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Contents overview

Control systems are an integral component of any industrial society and are necessary to
provide useful economic products for society. Control engineering is based on the foundation of
feedback theory and linear system analysis, and integrates the concepts of network theory and
communication theory. Therefore, control engineering is not limited to any engineering discipline

but is equally applicable for aeronautical, chemical, mechanical, and electrical engineering.

This document has been developed of the control Systems course for the Electrotechnical
license at the University of EI-Oued and is mainly intended for third-year students. In particular,
it details the modeling and analysis of continuous and time-invariant linear systems. This
document was not designed to be self-sufficient. Presence in class and additional work are essential
to achieve mastery of the objectives of the course. However, it will allow you to deepen the aspects

that can only be dealt with quickly in class.

The Servo Systems course (control system) aims to familiarize the student with the properties
of control structures of continuous linear systems and the time and frequency analysis of basic

systems (1st and 2nd order system). At the end of this course, the student should be able to:
> the student know the definitions and concepts specific to continuous linear systems.

» become familiar with the structure of control systems (open loop and closed loop) and the

role of each component in these systems.

» the student be able to determine the static and dynamic performances of a continuous

linear system.

> the student know the classical techniques of representation of continuous linear systems:

differential equation, transfer function, functional diagram and fluence graph.

» the student be able to analyze basic systems in the time and frequency domain.
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» the student analyze the stability of a controlled system.

The prior knowledge required for taking this support is: basic mathematics (algebra, integral and
differential calculus, complex numbers, etc.), fundamental notions of signal processing and basic

electronics (linear circuits).

General introduction chapter provides an introduces the key concepts related to history of
automatic control systems, terminology and definition, concept of systems, dynamic behavior,
static behavior, static systems, dynamic systems, linear systems, introductory examples, open loop

systems and closed loop systems with performance of servo systems.

Systems modeling chapter focuses on the representation of systems by their differential equations,
Laplace transform, the differential equation to the transfer function, functional blocks and
subsystems, rules of simplification, representation of dynamical systems by fluence graphs,
Mason's rule, calculation of transfer functions of looped systems.

Temporal responses of linear systems chapter: in this chapter, the focus is on the definition of the
response of a system, transient regime, permanent regime, notions of stability, static speed and
accuracy impulse response (1st and 2nd order). temporal characteristics. step response (1st and

2nd order), identification of first and second order systems at from the time response.

Frequency responses of linear systems chapter provides a definition of frequency responses of
linear systems, Bode and Nyquist diagram, Frequency characteristics of systems basic dynamics

(1st and 2nd order), phase and gain margins.

Stability and Accuracy of Servo Systems chapter provides a definition of conditions of stability,
algebraic criterion of Routh-Herwitz, Criteria of the reverse in the Nyquist and Bode plans,
Stability margins, accuracy of servo systems, static accuracy, calculation of the static difference,

dynamic precision.
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Abstract

Control systems are an integral component of any industrial society and are necessary to
provide useful economic products for society. Control engineering is based on the foundation of
feedback theory and linear system analysis, and integrates the concepts of network theory and
communication theory. Therefore, control engineering is not limited to any engineering discipline

but is equally applicable for aeronautical, chemical, mechanical, and electrical engineering.

This document has been developed of the control Systems course for the Electrotechnical
license at the University of EI-Oued and is mainly intended for third-year students. In particular,
it details the modeling and analysis of continuous and time-invariant linear systems. This
document was not designed to be self-sufficient. Presence in class and additional work are essential
to achieve mastery of the objectives of the course. However, it will allow you to deepen the aspects

that can only be dealt with quickly in class.

The Servo Systems course (control system) aims to familiarize the student with the properties
of control structures of continuous linear systems and the time and frequency analysis of basic
systems (1st and 2nd order system). At the end of this course, the student should be able to:

> the student know the definitions and concepts specific to continuous linear systems.

> become familiar with the structure of control systems (open loop and closed loop) and the
role of each component in these systems.

> the student be able to determine the static and dynamic performances of a continuous
linear system.

> the student know the classical techniques of representation of continuous linear systems:
differential equation, transfer function, functional diagram and fluence graph.

» the student be able to analyze basic systems in the time and frequency domain.

Key word : Control systems , dynamic performances , diagram and fluence graph , transfer function

,Stability
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Chapter 1 Introduction to servo systems

Chapter 1

Introduction to servo systems

This chapter introduces the main definitions and notions necessary for the study of linear servo
systems (object of this course). We will illustrate the difference between the notion of open loop
control and closed loop control. We will also establish the distinction between operation in
regulation and operation in tracking. Finally, we will expose the procedure to be followed for the

realization of a control system.

1. Definitions :

Definition 1.1: The system is an assembly of components or elements so as to produce a given
function. It can be classified as SISO systems and MIMO systems based on the number of inputs
and outputs present. SISO (Single Input and Single Output) systems have one input and one
output. Whereas, MIMO (Multiple Inputs and Multiple Outputs) systems have more than one
input and more than one output. It is common to represent a system or one of its component
elements using a diagram, known as a block diagram. Figure 1.1 provides an example of such a

representation.

u ¥ ui | ¥1
- SISO - - i MIMO .
u2 ya

| saibal

Figure 1.1: block diagram of a system

The inputs affecting a system are generally denoted by the letter u and outputs by the letter y.
(command) to get the desired output. There may also be inputs which are called disturbances. The

latter disturb the desired functioning at the output (Figure 1.2) [17].

Disturbance

Manipulated »

Process Controlled
input PROCESS wvariable
[

Figure 1.2: Various signal of System
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Definition 1.2: In a system when the output quantity is controlled by varying the input quantity
the system is called control system (Example: a lamp controlled by a switch)

The output quantity is called controlled variable or response. The input quantity is called

command signal or excitation

Definition 1.3: automatic control is the science that deals with the modelling, analysis,

identification and control of dynamic systems (objects studied).

Definition 1.4: The model is a mathematical object (differential equations) linking between inputs

and outputs signals.
1.2 Notion of Open/Closed Loop:

There are generally two control structures: open-loop control and closed-loop control, also called

feedback control.
1.2.1 Open loop control:

A control system is in open loop when no output measurement y(t) is used (does not include
feedback) to develop the command u(t) (Figure 1.3). This requires knowledge of an operating

model of the system to be controlled,

; Controller
Desired output Process
PrOCESS ! Controller B Process —3  output
(23PN Process
input

Figure 1.3: Open loop control

Example 1: knowledge of an operating model of a DC motor will make it possible to know the

input voltage that will have to be applied to it to obtain the speed desired rotation.

Open-loop control has the following disadvantages:

» you cannot control a system that suffers from instability problems (we will come back to

the concept of stability in more detail in a later chapter),
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» difficult correction: having no information on the output, the operator cannot develop any

adjustment strategy to obtain an output with the desired value with precision and speed.

1.2.2 Closed loop control:

In order to solve the problems of open loop control and to automate the system (remove human

action) a feedback loop (or feedback) is introduced. In this control strategy, a measurement of the

output is used and compared with the desired signal by the controller (Figure 1.4).

