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f Résumé \

Ce travail s'inscrit dans le domaine de la théorie spectrale et plus particulierement autour
d'une notion relativement récente appelée spectre essentiel d'opérateurs linéaires non bor-
nés sur un espace de Banach X.

Nous donnons un apercu des résultats concernant divers spectres essentiels d'opérateurs
linéaires non bornés sur un espace de Banach, et nous donnons quelques relations entre ce
spectre essentiel, également une présentation de certaines propriétés spécifiques du spectre
essentiel et enfin nous appliquons certains résultats aux opérateurs de transport .

Mots clés : Spectre essentiel, Opérateur de Fredholm, Opérateur non borné, Spectre, Opé-

\rateur de transport /
/ Abstract \

This work is part of the field of spectral theory and more particularly around a relatively re-
cent notion called the essential spectrum of unbounded linear operators on a Banach space
X.

We give a survey of results concerning various essential spectra of unbounded linear oper-
ators on a Banach space, and we give some relationships between this essential spectrum,
also a presentation of some specific properties of the essential spectrum and finally we
apply certain results in the transport operators.

Key words: Essential spectrum, Fredholm operator, Unbounded operator, Spectrum,

kTransport operator.
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General Introduction

This thesis is related to spectral theory which is an inclusive term for theories extending the
theory of eigenvectors and eigenvalues of a single square matrix to a much broader theory of
the structure of operators in a variety mathematical spaces.

The theory of essential spectra of linear operators in Banach space is a modern section of spectral
analysis widely used in the mathematical and physical sense when solving a number of appli-
cations that can be formulated in terms of operators linear. In the spectral theory are a large
number of essential spectra defined for an individual operator, which have been introduced and
studied extensively.

The original definition of the essential spectrum goes back to H. Weyl around 1909, when he
defined the essential spectrum of a self-adjoint operator A on a Hilbert space as the set of all
points of the spectrum of A except isolated eigenvalues of finite multiplicity. With the devel-
opment of research, it appeared many ways to define the essential spectrum most of them are
enlargement to the continuous spectrum. If A is non-selfadjoint operator several definitions
are studied after by Gustafson, Weidmann, Kato, Wolf, Schechter and other, where they given
specific properties of the essential spectrum can't be hold for the spectrum. See the references
[17,20,39] and others ....

Our main objective in this thesis is to present the most various definitions of the essential spec-
trum founded in the mathematical literature, which beginning with the fundamental work of
Weyl, is becoming more and more a special branch of spectral theory producing results and
problems of its own. And present their application to transport operators.

This thesis is composed of an introduction, three chapters and a list of bibliographies.



VIII

The first chapter is devoted to the preliminaries where we present some fundamental and im-
portant properties of the Banach space, as well as the fundamental properties of the bounded
and unbounded linear operators in the Banach space, After we present some basic notions such
as the spectrum and the resolvent...etc. In the last part of this chapter, we introduce the notion
of Fredholm operators.

In the second chapter, we present the definitions of essential spectrum and its properties, so we
give the relation between these definitions, finally we saw the essential spectrum of the sum
and product of two operators.

In the last chapter, we presented predefined examples in which we will calculate the essential

spectrum of the operators, also we will apply some results seen in the second chapter.



Chapter 1

Preliminaries

The objective of this chapter is to recall some notions and results that will be used throughout
this work. For more details, references to the literature will be systematically given.

1.1 Banach space

Definition 1.1.1. Let X be a vector space over K (over K =R or K = C ). A norm on
X isamap || - || : X — R, that satisfies the following three properties.

(N1) |zl =0« 2 =0. (definiteness)
(N2) |Az|| = || - ||=]| for all z € X and A € K. (homogeneity)
(N3) ||z +yl| < |lz|| + ||y|| for all z,y € X. (triangle inequality)
Definition 1.1.2. Let (X, | - ||) be a normed space.

1. A sequence (z,),.y in X is said to converge to a € X if

Ve > 03Ny € N:Vn > Ny : ||z, — al| < e.
In this case we lim,,_,oc T, = @ Or x,, — @ as N — 0.
2. A sequence (,,), oy in X is called a Cauchy sequence if

Ve > 03Ny e N:Vn,m > Ny : ||z, — zn| < e

Remark 1.1.1. +: X x X — X given by +(z,y) =x +y and - : K x X — X given by
(A, z) = Az are continuous. Moreover, || || : X — R, is continuous.

Example 1.1.1. (1) If V =R". We define

Y
Il = (Z || |>
i=1

and ||z]|co = max;—1__, ||z; |. Then, (R™, ||||,) is Banach space.

-----



(2) £,(C) ={(zn), : >, |zal” < oo} is a Banach space with respect to

()], = (Z ||xn||p) -

(3) If ||| is a norm on R™, then (R", ||||) is a Banach space.
(4) (C[0,1],[{l) , where .
I = [ 1slas

is a normed space, but not a Banach space.

1.1.1 Topological Properties

Definition 1.1.3. For z € X and r > 0, the (open) ball with center x and radius r is
the set
B(z,r):={ye X : |z —y| <r}.

The closed ball with center in z and radius r is the set
B(z,r) ={y € X |z —y| <r}.

Definition 1.1.4. A set X C Y is called open if for every x € X there exists r > 0 such
that B(z,r) C X.

Definition 1.1.5. A set X C Y is called closed if the limit of every sequence {z,}, -, C
X, which converges in Y belongs to X. Le., if {z,},-, C X and 2, — x in Y then
r e X. -

We mention two basic claims which follow from these definition.

Definition 1.1.6. A set A in a normed linear space is open if all points of A are interior
points of A. A set A in a normed linear space is closed if it contains all of its boundary
points.

Definition 1.1.7. Let (X, | - ||) be a normed space.

A subset A C X is called bounded in X if there exists an M > 0 such that ||z| < M for
all x € A.

Similarly, a sequence (z,,) in X is called bounded if sup,,cy ||| < oo.

Proposition 1.1.1. [27] A complete normed space is called a Banach space.
Claim 1.1.1. A set B C Y is open ,if and only if, the set B¢ =Y — B is closed.

Claim 1.1.2. [15] The space X and the collection of all open subsets of X give a topo-
logical space. IL.e,

(i) The sets X and () are open in X.

(ii) If Uy, Us. .. are open subsets of X then J, U, is also an open subset of X.

(iii) If Up,...,Uy are open subsets of X then ﬂnNzl U, is also an open subset of X.



Note that an infinite intersection of open sets is not necessarily open. From this claim,
we immediately have:

Claim 1.1.3. (i) The sets X and () are closed in X.
(i) If Ky, K5 ... are closed subsets of X then [, [, is also a closed subset of X.

(iii) If Ky,..., Ky are closed subsets of X then Ufj:l K, is also a closed subset of X
We finish this section with an equivalent definition for convergence of a sequence.

Definition 1.1.8. Let X and Y be normed space , and a map T : X — Y between
normed spaces is continuous at zg € X if for every neighborhood V' of T'(z¢) there is
a neighborhood U of zy such that T(U) C V. The map T is continuous on X if it is
continuous at each = € X.

However, if T is linear, then if T" is continuous at a single point, it is continuous on
all of X.

Proposition 1.1.2. [9] Let X, Y be normed spaces over the same field and assume that
T : X — Y is linear. Then the following are equivalent:

1. T is continuous at 0 .
T is continuous on X.

T is continuous at some point of X.

= W N

Y is a normed space, then each of the above is equivalent to

5. T'(U) is a bounded subset of Y for some neighborhood U of 0 .

Definition 1.1.9. Let M = (X, || - ||) be a normed space. Let Y C X be a subset of X.
Suppose:
Vie X :VecR, ey |z—y|<e

Then Y is dense in X.
Definition 1.1.10. Let (X, || - ||) be a normed space.
1. A subset A C X is called dense in X if A = X.

2. The normed space (X, || - ||) is called separable if there exists a countable subset

A C X such that A = X.

3. A normed space that is not separable is called inseparable.

Proposition 1.1.3. A normed space (X, | - ||) is separable if and only if there exists a
countable set A such that the linear span of A is dense in X, i.e., if X = (span(A)).

Definition 1.1.11. Let X and Y be normed spaces. The compact topology on L(X,Y)
is the topology generated by sets of the form S(K,U), defined as follows: fix K C X
compact and U C Y open, and let

S(KU) ={f € LX,Y) | f(K) CU}.

If Y is a metric space, then convergence in the compact-open topology is the same as
uniform convergence on compact sets, i.e. sequence f, of functions from X to Y converges
to a function f if for all compact K € X, f,,(z) converges uniformly to f(x) for all z € K.



Theorem 1.1.1. In a finite dimensional normed space X, any subset M of X is compact
if and only if M is closed and bounded.

Lemma 1.1.1. Let A and B be two nonempty subsets of X. B )
Then A, B is a separation of X if and only if X = A|JBand ANB=0=ANB.

Definition 1.1.12. X is called connected if X has no a separation.
Theorem 1.1.2. [15]The following statements are equivalent:

1. X is connected.

2. The only open and closed subsets of X are () and X.

3. Every continuous function of X onto discrete space {0;1} is constant.

Theorem 1.1.3. [27] Let X be connected and f : X — Ya continuous function. Then
f(X) (with subspace topology) is a connected space.

Example 1.1.2.
1. Every space with the trivial topology is connected.

2. A discrete space is connected if and only if it is a singlemember set.

1.2 Linear operator

Definition 1.2.1. If X and Y are two linear spaces over the same scalar field, a linear
operator from X to Y is a rule A that associates with each € X a unique element
Az €Y such that

Vo,y € X and Vo, 8 € K, Alax + By) = aAz + BAy.
Linear operators are also referred to as linear transformations or linear operators.
Definition 1.2.2. The null space (or kernel) of linear operator A : X — Y, denoted
N(A)={z € X : Az = 0}.
The range of A (also called the image of X under A ), denoted
R(A)={yeY,x € X : Ax = y}.

Definition 1.2.3. linear operator A : X — Y

1. A is injective (or one-to-one) if Az = Ay <=z =y.

2. A is surjective (or onto) if R(A) =Y.
Theorem 1.2.1. Linear operator A : X — Y is injective if, and only if, N(A) = 0.

Definition 1.2.4. If N(A) = 0, then we define A™' : R(A) — X as A~'z = z where
Az = 2.



Theorem 1.2.2. [33] Let A: X — Y be linear with N(A) =0. Then A~ : R(A) » X
is linear.

Theorem 1.2.3. [33] Let A be a linear operator, then
(a) The range R(A) is a subspace.
(b) If dimD(A) = n, then dim R( A) < n.
(¢) The null space N(A) is a subspace.

Lemma 1.2.1. Let X,Y and Z be vector spaces and let A : X — Y and S:Y — Z be
bijective linear operators. Then (SA )~! exists and (SA)™' = A=1 S~

1.2.1 Bounded operators

Definition 1.2.5. Let X and Y be two normed spaces. We denote both the X and Y
norms by || - ||. A linear operator 7' : X — Y is bounded if there is a constant M > 0
such that

|Az|| < M||z|| for all z € X.

If A: X — Y is a bounded linear operator, then we define the operator norm or uniform
norm || A|| of A by

|A|| = inf{M | || Az|| < M]||z|| for all z € X}.

We denote the set of all linear bounded operator 7': X — Y by L(X,Y), and the set of
all bounded linear operator A : X — Y . we write L(X, X) = L(X) .
Equivalent expressions for ||A|| are:

[Az|
[A[] = sup » Al = sup f[Az]; Al = sup Az

vro [l ol <1 Jall=
Example 1.2.1. Let X = C(][0, 1]) with the maximum norm, and
k:[0,1] x[0,1] = R

be a continuous function. We define the linear integral operator K : X — X by

Kf(z) = / ke, ) F(y)dy.

1
151 = s { [ Gl

This expression is the "continuous” analog of the maximum row sum for the oo-norm of
a matrix.

Then K is bounded

Remark 1.2.1. For linear operator, boundedness is equivalent to continuity.

Theorem 1.2.4. [20] A linear operator is bounded if and only if it is continuous.



Theorem 1.2.5. [20] (Bounded linear transformation) Let X be a normed linear
space and Y a Banach space. If M is a dense linear subspace of X and

T "MCcX —Y

is a bounded linear operator, then there is a unique bounded linear operator A* : X — Y
such that A*x = Tz for all x € M. Moreover,||A*|| = ||A]|

Definition 1.2.6. Let X be a linear space. Two norms ||-||; and ||-||2 on X are equivalent
if there are constants ¢ > 0 and C > 0 such that

cllzly <zl < Cllz]ly  for all z € X.

Theorem 1.2.6. [26] Two norms on a linear space generate the same topology if, and
only if, they are equivalent.

Theorem 1.2.7. [16] (Open mapping) Suppose that 7" : X — Y is a one-to-one, onto
bounded linear map between Banach spaces X,Y . Then 7 !':Y — X is bounded.

1.2.2 Unbounded operator

Definition 1.2.7. Let X and Y be two Banach spaces. An unbounded linear operator
from X into Y is a linear map A : D(A) C X — Y defined on a linear subspace D(A) C X
with values in Y. The set D(A) is called the domain of A.
One says that A is bounded (or continuous) if D(A) = X and if there is a constant
¢ > 0 such that
|Aul| < c||ul| Vu e X.

The norm of a bounded operator is defined by

| vl
el

| AllLx,y) = Sup, 40

Remark 1.2.2. It may of course happen that an unbounded linear operator turns out to
be bounded. This terminology is slightly inconsistent, but it is commonly used and does
not lead to any confusion. Here are some important definitions and further notation:
Graph of A = G(A) = {[u, Au];u € D(A)} C X x Y,
Range of A = R(A) = {Au;u € D(A)} C Y,
Kernel of A = N(A) ={u € D(A); Au =0} C X.
A map A is said to be closed if G(A) is closed in X x Y.

Remark 1.2.3. In order to prove that an operator A is closed, one proceeds in general
as follows. Take a sequence (u,) in D(A) such that w, — w in X and Au, — f in Y.
Then check two facts:

(i) we D(A),
(ii) f = Au.

Note that it does not suffice to consider sequences (u,) such that u, — 0 in X and
Au, — f inY (and to prove that f =10 ).



Remark 1.2.4. If A is closed, then N(A) is closed; however, R(A) need not be closed.

Definition 1.2.8. A densely defined linear operator A from one normed space, X, to
another one, Y is a linear operator that is defined on a dense linear subspace D(A) of X
and takes values in Y, written

T:D(A) C X Y.

Sometimes this is abbreviated as T : X — Y when the context makes it clear that X
might not be the set-theoretic domain of A.

Remark 1.2.5. In practice, most unbounded operators are closed and are densely de-
fined, i.e., D(A) is dense in X.

Example 1.2.2. Consider the space C°([0,1];R) of all real-valued, continuous functions
defined on the unit interval,

Let C'([0,1]; R) denote the subspace consisting of all continuously differentiable functions.
Equip C°([0,1];R) with the supremum norm || - ||s; this makes C°([0, 1];R) into a real
Banach space.

The differentiation operator D given by

(Du)(z) = u'(x)

is a densely defined operator from C°([0,1];R) to itself, defined on the dense subspace
CH[0,1; R).
The operator D is an example of an unbounded linear operator, since

[Dtnloe

() =e " has =
! [n o

n.
This unboundedness causes problems if one wishes to somehow continuously extend the
differentiation operator D to the whole of C°([0, 1]; R).

