Γ(ς)Γ(β)

∫ ξ

0

|z(Λ)|dΛ

≤ ‖ψ‖∞φ(‖z‖∞)

Γ(ς)
+

ξβ

Γ(ς)Γ(β)
‖z‖∞.

Step 3. (N bounded set into equicontinuous set.)

Let Br the set as defined in step 2, and t1, t2 ∈ [0, 1] where t1 ≤ t2, then

|h(t1)− h(t2)| =

∣∣∣∣ 1

Γ(ς)

∫ t2

t1

(t2 − Λ)ς−1v(Λ)dΛ

+
1

Γ(ς)

∫ t1

0

(
(t2 − Λ)ς−1 − (t1 − Λ)ς−1

)
v(Λ)dΛ

+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]
×
(
tς−1
1 − tς−1

2

)∣∣∣∣
≤ (t2 − t1)ς−1

Γ(ς)

∫ t2

t1

|v(Λ)|dΛ +
tς−1
2 − tς−1

1

Γ(ς)

∫ t1

0

|v(Λ)|dΛ

+

[
1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ

]
×
∣∣tς−1

1 − tς−1
2

∣∣
≤ (t2 − t1)ς−1

Γ(ς)
× ‖m‖∞φ(‖z‖∞) +

(tς−1
2 − tς−1

1 )

Γ(ς)
× ‖m‖∞φ(‖z‖∞)

+
ξβ

Γ(ς)Γ(β)
‖z‖∞

≤ 2(t2 − t1)ς−1

Γ(ς)
× ‖m‖∞φ(r) +

ξβ

Γ(ς)Γ(β)
r.

As t1 → t2 we get h(t1)→ h(t2).

Step 4. (N has a closed graph.)

Let zn → z∗, hn ∈ N (zn) and hn → h∗, we need to show that h∗ ∈ N (z∗). Now hn ∈ N (zn)

implies that there exists vn ∈ SF,zn with

hn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1zn(Λ)dΛ.
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We have to show that there exists v∗ ∈ SF,z∗ such that for each ω ∈ [0, 1],

h∗(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z∗(Λ)dΛ.

Step 5. ( A priori bounds on solutions.) Let z ∈ C([0, 1];R) such that z ∈ λN (z) for

λ ∈ (0, 1). Then for every ω ∈ [0, 1] we have

|z(ω)| ≤ ‖ψ‖∞φ(‖z‖∞)

Γ(ς)
+

ξβ

Γ(ς)Γ(β)
‖z‖∞. (4.17)

Let V = {z ∈ C([0, 1];R) : ‖z‖∞ < σ}.

It is clearly that V is an open set in C([0, 1];R) and 0 ∈ V . From step 2, step 3 and step 4 we

can conclude that the restriction of N in V̄ is upper semicontinuous, completely continuous

and has a compact convex values. From the choice of V , for all z ∈ ∂V and λ ∈ (0, 1) and

by third condition in theorem we get z /∈ λN (z). Therefore, by theorem 1.3.2, we deduce

that N has a fixed point z ∈ V ,i.e., there exist v ∈ SF,z satisfies (4.16). which z represents

a solution for (4.14)

Step 6. ( Construct the solution for (4.1).)

Let v an element in SF,z such that v satisfies (4.16), and let

ṽ(ω) =

v(ω) ω ∈ [0, 1],

0 ω > 1,

and

z̃(ω) =

z(ω) ω ∈ [0, 1],

1
Γ(ς)

∫ 1

0
(ω − Λ)ς−1v(Λ)dΛ + ως−1

Γ(ς)Γ(β)

∫ ξ
0

(ξ − Λ)β−1z(Λ)dΛ ω > 1,

where z be a solution for (4.14).

It is clearly that ṽ ∈ SH,z̃ = {w̃ ∈ L1(J,R) ; w̃(ω) ∈ H(ω, z̃(ω)) for almost ω ∈ J} and

z̃(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1ṽ(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z̃(Λ)dΛ.

That means z̃ ∈ C(J ;R) is a solution for (4.1).
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Example 16. Consider the following fractional differential inclusion
D

3
2

0+u(ω) ∈ F (ω, u(ω)),

u(0) = 0,

D
1
2

0+u(0) =
∫ 0.6

0
(0.6− s)u(s)ds,

(4.18)

where

F (ω, x) = [ϕ(ω), ϕ(ω) +
|x|

1 +
√
ω
m(ω)],

m(ω) =


√
ω − ω ω ∈ [0, 1]

0 ω > 1
and ϕ(ω) =

cosω ω ∈ [0, π
2
]

0 ω > π
2

‖m‖1
Γ(ς)

+ ηβ−1

Γ(ς)Γ(β)
(η + ης

ς
) ≈ 0.8041.

Then the problem (4.18) has a least one solution.

Theorem 4.2.2. Assume that the following assertions are met

(C1) H : J × R → Pcp(R) is a multivalued with for all ω > 1 we get 0 ∈ H(ω, x) for each

x ∈ R, and

– H is integrably bounded and ω 7→ H(ω, x) is measurable for each x ∈ R.

– There are m2 ∈ L1(J,R+) such that

Hd(H(ω, x);H(ω, y)) ≤ m2(ω)|x− y|.

(C4)
‖m2‖1

Γ(ς)
+

1

Γ(ς)Γ(β)
< 1.

Then the problem (4.1) has a unique solution in C(J ;R).

Proof. We use the same method used in the theorem 4.2.1, let z ∈ C([0, 1];R), from (C1)

and proposition 1.4.4 the set SF,z 6= ∅.