.I”-’I.:_Q'.l'{'.l?l.'{"—
Deesired value
of ol

EE—

Controller

Cantral

signal

lj’.ﬁ'e.'..'urfr:rucn:.f

Measurements

Actuators

T

System

Figure 1.4: Closed loop control

Sensors -

Measurement

RHSE

Actual
ouatpret

— -

» Desired Signal (yr(t) or yc(t)): it corresponds to the value desired at the output,

» Output Signal (y(t) ): represents the physical phenomenon that the control system must

enslave .

» Error (g(t)): represents the difference between the setpoint and the output,

» Comparator: constantly compares what you get with what you want to get at the output

(elaborates the difference &(t)),

» Corrector: (controller) processes the deviation signal and determines the control signal,

» Actuator: it receives the control signal from the corrector and acts directly on the system

to be controlled (for example: power amplifier, motor, cylinder, valve, etc.),
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» Sensor: measuring device which gives an image as faithful as possible of the output y(t)
and transforms it into a signal understandable by the comparator (most often electrical)

(for example: accelerometer, thermometer, gyroscopes, etc.).

We can therefore define servo system as a looped system (closed loop) whose operation tends to

cancel the difference between a controlled signals (the output y(t) and the reference yr(t) ).

Thus, in example 1 An automatic speed control system, also called cruise control, works
by using the difference, or error, between the actual and desired speeds and knowledge of the car’s
response to fuel increases and decreases to calculate via some algorithm an appropriate gas pedal
position, so to drive the speed error to zero. This decision process is called a control law and it is
implemented in the controller. The system configuration is shown in Fig. 1.5 The car dynamics of
interest are captured in the plant. Information about the actual speed is fed back to the controller
by sensors, and the control decisions are implemented via a device, the actuator, that changes the
position of the gas pedal. The knowledge of the car’s response to fuel increases and decreases is

most often captured in a mathematical model.

r e u ¥y
= Controller = Plant L
Reference 7 Ermor Gas Pedal Vehicle
Speed Position Speed
Sensor

Figure 1.5: Feedback control configuration with automatic speed control system

1.3 Regulation and pursuit:

A servo (slaved system, closed loop system, control system) can be used in regulation or tracking.
A servo is used in regulation (regulated system) when the setpoint is constant or changing in
stages). The output must remain constant despite the presence of disturbances. If, on the other
hand, the setpoint constantly evolves or follows a physical quantity independent of the system
itself (radar of tracking, position servoing, etc...) the servo operates in tracking (following system).

The objective is then that the response of the system follows the instruction [14].
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1.4 Methodology:
In automation, the methodology used to design a control system can operate as follows [8]:

- Specifications: the starting point of any project is the specifications. The automation engineer

must be aware of the problem and the various specifications. He must, on this occasion, clearly

define the system (with its inputs and outputs) and the expected performance,

- Modeling: often the automation engineer must describe the behavior of the system studied using
the laws of physics (modeling) or from input/output measurements to obtain a set of algebraic and
differential equations. Then, he must reformulate these so as to obtain a classic automatic model

(a transfer function for example),

- Analysis: in this phase, automatic control techniques should be used to judge the performance

of the system (stability, response time, oscillations, precision...) from the model,

- Synthesis: the last phase consists in designing a corrector, i.e. a loop which gives the system

studied the desired performance if possible.
1.5 Performances of a servo:

1.5.1 Stability: A general notion of stability says that a system is stable if after being removed

from a stable state, the system returns to the original state provided no external input is applied.

| e L~

INPUT STABLE STABLE

Vi ./ lnﬂf
P L Iy

i t 1
MARGIMALLY UNSTABLE UMSTABLE
STABLE

Figure 1.6: Stability of system

1.5.2 Accuracy: By calling y(t) the output corresponding to the setpoint y. (t), we can characterize

the precision of an error control at each instant: g(t) = y¢ (t) — y(t). There are two types of accuracy:




Chapter 1 Introduction to servo systems

» Dynamic accuracy: as long as the transient part of the response has not become

negligible, &(t) characterizes the dynamic error,

» Static accuracy: the static error is the error that remains in steady state, i.e. lim g(t) when

t tends to infinity.

cit)
o
actual output |
| — steady state
— :
s T —._n—'\L
1 r - e ]
/ i TR\
/ ] steady state error
desired output |
/ i
i
i : ,
0 ' i

Figure 1.6: Static error

1.5.3 Speed: The speed of a system can be measured by the response time, at a given percentage,
to a step input. The 5% response time is frequently used, i.e. the time from which the response is

between 95% and 105% of its final value.

A Poor Stability (bad), Fast Response (good)

Figure 1.6: Response of system
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Chapter 2
Systems modeling

The first step in the analysis and design of control systems is mathematical modeling of
the system. The two most common methods are the transfer function representation and the state
equation approach. The dynamic performance of the physical systems is obtained by utilizing the
physical laws of electrical, mechanical, fluid and thermodynamic systems. We generally model

physical systems with linear differential equations with constant coefficients when possible.
2.1. Representation by a differential equation

The input-output relations of various physical components of a system are governed by
differential equation. The differential equations of a linear time invariant system with constant

coefficients as follows:

dm-1r

o @ T+ Qo€ = by o by o bk by bt (21)

m gem

d"c d"1c

An gen tan—y den-1

Where is the output, and is the input of the system. The solution of this equation represents the

evolution of the system output y(t) over time as a function of the input u(t) and initial conditions.

Exemple 2.1 : Consider the RLC circuit below:

R L
L) — i
it) +

v (f) (t) C .

Figure 2.1 RLC Circuit

We want to determine the relationship between u(t) (supply voltage) and y(t) as vc(t) (capacitor
voltage), The mesh equation gives:

di(t)

Rx*i(t)+L* ”

+ v:(t) = u(t) (2.2)
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2
R Cdvc(t) wLwc ve(t) +u,(t) = u(t) (2.3)

dt dt

2.2 Transfer function
Transfer function is the ratio of Laplace transform of outputs of the system to the Laplace

transform of the inputs under the assumption that all initial conditions are zero
» Laplace transform
The Laplace transform of function f (t) with zero initial condition (causal) is defined by:
L(f(®) = F(S) = [} f(De~tdt (2.4)
% Initial Value Theorem: If f(0*) exists, then
f(0%) =lim f(6)= lims F(S) (2:5)

% Final value theorem: let F(s) be a function which has no poles in the half-plane R(s) > 0,

except at most one simple pole at the origin. So :
tlim f(t)= lir‘{)ls F(S) (2.6)
—00 el

The main properties of the Laplace transform are shown in Table 2.1and Table 2.2. .