Definition 1.2.9. Let A: D(A) C X, — X; be a linear operator.
Then, the graph norm of A is defined by D(A) 3 z — ||z||4 := +/||z]|> + || Az]||%.

Lemma 1.2.2. Let A: D(A) C Xy — X be a linear operator.
Then, A is closed if, and only if, D(A) equipped with the graph norm is a Banach space.
if i e,s0 for all (z,,), in D(A) convergent in X, such that (Az,), is convergent in X; we
have

lim z,, € D(A) and A lim z,, = lim Ax,.

n—o0 n—o0 n—oo

Lemma 1.2.3. Let A: D(A) C Xy — X; be a closed linear operator.
Then A is bounded if, and only if, D(A) C X is closed.

Proof. First of all note that boundedness of A is equivalent to the fact that the graph
norm and the Xy-norm on D(A) are equivalent.

Hence, the closedness and boundedness of A implies that D(A) C X is closed.

On the other hand, the embedding

v (D(A), [ - [|a) = (dom(A), || [[x,)

is continuous and bijective. Since the range is closed, the open mapping theorem implies
that ! is continuous.

This yields the equivalence of the graph norm and the Xy-norm and, thus, the bounded-
ness of A. O



For unbounded operators, obtaining a precise description of the domain may be diffi-
cult. However, there may be a subset of the domain which essentially (or approximately)
describes the operator. This gives rise to the following notion of a core.

Definition 1.2.10. Let A C X x X;. A set D C D(A) is called a core for A provided
AN (D X X1> = /_1

Proposition 1.2.1. [20] Let A € L (Xo, X;), and D C X a dense linear subspace. Then
D is a core for A.

Corollary 1.2.1. Let A : D(A) € X, — X; be a densely defined, bounded linear
operator. Then there exists a unique B € L (Xo, X;) with B 2 A.
In particular, we have B = A and

Ax
1Bl = sup 122l
z€D(A),z#£0 HxH

we denote C(X.Y") the set of all closed operatpors.

The main result concerning operators with closed range is the following.

Theorem 1.2.8. ([16]) Let A € C(X,Y). By C(X,Y) we denote the set of all closed,
densely defined linear operators from X into Y The following properties are equivalent:

1. R(A) is closed,
2. R(A*) is closed,
3. R(A) = N (A")",
R(A*) = N(A)*

Theorem 1.2.9. Let T : D(T) — Y be a linear operator, where D(T) C X and X and
Y are normed spaces then,

1. T is continuous if and only if T" is bounded.

2. If T is continuous at a single point, it is continuous.

Remark 1.2.6. ([16]) Let A € C(X,Y) and Y = M & Y, does not imply that M is
closed.

Then there exists a one-dimensional subspace Y, such that Y = M @ Y| (recall that
Y /N(f) is one-dimensional).

But M = N(f) cannot be closed because f is continuous if and only if f~!(0) is closed.

D(Y /M) < oo = M is closed. (1.1)

However Theorem 1.2.9 asserts that if M is a range of a closed limear operator then
RT is defined by

D(RT) = {z € D(T) | Tx € D(R)}

(RT)z = R(Tx) for « € D(RT) (1.2)

is true. Of course, it is true that



M is closed; dim(Y' /M) < oo = M is complemented.

Definition 1.2.11. An operator A € C(X,Y) is said to be bounded below if A is injective
and has closed range.

Theorem 1.2.10. ([19])A € C(X,Y) is bounded below if and only if there erists ¢ > 0
such that

|Az|| > ¢||z|| for all = € D(A). (1.3)

The next result shows that the properties to be bounded below or to be surjective are
dual each other.

Theorem 1.2.11. [2] Let A € C(X,Y), then

1. A is bounded below (respertively, surjective) if and only if 7% is surjective (respec-
tively, bounded below).

2. If A is bounded. belou (respectively, surjective) then AI — A is surjective (respec-
tively, bounded below) for all |A\| < v(A).

1.2.3 The adjoint of operator

Recall that when X is a Banach space, the dual space X* := L(X, C), consists of the bounded
linear functionals z* on X; it is a Banach space with the norm

|z||x+ = inf{|z"(z)| : v € X, [|z|| = 1}.

When A : X — Y is densely defined, we can define the adjoint operator A* : Y* — X* as
follows: The domain D (A*) consists of the y* € Y*. for which the linear functional

xz— y*(Az),z € D(A). (1.4)

is continuous (from X to C ). This means that there is a constant ¢ (depending on y* ) such
that
ly*(Az)| < c|jz||x, forall z € D(A).

Since D(A) is dense in X, the mapping extends by continuity to X, so there is a uniquely
determined z* € X* so that

y*(Az) = 2*(z), forz € D(A). (1.5)
Since x* is determined from y*, we can define the operator A* from Y™* to X* by:
Ayt =", fory* € D (AY). (1.6)
Definition 1.2.12. Let A € L(X).
1. If A= A* we say that A is self-adjount operator.

2. If A*A = AA* we say that is normal operator.
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Theorem 1.2.12. ([19]) Let A € C(X,Y). Then there is an adjoint operator A* : Y* —
X*, uniquely defined by (1.4)-(1.6). Moreover, A* is closed.
If A is a bounded operator then A* is also a bounded operator from Y™ into X* and,
moreower, ||A*|| = ||A].
For nonempty sets M C X and N C X* we define the annihilators
Mt={feX*: f(x)=0 forallz e M}
Nt={reX:f(x)=0 forallze€ N}.

Even if M and N are not subspaces, and M+ and N+ are closed subspaces of X* and X
respectively. We have M+ = X* (resp. N* = X ) if and only if M = {0} (resp. N = {0}
).
Definition 1.2.13. Let A an operator on a vector space X. The nullity of A is the
positive integer
a(A) =dim N(A).

The deficiency of A is the positive integer

B(A) = codim R(A).
Let A(X) denote the set of all linear operators on vector space X for which a(A) and
B(A) are both finite. The index of A € A(X) is the integer

i(4) = a(4) - B(A).
By the index theorem we have

i(AB) =i(A) +1i(B), VA, Be A(X).

In the next theorem we establish the basic relationships between the quantities a(A), 5(A),
a(A) and i(A).

Definition 1.2.14. An operator A : X — Y is said to be compact if A(B) is relatively
compact in Y for every bounded subset B C X.
Equivalently, for every bounded sequence (x,), in X there exists a convergent subse-
quence of (Az,), inY.

The set of all compact operators from X into Y is denoted by K(X,Y).
If X =Y, we write £(X) := (X, X).
If A is compact, then A(B(0,1)) is bounded and thus A is bounded; i.e. K(X,Y) C
L(X,Y).
A special class of compact operators is the space of operators of finite-rank defined by

F(X,Y)={Ae L(X,Y): DR(A) < co}.
If X =Y, we write F(X) := K(X, X).

Theorem 1.2.13. An operator A € (X,Y) is compact if and only if A* € (Y* X*) is
compact.

The following classical theorem extends fundamental results on matrices known from
Linear Algebta.

Theorem 1.2.14. ([19]) . Let K € K(X). Then
1. R(I — K) is closed.

2. a(l -K)=d(I -K) < .
3. a(l - K)=p(I - K) < 0.
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1.3 Fredholm operator

We now introduce some important classes of operators in Fredholm ! theory. Let X and Y be
Banach spaces and let A be an operator from X into Y. For A € C(X,Y’), the nullity, «(A),
of A is defined as the dimension of N(A) and the deficiency, 5(A), of A is defined as the
codimension of R(A) inY.

Definition 1.3.1. Let X, Y be Banach spaces. The set of Fredholm upper semi-Fredholm
and lower semi-Fredholm operators from X into Y are defined respetively

O(X,)Y)={AeC(X,Y):a(A) <ooand R(A) is closed in Y, f(A) < oo},
O, (X,)Y)={Ae€C(X,Y):a(A) <ocoand R(A) is closed in Y},
the set of lower semi-Fredholm operators from X into Y is defined by
d (X,)Y)={AeC(X,Y):B(A) < ooand R(A) is closed in Y},
the set of semi-Fredholm operators from X into Y is defined by
PL.(X,)Y)=2, (X, Y)UD_(X,Y),
the set of Fredholm operators from X into Y is defined by
P(X,)Y)=2, (X, Y)ND_(X,Y),
the set of bounded Fredholm operators from X into Y is defined by
PX,Y)=d(X,Y)NL(X,Y).

If Ae ®.(X,Y), clearly, ind A is an integer or +00. If X =Y then & (X,Y),®_(X,Y), P (X,Y), P(X
and ®°(X,Y) are replaced, respectively, by ®,(X),®_(X), ®.(X), ®(X) and ®*(X).

Observe that in the case X =Y the class ®(X) is non-empty since the identity trivially

is a Fredholm operator.

But for certain different Banach spaces X, Y no bounded Fredholm operators from X to

Y may exist (see [13]).

Theorem 1.3.1. ([33, 38]) Suppose that X,Y and Z are Banach spaces.

(i) f Ae &, (X,Y) and B € &,.(Y,Z), then BA € &,(X,Z) and i(BA) = i(A)+ i
(B),

(i) If A € ®_(X,Y) and B € ®_(Y, Z), then BA € ®_(X, Z) and i(BA) = i(A)+ i
(B),

(ili) If A€ &(X,Y) and B € (Y, Z), then BA € ®(X, Z) and i(BA) =i(A)+ i(B)
(iv) If BA € ®,(X, Z), then B € &, (Y, Z),

(v) If BA€ &_(X, Z), then B € ®_(Y, 2),

(vi) If BA € ®(X, Z), then B € ®_(Y,Z) and A € &, (X,Y).

Tt is named in honor of Erik Ivar Frodholm, Swedish mathematician, April 7,1866 - August 17, 1927.
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The converse of (i)-(iii) in Theorem 1.3.1 is not true in general. To see this, consider
the following operators on £2 :

Az = (0,21,0,29,0,...)

Bx = (x9, 3,24, .. .)

Then A and B are not Fredholm, but BA = I.
However, if BA = AB then we have if BA € ®(X) then A € &(X) and B € ¢(X).
Because N(A) C N(BA) and R(BA) = R(AB) C R(A) By Theorem 1.2.8

Aed, (X)Y)e A" ecd_ (Y X7
Aed (X)Y)=e A"ed, (V' X7
Aed(X)Y) A e d (Y XY
If Aed(X), theni (A*) = —i(A).
Example 1.3.1. If U is the unilateral shift operator on ¢2, then

i(U)=1 and i(U*)=—1.

With U and U*, we can build a Fredholm operator whose index is equal to an arbitrary
prescribed integer. Indeed if

_ Up 0 .2 2 2 2
A_< 0 U*q).f D=/

then A is Fredholm, a(A) = ¢, 5(A) = p, and hence i (A) = g — p.
By [20] we have the following important stability property of semi-Fredholm operators.

Theorem 1.3.2. Suppose that A € ¢, (X,Y). If B € L(X,Y) such that D(A) C D(B)
and ||B|| < y(A) then A+ B € &, (X,Y) and

a(A+ B) <a(Ad), B(A+B)<p(A), i(A+ B)=i(A).
This theorem extended to the unbounded case by Theorem 1.17 in the following way

Theorem 1.3.3. Theorem 1.3.2 is true if B is A-bonded with a < (1 —b)y(A) .
The following theorem establishes an important characterization of Fredholm opera-
tors.

Theorem 1.3.4. (Atkinson characterization of Fredholm operators) Let A € &(X,Y) if
and only there exist Uy, Uy € L(Y, X) and finite-dimensional operators K; € F(X), K, €
F(Y) such that

UlA:I—Kl OnD(A)andAngf—KgonY.

For a proof of this classical result we refer to [33]. It should be noted that in the char-
acterization above the ideal F(X) may be replaced by the ideal K(X) of all compact
operators. In particular, A € ®*(X) if and only if A is invertible in L(X) modulo the
ideal of finite-dimensional operators F(X).

Definition 1.3.2. Let X and Y be two Banach spaces and let F' € L(X,Y).
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(i) The operator F' is called Fredholm perturbation if U + F € ®(X,Y) whenever
Ued(X,Y).

(ii) F is called an upper (resp. lower) semi-Fredholm perturbation if U+ F € &, (X,Y)
(resp. U+ F € &_(X,Y)) whenever U € &, (X,Y) ( resp. U € o_(X,Y)).

We denote by F(X,Y) the set of Fredholm perturbations and by F(X,Y) (resp.
F_(X,Y) ) the set of upper semiFredholm (resp. lower semi-Fredholm) perturbations.

Lemma 1.3.1. [I1] Let A € C(X,Y) and F € L(X,Y). Then
(i) f A€ ®*(X,Y)and F € F°(X,Y), then A+ F € ®*(X,Y) and i(A + F) = i(A).
(ii) f A€ @ (X,Y) and F € FY(X,Y), then A+ F € % (X,Y) and i(A + F)i(A).
(iii) If A€ ®* (X,Y) and F € F*(X,Y), then A+ F € ® (X,Y) and i(A + F)i(A).

Proof. Statement (i) follows from [11, Proposition 3]. (ii) Let A € ®%(X,Y) and F €
Fb(X,Y). The fact that A+ F € ® (X,Y) follows from Definition 1.3.2 To prove that
i(A+ F)=1i(A), we discuss two cases.

Case 1: If A € ®%(X,Y)\P*(X,Y), then i(A) = —oco. Hence, i(A + F) = —oo.
Otherwise, A + F € ®%(X,Y) and therefore A € ®%(X,Y), since F € F2(X,Y) C
F(X,Y). What is contradictory.

Case 2: If A € ®%(X,Y), then the result follows from the assertion (i). Statement
(iii) can be checked in the same way as (ii). O

Lemma 1.3.2. [4] Let A € C(X,Y) and F € L(X,Y). Then
(i) f Ae ®*(X,Y) and F € F°(X,Y), then A+ F € ®*(X,|Y) and i(A + F) = i(A).
(ii) f A€ ®%(X,Y) and F € F2(X,Y), then A+ F € % (X,Y) and i(A + F)i(A).
(iii) If A€ ®* (X,Y) and F € F*(X,Y), then A+ F € ® (X,Y) and i(A + F)i(A).
Proposition 1.3.1. (i) ¢y is open.
(ii) i(\ —U) is constant on any component of &y .

(ili) (A —U) and B(A —U) are constant on any component of ®; except on a discrete
set of points at which they have larger values.

Theorem 1.3.5. For 7' € L(X) the following are equivalent:
(1) T is Fredholm;
(2) 3H € L(X) such that 1 — TH and 1 — HT are of finite rank;
(3) 3H € L(X) such that 1 — TH and 1 — HT are compact;

where 1 denotes the identity operator on X.
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1.4 Spectrum

1.4.1 Spectrum of bounded operator

Definition 1.4.1. Let A : X — X be a bounded linear operator on a normed complex
space X. The spectrum

o(A) ={VX € C, A — A is not invertible.}

Definition 1.4.2. Let A be a closable linear operator in a Banach space X. The resolvent
set and the spectrum of A are, respectively, defined as

p(A) = {\ € C such that A — X is injective and (A — A)~" € L(X)}.
We recall o(A) = C\p(A) the spectrum of A as
o,(A) = {X € C such that A is not injective}
and the point spectrum, continuous
0.(A) = {\ € C such that A is injective R(A — A) = X, R(A — A) = X}
and the residual spectrum are defined as:
0,(A) = {\ € C such that A is injective R(A — A) # X}

Theorem 1.4.1. The spectrum o(7) of any bounded linear operator 7" is a closed subset
of contained in |A| < ||T||.