1. Proof the existence.
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Step 1. (N (z) ∈ Pcl(C([0, 1];R))). Indeed, let (zn) be a sequence in N (z) such that zn → z̄

in C([0, 1];R). Then z̄ ∈ C([0, 1];R) and there exist vn ∈ SF,z such that for every ω ∈ [0, 1]

zn(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vn(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

By (C1) the set V = {vn ∈ SF,z;n ≥ 1} satisfies all the conditions of theorem 1.6.2. Then

we have V is weakly compact in L1([0, 1],R), then there exist v ∈ V such that

z̄(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z(Λ)dΛ.

Then z̄ ∈ N (z), i.e., N (z) is closed in C([0, 1];R).

Step 2. There exists γ < 1 such that

Hd(N (z),N (z̄)) ≤ γ‖z − z̄‖∞.

Indeed. Let z, z̄ ∈ C([0, 1];R) and h1 ∈ N (z), then there exist v1 ∈ SF,z such that for

every ω ∈ [0, 1]

h1(ω) =
1

Γ(ς)

∫ ω

0

(ω − s)ς−1v1(s)ds+
ως−1

Γ(ς)Γ(β)

∫ η

0

(η − s)β−1z(s)ds.

From (C1), we deduce

Hd

(
F (ω, z(ω));F (ω, z̄(ω))

)
≤ m2(ω)|z(ω)− z̄(ω)| for almost ω ∈ [0, 1].

Hence, there exists w ∈ F (ω, z̄(ω)) such that

|v1(ω)− w| ≤ m2(ω)|z(ω)− z̃(ω)| for almost ω ∈ [0, 1].

For almost ω ∈ [0, 1], we consider the set-valued map defined as follows:

U(ω) = {w ∈ R : |v1(ω)− w| ≤ m2(ω)|z(ω)− z̃(ω)|} := B(v1(ω), ζ(ω)),

where ζ(ω) = m2(ω)|z(ω)− z̃(ω)|. Assumption (C1) implies that the set-valued map

ω 7→ F (ω, z̄(ω)) is measurable (see proposition 1.4.4). Since v1 and ζ are measurable, it

follows from proposition 1.4.1 that the closed ball B is measurable. Moreover, the map

ω 7→ V (ω) = U(ω)∩F (ω, z̄(ω)) is nonempty, measurable ( see proposition 1.4.2) and closed
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set-valued, there exists by lemma 1.4.1 a function v2 which is a measurable selection for V .

So

v2(ω) ∈ F (ω, z̄(ω)),

and for almost ω ∈ [0, 1], we have

|v1(ω)− v2(ω)| ≤ m2(ω)|z(ω)− z̄(ω)|.

For each ω ∈ [0, 1], let us define

h2(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1v2(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z̄(Λ)dΛ.

Hence

|h1(ω)− h2(ω)| ≤ 1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1|v1(Λ)− v2(Λ)|dΛ

+
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1|z(Λ)− z̄(Λ)|dΛ,

and

|h1(ω)− h2(ω)|
(1 + ως−1)2

≤ 1

Γ(ς)

∫ ω

0

|v1(Λ)− v2(Λ)|dΛ +
1

Γ(ς)Γ(β)
‖z − z̄‖∞.

Then

‖h1 − h2‖∞ ≤
(
‖m2‖1

Γ(ς)
+

1

Γ(ς)Γ(β)

)
‖z − z̄‖∞.

We apply theorem 1.3.1 we get the set valued map N has a fixed point, which represent a

solution.

2. Proof the uniqueness.

Let z1, z2 are two solution for (4.14), then there exist v1 ∈ SF,z1 and v2 ∈ SF,z2 such that

zj(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1vj(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1zj(Λ)dΛ,

for 1 ≤ j ≤ 2. Then

‖z1 − z2‖∞ ≤
(
‖m2‖1

Γ(ς)
+

1

Γ(ς)Γ(β)

)
‖z1 − z2‖∞.
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It’s obvious that z1 = z2.

3. Construct the solution on the problem 4.1.

Let v an element in SF,z such that v satisfies (4.16), and let

ṽ(ω) =

v(ω) ω ∈ [0, 1],

0 ω > 1,

and

z̃(ω) =

z(ω) ω ∈ [0, 1],

1
Γ(ς)

∫ 1

0
(ω − Λ)ς−1v(Λ)dΛ + ως−1

Γ(ς)Γ(β)

∫ ξ
0

(ξ − Λ)β−1z(Λ)dΛ ω > 1,

where z be a solution for (4.14).

It is clearly that ṽ ∈ SH,z̃ = {w̃ ∈ L1(J,R) ; w̃(ω) ∈ H(ω, z̃(ω)) for almost ω ∈ J} and

z̃(ω) =
1

Γ(ς)

∫ ω

0

(ω − Λ)ς−1ṽ(Λ)dΛ +
ως−1

Γ(ς)Γ(β)

∫ ξ

0

(ξ − Λ)β−1z̃(Λ)dΛ.

That means z̃ ∈ C(J ;R) is a solution for (4.1). Since the problem (4.14) has one solution,

then the solution for the problem (4.1) is unique.
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Conclusion and some perspectives

The aim of this thesis it is provide a study on existence and uniqueness for fractional

differential inclusion in the Riemann-Liouville sense in different situations, for this we rely

on three basic stages.

1. Construct the integral equation equivalent to fractional differential equation whose the

second side is a selection in L1 space.

2. Construct a multivalued with its element is the integral equation in terms of the selections

of the inconnu function.

3. Prove that the multivalued has a fixed point, which represent a solution.

4. Example to ensure that proven theories are applicable.

In the future

1. Study the existence solution for the problem fractional inclusion in Lobesgue spaces in

unbounded domain.

2. We will study the stability of the solution for the problem fractional in Banach space.

3. Study the existence solution for the problem fractional inclusion in other topological

spaces ( not necessary Banach space ).
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