The system transfer function is : G(S) = % . We can then represent the system in the graphical
form below:
U(s) Y (s)

Figure 2.2 Representation of system transfer function
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Table 2.1: Laplace transforms of usual excitation signals

Property f (t) F (s)
Linearity kq f1(t)+ ko f2(t)+ ks fa(t)+... k1 F1(s)+ ka2 F2(s)+ ks F3(s)+...
Time scale f (at), a>0 1/aF (s/a)
First derivative d:;tt sF(s)-f (0)
Second derivative % s?F(s)-sf (0)-f *(0)
n S"F(s)-s"f (0)- s™2f *(0)-
Derivative of order n Ln(t) ©) © ©)
dt s"3f 7 (0)-...-f "1 (0)
‘ F(s
Integral J'O £ (x)dx _é_)
Time shift f (t-a) eF(s)
Multiply by an
exponential e™f (1) F(s+a)
Multiply by t tf(t) d—igg

Table 2.2: Properties of the Laplace transform
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Remarks :

v The transfer function is also the Laplace transform of the impulse response (the impulse

response to an input in the form of a Dirac impulse, with null initial conditions).

v The denominator of the transfer function is said to be the characteristic polynomial of the

system.
v The order of the system is the degree of this polynomial.

Example 2.2 Find the transfer function relating the capacitor voltage to the input voltage of RLC

circuit in example 2.1. so : Applying KVL

di(t)
dt

dv(t)
dt

Rx*i(t)+L + v.(t) = v;(t) with i(t) =c*
Taking TL with zero initial conditions, we obtain :  V.(S)[LCS® + RC.S + 1] = V,(S)

the system transfer function is :

Ve($) _ G(s) = 1 _1/LC
VS T LCST+RCS+1 5  Rg. T
L Lc
Therefor :
Vis) 1/LC V(s)
_— 5 R 1 —
5 +—85+
LC

» Advantages of Transfer function: 1. The response of the system to any input can be
determined very easily. 2. It gives the gain of the system. 3. It help in the study of stability
of the system 4. Since Laplace transform is used it converts time domain equations to
simple algebraic equations 5. Poles and zeroes of a system can be determined from the

knowledge of the transfer function of the system.
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2.2.2 Transfer Function with Multivariable System

The definition of transfer function can be extended to a system with a multiple number of

inputs and outputs (multivariable system). Consider a system with two inputs and two
outputs as shown in Figure 2.5.

R (s) Ci(s)
’ Multivariable '
R,(x) system C,(s)

Figure 2.1 Representation of Multivariable System transfer function

When dealing with the relationship between one input and one output, it is assumed that
all other inputs are set to zero, e.g.,

- :(_'I{ﬁ.'] - :{”,{:;,'I
" R(s)|R, =0 * R(s)|R =0

G, =5 G, =&t
" Ri(s)|R,=0 T Ry(s)|R =0

@.7)

Since the principle of superposition is valid for linear system, the total effect on any output

variable due to all the inputs acting simultaneously is obtained by adding up the outputs
due to each input acting alone.

C(s)=G, R (5)+G,R,(5)
C(5)=0G, R (5)+ G, R, (s5)

(2.8)
Representing the above by matrix equation we have

G, G.
C(s5) =G(5R(s) where G= [GH. -:'?I } (2.9)

2.2.3 State Variable

Alternatively, the behavior of an invariant linear system with input u(t) and output y(t)

can be described by a finite number of quantities called state variables. A state model is
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a finite set of first-order differential equations. The differential equations of a lumped

linear network can be written in the form:

x'(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t) (2.10)

his system of first-order differential equations is known as the state equation of the
system and is the state vector and is the input vector. The second equation is referred to
as the output equation. A is called the state matrix, B the input matrix, C the output
matrix, D the direct transition matrix. the block diagram given in Figure 2.3 to illustrate

this representation.

Figure 2.1 block diagram of State Variable

Example 2.2 circuit RLC , with the output of the system is the capacitor voltage. We want to

determine the relationship between u(t) (supply voltage) and y(t) (current i(t)):

. di(t 1.
Ri(t) + L;—(t)+ ~Ji®dT = u(®)

dy(t) d? l(t) du(t)
RED L T4 2y =20
Lc® 20 4 2B 4 y(1) = u(®) (2.11)

We choose two state variables (n = 2): x1(t)= y(t) and x2(t)= dy(t)/dt . Then, equation (2.11) :

d?x,(t)
dt?

=~ 7o) =0 + gu() (212)
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We deduce the state representation :

u(t), y®) =[1 0] [ 1%’3 + 0u(t) (2.13)

[551@) zl 01
X2 (t)

xl(t)] l

xz(t)

LC

Example 2.3 : Obtain the state equation in phase variable form for the following differential
equation.

cady 62 48y =10u(n)

dr’ dr* dt

d’ Vv

The differential equation is third order, thus there are three state variables as follows
N=Y, X=F, =y

and the derivatives are
X| =X, X;=2x;, and x; =—4x —3x;, —2x; + Su(t)

Or in matrix form

X 0 1 0| x 0 X
BH =0 0 1 |[x|+|0|5u) v=[l 0 0]x
X; -4 =3 =2||x 1 X,

2.2.3 Transition from state representation to transfer function
Applying the Laplace transform to the state model (2.10) gives us:

x (t) = Ax(t) + Bu(t) X(P) = (P.I — A)"'BU(P)

y(6) = Cx(®) + Du(®) P y(P) = cX(P) + DU(P) (2.14)
Therefor: G(P) = ;((5)) =C(P.I-—A)'B+D (2.15)

2.3 Representation of dynamical systems by fluence graphs, Mason's rule,

2.3.1 2.5 Representation by fluence graph

This representation, very close to the representation by functional diagram, uses the properties of

the linear systems. A variable is represented by a node and a link between variables by an arc, i.e.
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an oriented branch (Figure 2.11). the orientation of a branch represents a single relationship in the
indicated direction (Figure 2.12).

G]
Xe— ¥
xe— G,

-\-h-"'\-\.

ey G vy G
7 .____——-""’U_ XI — » 4 XJ
Figure 2.11: Nodes and branches Figure 2.12: Orientation of a branch
Y =G X 3
Y = GX + G,Z Y =G X, + GX, (2.16)

The value of the variable represented by a node is equal to the weighted summation
of the variables which are linked to it by a branch directed towards the node (adder), the
coefficient of weighting or gain being the value written near the branch (which can be a

number or a transfer function). The main elements we will use are:

- source node (input): is a node associated with an input variable (external variable). It only

admits divergent arcs,

- sink node (output): it represents a variable chosen as output. This knot only admits

converging arcs,

- string: is a link between two variables made by following the direction of the arrows and

not passing through the same point twice,

- Chain of action (CA): is a chain starting at an entry node and ending at an exit node that

does not pass through the same point twice,
- Loop: chain starting and ending at the same node,
- Chain gain: is the product of the gains in the chain,

- Loop gain: is the product of the gains in the loop.
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Remark 2.3: a node can always be transformed into an output node (Figure 2.13)

XN 9 Xo— E.' N

DY >t ey
a _. .‘ ) -..‘ -
re—"g, re—"gq,

Figure 2.13: Transformed into an output node

Example 2.9: Consider a linear system described by the fluence graph in Figure 2.14.

i G,u
G, G,z )
. L I
:‘ o }./1;/ . .’._.
}:. [ ] . -ﬁ - 3 * *—+» o }’;-
Gy AN G,; Gy, S Giys _
" . --..-_ ) /
G, ,
(}:ﬁ

Figure 2.13: Fluence graph of a linear system
We can distinguish the following elements: sources: Y1, sinks: Ys, loops: B1 = G23 Gs2, B2 =
G34 Gas, Bz = Gas, B4 = G24 Gaz G32 the loops B and Bz are separate (do not touch each other),
chain of action (CA) between Y1 and Ys: 3 CA: Gi12 G2z Gas Gas; G12 G2s Gas; G12 Gos
2.9 Mason's Gain Rul

It is possible to simplify signal flow graph in a manner similar to that of block diagram reduction.
But it is also possible, and much less time-consuming, to write down the input-output relationship
by inspection from the original signal flow graph. This can be accomplished by the use of general
gain formula, known as Mason’s Gain Formula.