Proof. Define the map F' : C — B(X) by F(A\) =T — XA. We have |[F(\)— F(u)| =
|\ — p|, so that F is continuous. We have o(T') = F~1(B(X)\G) where G denotes the set
of invertible operators. Since G is open, we deduce that B(X)\G and o(T') are closed.
Suppose that [A\| > ||T||. Then [[A\7'T|| < 1, and it follows that I — A~'T is invertible.
Hence, T — Al = —\ (I — A7'T)) is also invertible. This show that \ ¢ o(T). O

Example 1.4.1. 1. Let X = C([a,b]),¢ € X, and Ay : X — X be the multiplication
operator: A,(f) = ¢f. It is easy to check that if ¢ is monotone, A, has no
eigenvalues. We claim that

o (Ay) = ¢([a, b])
Indeed, let A € ¢([a,b]). If B is the inverse of Ay — AI, then (Ay— M)B = I,
and for every f € X, (¢ — A)B(f) = f. Thke to € [a,b] such that ¢ (t5) = A
Then f (ty) = 0, but this cannot hold for for all f € X. On the other hand, if
A ¢ ¢([a,b]), then (¢ — \)~! is continuous on [a, b], and A,_y)-1 defines the inverse
of A¢ — A = A¢—>\‘

2. Let X = > and S : (z1,79,...,) = (0,21,79,...) be the shift operator on X.
We claim that that S has no eigenvalues. Indeed, if Sz = Ax, then Ax; = 0 and
Ar; — x;—1 = 0 for all © > 1. For here we deduce that x = 0, so that S has no
eigenvectors. Next we show that

o(9) = {Al < 1}.
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Since ||S]| = 1, it is clear that o(S) is contained in this set. To prove the opposite
inclusion, we show that if |A| < 1, then S — A\l is not onto. When A\ = 0, is easy
to check that y = (1,0,...) not in the image of S — Al. Now let A\ # 0. We
suppose that there exists * € X such that (S — Al)x = y. Then —Az; = 1 and
zi_1 — Az; = 0. We deduce that z; = —1/\". However, since |\| > 1, this x is not
in /2. Hence, S — A\ is not onto as claimed.

Proposition 1.4.1. We have
1. Forall \,u € C ) = J(w)] < A= ul.
2. If X € p(A) then j(AI — A) = |R(\, A)|| 7L

1.4.2 Spectrum of unbounded operator

Definition 1.4.3. Let X be a Banach space and T : D(T) — X be a linear operator
defined on domain D(T) C X.
A complex number A is said to be in the resolvent set (also called regular set) of T if the

operator
T—X:D(T)— X

has a bounded everywhere-defined inverse, i.e. if there exists a bounded operator
S:X — D(T)
such that
ST = N) =Ipw), (T = N)S = Ix

A complex number A is then in the spectrum if X is not in the resolvent set.
For A to be in the resolvent (i.e. not in the spectrum), just like in the bounded case,

T — M must be bijective,

since it must have a two-sided inverse. As before, if an inverse exists, then its linearity
is immediate, but in general it may not be bounded, so this condition must be checked
separately.

By the closed graph theorem, boundedness of (T — AI)~! does follow directly from its
existence when 7T is closed. Then, just as in the bounded case, a complex number A lies
in the spectrum of a closed operator

T if and only if 7' — AI is not bijective.

Note that the class of closed operators includes all bounded operators.

Definition 1.4.4. Let A be a closable linear operator in a Banach space X.
The resolvent set and the spectrum of A are, respectively, Then, according to the closed
graph we deduce that

p(A) = {\ € C such that A is bijective }

and hence,
g(A) =0,(A)Uo.(A)Ua,(A).
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Proposition 1.4.2. Let A be closed operator on X and A € p(A). Then the following
assertions hold.

1. o(R(\, A)) = {ﬁ;u e a(A)}.

2. 0;(R(\A)) = {ﬁ;u € O'Z'(A)} for i = p,ap,r,c.
3. If A is unbounded, then 0 € o(R(\, A)).

There are some overlapping parts of the spectrum which are commonly used too. For
instance, the defect spectrum (or the surjectivity spectrum) og,(A) and the compression
spectrum o.,(A) are defined by

osu(A) :={A € C: AI — A is not surjective }

and
0eo(A) :={A € C: R(AI — A) is not dense in X}.

By the closed range theorem we easily know that the approximate point spectrum and
the surjectivity spectrum are dual to each other, in the sense that o,,(A) = 04, (A*) and
Oap (A*) = 04, (A). Moreover, this two sets form a (not necessarily disjoint) subdivision

7(A4) = Gp(4) U rpa(4)
of the spectrum and o.,(A) C 04, (A). Moreover, we note that
Toooo(A) = 0p2(A) Uops(A) Uo,(A).

Remark 1.4.1. The spectrum of an unbounded operator is in general a closed, possibly
empty, subset of the complex plane.
If the operator T is not closed, then o(7") = C.

Point spectrum
If an operator is not injective (so there is some nonzero = with 7'(x) = 0 ), then it is clearly not
invertible. So if \ is an eigenvalue of T, one necessarily has A\ € o(T'). The set of eigenvalues
of T is also called the point spectrum of 7', denoted by (7).

Approximate point spectrum
More generally, by the bounded inverse theorem, 7" is not invertible if it is not bounded below;
that is, if there is no ¢ |> 0 such that | x| > ||c | ||z|| for all z € X. So the spectrum includes
the set of approximate eigenvalues, which are those A such that 7" - A is not bounded below;
equivalently, it is the set of A for which there is a sequence of unit vectors x1, x5, . .. for which

lim |Tz, — Az,|| =0
n—oo

The set of approximate eigenvalues is known as the approximate point spectrum, denoted by
oap (T'). Itis easy to see that the eigenvalues lie in the approximate point spectrum. For example,
consider the right shift R on [%(Z) defined by

RZ@jH@j_H, ]EZ
where (¢;) .y is the standard orthonormal basis in [?(Z). Direct calculation shows R has no
eigenvalues, but every A with |\| = 1 is an approximate eigenvalue; letting x,, be the vector
1

%(...,0,1,x1,x2,...,Alfn,o,...)
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one can see that ||z, || = 1 for all n, but

2
| Rz, — Ay || = \/j — 0.
n

Since R is a unitary operator, its spectrum lies on the unit circle. Therefore, the approximate
point spectrum of R is its entire spectrum. This conclusion is also true for a more general class
of operators. A unitary operator is normal.
Continuous spectrum
The set of all A for which 7" — A[ is injective and has dense range, but is not surjective, is called
the continuous spectrum of 7', denoted by o.(7"). The continuous spectrum therefore consists of
those approximate eigenvalues which are not eigenvalues and do not lie in the residual spectrum.
That is,
0o(T) = 0up(D)\ (0:(T) U (1))

For example, A : I*(N) — [*(N),e; — €;/4,7 € N, is injective and has a dense range, yet
Ran(A) € ((N). Indeed, if z = 3, ¢;e; € I*(N) with ¢; € C such that 37, |ej|* < oo,
one does not necessarily have » . lje;|* < oo, and then > jendcie; & P(N)

Compression spectrum
The set of A € C for which 7" — AI does not have dense range is known as the compression
spectrum of 7" and is denoted by o.,(T').

Residual spectrum
The set of A € C for which 7" — AI is injective but does not have dense range is known as the
residual spectrum of 7" and is denoted by o,.(7) :

0r(T) = oep(T)\op(T)

An operator may be injective, even bounded below, but still not invertible. The right shift on
(N),R : I*(N) — [*(N),R : e; + €j41,7 € N, is such an example. This shift operator
is an isometry, therefore bounded below by 1 . But it is not invertible as it is not surjective
(e; ¢ Ran(R)), and moreover Ran(R) is not dense in [?(N) (61 ¢ Ran(R)).

Peripheral spectrum
The peripheral spectrum of an operator is defined as the set of points in its spectrum which have
modulus equal to its spectral radius. [50]

Discrete spectrum
The discrete spectrum is defined as the set of normal eigenvalues. Equivalently, it can be char-
acterized as the set of isolated points of the spectrum such that the corresponding Riesz projector
is of finite rank.

Definition 1.4.5. Let X be a banach space and let A be a bounded.
linear operotor in L(X). we will define a function f(A) of A by cauchy’s type integral.

ﬂAw=@m>{quxA—A>wA

Where C' is circumference of sufficiently small radius.
For this purpose, we denote by F(A) the family of all complex- valued functions f(\)
wihich are holomrphic in some neigh borhood of the spectrum o(A) of A.

Theorem 1.4.2. If f € F(A) then f(o(A)) = a(f(A)).
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1.4.3 Spectral radius
Definition 1.4.6. The spectral radius of an operator A is defined by

r(A) = maz{|A] : A € 0(A)}

Let L(X) denote the algebra of all bounded linear operators on a complex Banach space X .
For A € L(X), let r(A) and || A|| denote the spectral radius and the usual operator norm of A,
respectively. It is well known that for every A € L(X), we have

r(4) = lim A", (L7)
a special case of the spectral mapping theorem, which asserts that
r(A") = (r(A))" for every positive integer n,
and a commutativity property, which asserts that
r(AB) = r(BA) forevery A, B € L(X). (1.8)

The property (1.8) is an immediate consequence of the fact that the spectra of the operators AB
and B A have the same nonzero elements.
It follows easily from the spectral radius formula (1.7) that if A, B € L(X) are such that
AB = BA, then
r(A+ B) <r(A)+r(B)

and
r(AB) < r(A)r(B).

Corollary 1.4.1. If A, B € L(X), then

1
r(AB+BA) < 5 <||AB|| +[IBA| +V(IAB]| — [[BA)? + 4] 42] ||BQ||> - (19)
Proof. The inequality (1.9) follows from Theorem 1 by letting Ay = By = A, B; = B,
and Ay = +B [l
Corollary 1.4.2. Let T € L(X), then

r(T) < |[T]]

Proof. 1If |\ > ||T|| = X € p(T'), then
VA eo(T): A <|T]
. Thus supye,(r |A| < [|T'[], therefore r(T') < [|T7]. O
Proposition 1.4.3. [31] Let T\, S € L(X),a € C and n € N. Then :
1. r(aT) = |a|r(T).

2. r(T"™) =r(T)".
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3. r(T'S) =r(ST).
4. r(T*) =r(T).
5. If T >0, then r(vT) = \/r(T).

Example 1.4.2. Consider the matrix

9 -1 2
A= -2 8 4
1 1 8

whose eigenvalues are 5, 10, 10; by definition, p(A) = 10. In the following table, the values

1
of ||AkH * for the four most used norms are listed versus several increasing values of k

(note that, due to the particular form of this matrix, || - |1 = || - ||oc ):
kb =1"llw |- lle P
1 |14 15.362291496 | 10.681145748
2 | 12.649110641 | 12.328294348 | 10.595665162
3 | 11,934831919 | 11,532450664 | 10,500980846
4 1 11.501633169 | 11.151002986 | 10.418165779
5 | 11.216043151 | 10.921242235 | 10.351918183
10 | 10.604944422 | 10.455910430 | 10.183690042
11 | 10.548677680 | 10.413702213 | 10.166990229
12 | 10.501921835 | 10.378620930 | 10.153031596

1.5 The Riesz projection and the singularities of the
resolvent

Let A a closed operator and its spectrum o (A) decomposes into two non-empty disjoint closed
subsets o and 7. Suppose that o is bounded, we can surrounding o by a Jordan contour >
positively oriented I'. Hence we can associate a Riesz integral with o

P,(A) = 2% é()\ — A)~ld), (1.10)

This projection is called the spectral projection associated with the spectral set . Since (A —
A)~1 is analytic operator function on the resolvent set of A, a standard argument of complex
function theory shows that the definition of P, does not depend on the particular choice of the
contour I'. A fundamental properties of the spectral projection P, are given in the next results.

Proposition 1.5.1. Let A be a closed operator on X such that its spectrum o(A) is the
disjoint union of two non-empty closed subsets ¢ and 7 with ¢ is bounded. Let P, be as
defined in (1.10). Then

(i) P, is a projection.

2 A subset T of C is a Jordan contour if there exists a finite number of pairwise disjoint closed simple
rectifiable Jordan curves positively oriented I'y,I'e,...,I',, such that I' = U I';.
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(ii) P, commutes with A on D(A);
(i) X =R(P,)® N (P,),0(AP,) =0 and 0 (A(I — P,)) = o(A)\o.

Proposition 1.5.2. Let A be a closed operator on X and )y an isolated point of the
spectrum of A. Then

(i) N (Ao —A) CR(Py,).

(ii) If X is a Hilbert space and A is self-adjoint, then P), is the orthogonal projection
onto N (A\g — A).

Remark 1.5.1. Let A € C(X), A and p two different isolated points of o(A) then
(i) PAP,=P,P,=0.
(i) Ppuy = P+ By

Let A € C(X) and Ay an isolated point of o(A). The Laurent series for the resolvent
(M — A)~! in neighborhood of the isolated singularity \q is given by

+oo

A=A =" (A=X)" 4, (1.11)
where
1 1
Ay=— [ ————R(\ A)d\ (1.12)

2 Iy, ()\ . )\O)n-i-l

and Iy, is a positively oriented small circle enclosing Ay but no other point of o(A). The
coefficients A,, defined in (1.19) stisfay some useful identities given in the next proposition.

Proposition 1.5.3. The coefficients A,, given by (1.12) are bounded operators and sat-
isfies the following proprieties

(i
(ii

) AA, = A,A on D(A) for all n € Z,
) A

(ifl) A_y =1 — (AgJ — A) A,
) A
) A

m =1 =10 —nm) Antms1 where n, =1if n>0and n, =0if n <0.

n1 = (A= X\I) A, for each n # 0,

(iv

(v = (A= XND)" A, and A_, = (A= XI)" " A_; for all n > 1.

Theorem 1.5.1. If )\ is an isolated point in the spectrum of a closed operator A, then
Laurent series (1.18) around )\ is equivalent to

1 > 1 >
-1 _ n n gn+l
(A — A)™ = A_—AOPAO+ZWD ~> (A =x)"S
n=1 n=0

with the residue operator A_; is a projection coincides with the Riesz projection associ-
ated to /\0 and SP)\O :P)\OSZO,DS:SDZO,D:DPAO :PAOD‘

Now we characterize the isolated points of the spectrum that are poles of the resolvent.
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Theorem 1.5.2. Let \g be an isolated point in the spectrum of a closed operator A and
let

[e.e] o

1 1

—1 n n aon+1

(V= A) = 5= P+ 3 TwE )\0)"+1D > (A =)"S
n=1

be the Laurent series around \g. Then the following statements are equivalents

n=0

1. Ao is a pole of the resolvent of order m.
2. The operator D = (Al — A) P), is a nilpotent operator of order m.
3. a(Nl —A)=d(N] —A)=m < 0.

Corollary 1.5.1. Let A be a closed operator. If Ay is a pole of order m of the resolvent
around Ag. Then ) is an eigenvalue of A. Moreover

X =N(XI—A)")®R((NI—A)") forall n > m.

and the Laurent series (1.32) around ) is equivalent to

- 1 m—1 1 . 00 .
()\I—A) ! :)\_—/\OP)\O—FZWD —Z()\—/\()) S +1; (113)
n=1 n=0

Remark 1.5.2. Let \g a pole of order m of the resolvent around A\q. From Proposition
1.5.1 it follows that X = R(P),) ® N (P),). There are two numbers measuring, roughly
speaking, the number of eigenvectors belonging to N (A9 — A). They are called multi-
plicities: The algebraic multiplicity of the eigenvalue )\, is defined as the dimension of
the space R (P,,) and equal m the order of the pole Ag. The geometric multiplicity of
Ao is defined as the dimension of N (A\g — A) and equal oo (\g — A). In general, we have
a(Xg—A) <m.



22

Chapter 2

Essential Spectra of linear operator

2.1 Definitions and notations

Let X be a Banach space and £(.X) be the set of all bounded linear operators from X into X.
For T' € L(X) we denote by R(T) its range, N(7') its null space, o(7T') its spectrum and 7™
the adjoint of 7. Let I denote the identity operator in X. An operator 7' € £(X) is said to be
semiregular if R(7") is closed and N (7") C R(T), for all n > 0. T" admits a generalized Kato
decomposition, if we can write 1" = T & T where T} is a quasi-nilpotent operator and 77 is
a semi-regular one. If we assume in the definition above that 7 is nilpotent, 7" is said to be of
Kato type.

2.1.1 Gustafson,Weidmann essential spectrum
Definition 2.1.1. (Gustafson) Let X be a Banach space.Let A € C(X), then

0e1(A) :={A € Csuch that A\ — A ¢ &, (X)} := C\P, 4,
Definition 2.1.2. (Weidmann) Let X be a Banach space.Let A € C(X), then

0e2(A) :={A € Csuchthat \ — A ¢ &_(X)} :=C\d_,4.
Remark 2.1.1. Let ®*(X,Y) denote the set ®(X,Y)NL(X,Y). In particular, it is shown
that F°(X,Y) is a closed subset of L(X,Y) and if X =Y, then F°(X) := F*(X,X) is a
closed two-sided ideal of L(X).

The result of this lemma remains valid if we replace ®°(X,Y) by ®(X,Y) and F°(X,Y)
by F(X,Y).

Theorem 2.1.1. [17] Let A, B € C(X) such that p(A) N p(B) # 0.
(i) If for some X € p(A) N p(B) the operator (A — A)~™' — (A — B)™' € F4(X), then

0e1(A) = 0.1(B).

(i) If for some \ € p(A) N p(B) the operator (A — A)~! — (A — B)™t € F°(X), then

0_62(14) = OEQ(B)
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Proof. Without loss of generality, we suppose that A = 0. Hence 0 € p(A) N p(B).
Therefore, we can write for p # 0

w—A=—u (pfl — A_l) A.
Since, A is one to one and onto, then
ap—A)=a(p'—A") and Rp—A)=R(p'—-A").

This shows that g € ®, 4 (resp. ®_4 ) if and only if u=! € &, 41 (resp. P_,-1 ), in
this case we have i(u — A) = i (u=! — A™'). Therefore, it follows from Lemma 1.3.1 that
O, 0=D,p (resp. P4 =P_p )and i(u— A) =i(u— B), for each pp € ®, 4 (resp. ®_4
), since A™t — B~ € Fb(X) (resp. € F°(X) ). This proves the first part of (i) and (ii).
The second part of these assertions follows from [24, Theorem 3.2] . O

Example 2.1.1.
A=0 € 0,1(A) for the operator A : [*(N) — I?(N),A:e; — ¢;/4,7 €N

(because the range of this operator is not closed: the range does not include all of [?(N)
although its closure does).

A=0¢€ 0.1 (N) for N : I*(N) = I*(N), N : v+ 0 for any v € I*(N)

(because both kernel and cokernel of this operator are infinite-dimensional).

A = 0 € 0, (B) for the operatort B : [?(N) — [*(N), B : ¢; ej2if j is even and e; — 0 when j is odd

(kernel is infinite-dimensional; cokernel is zero-dimensional).
Note that A =0 ¢ 0., (B).

2.1.2 Kato essential spectrum

Definition 2.1.3. Let X be a Banach space.let A € C(X) then
0e3(A) :={A € Csuch that A\ — A ¢ &L(X)} := C\ Py,
We show that these results are also valid on C'(p) where p is a compact Hausdorff space.

Proposition 2.1.1. [2] Let X be one of the spaces L,(u),p € {1} U (2,00), or C(p) and
assume that A € C(X).

If S e 7(X), then
O'ei(A> :Uei(A—l-S), Z:2,3

Note that .(X). is a closed subspace of L(z) .

Proposition 2.1.2. Let M, N € F(X). For every z € X and 0 < ¢ < 1 there exists
xo € X such that (z — zy) € M and

(1)

dist (zo, N) > ((1 R G N)) o] -

14+ 6(M,N)
Example 2.1.2.
A =0 € 0, 3(J) for the operator J : [*(N) — I>(N), J : e; > eq;

(kernel is zerodimensional, cokernel is infinite-dimensional).
Note that A =0 ¢ 0e2(J).
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2.1.3 Wolf, Schechter essential spectrum

Definition 2.1.4. (Wolf) Let X be a Banach space , the Wolf essential spectrum of an
operator A € C(X) is defined by

Oes(A) :={X € C such that A — A ¢ &(X)} := C\ Dy,
where KC(X) stands for the ideal of all compact operators on X.
Definition 2.1.5. (Schechter) Let X be a Banach space and let A € £(X) then

oes(A):= () o(A+K).
Kek(X)

Theorem 2.1.2. Let A € C(X). If the complement of o.4(A) is connected and p(A) is
not empty, then
0'64(14) = 0'65(14).

Proof. Since the inclusion o.4(A) C 0.5(A) is known, it suffices to show that
Oe5(A) C 0ea(A)

which is equivalent to
00'64(/1) N 0'65(14) = @

Suppose that
Coo(A)Noes(A) # 0,

let
)\() c 00'64(14) N JeS(A)~

Since p(A) # 0, then there exists A\; € C such that \; € p(A) and consequently
)\1 —AG (I)(X) andz'()\l —A) = 0.

Moreover, Co.4(A) is connected, it follows from Proposition 1.3.1 (ii) that i(A — A) is
constant on any component of ®4. Therefore

iM—A)=i(N—A) =0.
In this way we see that A\g ¢ o.5(A), which is a contradiction. This proves
Coea(A) Noes(A) =0,

and completes the proof of theorem. ]
Theorem 2.1.3. (N. Moalla [31]) Let A € ®(X), then for all K € .#,(X), we have

(i) K+ A€ ®(X) and i(K + A) =i(A),

(ii) oes(A+ K) = 0e5(A).
Remark 2.1.2. If A € L(X) and the complement of o.4(A) is connected, then

Oea(A) = 0e5(A)
Oes(A+ K) = 0.5(A) for all K € K(X).
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Remark 2.1.3. If X satisfies the Dunford-Pettis property, and if A is a closed, densely
defined, and linear operator on X, then

0e5(A+ K) = 0e5(A) for all K € K(X).

Theorem 2.1.4. Let A € C(X) such that p(A) is not empty.
If C\oes(A) is connected, then oey(A) = ge5(A).

Proposition 2.1.3. . Let A € C(X). Then, A ¢ 0,(A) if, and only if, A — U € &(X)
and i(A — A) = 0.

Definition 2.1.6. Let A € L(X).

The spectral radius of A € L(X) by
re(A) = sup{|A| : A € 0.i(A)}.

Corollary 2.1.1. ([30] and [29]). Let ® : L(.%) — L(4#) be a linear map surjective up
to compact operators.

Then @ preserves the essential spectrum (the semi-Fredholm spectrum if and only if
(A (H)) C H (), and the induced map ¢ : C(H°) — C(H) is either a continuous

automorphism or a continuous antiautomorphism.

Proof. 1t suffices to prove the ’only if’ part. Assume that ® preserves the essential
spectrum. We first prove that & is unital modulo a compact operator Let A € L()
such that r.(A) = 0.

There are two operators S, K € L(¢) such that K is compact and A = &(S) + K. We
have

Oei(A+ () — A) =0, (A+P(I)) — 1

(
= 0i(P(S) + K+ &(1)) — 1
=0, (P(9)+P(1)) — 1 t=4and b
=0(S+1)—1
= 0¢(5)
= 0ei(9(5))
= 0.(A)

= {0}.
By Lemma 2.1.2 we see that ®(I) — I is a compact operator. Note that, since ® preserves
the essential spectrum (the semi-Fredholm spectrum), it preserves the essential spectral
radius as well. It follows from Theorem 3.1 in [30] that ®(# (7)) C J# () and that
there are a scalar A of modulus 1 and either a continuous automorphism or a continuous
antiautomorphism 1 such that ¢ = Ay. What was shown above implies that ¢ is unital.
As 1 is unital as well, we see that A = 1 and ¢ is either a continuous automorphism or
a continuous antiautomorphism. [

Example 2.1.3.

A =0 € 0. 4(R) where R : [*(N) — [>(N) is the right shift operator

R:P(N) = I*(N),R:e; > e;1 for j €N
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(its kernel is zero, its cokernel is onedimensional).
Note that A =0 ¢ 0. 3(R).

Lemma 2.1.1. Let A € &, (X). Then the following statements are equivalent
(i) i(A4) <0

(ii) A can be expressed in the form A = U + K where K € K(X) and U € C(X) an
operator with closed range and a(U) = 0.

This lemma is well known for bounded upper semi-Fredholm operators. The proof is
a straightforward adaption of the proof of Theorem 3.9 in [19].

The results of the next proposition was established in [35] and [12] for bounded linear
operators.
We will improve it for closed, densely defined linear operators. This result is a character-
ization of the essential approximate point spectrum (resp. the essential defect spectrum)
by means of upper semi-Fredholm (resp. lower semi-Fredholm) operators.

2.1.4 Browder essential spectrum

Definition 2.1.7. Let X be a Banach space.Let A € C(X) them

Ges(A) = C\po(A),

pe(A) :=={X\ € p5(A) such that all scalars near A are in p(A)} with ps(A)
ps(A) :={\ € &4 such that i(A — A) =0}

Proposition 2.1.4. Let A € C(X,Y) and let S be a non-null bounded linear operator
from X into Y. Then, we have the following results:

(i) @4 is open.
(ii) #(AS — A) is constant on any component of ® 4 .

(ili) a(AS — A) and B(AS — A) are constant on any component of ®4 g, except on a
discrete set of points on which they have larger values.

Proposition 2.1.5. Let A € €(X) and S € Z(X) such that S # A and S # 0. Then,
for any p, A € pgs(A), we have

Rys(AA) — Rys(A, ) = (A — p) Ry s (A, A) SRy s(A, 1) + A (N, ),
where . (A, 11) is a finite rank operator with the following expression
AN 1) = Bos(A, M) [(A = (AS + 1)) Prs — (A= (uS + 1)) Ps] Ry s(A; 1)
is a finite rank operator with rank(.# (X, u)) = rank (P, g) + rank (P, g) in case X # f.
Proof. We have
Rys5(A,A) = Ros(A, ) = Ros(A,A) [Aps — Axs] Ris(A, 1),

where

Aps = (A —puS)(I— PIMS) + Pus
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So,

Aus —Axs=[(A—pS)(I = Pus) + Pus| = [(A=AS) (I = Pxs) + Py s]
=[(A—AS+1)P\s— (A= (uS+1))P,s] + (X—pn)S.

Therefore,
Rb,S(Aa /\) - Rb,S(Aa :u) = (/\ - M)Rb,S(Aa )‘)SRb,S<A7 M) + %(/\7 ,LL)
[]

Proposition 2.1.6. Let X and Y be two complex Banach spaces. Let A € €(X),S €
Z(X),Be Z(Y,X),and C : X — Y be two linear operators. Then,

(i) Rps(A,pn)B is continuous for some p € pg s(A) if, and only if, it is continuous for
all p € pgs(A).

(i) C(A—pS)~!is bounded for some X € pg(A) if, and only if, C R} (A, i) is bounded
for some (hence for every) p € pg 5(A).

(iii) If B and C satisfy the conditions (i) and (ii), respectively, and B is densely defined,
then C (N, p), # (N, 1u)B, and C.# (A, pu)B are operators of finite rank for any

M, A€ PG,S(A)'
Proof. From the resolvent identity, we have for any u, A € pg(A),
(A=AS)C=(A—pS) 'O+ (A= p) (A= AS)1S(A—puS) 'O (2.1)

and for any p, A € pgs(A),
Ry s(A,A)B = Rys(A, 1) B+ (A — p) Ry s (A, \) SRy s (A, ) B+ A (N, 1) B, (2.2)
and
CRys(A,N) = CRys(A, p) + (A — ) CRys(A, ) SRy s(A, ) + C/ (A 1) (2.3)
(i) Since S is bounded, then
Ry s(A,N) SRy (A, 1u)B
is bounded. According to Proposition 2.1.5 that the operator
(A=ASH+I1)P\s— (A= (uS+1))P,s

is bounded. Thus,
AN 1) B

has finite dimensional range, and in view of Eq. (2.2), we have
Rb,S(AJ )\)B - Rb,S(Av N)B

is bounded. Hence, Ry s(A, u)B is continuous for some p € pgs(A) if, and only if, it is
continuous for all p € pg s(A). (ii) If CRp (A, A) is bounded for some A € pgg(A), then
clearly C' Ry (A, 1) is also bounded for any p and, it follows from the Eq. (2.3) that

CRys(A, )
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is bounded for any pu. By using Eq. (2.1) we have C(A — uS)~! is bounded for every
i€ ps(A). (iii) According to Proposition 2.1.5 that the operator .Z (\, i) is a finite rank
operator. So, C.oZ (A, ) and &7 (A, 1) B are a finite rank operator. Hence, it is clear that

AM (N, 1)B
is of finite rank if B is densely defined. Since

Ca/ (N, 1) B =CRy5(A,N) [(A— (AS +1))Pyg
(A— (uS+1))P,s] Ry s(A, p1)B
=CRys(A,N) [(A—=AS) (I — Prs) + Prs| Rys(A, ) B

and if B and C satisfy the conditions (i) and (ii), respectively, then
M (A m)B
will again be continuous and densely defined with finite-dimensional range. O]
Remark 2.1.4. Let X be a Banach space, T € L(X),(T") the resolvent set of T,
H={\eC:\—T is Fredholm }

and
H,={\ € C: \—Tis Fredholm and i(A —T) = r},

where r is a fixed constant.
Proposition 2.1.7. [2] Whenever H, N0(T) # @ and A € H,, then X € o.4(T).
Proof. Suppose H, NH(T) # @; let \g € H. N (T) then T — \q is invertile, therefore
dimker (7' — X\g) = dim coker (7" — \g) = 0,
which gives i (T'— Ag) = 0. But
Ao € H, and hence i(T'— X\) =0 for all A € H,.
Now from Theorem 3.3 of Gohberg and Krein [15, p. 205] it follows that
dimker(7"— A\) =0 for all A € H, ,

except at possible isolated points {);}. At these isolated points, 7" — A has closed range,
trivial kernel fone-to-one), and trivial cokernel (range dense). Therefore T'— A is invertible
except for these possible isolated points {\;}.
This implies

A ¢ 06(T) when T' — X is invertible.