—Y®) _lypa,
G(P) = = ;2 Filh (2.17)

where :
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» Fi= Gain of the k th forward path

» A itisthe determinant of the graph., A= 1 — Y (sum of all individual loop gains) +). (sum of
gain products of the gains of two loops that do not touch each other) -Y. (all products of three-
loop gains that do not touch each other) +. ..

» A;: it corresponds to the value of A for the part of the graph not touching the ith chain of action.
Example 2.7 : For example 2.9, we have the following transfer function:

Y(P)  G12G23G34Gys5 + G12Go5 + G12G24G45G44G34Gy3

G(P) = —— =
U(P) 1- 623632 - G34-G4-3 - G4-4- - G43G32G24 + GZ3G3ZG4-4

(2.18)

2.2 Block Diagrams

In general, the block diagram (functional diagram) is constituted of an assembly of rectangles,
comparators, derivation points and arrows. The block is a short hand, pictorial representation of

the cause-and-effect relationship between the input and output of a physical system.

*

¢ Serial systems (cascade)

Two elements are cascaded when the output of the first is the input of the second. the

multiplication of all elements.

E( — * G » G [* S(p) <:>E(p) — P G=GiG, [—»S(p)

% Parallel systems

Two elements are in parallel when their inputs are common and their outputs are summed to give

a single output
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R(s)

G

G,

; C(s) . R(s),|
i

-

G G,

C(s)

C(s)=GR(5)2G,R(s) = C(s)=[G,+G,IR(s)

% Eliminating single feedback loop

E
R(s) (%) .
_% —.

-

I

C(s5)

+ Moving a pickoff point

x y
y

- G(s) [—=
T

% Moving a summing point

> R(s) G C(s)
= T 1+GH
_ x v
— = G(s) —
Y
- G(s) [=
_ & Y
— — - G(s} -
& 1
=1 G(s) T
2w
2= 2
— 1 + + ~
y +T
X z
— +=
= G(s) —=
+
1 Y
G(s) ™
T z
— +
= — G(s)
y +
— G(s)
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Example Consider the block diagram shown in Figure. Apply the block diagram transformation
rules to determine the system transfer function.

- (_;'3

+
+h/L C(s)

R(s) e E\(5) G, {""‘\,Ez{s} G. O
1
H e
1
G,
G, |— G, C(s) ,
H, |
H,
C(s
G+ |G ()
G, 1+G,H,
_GG,+G,
= G
- H
R(s) GG, + G, C(s)

1+G,H, +G,G,H, +GH,
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Exercices on chapter 2
Laplace transf./ Block Diagrams /Transf. Rules

Exercice 1 : Using the Laplace transform form and properties, determine the Laplace transform
for the following functions:

1) f(t)=1; 2)s(t)=t, 3) g(t)=e39,
4)d,(t) =2.eC050,  5)d,(t) =5.(1—eC03) | 6)d;(t) = 7.t>

Exercise 02: Find the inverse Laplace transform of the following expressions:

5 5 5 9
D,(p) ==, D,(p) =— , D3(p)=_2+ 2
14 p+7 14 p?+9
_ p+3 _ p+3 _ p+3
B = oo Fs(p) = s Fs(p) = 52

Exercise 3: Consider a system of input (t) and output s(t) governed by the following differential
equation:
d?y(t) . dy(t)

102 + 3 Tt + 2y(t) = e(t)

1) Determine the system transfer function: F(p) = Y(p)/ E(p)

2) Calculate the poles and zeros of this system. with zero initial conditions.
3) Calculate the response of this system y(2) with impulse signal.

Exercise 4: Simplify the following functional diagrams (calculate the transfer function):

+ + ¥(s)

¥r(5) _ .
PHobplobe™

H

¥ris) 4

o at ¥(s)

¥r (%) _% G : o

+
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Exercise 5: Determine the global transfer function

Hy =
¥ris) + + o + o o ¥(s)

T =] T3

- +
H,y
R.(
| Hs _{T}
R(s) ; ~ G LC6)
H, |«
H,
H.s *
- C(s)
R
i.* G, G, G, "G
H, H,

Exercice 06 : Determine the close loop transfer function by using Mason's gain formula. The
following signal flow graph is obtained the following equations describing the block diagram.

E(s)=R(s)—H,C(s)
EL(s) =G E (s)— H,C(s)

r
C(s) = G.E (5)+ G.E,(s) -
R(s) . < Gﬂ : c
5) o 3
E,(s) E,(s) C(s) )
_H:

_HI

c(p) _ G1G,+G3

Solution: G(P) = =
R(P) 1+G,H;+G1G, H1+G3Hq
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Chapter 3
Temporal responses of linear systems

The temporal response study of a system consists in determining its response (output) y(t) to an
input signal u(t) which varies as a function of time. The performance of dynamic systems in the
time domain can be defined in terms of the time response to standard test inputs (Dirac pulse, step
input, sinusoidal input..). The purpose of this chapter is to study the temporal responses of first

and second order systems.
3.1 Temporal response of First-order Systems

A linear system of first-order invariant with continuous time is governed by a differential equation
of the first degree with constant coefficients. Its transfer function therefore has at most one zero
and one pole.

dy(t)
dt

+ aoy(t) = bou(t) (3.1)

Taking the Laplace transform, for the zero initial condition

PY(p) —y(0) + aoY(p) = boU(p) (3.2)
bo K
Y(p) = 7-U®), So: G(p) = (3.3)

1 .. . by . . . .
Where: 1= — it is the time constant of the system, K = a—o : it is the static gain.
0 0

3.1.2 impulse response

the system response to an input «(z) = J(z). The Laplace transform of the input is then U(p) = 1.

The expression for the output of the system is:

TL™! K K ~—t
YP) = 6(p) =y =TL (5 5) =7 ¢ /mu® (3.4)

p+1
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Figure 3.1 shows the form of this response. It is possible to determine the two parameters of the
system from the intersection of the slope of the response at the origin with the abscissa axis, and
the value of the output signal at the origin.

¥y
K/t

0
Figure 3.1: Impulse response of a first-order system

3.1.2 Unit Step response

If the input is a unit step function u (t) = 1.u(t), i.e., U( p) =1/P, the response is

bo bo
_ b 1 — % _ _a
V) = p+ag’p P ptag (35)

Taking the inverse Laplace transform :

(O =TI (i - ;> =21 - e ).u®) =k (1- e 77).u(® (3.6)

p ptap

0632K ;

-----------------------------------------------------------------

. — R S :
T

0

Figure 3.2: Step response of first-order system

- fort=r1,y(c) =K(l —e Y= 0.63K.