Next, one verifies that \; ¢ o.¢(1") by considering the definition of o.4(7"); observe for \;
as above

(1) range of T'— J; is closed since T' — A; is Fredholm,
(2) A; is not a limit point of o(7"), and
(3) [Uns1 null space (T'— A;)"] is finite dimensional.

(This corresponds to C),; of Theorem 4.2 of Gohberg and Krein [15, p. 212] which shows
/\j ¢ 066(T>' O
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2.1.5 Rakocevié¢ ,Schmoeger essential spectrum

Definition 2.1.8. (Rakocevi¢) Let X be a Banach space.let A € L(X) them

oer(A) == ﬂ oap(A+ K),
Kek(X)

0ap(A) := {X € C such that HxllzllgléD(A) (A= A)zx| = O}

Definition 2.1.9. (Schmoeger) Let X be a Banach space.let A € £(X) them

os(A) = [ os(A+K)
Kek(X)

where
o5(A) := {\ € C such that A — A is not surjective }.

Definition 2.1.10. For A € L(X,Y), set

fu(A) = Nléﬁﬁ (Ain) (2.4)
and
f(A) = sup fu(4) (2.5)

where M, N represent infinite dimensional subspaces of X and Aiy denotes the re-
striction of A to N.

The semi-norm f(-) is a measure of non-strict-singularity, it was introduced by M.
Schechter in [10].

Proposition 2.1.8. (M. Schechter [11, Theorem 5.4, p. 180] ) Let X be a Banach space
and let A € C(X). Then, A ¢ 0.5(A) if, and only if, A € ®Y, where ®) = {\ € &4 such
that i(A — A) = 0}. For n € N*, let

In(X) ={K € Z(X) satisfying f (KB)") <1 for all B e L(X)},
where f(-) is a measure of non-strict-singularity given in (2.5).

Theorem 2.1.5. (N. Moalla [31]) LetA, B € ¥(X) such that p(A) N p(B) # D. If, for
some A € p(A) N p(B), the operator (A — A)~! — (A — B)™! € .#,(X), then

0'35(14) = 0'65(B).

We recall some properties of o.7(-) (resp. oes(-) ) due to V. Rakocevié (resp. C.
Schmoeger), given in [12].

Theorem 2.1.6. [2] Let A € C(X) such that p(A) is not empty. Then,

(i) If C\oea(A) is connected, then

Oes(A) = 0e5(A).
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(ii) If C\oes(A) is connected, then
0'65(./4) = 0'66<A).

Proposition 2.1.9. [30] Let A € C(X).
(1) Ooes(A) C o7 (A) (where do.(A) denotes the boundary of o.(A) ).

(2) o7 (A) # 0.
(3) A 0er (A) & M — A€ &, (X) and ind (A — A) < 0.
(4) oer (A) is compact, ger (A) C o(A).
Proof. For (1), (2), see [35], Theorem 1. For (3), see [35], Lemma 1 and 2. O

Proposition 2.1.10. [12] Let A € L(X) and let Ay be a boundary point of o(A). If
Ao € 3(A) then g is an isolated point of o(A).

Proof. Theorem 3 of [20] shows the existence of 6 > 0 such that A € 3(A) for |A — A\g| <
d, (A — A) is a constant for 0 < |\ — o] < 0 and S(N — A) is a constant for 0 <
A — Xo| < 0. Take 1o € o(A) with 0 < |pg — Ao| < 6.

Then o (ol — A) = (ol — A) =0, thus (A —A) = (A —A) =0for 0 < |A — Ng| <
d. This shows that A € g(A) for 0 < |A — Xg| < 6. O

Proposition 2.1.11. [35] Let A € L(X) and h € L(A). If h has no zeroes in oer (A)
then h has at most a finite number of zeroes in o(A).

Proof. Assume that the number of zeroes of h in o(A) is infinite.

Then there is zy € 0(A) such that zy is an accumulation point of the zeroes of h in o(A).
Denote by C' the connected component of o(A) which contains zy and by K the connected
component of A(h) which contains 2z, (where A(h) is the open set of the definition of h
).

It follows that C C K and h =0 on K.

Let Ao € 9C. Then h(\g) = 0.

Since h does not vanish on oe; (A), we have \g ¢ 0e7 (A) and therefore Ay € £(A). Since
C' is a connected component of o(A), we also have \g € do(A). By Proposition 2.1.10
we see that Ao is an isolated point of o(A). Thus C' = {\o}.

Hence we get zg = \g, a contradiction, since z is an accumulation point of o(A). ]

Proposition 2.1.12. Let (A,,) be a sequence in L(X) converging to A € L(X) in the
operator norm. If V' C C is open and 0 € V, then there exists ny € N such that

0er (An) Coer (A)+ V' for all n > ny.

Proof. Assume not. Then by passing to a subsequence (if necessary) it may be assumed
that for each n there

I\, € 07 (A,) such that A\, € oe7 (A) + V.

Since (A,,) is bounded, we may assume (if necessary pass to a subsequence) that lim,, ., A\, =
Xo. This gives A\g & o7 (A) + V, hence A\g ¢ 07 (A). Thus Ao — A € & (X) .
Since @ (X)) is an open multiplicative semigroup (see [12], §2 ) and

And — Ay — Aol — A(n — 0),
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we get some
N € N such that A,/ — A, € & (X) for all n > N.

Use again to derive A, ¢ oo (A,) for each n > N, a contradiction. O
Proposition 2.1.13. [2] Let A € C(X), then

(i) N ¢ oer (A) if and only if A — A € & (X) and i(A —A) <0

(ii) A ¢ os(A) if and only if A\ — A € ®_(X) and i(A — A) > 0.

(iii) If A is a bounded linear operator, then o.5(A) = go7 (A*), where A* stands for the
adjoint operator.

Proof. (i) Let A € &, 4 such that i(A — A) < 0. Then by Lemma 2.1.1, A — A can be
expressed in the foorm A\ — A = +K where K € K(X) and A € C(X) an operator with
closed range and «(A) = 0. Hence by [37, Theorem 5.1, p. 70] there exists a constant
¢ > 0 such that ||Az|| > c||z|, for all x € D(A). Thus X ¢ 0,,(A+ K) and therefore
A & Oeap (A). Conversely, if A ¢ oeep (A), then there exists K € IC(X) such that

inf

1A — A — K)z|| > 0.
[|z]|=1,2€D(A)

The use of [37, Theorem 5.1, p. 70] leadsto A —A— K € &, (X) and a(A— A — K) =0,
hence it follows from Lemma 2.1 that A — A € &, (X) and i(A — A) < 0. This completes
the proof of (i).
The proof of (ii) is a straightforward adoption of the proof of Proposition 7 in [12].
(iii) This assertion follows, immediately, from (i) and (ii). O

Proposition 2.1.14. [13] Let A € C(X), then
(1) oer(A) 70,
(ii) oes(A) # Q, and
(iii) oe7(A) and o.5(A) are compact.

The following proposition gives a characterization of the essential approximate point
spectrum and the essential defect spectrum by means of upper semi-Fredholm and lower
semi-Fredholm operators, respectively.

2.1.6 Essential spectrum radius

Definition 2.1.11. Let X be a Banach space, L(X) be the bounded linear operators
on X and let # be the closed ideal of compact operators on X. The quotient algebra
L(X)/¢ is a Banach algebra called the Calkin algebra. The essential spectrum o.(A)
of A is defined by:

e(A) ={X € C: II;(A — A) is not invertible in L(X)/J#}

where II; is the natural homomorphism from L(X) onto L(X)/.# . Anoperator T' € L(X)
is called a Fredholm operator if (i) the range of A is closed and (ii) the kernel of A and
the cokernel of A are of finite dimension. For such an operator A,

The connection between the class of Fredholm operators and the Calkin algebra is con-
tained in the following theorem of Atkinson [4].
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Proposition 2.1.15. [34] Let A € C(X)
Therefore an equivalent definition for the essential spectrum is:

e.(A) ={A € C: X\ — Ais not Fredholm }.
The radius 7.(A) of the essential spectrum o, (A) is defined by
re(A) =sup{|A| : A € g.(A)}.

In this section, we shall consider bounded A and shall obtain some other equivalents for
the spectral radius. Our discussion is motivated by the results of Nussbaum [34] and
Lebow and Schechter [20].

Nussbaum uses the concept of the ball measure of noncompactness to obtain a formula
for r.(A).

For a bounded set D in X, the ball measure of noncompactness of D, denoted by (D),
is defined as

k
v(D) = inf{r >0:DC UB(IEi,T)} .
i=1
Here B (z;,r) stands for the ball centered at z; € X with radius r and k is arbitrary but
finite. We set v(A) = v (A (%x)). Nussbaum proves that

re(A) = lim (3 (A™)"*
Lebow and Schechter [26] show
ro(A) = lim (|| A"||,,)"/™, where || Ay = inf{n : Ja

subspace M of finite codimension > ||Az|| < n|jz||,z € M}.
Lemma 2.1.2. [26] The following are equivalent:
(i) K e ().
(ii) r.(A+ K) =0 for all A € L() for which r.(A) = 0.
Proof. Assume that K € (), and let A € L(5¢) be an operator such that
re(A) = 0.

Denote by 7 the quotient map from L(.7) onto €(.7), and note that 7(K) = 0 and

that
re(A+ K)=r(r(A+ K))

(
=r(m(A) + 7(K))
(

=r

This establishes the implication (i) = (ii).
Conversely, assume that K € L(J¢) is an operator such that

re(A+ K) =0 for all A€ L(J) for which r.(A) = 0.
Equivalently,
r(m(A) +7(K)) =0 for all A € 5 for which r(7w(A)) = 0.

By the spectral Zemének’s characterization of the radical, we have 7(K) € rad(C(%))
{0}, and K is a compact operator.

CIol
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2.1.7 Interaction between the essential Spectrum definition
Proposition 2.1.16. [)] Let A € C(X), then we have:
o 001 (A)N0ea (A) = ez (A) C 0eq (A) C 065 (A) C e (A).
o 005 (A) = 0e7 (A) Uoes (A).
o 0.1(A) Coer (A).
¢ 0.2(A) C o (A).
Remark 2.1.5. Let A € C(X)
(i) 0es (A) = Tcap (A) Uoes(A).
(i) 0e1(A) C eap(A) and 0e2(A) C 0es(A).
Theorem 2.1.7. [2] Let A € C(X) such that p(A) is not empty.
(i) If C\oes(A) is connected, then o.4(A) = 0e5(A), 0e2(A) = 0es(A),
(ii) Tf C\ows(A) is connected, then gos(A) = ous(A).

Proof. Since the inclusion
0'65(A> C 0',36<A)

thes is known, it is sufficient to show that
066(A> C O'e5<A)
which is equivalent to
[C\oes (A)] () oes(A) = 0.
In fact, let us suppose the following
[C\oes(A)] Noes(A) # 0.

Then,
dAo € C, such that \g € C\oe5(A) and Ay € oe6(A).

Let A € 6\0'65(14).
Since C\o¢5(A) is connected, and using Proposition 2.1.4 (iii), it follows that
aA=A)=a(X—A)and BAN—A) = (A — A).

We claim that A € o.6(A).
In fact, if A € pg(A),
then there exists a neighborhood V) of A such that V\\{\} C p(A).
Since C\oe;5(A) is connected, there exists A\; € C\oe5(A) such that A\ € VA\{\} C p(A).
Hence,

aM—A) =N —A) =0andso, a(Ng—A) =0 (N—A) =0.

In this way, we see that
Mo € p(A) C po(A),
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which is contrary to the properties of \g. This proves the claim and shows that
C\O’e5(A) C 066(A)'

Hence,

0 # p(A) C ps(A) C oe6(A) C o(A)
which is a contradiction. This shows that
[C\oes(A)][)oes(A) =0
and completes the proof of the theorem. ]

Remark 2.1.6. (i) If A € 0.(A) (the continuous spectrum of A, then R(A — A) is not
closed (otherwise A € p(A) see [11, Lemma 5.1 p. 179] ). Therefore, A € 0.;(A),i =
1,---,6. Consequently, we have

o.(A) C ﬂ Oei(A).

If the spectrum of A is purely continuous, then

0(A) =0.(A) =0,4(A) i=1,---,6

(ii) Let Ey be a core of A, i.e., a linear subspace of D(A) such that the closure Ajg, of
its restriction Ag, equals A. Then,

Oap(A) = {)\ € Csuch that  inf |[(A—A)z| = 0} .

lz||=1,z€Eo

(iii) Set a(A) := inf{||Az| such that x € D(A) and ||z|| = 1}. Whenever Ej is a core
of A, then
a(A) := inf {||Az|| such that x € Ey and ||z|| = 1},

holds. Using this quantity, we obtain
oap(A) = {\ € C such that a(A — A) = 0}.
Theorem 2.1.8. [39] Let A € C(X). If 0 € p(A), then for all A € C, X # 0 we have
(i) X € 0.(A) if, and only if, % €0, (A™Y), fori=1,2,3,4,5,7,8.

(ii) If (i\aeir,)(A) and C\oes (A™!) are connected, then A € o(A) if, and only if, T €
Oe6 A7)

Proof. (i) Using [39], we deduce that
1
A € 0.(A) if, and only if| X € T4 (A_l) for 1 = 4, 5.

Moreover, for A # 0, we can write

A-X=-2(A"'=a A
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Since A is one-to-one and onto, then
a(A=N)=a(A7"=2") and RA-N)=R(A"=27").

This shows that A € ®, 4 (resp. ®_,) if, and only if, € ®; 41 (resp. P_4-1 )
and we have i(A — \) = i (A~! — A71). Therefore, we infer that

1
A € 0.(A) if, and only if, " € 04 (Afl) fori=1,2,3,4,5,7,8.

(ii) The sets C\oe5(A) and C\oes (A1) are connected. p(A) and p (A~!) are not empty
sets. So, applying Theorem 2.1.7 (ii), we deduce that A\ € o.4(A) if, and only if,
i € Oeg (Ail).
)\ e
O

Theorem 2.1.9. Let X be one of the spaces L,(1),1 < p < oo, or C(p) and assume
that A € C(X). If S € AY(X), then

0i(A) = 0, (A+S), i=1,4,5

Moreover, if Co.5(A) t the complement of o.5(A) ] is connected and neither p(A) nor
p(A+S) is empty, then
066(A> = 066<A + S)

In [23], it is shown (Theorem 3.2) that

os(A)= [ o(A+S9). (2.6)
Se (Lp(k))

The next result shows that this result is not optimal and (2.6) may be expressed in terms
of A-strictly singular perturbations. More precisely, we have:

Remark 2.1.7. 1. For p € (1,2], Proposition 2.1.1 was already established in [23,
Theorem 3.1(b)]. The proof relies on the properties of superprojective Banach
spaces [38]. Our proof here uses the identity % (L,(n)) = C. (Ly(p)) (valid for
p € [1,00), see [24,36] ) and works for p € {1} U (2, 00) as well as for p € (1,2].

2. Since . (X) C A (X), it follows from Theorem 2.1.9 that the result of Proposition

2.1.1 holds also true for o1(+), 0ea(+), 0e5(+), and oeg(-) (see also [23, Theorem 3.1]).

The next result gives a convenient criterion for the invariance of essential spectra of
perturbed linear operators.

Proposition 2.1.17. Let X be one of the spaces L,(u),p € {1} U (2,00), or C(p) and
let A, B € € (X). If, for some A € p(A) N p(B), we have (A — A)~™' — (A — B)™! € (X)),
then

0ei(A) = 0e(B), i=1,2,3,4, and 5.

Remark 2.1.8. For X = L,(p) with p € [1,00), the conclusion of Proposition 2.1.17
concerning o1 (+), oes(+), and o5(-) was already established in [23]. The following lemma
is essential in proving Propositions 2.1.1 and 2.1.17.
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Theorem 2.1.10. [18] Let X be a complex Banach space. Let A be a member of
B(X). Let f be a complex-valued function which is analytic in a neighborhood of o(A),
the spectrum of A. Then the operator f(A) in B(X) is well defined by the complex
functional calculus . Suppose now that e3(A) = o(A). Then

f(es(A)) = es(f(A)),
2. e3(f(A)) =a(f(A)),
3. f(ea(A)) = ea(f(A)),
4 ey(f(A) = a(f(A)).

Proof. Let d be an arbitrary complex number. Suppose that for each ¢ in e3(A), f(c) # d.
Then f(z) — d is an analytic function in a neighborhood of ¢(A) which does not vanish
on o(A). Thus by the complex functional calculus f(A) — dI has a bounded inverse on
X. Thus d is in the resolvent set of A. In particular, d is not a member of e3(f(A)).
Thus e3(f(A)) C f(eg(A)). Suppose now that d = f(c), where ¢ is a member of e3(A).

Set
o) = {({(z) —d)/(z=0), ifztc
f'(e), if 2z~ ¢
Then ¢(z) is analytic in a neighborhood of o(A) and g(z)(z —¢) = f(2) —d. Thus by the
functional calculus, g(A)(A —cl) = f(A) —dI = (A — cI)g(A). Suppose that d is not a
member of e3(f(A)). Then f(A)—d is a member of ®(X). Observe that as a consequence
of the equalities above, N(A —c¢) C N(f(A) —d) and R(f(A) —d) C R(A — ¢). Thus,
a(A—c) <a(f(A)—d) < ooand b(A—c) <b(f(A)—d) < c0.R(f(A)—d) is closed in X
and X = R(f(A—d)® N, where N is a finite dimensional subspace of X. Hence R(A—c)
is closed in view of the above inclusion. Thus A — ¢ is a member of ®(X). Therefore c is
not a member of e3(A). Hence f (e3(A) C e3(f(A), and the proof of (i) is completed.
By the standard spectral mapping theorem, f(o(A)) = o(f(A)). Observing further
that for an arbitrary operator A,e3(A) C es(A) C o(A), and using (i), we obtain (ii),
(iii), and (iv) immediately. O

Theorem 2.1.11. [12] Let A, B € C(X) such that p(A) N p(B) # 0.
(i) If for some A € p(A) N p(B) the operator (A — A)~" — (A — B)™! € F(X), then

Oeap (A) = 07 (B) and o1 (A) = 01 (B).

(i) If for some X € p(A) N p(B) the operator (A — A)™! — (A — B)™' € F°(X), then

Oes(A) = 0e8(B) and  0e(A) = 0ea(B).

Proof. Without loss of generality, we suppose that A = 0. Hence 0 € p(A) N p(B).
Therefore, we can write for p # 0

w—A=—pu (;fl — Ail) A.
Since, A is one to one and onto, then

ap—A)=a(p'—A") and R(u—A)=R(u"'—-A").
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This shows that u € ®, 4 (resp. ®_4 ) if and only if u=! € & 41 (resp. P_4-1 ), in
this case we have i(u— A ) =i (u~t — A7!). Therefore, it follows from Lemma 1.3.2 that
G,4=,p (resp. P4 =P _p)andi(u—A) =i(u—B), foreach p € 44 (resp. P_4 ),
since A™' — B™! € F4(X) (resp. € F*(X) ). Hence the use of Proposition 2.1.13 makes
us conclude that oe; (A) = 07 (B) (resp. oes(A) = 0es(B) ). This proves the first part
of (i) and (ii). The second part of these assertions follows from [24, Theorem 3.2] . [

Theorem 2.1.12. [35] Let A € C(X) with a non-empty resolvent set, and let f be a
complex-valued function that is holomorphic on an open set containing o(A)U{oco}. Then

Ue?(f(A)) g f (0607(A>> .

Proposition 2.1.18. Let 4; and A, be two elements of C(X) such that (A — 4;)™" —
(A —Ay)™" € FP(X)( resp. € FP(X)) for some A € p(A1) Np(As). If oer (A1) =
0e1 (A1) (resp. ges (A1) = 0e2 (A1) ) and if f is a complex-valued function holomorphic
on a neighborhood of o (A;) U o (A2) U {oo}, then

o (f (Ak)) = [ (eap (Ak)), Kk =1,2

(resp.
oes (f (Ar)) = [ (0es (Ak)),  k=1,2).

Proof. For k = 1 the result follows from the hypothesis ge; (A1) = 0e1 (A1) and [6,
Theorem 7). For the case k = 2, the inclusion o7 (f (A2)) C f (0er (A2)) follows from
Theorem 2.1.12 It remains to show that f (.7 (A2)) C ooy (f (A2)). To do so, we consider
A € f(oer (Az)), then there exists p € oer (Az) such that A = f(u). Hence it follows,
from Theorem 2.1.11 and the hypothesis 0o (A1) = 0e1 (A1), that p € 01 (A2). Now,
applying the spectral mapping theorem for o¢ (+)[6, Theorem 7(a)], we obtain f(u) €
0e2 (f(A2)) C oer (f(As)). Thus, A € go7 (f (A2)). This proves the result for oer (-).
The result for o.5(-) can be proved in the same way. []

Lemma 2.1.3. (See [28].) Let D be a bounded subset of R" and 1 < p < oco. If the
hypothesis (5.1) and (5.2) are satisfied, the meosure du satisfies

the hyperplanes have zero du measure, i.e.,
for each e € S" 1 du{v e R",v-e=0} =0,

where S"! denotes the unit sphere of R™ and the collision operotor K : Ly (R™)
L, (R"™) is compact. Then for any A € C sudh that Re A > —oy, the operotor K (A —
is compact on X,,.

e
7)1

Theorem 2.1.13. Assume thot the hypotheses of Lemme 2.1.3 are satisfied. Then
0o (A) = 0es(A) = {\ € C such that Re A < —oy}.

Proof. Tt follows from the proof of Lemma 2.1.3 that for any A > 1,||(A —T)7! e, - Xl‘;) <

SUpP, cpr % Therefore, since X7 is continuously embedded in X, we infer that

limy i o0 | KA = T) 7 L (X,) = 0. So, there exists A € p(A) such that r, (K(A —T)7!) <
1. For such A we have

A=A =A=-T)"=> A=-T)' [KN-T)""]".

Now, the result follows from Theorem 2.1.11 and Lemma 2.1.3. O
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Remark 2.1.9. (i) If A € ¢C(T) then R(A — T) is not closed (otherwise A € p(T) .
Therefore A € 04(T),i = 1,...,6. Consequently we have ¢C(T) C o, 0ei(T). If
the spectrum of 7" is purely continuous then o(7") = cC(T) = 0.;(T)i =1,...,6.

(ii) Let T" € C(X), then it follows from the closedness of T that D(T") endowed with
the graph norm ||.||r (i.e., ||z|7 := ||z|| + || Tz||,« € D(T)) is a Banach space. Let
Xr denotes (D(T), || - ||7)- In this new space the operator T satisfies || Tz| < ||z
and consequently 7' is a bounded operator from X into X.

Theorem 2.1.14. [17] Let A € C(X) such that p(A) is not empty.
(i) (i) If C\oea(A) is connected, then ges(A) = 0e5(A), 0e2(A) = 0es(A),.
(ii) If C\oes(A) is connected, then o.5(A) = ge(A).

Example 2.1.4. consider the operator T : [*(Z) — [*(Z),T : ej v e;—1 for j # 0,T :
eo +— 0. Since ||T'|| = 1, one has o(T) C Dj.

For any z € C with |z| = 1, the range of T" — zI is dense but not closed, hence the
boundary of the unit disc is in the first type of the essential spectrum: 0D; C 0.1 (7).
For any z € C with |z| < 1,7 — zI has a closed range, onedimensional kernel, and one-
dimensional cokernel, so z € o(T') although z ¢ o, x(T') for 1 < k < 4; thus, 0, ,(7") = 0D,
for 1 <k <4.

There are two components of C\o,1(T") : {z€ C:|z| > 1} and {z € C: |z] < 1}.

The component {|z| < 1} has no intersection with the resolvent set; by definition,

Oe5(T) =0 (T)U{z€C:|z] <1} ={z€C:|z| <1}

2.2 Essential Spectra for the Sum of Closed and Bounded
Linear Operators

Theorem 2.2.1. ([15, Theorem 3.3]). Let F and A be point sets in the plane. Let F be
closed, A be open and F' C A. Suppose that the boundary B(A) of A is nonempty and
bounded. Then, there exists a Cauchy domain D, such that:

(i) F c D,
(ii) D cC A,
(iii
1

)
)
) the curves forming B(D) are polygons, and
(iv) D is unbounded if A is unbounded.

Theorem 2.2.2. ([11]). Let A € £(X), and let f(A\) = 1. Then, f*(A) =1+ K, K €
K(X).

Lemma 2.2.1. ([44, Lemma 7.4] ). Let u; € ®(A) (®?(A) being the set of all A € &;(A)
such that )\:—iz € o (T;) and T; is defined in Eq. (2.2.6)). Let D be a bounded Cauchy
domain with the following: D C ®;(A),u; € D, and no other points of ®°(A) are
contained in D. Then, 5= f+B(,D) R\(A)d\ = K € K(X).
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Lemma 2.2.2. Let A € C(X),B € L(X),\ € P4\P°(A) and pu € &p\P°(B). If there
exist a positive integer n and a Fredholm perturbation F, such that B : D (A") — D(A)
and ABx = BAx + Fyx, for all z € D (A"), then there exists a Fredholm perturbation F'
depending analytically on A and p, such that R)\(A)R,(B) = R,,(B)R\(A) + F.

Theorem 2.2.3. [10] Let U and V' be two bounded linear operators on a Banach space
X. If UV € F(X) then

oei(U + V)\{0} C [0e:(U) Uoei(V)]\{0},i = 4,5.
If, further, VU € F(X), then

0ea(U + V)\{0} = [0ea(U) U 0ea (V)] \{0}.

Moreover, if the complement of o.4(U) is connected, then

0es(U + V)\{0} = [05(U) U 065 (V)] \ {0}

Theorem 2.2.4. [2] Let A € C(X) and B € L(X). Suppose that there exist a positive
integer n and F' € F(X), such that B : D (A") — D(A) and ABx = BAxz+ Fz, for all
x € D(A™). Then,

(1) Oea(A+ B) C 0e4(A) + 0ea(B). If 0.4(A) is empty, then o4(A) + oe4(B) is also an
empty set.

(ii) If, in addition C\oes(A), C\oes(B), and C\oes(A + B) are connected and if p(A)
and p(A 4+ B) are nonempty sets, then o.5(A 4+ B) C 0.5(A) + ge5(B).

(iii) Moreover, if C\oes5(A), C\oes(B), and C\oe5(A+ B) are connected and if p(A) and
p(A + B) are nonempty sets, then o.6(A + B) C 0e6(A) + 0e6(B).

Proof. (i) First, it is clear that the theorem is trivially true if we suppose that o.4(A)+
0e4(B) constitutes the entire complex plane. Hence, let us assume

that oe4(A) + 0es(B) is not the entire plane. Second, we fix a point v such that
v & 0es(A) + 0e4(B) and we define the operator A; as A; := v — A. Hence, it
is easy to verify that if A € o04(B), the element v — A will be in ®,4 which is
equivalent to say that A € ®4,. In the following, we will find a Cauchy domain D
such that R} (A;) and R)(B) are analytic on B(D), the boundary of D where R} (.)
is defined in Hence, T; is a quasi-inverse of (A; — A). Moreover, when A € ®;(A)
and /\:—}\Z € p(T;), the operator

Ry(A) =T (A= \)T, +1]7".

In fact,o.4(A) is closed and oe4(B) is compact. Then, there exists an open set
U D 0e4(B) such that B(U), the boundary of U, is bounded and when A € U, (y —
)\) € Py

Therefore, g.4(B) C U C ®4,. Using Theorem 2.2.1, we infer that there exists a
bounded Cauchy domain D, such that o.4(B) C D C U.

Note that ®°(A;) [resp. ®°(B) ] does not accumulate in ®,4, [resp. ®p |. So,
we can choose D such that R} (A;) and R)\(B) are analytic on B(D). We also
claim that R} (A;) is of the form T'C(\) where C(\) is a bounded operator-valued
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analytic function of A and 7T is a fixed bounded operator, such that T : X —»

D(A;) =D(A).
Now, let us define the following operators M; and M, as follows
1
M, =—— R\ (A)) R\(B)d\
=5 e, P A RAD)
and )
My =—— R\ (B)R (A;)d\.
2=t [ PR ()

In order to prove this assertion, we will show that v € &4, 5. Hence, it is sufficient
to find two Fredholm perturbations F; and F3, such that

(yv=—B—-AM =1+F

and
My(y—B—A)=1+F, on D(A).

Now, writing the operator v — B — A as follows

(Y=B-A)=(-A-A)+A-B)=-A-A4)+(A-B),

we get
1 / /
211 J 4+ p(p) (2.7)
1 .
- — — (A= B)R} (A1) R,(B)dA.
211 )4 pp)

Obviously, (A — A;) R\ (A1) = [ + §, where § is a bounded finite rank operator
depending analytically on A\. Then, the first integral of the above equality is of the
following form —z= [, sy — U +3)R\(B)dA. Using Theorem 2.2.2, we deduce that

1
— R\(B)d\ = I + K;, where K; € K(X).
211 ) p(p)

Moreover, we also mention that
/ (I + B)RA(B)A
+B(D)

is a compact operator. Hence, we infer that the first integral of (2.7) is of the
form I + K5, where Ky € K(X). Applying Lemma 2.2.1, we get R\ (A1) R\(B) =
R\ (B)R) (A1) + F, where F is a Fredholm perturbation. Then, the second integral
of the same equality is equal to

L 0o BRBR ) - [ (- B)Fax

2710 ) B(p) Tt J4+B(D)
Since f+B(D) R (Ay)d\ is compact (see Lemma 2.2.1), then a same reasoning as in
the first part allows us to write —5= Jipwy —(A = B)RA(B) R, (A1) dX = T + K,
where K3 € K(X). Using the fact that ;- f+B(D)()\ — B)Fd\ is also a Fredholm
perturbation, we have (y— B —A)M; = [+ Fy, F} € F(X). By a similar argument,
we obtain My (y—B—A) = [+ F,, where Fy € F(X). Therefore, (y—B—A) € ®(X),
and we deduce that ooy (A + B) C 0e4(A) 4 0es(B).
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(ii) This assertion follows immediately from Theorem 2.2.3 (i).