- The value of t is then determined for a variation of the output of 63% of its total variation.
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3.2 Temporal response of second-order systems

The standard form of the second-order transfer function is :

G(p) = i (3.7)

p2+2&wpp+w3
The characteristic equation is given by :
p* + 28wps +wi = (3.8)

» For {>1, the poles of the transfer function are :

D1 = =Wy + WpyE2 — 1,0y = —Swy, —wy/§2 — 1 (3.9)
For the unit step response, and the p-domain step response can be written as

-1, 4 B (3.10)

w3 1
@-p)@-p2)'p p (- (-p2)

Y(p) =

Thus the inverse Laplace transform is

TL™! 1 A B
_mr-1(1
=y =TL (p + (r-r1)  (-p2)

)= —4e i + Be”fr).u(t) (3.11)

» The underdamped response ({ <1) to a unit step input is given by :

W} 11, A .\ B
(p_gwn_jwd)(p_fwn +de).p p (p_fwn_jwd) (p_’fwn +de)

Y(p) =

A B )_ 1

e

— -1 l —Ewpt o
y(t) =TL ( + e .sin(wgt + 0)

p (—&wy—jwg) * (P — Swp + jwg)
(3.12)

The responses is underdamped as shown in Figure 3.3.

Spliude

/
— -
c-
L — £=0
. =07
 £=n
ol c-4
o 2 4 B 8 1 12

Figure 3.3: Response of a second-order system to a step input for different values of {
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3.2.1 Time -domain performance specification of second-order systems

The performance criteria that are used to characterize the transient response to a unit step input
include rise time, peak time, overshoot and settling time. The underdamped step response for a

second order system is shown in Figure 3.4.

i

Tolerance
Band 2-5%

t

y

Figure 3.4: Step response (underdamped case) of a second order control system

» The peak time is obtained by setting the derivative of y(t) to zero:

t, = w% (3.13)
> the rise time defined when the output signal reaches its final value for the first time,

s
bm = PN (3.14)

» For underdamped systems the percent overshoot P O or (M) . is defined as

_ Maximum value - Final value M —C

PO. =100 = —= "= 100
(—-f.'\-

Final value

Therefore, the percent overshoot is : P.0(%) = 100 * e ™V1-¢* (3.15)

» settling time is the time required for the step response to reach within 2% of its final value:

t,~ —— (3.16)

» The pseudo-period defined by the period of the damped sinusoid :



https://www.google.com/url?sa=i&url=https%3A%2F%2Felectricalworkbook.com%2Fstep-response-underdamped-case-second-order-control-system%2F&psig=AOvVaw2oaN_cA6fd6KCFNIaqj1yE&ust=1693203904669000&source=images&cd=vfe&opi=89978449&ved=0CBEQjhxqFwoTCLCMnqSa_IADFQAAAAAdAAAAABAL
https://www.google.com/url?sa=i&url=https%3A%2F%2Felectricalworkbook.com%2Fstep-response-underdamped-case-second-order-control-system%2F&psig=AOvVaw2oaN_cA6fd6KCFNIaqj1yE&ust=1693203904669000&source=images&cd=vfe&opi=89978449&ved=0CBEQjhxqFwoTCLCMnqSa_IADFQAAAAAdAAAAABAL
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2T
Tp = N (3.17)
Example 3.3:

Consider the following transfer function:

G(s) = , we can deduce: w?=9, w=3, 2&w=3, £=0.5

9
S2+3S+9

We then obtain: P.0%=16.4% , Tp=2.4s, t,=1.2S, tn=0.6S
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Exercises of chapter 3

Temporal responses of linear systems

Exercise 01: Consider the following RC Circuit:

1. Determine the transfer function of this system. ~ deduce

the static gain K as well as the time constant.

i(r)

Exercise 02: A linear system is characterized by the equation: O.SdZ—Et) + 1y(t) = 15u(t)

Give the expression of the transfer function of the system, what are the type, the order, the gain
and the time constant(s) of this system and the response time.

Exercise 03: Identify the parameters of the systems whose responses at a unit level are

2 T T T T I6 T T T T T T T
T SRR R SR SN s N S N
1 p ! ! ! ! ! ! ' I r | 1 1 1
16 +---- e S b ittt ity ieeteie Aaialabnly ; I I I I | I I
4 1 l 1 1 1 | I.-2' """ Y Tt | [ A I
14 +---- Fr==zr=——=-=-==—-" (s il Il S | | | |
[ R 760 I L R R O T A R N G R S =
S/ Lt S 0 S0 A NS A Y S
08 1--- F====fF===-m === Rk ek EEECD 08 +--f-- Loeeme beemm- L. oo Ao demeo- demem o
06 1 I | 1 | | | : | | | | | | |
I A e ey I (e e s B 04 4-f--- [ [ [ [ oo decooo d_____]
L I e SR s Eah R EEEE L R R .
02 1~ - S S S
0 1 ! | ! ! ! } 0 t t t t t t t
[=] (=] =] =] [=] o o o [=] o "] 0 ['s] (w] ['y] ['s} '] o
— (o'} o3 = uy ('=] P~ o N I\- - N - IM- o
Exercise 04:

1) Determine the transfer function linking the output va(t) to the input v(t) of the electric circuit
given by the figure

Ry

2) For C=2pF and R1=R2=1MQ, calculate the static gain K I as

well as the time constant . i as

3) Give the step response of this system. |

Exercise 5: onsider a system of input x(t) and output y(t) governed by the differential equation:

Y'(1) + 4y'(t) + 8y(t) = 2x(t) with y'(0) = 0; y(0) = 0

1. Determine the transfer function G(s) of the system.

2. Determine the order of the system, the static gain K, the damping coefficient z, the proper
pulsation

3. Deduce the regime type for the step response. Calculate the value P.O% of the first overshoot,
the time tp of the first overshoot, the rise time T , the response time Trand Tp.
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Chapter 4.

Frequency responses of linear systems

The frequency analysis is interested in the behavior of the system considered in steady
state, in response to a sinusoidal input, i.e. its harmonic response, according to the amplitude and
the frequency of the input signal. This chapter presents methods for studying the frequency

response of a First-Order System and of second-order systems whose transfer function is known.
4.1 Definition:

In general, the harmonic response of a system is determined by the complex number G(jw)
which is called the harmonic transfer function (or complex transfer function). The complex transfer
function G(jw) is obtained simply by replacing the Laplace variable P by jw in the expression of
the transfer function G(p). The frequency response of a linear system with transfer function G(p)
to a sinusoid input u(z) = X sin(wt) (X amplitude and pulsation ®) to sinusoid output y(t) =Y sin(
wt+ @) with the same pulsation o and whose amplitude Y and phase ¢ with: Y = X |djw)| (|Aj@)|
is the system gain) and ¢ = arg(G(jw)) (phase between output and input).