(iii) The proof of this assertion holds from Theorem 2.2.3 (ii).
L

2.3 Essential Spectra for the Product of Closed and
Bounded Linear Operators

Theorem 2.3.1. ([14, Theorem 9]). Let f(\) and g(\) be in R._(A). Then f(A).g(A) =
(f.9)(A) + K, K € K(X).

Theorem 2.3.2. ([11, Theorem 14] ). Let A € £(X), and let f(A\) = A. Then, f*(A4) =
A+ K K € K(X).

Theorem 2.3.3. Let A € C(X) and B € ®*(X). Let B : D(A) — D(A) and suppose
that there exists F' € F(X) such that ABx = BAx + Fx, for all x € D(A). Then, BA is
closable and

1. 0eu(BA) C 004(A)oos(B) and 0.4(AB) C 0ey(A)oeu(B).
2. If, in addition, C\oey(BA),C\oes(AB), C\oes(A), C\oes(B) are connected, and if

p(A), p(BA), and p(AB) are nonempty sets, then o.5(BA) C 0.4(A)0.s(B) and
Oes(AB) C 0e5(A)oes(B).

3. Moreover, if C\os(BA), C\oes(AB), C\oes(A), C\oes(B) are connected, and if p(A), p(BA),
C

and p(AB) are nonempty sets, then o.4(BA) C 05(A)oes(B) and o.6(AB)
UeG(A)Ue6(B)-

Proof. 1. Since the operator F' is bounded and the restriction of the operator AB
on D(A) is closable, then BA is closable. Furthermore, it is clear that 0 ¢ c.4(B)
and o.4(B) is not empty. So, the theorem is trivially true if o.4(A) = C, and we
will assume, in the following, that o.4(A) # C. Now, let v be a fixed point not in
Oea(B)oes(A). In what follows, we will show that 7y € ®p4. Observing that o.4(A)
is closed, 0e4(B) is compact and 0 ¢ o.4(B), we infer that there exists an open set
U, with a bounded boundary B(U), containing ogs(B) and satisfying that 0 ¢ U
and (v — pA) € ®(X),Vu € U. Let D be a bounded Cauchy domain, such that
0e4(B) C D CU. Writing (v — pA) as follows:

11 1 1
(v—uA)zm(——— )=%(A——A>,A=—
ooy v 1T

and taking D’ as the image of D under the map A = i, we can assume that
R, (A;) is analytic in A on B (D’), where A, := %A. This assumption holds true,

thanks to the fact that Vu € Y_D,i € &4, and that the operator R} (A) is an-
alytic in A throughout ®4, except for, at most, an isolated set having no accu-
mulation in ®,4,. Let us define the following operators M; and M, as follows:

I SRR () RL(BYAN and My = —3k [,y ) LRL(B)RS (A1) d

— _Lf
- 273 J+B(D D)p
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Since R (M;) C D(A), the operator (y— BA)M, is well defined, and we have
(v — BA)M, = (v — BA)M,. Moreover,

(v — BA) = (v — ByA1)
=vB(A—A)) —yAB+~I
=B (A= A1)+ — AB).

Then,

S— 1 1 , ,
(y = BA)M, =— — (—B (A — A1) Ry (A1) R (B)
211 +B(D) )\

+ G - B> Ry (A1) R;(B)) dx

On the one hand, the first part of the integrand can be written as follows:

/ %B (A — Ay) By (Ay) R (B)dA / LB (14 Ki(\) R (B)dA
+B(D’) A by

+B(D’)

1
_ / LBR.(B)d) + K,
+B(D) A

1
= / —BR;(B)du—i—Kg
+B(D) M

where K; € K(X),7=1,2. On the other hand, since 0 ¢ D hence, using Theorems

2.3.1,2.2.2, and 2.3.1 , we get 5 f+R(D) iBRL(B)du = I + K3, where K3 € K(X).

Note that the second part of the integrand can also be written as:

[FB(D) (% B B) R} (A1) R'(B)dA
B /FB(D) (% B B) (R (B)R) (A1) + F1] d\

_ / 1+ Ka(V)] By (A) d\ + F
+B(D)

+E(D)

where Ky € K(X) and F; € F(X), with ¢ = 1,2,3. We claim that R} (A4;) is
analytic in D’ except for, at most, a finite number of points. Then, by using
Lemma 2.2.1, we deduce that 5= f+B(D) R, (A1) d\ = K5 € K(X).

Therefore, (v —m)Mli] + Fy, where Fy € F(X). Now, we can easily check that
D(BA) C D(AB) and BAx = ABx + FaVx € D(BA). Hence,

(y = BA) =9B (A = A1) +~v(I — AB)
=~y (A= Ay) B+~(I — AB) + F.
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where F5 € F(X). Then,
My(y — BA)

1 1
- — R (BYR., (A AN— A B I —)\B Fx| d)\
27 o) ,y)\RJ_( VR (A1) [y ( 1) B+ ( ) + 3]
1 1
= —RY(B) (I + Kg) Bd\—
2mi +B(D))\ 7( )+ K)
1 1
— — (R, (AR (B) — F I —)\B F:)d\
27 Jonio) ,y)\( \ (A1) R (B) — F1) (o( ) + F5)

1 / 1
_ = “R Bdu}BJrK—

|:27TZ +B(D)//L u( ) 7
1 1
— R\ (A)R,(B)[~— B ) d\+ F
o [y AV RLB) (5= B)

1
:I_'_FB?

where K; € K(X), with i = 6,7 and F; € F(X), with ¢ = 6, 7, 8 . Therefore, we
conclude that (y — BA) € ®(X), and the proof of the first inclusion is completed.
Now, in order to show that 0y(AB) C 0e4(B)oes(A), we will prove that (y—AB) €
®(X). Since R(M;) C D(A) and ABx = BAx — Fz for all x € D(A), we obtain
(’7—AB)M1 = (’Y—BA—FF)Ml == (’y— BA) M1+FM1 = ]+F4+F9 = ]—|—
Fio, where F; € F(X), with 4 = 9,10. Furthermore, we have My(y — AB) =
My [y(A— Ay) B+~(I — AB)] = I + Fy;, where Fy; € F(X). Hence, (y — AB) €
®(X) and, we deduce that gey(AB) C 0es(A)oes(B).

2. The proof of this assertion holds from Theorem 2.2.3 (i).

3. This assertion follows immediately from Theorem 2.2.3 (ii).
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Chapter 3

Applications

3.1 Application to a transport operator

The purpose of this section is to apply Theorems 2.1.8 and 2.2.3 to study the essential spectra
of the following onespeed neutron transport operator Ag = Ty + K with vacuum boundary
conditions in slab geometry (cf. [8] [9], [11][28].)

We define the advection operator 7j by

Toip(To)CX1—>X1

b — Top(x, €) = €55 (2,€) — (&) (, €),
D (T) = {¢ € Wp such that 1(a, —€) = (—a, &) = 0,& € (0,1)}

where X; = Li[(—a,a) x (—1,1); dxdk] (0 < a < o0),x € [—a,a] for a parameter, £ €
[—1,1], o(.) € L*(—1,1) and W,, = {t) € X; such that 2= € X;} is the partial Sobolev
space. Next, we consider the collision operator K defined by

K: X — X

1
b —s / () ()

where (., .. .) is a measurable function from [—a, a] x [—1, 1] x [-1, 1] to R. Observe that the
operator K acts only on the variable £, so x may be viewed merely as a parameter in [—a, al.
Hence we may consider K as a function K : = € [—a,a] — K(z) € Z where Z :=
L (Ly([-1,1], d€)).

In the following we will make the assumptions:

K is a measurable, i.e.,

{z € [—a,a] such that K(x) € O} is measurable if O C Z is open,
there exists a compact subset 7' C Z such that K'(z) € T a.e.,

and finally K (x) € K (L1([-1,1],d§)) a.e.,

(H1)

where C (L1 ([—1, 1], d€)) denotes the set of all compact operators on L, ([—1, 1], d§).

Definition 3.1.1. A collision operator K is said to be regular if it satisfies the assump-
tions ( HI).

Proposition 3.1.1. ([28]) If the collision operator K is regular. Then, for any A € C
such that Re A > —\*, the operator (A — To)f1 K is weakly compact on X;.
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Note that, the essential spectra of the operator Ty was analyzed in detail in ([23]). In
particular we have

0ei (To) = 0 (Ty) = 0C (Tp) = {\ € C such that ReA < —X\*}, for =1,2,...,8,

where oC (Tp) is the continuous spectrum of Ty and A\* := liminfig 0 o(§), (for more
detail see [28]).
In the following we impose the condition
(H2) X > ||K]|. (3.1)
Let A the leading eigenvalue of Ay. In [40], the strip —A\* < A < —\* 4 || K|| contains at
most isolated points of o (Ay). Applying Eq. (3.15) and the condition (H2), we have
0€p(To) Np(Ao). (3.2)

Using Theorem 2.1.8 , we have the following lemma

Lemma 3.1.1. [11] If the condition (H2) is satisfied. Then
1
Oci (To_l) = {)\ € C such that Rex < —)\*}, for 1=1,2,...,8.

Lemma 3.1.2. Let U is bounded weakly compact operator on X;. If the condition (H2)
is satisfied. Then

1
oo (Ty '+ U) \{0} = {)\ € C such that RGX < —)\*}, fori=1,2,...,8.

Proof. Since U is bounded weakly compact operator on X7, so U is a Riesz operator on
X, therefore
0i(U) ={0} fori=1,2,...,8.

Then T, 'U and UT, ' are weakly compacts on X.
Applying Theorem 2.2.3 and Lemma 3.1.1, we obtain

oei (T + U)\{0} = [oe; (T ") Uoes(U)] \{0}
= [oai (To") U{0} \{0}
= 0. (T5) \{0}
= {)\ € C such that Re% < —)\*}, for i=1,2,4,...,8.

In the same way, using Theorem 2.1.8 (v) and Lemma 3.1.1 we have

ges (T "+ U)\{0} = [(0e3(U) Uaes(V) U (01 (U) Noea(V)) U (0e2(U) Naer (V)] \ {0}
~ (o (1) U10}) U (01 (T5") 140D U (e (T) 1 {01)] 10}
— 00 (T;")

{)\E(Csuch that Re l —)\*}.

>/

Consequently, we get

1
aei(TO_l—kU)\{O}:{)\G(CsuchthatR— )\}, for i=1,2,...,8.

>/

Now, we give the following theorem. O
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Theorem 3.1.1. [11] If the condition (H2) is satisfied and K is regular on X;. Then
0ei (Ag) = {X € C such that ReA < —-X\*}, for i=1,2,...,8.

Proof. Since \* > ||K||. By [23], we can write ||T5 K| < ”AL*H, hence |75 K| < 1.
Therefore, we have
At =Ty +U

where

U= Z [T, K" T,

n>1

We have U is weakly compact on X;. Therefore, using Lemma 3.1.2 , we obtain

Oci (Agl) \{0} = o (TO_1 +U) \{0}
1
= {)\G(Csuchthat Rex < —)\*}, fort=1,2,...,8.

Consequently, applying Theorem 2.1.8 and Eq. (3.2) we obtain

0ei (Ag) = {X € C such that ReA < —X\*}, for i=1,2,...,8.

3.2 Application to two-group transport equation

The goal of this part is to establish the results concerning the essential spectra of the one-speed
neutron transport operator represented in [5] in slab geometry on L, -spaces.

Let
X = Ly(D;dzxdv)

where D = (0,1) x K with K is the unit sphere of R*, 2 € (0,1) and v = (v, v9,v3) € K.
Define the following sets representing the incoming D’ and the outgoing D° boundary of the
phase space D :

D'=DiuD,={0} x K'U{l} x K",
D' =DYuD)={0} x KU{1} x K,
for
K= Kn{vs <0} and K' = K N {v3 > 0}

Moreover, we shall denote the boundary spaces X* and X° by the following ways:

X" =Ly (D', |vs| dv)
= Ly (DY, |vs| dv) @ Ly (D3, |vs| dv)
= X ® X,

endowed with the norm

ot X7 = o, Xl + %, X

:/Kl ¥ (0,v) dv—i—/KO

U3 2/}(171)) U3 dU,
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and
X :=L; (D, vs] dv)
:= Ly (DY, [v3] dv) & Ly (D3, |vs| dv)
=X o XJ
equipped with the norm

o2, X[ = [l X3] + (|4, Xz

:/KO (0, v) dv+/K1

Denote by W the space defined by

U3 (1, v)||vs| dv.

W = {weXsuchthatvgg—zﬁ GX}.

It is well-known that any function v» € W possesses traces (see [0]) on the spatial boundary
denoted by ¢* = (v9,49)", and v* = (i, ¢%)" given by

Pi(v) =¢(0,v), ve K,
Us(v) =¢(1v), veK
) =v(0,v), veK,
() =9(Lv), veK.
We consider the following two-group transport operators
A=T+K,
which
L _1}38_77[;1<:L’7U) —al(x,v)@/zl(x,v) 0
Ty = 0 o
0 _UZa_;(:E7v) - 02<$,U)¢2($,U)
_ (T 0 U
SN0 T
and

0 K
K =
( Ko Ko >
where z € [0,1],v = (v1,v2,v3) € K and Kj;,(i,7) € {(1,2),(2,1),(2,2)} are bounded
linear operators on X by

{ Ky X & (3.3)

Vv — Kyp(z,v) = [ ki (x,0,0") 9 (z,0) dv,

and the kernels x;; : (0,1) x K x K — R are assumed to be measurable. Let us introduce
the boundary operator H,

H:X°— X°

gl wm) Hy Hy Uy
Uz Hy  Hy U2
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with for j,k € {1,2}, Hy, : X — X!, Hj, € L (X}, X!), defined such that, on natural
identification, the boundary conditions can be written as ! = H (¢/°). The operators T} and
T are defined by
T1D(T1)§X—>X
D(Ty) =W
and
7D (1)) X — X
0
Y — T(a,0) = 50 (2,0) — oa(a, v} ()
D (T3") = {¢ € W such that ¢ypi := 9" € X", ¢ypo :=9" € X" and ¢’ = H (¢°) },

where 0;(...),,j = 1,2, is a positive bounded function and the boundary operator H. It is clear
that the operator 7 is defined on W x D (T47).
Next, we will define A by

D(A) := {( i; ) e W x D(TQH) such that ! zwé}

and
A B
A:(CD)

where

A=Ti,

B = K127

C= K217

D == T2H + KQQ,

Now, it is easy to check that this operator is of the matrix form of Section 3 , with 7 := 7} :=
X\ X =Y := Li(D, dxdv)

I's W — X
o — Ixp=¢"
with D (I'x) =D (T1)
and .
Iy : X — X'
¢ — Ty = HY°
We define the operator A; by

{ A(z,v) = Ti(z,v) = —vgg—ﬁ(;t,v) — o1(z,v)Y(z,v),
D (Ay) ={v € D(1T1) suchthaty’ =0}.