The magnitude G (jw) and its angle @ for all w constitute the system frequency response,
and they provide a significant insight for the analysis and design of control systems. In the
following, we study the Bode and Nyquist diagrams.

4.2 Bode diagram

This representation consists of two plots. The first represents the gain of the system in decibels
(dB), when the pulsation ® (rad/s) varies:

Gag = 20log|G(jw)| (4.2)
The second shows the phase ¢ in degrees or rad, when the pulsation o (rad/s) varies:

¢ = arg{G(jw)} (4.2)

The pulsation is on a logarithmic scale on the abscissa. It is common to place the phase plot

below the amplitude plot as shown in Figure 4.1
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20log| G(w)|

N

20dB (|G(w)] =10)

0 . () dB . 1 ‘ . .
O.dl O:l 1 IIO 160 ldOO |

-—20dB (IG(®)] = 0,1)

Figure 4.1: Logarithmic scale of the Bode diagram

In general, we plot the values of o directly on the abscissa axis, and placing the pulsation ® = 1

at the origin of this axis since it corresponds to log10 ® = 0 as shown in Figure 4.2.

Magnitude (d B)
o
=}

Phase (deg)
r
U

0 10 107 10° 107

Frequency (7 ead /=)

Figure 4.2: Bode diagram

the Magnitude in dB of the system considered is the sum of the elementary moduli in dB. On the
other hand, the phase of the system is the sum of the arguments.

4.2.1 Bode diagram of First-Order System

Consider first the frequency response of a first-order system with the following transfer function

K

G(]W) - 1+jTw (4.3)
6GW)I = =—=, ¢(w) = actg(tw) (4.4)

The design of the asymptotic diagram consists in separating the pulsation space into two

domains, depending on whether w is very large or very small in front of 1.
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K

> Iftw < 1, therefore o <<1/t:|G(jw)| = Nrrrom
™w

=~ K

Therefore |G(jw)|s5 = 20log(K).

The gain curve follows a horizontal asymptote with an ordinate of 20log K,

K

(tw)?

> IftoTw > 1, therefore w > 1/7 @ |G(jw)| =

Therefore |G(jw)|zs = 20log(K) — 20log(tw)

This corresponds to is a straight line with slope -20 dB/decade, which means that the gain
decreases by 20 dB when the pulsation is multiplied by 10.

- At the pulsation W, = 1/7, |G (jw)|45 = —3dB which means that the real trace is therefore 3

dB below the asymptotes (see Figure 4.3). This pulse is called cutoff pulse.

Concerning the phase shift, we have:
> forTw < 1, therefore ®<<1/t: @(w) =~ 0, the phase curve is a horizontal asymptote

at the ordinate 0O rad,
> forw K 1, therefore ®<<1/t: @(w) ~ —7T/2 then the phase curve is an asymptote

horizontal to the ordinate -n/2 rad.

1
At the pulsation W, = 7 Wwe obtain a phase shift of -n/4 rad.

~ s asvimptotes
| GGiw)l aB
20logKk
- e _:— Y
/ 3dB TN 20 dB
réelle ~Ne--¥
0 1 décade >
= : + » (D
0.1 [1 10 1/r K= \
pente —1
o(m) agvinptotes
.............. 0L A .o
T T . *___ réelle
k3 4 |-
2

Figure 4.3: Bode diagram of a first-order system
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4.2.2 Frequency response of second-order systems

Now consider the standard second-order transfer function :

Kw3
G(S) = Frarwnsrwi (4.5)
. K
1=zt i,
28w
So: |G(jw)| = KZ , ow) = —arct( W&) (4.7)
2

Wn

(i-2) +Go)

The asymptotes are obtained in an identical way to that which was made for the canonical
system of the first order.

> Ifw = 0, therefore :|G(jw)| = K ,s0 |G(jw)|gp = 20log(K), @(w) = 0.

» Ifw — 400, therefore

Kwi

|GGw)| =~

so |G(jw)|4g = 20log(K) + 40log(w,,) — 40log(w) , (W) = —m.

w2’
The gain curve therefore follows an asymptotic direction which is a straight line with a slope —40

dB/decade at high frequencies.

,
"’

High-frequency
asymptote

20 log (M

Phase (degrees)

w/w,,

Figure 4.4: Bode diagram of a second-order system
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4.3 Diagram of Nyquist

The Nyquist diagram corresponds to the representation in the complex plane of the complex
transfer function G(jw) = Re(G(jw)) + Im(G(jw)) when w varies from 0 to +oo (Figure 4.5). This

diagram is always oriented in the direction of increasing ®

Im

Re(G(jw)

—D@y

GG

Im(G(jwy) [T=zzo-mm- ==

Fig. 4.5 Diagram of Nyquist Figure 4.6: Nyquist diagram of a first-order system

4.3.1 Nyquist diagram of First-order systems

To draw the Nyquist diagram, it is necessary to decompose G(jo) into real part and imaginary
part, we have:

Gliw) = K K(1-jtw) _ K1 —jw)
Y= +jow (1 +jw)(A —jtw) (1 +j12w?)
. . _ K . Ktw _ .
Therefore : G(jw) = aews T aews = X+jY (4.8)

The Nyquist locus of a first-order system is a semicircle with center (K/2.0) and radius K/2 as
shown in Figure 4.6.

4.3.2 Nyquist diagram of Second-order systems

The Nyquist diagram of a second-order system is defined from the following expression:

6wy = — L))y )

(-(2)) +ae()” 7 (1-(2)") wag()’

(4.9)

The figure 4.9 illustrates the plots obtained according to the different cases. Note that all the tracks

have the same starting and ending points. At high frequencies (® tends to infinity), the asymptotic
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analysis shows that the phase tends to — i.e. the curve is tangent to the real axis, from the left, at
point 0. A possible resonance (§ < 0.7) is observed by a curve which then presents a maximum

gain .

Im J

({: Large)

(£ Small)

Figure 4.7: Nyquist diagram of a second-order system

4.4 Phase margin and gain margin

4.4.1 Phase margin

The phase margin is defined by [4, 7, 9, 11]:

o = p(w,) +180° (4.10)
where w, is the cut-off frequency defined by :

20log|G(jw)lw=w, = 0dB  So : |G(jW)|w=w, = 1 (4.11)

4.3.2 Gain margin

The gain margin Gt is the factor by which the loop gain is defined by [4, 7, 9, 11]:

M So MdB = —20log|G(jw)|,,—,, . (4.12)

= LWl
Where wy, : @ (W)=, = —180° (4.13)

The gain and phase margins defined previously can also be represented on the Bode diagram
(Figures 4.8 and 4.9)
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M|Glw) |

Fig. 4.8: illustration of profit margins and
phase on the Bode diagram

MGlw) |

DD:"

—180°

Fig. 4.9: illustration of profit margins and
phase on the Bode diagram
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Exercises of chapter 4

Freguency responses of linear systems

: : . . 5
Exercice 02 : Soit un systéme avec une fonction de transfert: H(p) = —

p+5

: : T -
1- Write H(p) in the form:H(jw) = Iy
2- Deduce the cut-off pulse we
3- Give the modulus and the phase shift of the transfer function H (jw):|H(jw)| 45, ¢ (W)
4- Fill module variation|H (jw)|,45 and phase shift ¢ (w) according to the following table:

w w <L w, w = w, w > w,
|[HGwW)las
p(w)

5- Plot the asymptotic and real Bode diagram ( |H(jw)|az et (w)) :
10000

(p+10)3

6- Same steps for: H(p) =

1+0.01P

Exercise 02: Consider a system with a transfer function: T(p) = Trapil

1- Write T(p) in the form of two transfer functions: T(p) = T1(p) T2(p)
2- Define the modulus and the phase shift in Bode representation.
3- Calculate the cut-off pulsations and fill in the table

4- Plot the asymptotic and real Bode diagrams.

10000

Exercice 3 : Consider a system with a transfer function: F(p) = S PT10)(PE100)

- Draw the asymptotic Bode diagram of this system and deduce its Nyquist locus.

5

3
P
(1+100)

Exercice 4 : Consider a system with a transfer function: F(p) =

- Calculate the phase margin and gain margin.
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Chapter 5

Stability of Linear Control Systems

5.1 Definition of stability

The definition of stability implies that only the forced response remains as the natural
response approaches zero. A system is stable if every bounded input yields a bounded output. We
call this statement a bounded-input, bounded-output (BIBO) definition of stability. A linear system
is stable if, after having subjected its input to a sudden variation (unit step, for example):

> the movement initiated by its output remains limited in amplitude (i.e. the output retains a
finite value)

» this movement is damped more or less quickly and the output tends towards a state of
equilibrium

s(t)
s(t)

Figuer 5.1: Stable systems, a: with oscillatory b: non-oscillatory

5.2 Method of Determine Stability
Stability of a system is solely based on the characteristic equation of the system. Consider a simple
feedback system shown in Fig. 2

R(s) E(s) i Cls)

—&)—— G(s) >

T— H(s)[—

Figure 5.2 closed-loop control system

The transfer function is given as :

C(s) _ G(s)
R(S)  1+G(SH(S) (5.1)
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The characteristic equation is of the above system :

14+ G(S)H(S) =0 (5.2)

The roots of the characteristic equation are called closed loop poles.

Example 5.1: Study the stability of the systems :

G(s)= 5 +1)(si02)(s 3 Polesats =-1,-2,-3; therefore stable system
G(s)= 20(28 +1) , Poles at s =+1, therefore unstable system
(s-1)s? +2s+2)

20(s-1)

O 2o a)

The stability of a linear closed-loop system can be determined from the location of the

Poles at s=-2,+]2, therefore Marginally unstable system

closed-loop poles in the s-plane. The system is stable if all poles are located in left hand side (
LHS)of the imaginary axis of s-plane. If one of the poles is located or placed on the imaginary

axis ( RHS), then the system is said to marginally stable or marginally unstable.

Stable
region

s-plane
S =0+ ))&

Figure5.3 Stability condition based on the location of the closed loop poles
5. 3 Stability criterion using Routh-Hurwitz and Nyquist

However, some time in design the roots are unknown or there are some variable parameters
embedded in the characteristic equation of the system. These two criteria are normally been used
to determine the system stability without solving the roots of characteristic equation:

E
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> Routh-Hurwitz criterion
> Nyquist criterion

5.3.1 Routh-Hurwitz Criterion

For a transfer function,

G(s)= K(bmsm +b, "+ +bst +b0)

- — T where n>m (5.3)
a,s'+a,,S  +---+as +a,
Routh table is:
s" an an2 an4 0
gt an1 an3 ans 0
"2 CC C2 C3 0
sn-3 di d» ds 0
st g1 O
0 cht O
_ a. .a -a.a
h c 31327833 c,- n-1"n-4 “n“n_g
Where : 1™ ’ -
an_1 an_1
a —1‘3l -6 —a,a -7 Cla -3 _Cza -1. Cla -5 _Csa -1
C, = n-1%n nTn-7 dl: n nt. d2 =_—=N> on (54)

an—l Cl bl

1. If all elements in the first column have the same sign, the system is stable and all poles are on

LHS of s-plane.

2. The number of changes of signs is equal to the number of unstable poles or poles on RHS of

s-plane. System is unstable.

3. If the first element of a row is zero, change it with a small positive value '¢&'.

4. If all elements of a row are zero, poles are on the imaginary real axis or on LHS of the

imaginary axis of s-plane.

Example 5.2: Determine the stability of the system using Routh-Hurwitz criterion. If the

characteristic equation of a system is,

s°+5*+65%+5s%+125+20=0

3
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Routh’s Table

s 1 6 12 0

s 1 5 20 0

s 1 -8 0 _ . _ .

< 13 20 / 2 sign changes in the first column, Therefore, the system is unstable.
S .

: 20 O

Example 5.3 : Study the stability of the systems using Routh-Hurwitz criterion :
s°+5s* +55° +55” +125+10=0

Routh’s Table

s°: 1 5 12 0
st 1 5 10 0
s3: £ 2 0
§2: 52— o 10 0
gty =2=le 2

s 10 0

There are 2 sign changes in the first column, thus the system has 2 poles on RHS of s-plane.
Therefore, the system is unstable.

Example 5.4 : Study the stability of the systems using Routh-Hurwitz criterion :
$°+3s°+2s+5=0

Routh’s Table:
;1 20
s%: 5 0 : : : :
oy o / There is no sign change in the first column, hence the system stable.
S:
s 5 0

Example 5.5 : Determine the range of k so that the system will remain stable.

r 1
© 5 K Hss+1)s+2) Ay
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Characteristic equation,

1+GH =0
k
1+ — X =s(s+1)s+2)+k
s(s+1)s+2) (s+2fs+2)
=5’ +3s°+2s+k=0

Routh’s Table

s: 1 20

s 3 K O

Sl: 6__K 0

3

s K 0
The system will remain stable if there is no sign change in the first column, or

6-K. 0 and K>0

§>5 K<6

3 3

Hence, overall 0< K <6 is the range of K for the system to remain stable.

5.4 Graphic criterion of stability

The graphic criteria make it possible to study the stability of a servo-control from the harmonic
representation of the open loop transfer function (FTBO). This section presents the Graphic
criterion which can be deduced from the Bode and Nyquist diagrams to judge the stability of the

system control (feedback loop).

Consider the system control described by the following functional diagram:

Yo(s) 4+ . E(s) Uls) Y (s)

Ym(s)

H(s) |=

Figure 5.4: Ideal continuous-time of the system control

3
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The open loop transfer function (FTBO) is C(s)G(s)H(s) . This is the input-output relationship
when the return chain is not connected to the comparator. The closed loop transfer function is :
C(S)G(s)/(1+H(s) C(5)G(s)) (5.5)

Theorem 5.3: (Reverse criterion)

If the open loop system is stable and with minimum phase (poles and zeros with strictly negative
real part) then the closed loop system is stable if, by traversing in the direction of increasing
pulsations the place of transfer in the Nyquist plane of the FTBO we leave the critical point (—1,
0) on the left (Figure 5.5). It is unstable otherwise (Figure 5.6).