Remark 3.2.1. It is well-known that the operators Ty and T are closed linear operators.
Moreover, the derivative of 1 in the definition of T} and 7Y’ is meant in distributional
sense. Note that if ¢y € D(T7) (vesp. ¢ € D (T4') ) then it is absolutely continuous
with respect to . Hence the restriction of ¢ to D' and D are meaningful. Note also
that D (T1) (resp. D (T4') ) is dense in X because it contains Cg° (D°). Now, we will
determine the expression of the resolvent of the operator T4!. Let ¢ € X,\ € C and
consider the problem

ATy =¢ (3.4)
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where the unknown v must be sought in D (T H ) Let A7,7 = 1,2 denote the real
number defined by

X:i=ess—inf{o;(a,0), (z,v) € D}, j=1,2

and

et i 11 < 1,
0= )
=5+ log(||H||) if ||H| >1.

Thus, for Re A > —\}, the solution of (3.4) is formally given by

Y(z,v)
_ rz g2(s,v)+A s z o9(s,v)+A s
P(0,v)e” 0 R @ Joe a4 o (2, v)da’, ve K, (3.5)

L ICOR N o o9(s0)HA g

1/1(1,1})67[“” ol + |v3| fl — e ] o (2, v)de’, veK°,

whereas 9 (1,v) and (0, v) are given by

1 oo(s, 'u)+)\ds 1 1 1 og(s,v)+A

W(1,0) = (0,v)e Ho FRT ¥ ol ) e T By (o v)de!, ve K, (3.6)
1o (s,v)+>\ z’ oo (s,v)+A
¥(0,v) =(L,v)e Tl | ‘ / R (2,v)d’, ve K’ (3.7)
U3

For the clarity of our subsequent analysis, we introduce the following bounded oper-
ators depending on the parameter A,

’N,\:Xi—>X07N>\u = (N U N_u) with

1 og(s, 'L))+/\dS

(N u) (0,v) :==u(l,v)e” 0 ~Fal % e K
_ 1 og(s, U)+Ads 1
| (Nyu) (1,v) :=u(0,v)e 0 "l v e K

(( By : X' — X,Byu = xgo(v)Bfu+ xg1(v)Byu  with
z og(s, )+>\ds

(Byu) (z,v) :==u(0,v)e 0~ Tl v e K

1 o9(s,v)+A
| (Biu) (2,0) == u(l,v)e = 70T % ve K
Gr: X — X, Grp:= (Gip,Gyy)  with
1 _fl o9 (s,v)+A ds
Gy = ‘US‘ f [vs] o(x,v)dz, veKY
o2(s,v)+A

G:\~_90 = \vs\ fl _fl v3] ds@(xav)dxv v € KO;

and
Fy: X — X, Faxp = xgo(0) F\ ¢ + X501 (v)Fy ¢ with
z og2(s,v)+A
F)\ Q= \v3| fo o 2|v3‘ dng (SL’/,U) d&?l, = KI,

2! o9(s,v)+\

Flo:= ‘U3| fl — T “o(a,v)da!, ve KO,

where xgo (.) and yx1 (.) denote, respectively, the characteristic functions of the sets
K° and K!'. The operators Ny, By, Gy and F\ are bounded on their respective spaces.
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Their norms are bounded above, respectively by e~ (Re ’\+’\§), (A5 +ReX) ™", (A5 +Re )™
and (Re X + ;)™

The fact that 1 must satisfy the boundary conditions, Egs. (3.6) and (3.7) can be
written in the space X in the operator form

Y = NyHY" + Gy,
(I — NyH) " = Gyo.

If Re A > Ao, the solution of the last equation reduces to the following form

PO = " (NAH)" G (3.8)

n>0
On the other hand, Eqgs. (3.5) can be rewritten as
¥ = ByHY" 4 Fp (3.9)

Substituting (3.8) into (3.9) we get

¥ =Y B\H (N\H)" Grp + Frp.

n>0
Thus

(A=T3")" = B\H(N\H)" Gy + Fy. (3.10)

n>0

On the other hand, observe that the operator Fy is nothing else but (A — 79) " where
TY designate the operator T4 with boundary condition H = 0. Let A € C such that
Re A > Xg, then A € p (T4) N p (13). From Eq. (3.10) we have,

A=T) = (A =12) " = BH (N:H)" (3.11)

n>0

It is easy to see that
o (I9) = oC (T3) = {A € C such that Re A < —\}}. (3.12)
According to the Remark 2.1.9 -(i) with Eq. (3.12) we get the following:
oei (T3) = {\ € C such that ReA < —-\j}, i=1,...,6.

In addition, it is well-known that the spectrum of the operator A; is reduced to the
continuous spectrum. More precisely, we have

0ei (A1) = 0C (A1) = {\ € C such that ReA < =\[}, i=1,...,6 (3.13)

(see [21]). Since H is weakly compact, then it follows from [10] together with Eq. (3.11)
that the operator (A — T3 )71 — (A —=T9)"" is weakly compact. Therefore, using [21] we
get

oei (Ty') = {\ € C such that ReA < —A3}, i=1,...,5. (3.14)
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Also, the fact that Co.s (T 1 ) is connected and p (T H ) £ () yields o5 (T2H ) = O (T2H )
Verification of assumptions (H1) — (H8) : The conditions (H1)-(H2) are satisfied since A
is closed with D(A) = D (T'x). It follows from the general theory of C§° (D°) that the
operator A; satisfies (H3). The result defined by assumption (H4) follows from the fact
that Ky is bounded. In this aim to verify the hypothesis (H5), we will determine the
expression of the solution of the equation

(A~ A =

where the unknown 1) must be sought in D(A). Thus, for each Re A > — A}, the solution
is given by

z 01(s,v)+A

w0 v)eT o TR p e K

w(l’, U) - fl o1 (s, 'u)+>\ds 0
z oz , veEK

Hence, the operator K is defined on X* by
Ky : X' — X, Kyu = XKOK u+ xgr Ky u  with
o 1o
(Kyu) (z,v) :==u(0,v)e —ho ® e K!
10 (9 'u)+/\
(Kyu) (z,v) :==u(l,v)e" LRy e KO,

which is bounded by (Re A+ A¥)™". Finally, (H6), (H7) and (HS) can be easily verified.
Observe that the collision operators Kjj, (7,7) € {(1,2),(2,1),(2,2)} acts only on the
variables v, so # may be viewed merely as a parameter in [0, 1]. Then, we will consider
K;; as a function

Ki():a€[0,1] = Kij(x) € £ (Ly(K, dv))

Remark 3.2.2. In a L' -space setting, M.Mokhtar-Kharroubi [22] noticed that the com-
pactness assumption is too restrictive and that a non-negative collision operator Kij can
be assumed to be only dominated by a compact operator. Unfortunately, this class of op-
erators dominated by a compact operator is not yet optimal as explained by B. Lods [27]
who use the class of operators which are weakly compact. However, from the definition
about the regular operator introduced in [27] we can give the diverse essential spectra in
the case of transport equations. This weak compactness assumption is more general than
the ones we usually find in the literature in particular used by [32]
In the sequel, we will make the following definition introduced in [27].

Definition 3.2.1. Let K;; be the collision operator defined by (3.3). Then, K;; is said

to be regular if
{I{ij (:L‘7 ‘7Ul) ) {(l‘ﬂ/) S (07 1) X K}

is a relatively weak compact subset of L (K, dv).

Remark 3.2.3. This definition asserts that for every z € [0, 1]
f e LYK) —>/ K (z,0,0) f () dv' € LK)
K

is a weakly compact operator and this weak compactness holds collectively in z € (0, 1).
The class of regular operators enjoys the following approximate property:
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Theorem 3.2.1. ([27]) Let K;; € L(X) be a regular and nonnegative operator. Then,
there exist (K,,),, C £(X) such that:

(i) 0 < K,, < K;; defined for any m € N.
(ii) For any m € N, K, is dominated by a rank-one operator in £ (L (K, ds)).
(i) limy,—syoo [|[Kij — K| = 0.

Proposition 3.2.1. [29] Let (£2, >, 1) be a o-finite, positive measure space and let S, T
be two bounded linear operator on L (€2, du). Then the following assertions holds:

(i) The set of all weakly compact operators is a norm-closed subset of £ (L (€2, du)).
(ii) If T is weakly compact on X and 0 < S < T, then S is also weakly compact.

Lemma 3.2.1. [I1] We assume that the collision operator Ky is non-negative, with

its kernel ko (.,.,.)satisfying that {%, (x,v") € (0,1) x K} is a relatively weak
U3

compact subset of Ly (K, dv), then for any A € C satisfying Re A > —\*, Kop (A — A;) ™"

is weakly compact operator on X.

Proof. Let A € C be such that ReA > —Aj]. We have Ky ()\—Al)_l = Ko Fy. It
suffices to show that Ky F) is weakly compact on X.
Let ¢ € X.

(Ko1 Frp) (z,0) = /K Koy (z,0,0") (Frp) (z,0") dv'

- Koy (z,0,0") FYf o (x,0") dv' + Koy (x,0,0") Fy @ (z,0") d
KO K1

'u/)+)\ds

5| o (o', v") d'dv'

!
/ Ko1 (I’,/U,U,) /1 *f; o1 (s,
= i E— e
KO |Ué| T

, x —ff/ al(s,v’)+>\d8
+/1—ﬁ21 ﬂf}’,?’v)/ e sl o (@) da'do’
K 3 0
:KélF)\QO,

w~

where K/}, and F) denote the following bounded operators:
Ky : X —X
o [ o) v,
|U3‘
and _
(F\: X —X

z _fz 71 (s l)+/\ds

] ¥ (@) / e~ M w<x',v'>dx’

0
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We claim that K3, Fy depend continuously on Kél. Letp € X

5 71( ds
HFWH <[ [ [ [ B ] a
KO
1 _fz 01(.511)+)\
K1

x ReAAT
fz / d
U a0 da! | da

ds

lo (2, 0")] dm'] dx

sl o (o o) da | dx

</01 UKod”/ , e ”>|dx]dx+/l [/Kldv/ o (2! v)]d:c}
[/Ko/jw 0| da'dv’ +/ / o (2,0 |da:'dv]

< llell

Then,

3, | < 1K

According to Theorem 3.2.1 and Proposition 3.2.1-(i), it suffices to proves the result when
K/, is dominated by a rank-one operator in £ (Li(K,dv)). This asserts that K}, have a
kernel

Ko1 (z,v,0)
|vg]

Let O be a bounded set of X, and let 1) € O. We have for all measurable subset £ of D

N x e ai(sv) 42 50
/ ‘KélFAw(x’ U)‘ dxdv S/ / / ki(v)ky (V) e 4| lo (2, v") da’dv'| dedv
E EJKo Jo

= o1 (S,'U )+)\
+ /
E

— K, ()5 (V)5 KA() € Ly(K), k() € Loo ()

I{él(va U) -

ds

o (2,0 da’dv’ | dxdv

! / AW ) v’l
| [ mwmeye
Kl Jg

< |l [E 1K (0)] ddo

1 x
X [/Kl . | (I/7U/)|dx/dvl—|—/KO/0 | ($/,U/)|dx/dv/:|

< Il 6l [E 1%, (v)] ddo

Since
lim / |ky(v)| dxdv =0, k) C Li(K,dv)
|E[—0JE
and according to [7] , [17] we infer that the set K%, Fy(O) is weakly compact. Hence the

weak compactness of Ky (A — Al)*1 is proved. O
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Lemma 3.2.2. [5] We assume that the collision operator K7, is non-negative, regular in
the sense above, then for A € C satisfying Re A > —\, the operator (A — A;) "' K, is
weakly compact on X. Proof. Let A € C be such that Re A > —Aj. It follows that

1

-1
0= 407 < 1B < ey

Let € > 0, for Re A > —A] + ¢, we get
_ 1
(A= A1) K| < = Kl

Then, (A — 4;) " K}5 depends continuously on K75, unfortunately on {Re A > —\f 4+ ¢}.
From Theorem 3.2.1 and Proposition 3.2.1-(i), it suffices to prove the result when K7, is
dominated by a rank-one operator in £ (L1 (K, dv)). This asserts that the kernel of Ko
can be rewritten as follows:

k1o (0,0") = K1 (VKo (V) Ki(\) € Li(K), ko) € L®(K).
Now, we will shows that F\ K, is weakly compact. Let ¢ € X

s v)+)\d

z’ o (
(F+K1290) (z,v) |U | / ~le Rl "Kipp (2',v) da’
3

z/ o1 (s, v)+>\
= Tl / / N IR (z/,v,0") @ (2/,0) dd'dv’, v e K°
U3
= \Uxp
where J, and U, denote the following bounded operators:

U)\ X—>L1 )d$)
gp—)/ﬁg o) d'

and
Jy: Ly((0,1),do) — X?

/o' a1 (5,v)+A
|U3|

Now, it sufficient to show that J is weakly compact. To do so, let O be a bounded set
of L1((0,1),dz), and let ¢ € O. Tt follows that for all measurable subset E of K°

/ o<l [

lim / k(@) do =0, r(.) € Li(K, dv),

|E|—0 E

Iap(v) ||vs K1(v) | dv

Since

where |E| is the measure of F, applying [7] we deduce that the set J\(O) is weakly
compact. Hence the weak compactness of F) Kjs is checked. Reasoning analogously
shows that the operator F\ K, is weakly compact.

We are now in the position to express the main result of this section in the following
theorem
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Theorem 3.2.2. [34] If the operator H is weakly compact, positive, and the operators

K9, Kyy are non-negative, regular and if in addition {%/‘UI), (x,v") € (0,1) x K} is

relatively weakly compact then
oei(A) = {\ € C such that Re A < —min (A}, \5)}, i=1,...,6
Proof. Let 1 € p(A;), the operator M, is given by
M, =D + Ko B, HY® — Koy (1 — Ay) ' Koy
Using Lemma 3.2.2 and the weak compactness of H we conclude that
KleuH%UO — Ky (,u - Al)_l K
is weakly compact, then it follows from [24] that

Oei (Mu) =0y(D), fori=1,...,6

For yu € p (T§) such that r, ((M—Tf)_IKQQ) < 1, then p € p (Ty) N p (T4 + Kx).
Hence, we have

(0=D)" = (=) =3 (w1~ K22>n (n—1y")" (3.15)

n>1

Since K», is non-negative, regular operator, implies that for alln > 1, <(,u — T4 - K22)n (1 — T2H)_1
is weakly compact on X.

So, (p— D)™ — (u— TQH)_1 is weakly compact. The use of Eq. (3.15) and [20,
Theorem 3.3] leads to

0ei(D) = 0 (Ty") = {\ € C such that ReA < -5}, i=1,...,6
Then from Eq. (3.14)
oei (M,) = {\ € C such that ReA < -5}, i=1,...,6.
Now, applying Theorem 3.9, by using Eqgs. (3.13) and (28), we get
oei(A) = {\ € Csuch that Re A < —min (A}, \5)}, i=1,...,6
L

Remark 3.2.4. In this application, we have determined the essential spectra of the
two-group transport operator A on Li-space without knowing that of the operator A.
But we know only the restriction of the operator A on the intersection densely domain,
D(A) NN (Tx). So, the result obtained in [32] is a special case of this work.
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