L.ilfm
- ﬂ ® :E-’E
r _ f"'.
=0
Fig. 5.5 Nyquist plane Fig. 5.6: Nyquist plane
(stable system) (unstable system)

In the Bode plane, a controlled system is stable if, for the pulsation w, defined by
|FTBO(jw)|w=w, = 1 (i.e. 0dB), the phase shift is greater than —180° (Figure 5.4).

5.4. Gain and Phase margins

Beyond the fact that a system is stable, we are also interested in seeing how far we are from the
borderline of stability. Several measures exist to characterize how far a stable system is from being
unstable. The phase margin defines the value of the phase angle needed to decrease the phase at
the cut-off frequency to achieve borderline stability. The phase margin can be expressed

analytically:

@ = p(w,) +180° (5.6)

where w, is the cut-off frequency defined by : w, is such that [L(jw)| =y, = 1

v A closed-loop system is stable if the phase margin is positive.

j
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Exemple 5.4 : if ¢ = —120° at the cut-off frequency, the phase margin is

o = p(w.) + 180° = —120°+180° = 60°

This means that the closed-loop system is stable. For design purposes, 60°for the phase margin is

a typical prescription.

The gain margin Gt is the factor by which the loop gain is to be multiplied to push a closed-loop

system to borderline stability, i.e

_ 1
7 L(wp)l

, Where wy : o(w)y—,, = —180° (5.7)

Here w;, is that frequency where the phase angle is —180° .
v The closed-loop system is stable if the gain margin exceeds 1.

The gain and phase margins defined previously can also be represented on the Bode diagram (Fig.
5.7 and Fig.5.7) .

MG(w) | MNG(w) |

DD:"

—180°

Fig. 5.7: illustration of profit margins and Fig. 5.8: illustration of profit margins and
phase on the Bode diagram phase on the Bode diagram
(stable system: AG > 0 and A > 0) (unstable system: AG <0 and A¢ <0)

3
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5.6 Sstability of the system using MATLA commands

The stability criterion can be used to check the stability of linear systems. In practice a natural

choice is to apply a unit step excitation as a bounded input.

Example 5.6.1 Assume we have the following closed-loop transfer function:

s+ 5
s — 357 + 453 4+ 1052 + 55 — 10°

T(s) =

Applying a unit step input, check the stability of the closed-loop system. Use MATLAB
commands, such as :

num=[1, 5]

den=[1, -3, 4, 10, 5, -10]

T=tf(num,den)

step(T)

It can be seen that the step response will not be bounded, meaning that the closed-loop system is
unstable.

One way to obtain the system output in analytical form is to derive the partial fraction expansion
form of the LAPLACE transform of the transfer function. Then the analytical solution of the output

signal in the time domain is simply obtained by performing an inverse LAPLACE transformation.

- Check the location of the poles in this analysis:
poles=roots(den)
poles = 2.1150 + 2.1652i
2.1150 - 2.1652i
-0.9824 + 0.7214i
-0.9824 - 0.7214i
0.7348
or in another form :
[zeros,poles,KonstGain]=zpkdata(T,'v")
Either way, it can be seen that the system has poles in the right half-plane. Alternatively, the pzmap

command shows the location of both the zeros and poles in graphical mode:

E
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pzmap(T)
Note that complex poles produce oscillations in the output response. However, this can only barely
be seen because of the dominant exponential growth.
» NYQUIST Stability Criterion using MATLAB

Example 5.6.2 Assume the open-loop transfer function is given by:

B 10
LG) = s T1os159>

Use negative unity feedback. Check the stability of the closed-loop system using the simplified
NYQUIST criterion:

s=zpk('s")
L=10/((1+10*s)*(1+s))
[z,p,K]=zpkdata(L,'v")

It can be seen that the open-loop system has no unstable pole, thus the simplified NYQUIST

criterion is applicable.

nyquist(L),grid

Nyquist Diagram

0dB —

Imaginary Axis

-2 0 2 6 8 10

Real Axis

Figure : 5.9: NYQUIST diagram

j
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The NYQUIST diagram does not encircle the point ( 1 p 0j), so the closed-loop system is stable.
Furthermore, we can conclude that the closed-loop system is structurally stable.

» Phase Margin, Gain Margin using MATLAB

Example 5.6.3 Given the open-loop transfer function:

1

L(s) = _
O =05+ 9@+

Apply negative unity feedback. What can we say about the stability?

Find the phase margin (pm) and the gain margin (gm), as well as the cut-off frequency wc.
s=zpk('s’)

L=1/((0.5+s)*(s"2+2*s+1))

- Method 1: Use the margin command
[gm,pm,wg,wc]=margin(L)
gm=4.5001
pm=72.227
wg=1.4142
wc=0.5675

To get a graphical evaluation (see Fig. 5.10) we have:

margin(L)

Note that if a graphical evaluation is selected, the gain margin Gm is given in decibels.

Gm=20*log10(gm)

- Method 2: use the BODE and NYQUIST diagrams
nyquist(L)

bode(L)

E
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Bode Diagram
20 T T T T T T T T T T T T

Magnitude (dB)
R
o

-60 | 1
0 T T
& -90 - ]
S
()
©
2 180+ §
o
_270 L L S S S | H i R S | H
1072 10" 100 10"

Frequency (rad/s)
Figure : 5.10 Characteristic points of the BODE diagram

- Method 3: Read from a frequency-amplitude-phase table Store the calculated points in a
table then read the margins:
w=logspace(-1,1,100);
[num,den]=tfdata(L,'v")
[mag,phase]=bode(num,den,w);

Tabl=[mag, phase,w']
[mag,phase]=bode(L,w);

Tabl=[mag(:), phase(:), w']
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Exercises Chapter 5

Stability of Linear Control Systems

Exercise 1 : Study the stability of the following systems:

(p+1)(p-2) _ 12p =(p+1)(p+12)
i . RO =55 B0 =500,

H(p) =

1

1
Hp)==22— | Hy(p) = FTa—

(p2+2p+2)

Exercise 2 : Determine the range of k for the following system to remain stable:

+
k - 32(8—;3)
S +3s“ +2s

2k(s+3) =0, $°+3s°+(2k+2)s+6k=0

Char. Eqn.=1+GH =1+ —————=
S°+3s°+2s

Exercise 3 : Determine the ranges of K, and K, so that the system will be stable.

r(t) . K. 4+ Kos J 1 y(@®)
— P s +3s? +2s

K, +Kps

3

Char. Eqn.=1+GH =1+ =0, s°+3s* +(2+ Ky )s+K, =0

s®+3s? +2s

Exercise 4 : Determine the range of k so that the system is boundary stable and determine the

oscillation frequency of the system if the char. Egn. of the system is: s* + 25s® +15s” +20s + k =0
1 .

(p+0.5)(p2+2p+1) ’

Apply negative unity feedback. What can we say about the stability? Find the phase margin and

the gain margin , as well as the cut-off frequency we.

Exercise 5 : Given the open-loop transfer function: H(p) =

@
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