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General Introduction

In industry as in nature, several frequent phenomena involve contact processes between a deformable
body and a foundation, taking into account the piezoelectric effect of the material. Under the hypoth-
esis of small deformations, we study static and quasi-static processes for elastic materials, viscoelastic.
The engineering literature on this topic is extensive because of their importance in structural and me-
chanical systems as well as in metal shaping and extrusion. Due to their inherent completeness, contact
phenomena are modeled by nonlinear evolutionary problems that are difficult to analyze.

A general Mathematical Theory of Contact Mechanics (MTCM) is currently emerging. She is con-
cerned with mathematical structures who are at the root of the problems of contact with constituent
laws different, that is different materials, various geometries and different contact conditions.

A vast technical literature, mainly in engineering but also in geophysics, covers contact with or without
friction. In geophysics, literature focuses on the movement of tectonic plates, particularly earthquakes.
There are many publications dealing with friction contact problems, see for example [2, 3, 15]. Other
works have considered contact conditions of the normal compliance type with friction, as in [4, 10]. The
goal is to provide a clear and rigorous context for the construction of mechanical contact models, the
proof of existence and uniqueness results and the establishment of the regularity of the solution.Once
the existence, uniqueness, and regularity of solutions are established, important questions arise, such
as the mathematical analysis of solutions.

The analysis of models for adhesive contact can be found in [ 6, 8,14]. We considered an application
of the adhesive contact theory in the medical field of prosthetic limbs, there the importance of adhe-
sion between the implanted bone and the tissue has been described since detachment can decrease the
capacity of people using the prosthesis or the joint. The piezoelectric effect was predicted by Coulomb
and discovered by Becquerel in 1819, but was only correctly explained in 1880 by the brothers Pierre
and Jacques Curie (by experimentation on Quartz and Rochelle salt). Although it seems that the first
to have observed this phenomenon was Father René Just Haiiy. The law of behavior for this type of
materials was established by Lippmann in 1881 based on thermodynamic considerations.

New investigations into the study of electromechanical problems have been reported in recent years, for

example [4,8], and numerical simulations have been added in [8, 9.

vii



Introduction

The aim of this memory is to study a frictionless contact problem for rate-type viscoplastic materials
within the framework of the Mathematical Theory of Contact Mechanics. We model the materials

behavior with a constitutive law of the form

o(t) = Ae(u(t)) + /tB(t — s)e(u(s))ds in Q. (1)
0

where u denotes the displacement field, o represents the stress tensor and £(t) is the linearized strain.
Here A is the elasticity operator, allowed to be nonlinear and B represents the relaxation operator,
assumed to be linear. Quasistatic contact problems for materials following the law (1) can be found in
[12] and the references therein. There, the contact was assumed to be frictionless, was modeled with
normal compliance and unilateral constraint; the unique weak solvability of the corresponding problems
was proved by using arguments of history-dependent variational inequalities.
The memory is composed of three parts that we briefly describe.
The first chapter we introduce the necessary tools for a good understanding of the work. We present the
physical frameworks and mathematical models used. Then, we indicate the functional spaces and the
main notations used throughout the memory. Finally, we recall some fundamental results of functional
analysis concerning strongly monotonic and Lipschitz operators, elliptic quasi-variational inequalities
and evolution.
In the second chapter, the model we consider involves a contact condition with multivalued normal
compliance and unilateral constraint. This condition takes into account both the deformability and the
rigidity of the foundation.
In third we list the assumptions on the data and derive the variational formulation of the problem, we

state and prove an existence and uniqueness result, prove a convergence result,

viii



General Notation

N The set of natural numbers ,

R The set of real numbers ,

c A strictly positive real constant,

ie That is ,

0 The partial derivative of 1) with respect to the " variable, z : 9;1) = gfi,
Vi The gradient of the mapping ¢ : Vip = (014, ..., 0q),

S¢ The space of second-order symmetric tensor on R4(d = 2, 3),

Dive) The divergence of the mapping i : Divip = 019 + ... + 040),

(., )x The inner product in the space X,

-1l The norm in the space X,

a.e. Almost everywhere,

Q an open subset of RY, sometimes referred to as a Hertzian domain.

¢) the closure of €,

r the boundary of Q : I' = 012,

I The boundary parts of I, for I', (i = 1,2,3)

measl’;  The (d — 1)-dimensional measure of I';.

ar; The (d — 1)-dimensional Lebesgue measure onl’;,

v the surface measure on I,

Uy, U The normal and tangential components of the vector fieldv, defined on €2,
L3(2) The space of measurable functionsu on Q such that [, [u[*dz < +oc0

|- 22 the norm in L*(Q) defined by || u || 2= ([, |u|2dz)?,
L>(9) The space of measurable functions v on 2such that
de>0:]u|<cea. inQ,

H%(F) The Sobolev space of order; defined on the boundary I' Time-Dependent and
Functional Spaces.

Let [0, 7] be a time interval, k € N and 1 < p < 400,

ix



General Notation

Hr

Hy,
C([0,T]; H)
C'([0,T]; H)
Lr([0,T]; H)
I 2o oy
W*rr([0,T]; H)
I+ lwer o118
u

g

¢

p

The vector-valued space (Hz (I))4,

The dual space of Hr.

The space of continuous functions from [0, 7] into the Hilbert space H,

The space of continuously differentiable functions from [0, 7] into H,

The space of measurable functions from [0, 7] intoH whose p — th power is integrable.
The norm associated with the space LP([0,T]; H),

The Sobolev space of functions whose time derivatives up to order kand p,

The norm in the Sobolev space W*? ([0, T]; H),

The displacement vector field in the domain €2, The ¢ — th component of the displacen
the canonical basis.

The stress tensor associated with the displacement u, o; The components

of the stress tensoro, in the canonical basis.

The outward unit normal vector to the boundary of €2,

The normal stress on the boundary, defined by I's,

The first time derivative (velocity) of the displacement u

The second time derivative (acceleration) of the displacement

The linearized strain tensor associated with

e(u)y; = 5(0u; + 0ju;),




Chapter 1

Modeling

This chapter represents a brief reminder of the mechanics of continuous environments where we
are going to introduce the physical frameworks used in this memory ; it is intended to remind the
Cauchy equation of motion, to describe elastic laws of behavior, viscoelastic and electro-viscoelastic.
Moreover, we specify in this chapter the conditions at the contact limits with friction, with or without
accession. The contact phenomena considered in this memory are described by the following two physical

frameworks:

1.1 Physical framework.1

(Mechanical problem). Let a material body occupy a bounded domain  C R@=23) with a
regular boundary surface I', partitioned in three measurable parts I'y, 'y and I's , such as meas(I';) > 0.
We note by v the outgoing unit normal at I'. The body is embedded at I'y in a fixed structure. On €2

act volume forces of density fy (see Physical framework 1).

I .

ol 0

FTT T
|

Physical framework 1.

We assume that fy and fy vary very slowly with respect to time and therefore the process is quasi-
static. Let 7" > 0 ([0, T])be the time interval in question. The body is in contact with friction with or

without adhesion to an obstacle on the I's part. We take into consideration the mechanical properties



1.1.1

of the body. Our objective will be to study evolution of these properties over time, under the hypothesis
of small transformations.

We will use this physical framework in chapter 2 of this memory.

1.2 Physical framework.2.

(Electro-mechanical problem). Let a material body occupy a bounded domain Q C R(?=23)

with a regular boundary surface I', partitioned in three measurable parts I'y,I's and I's , such as
meas(I'y) > 0. We note by v the outgoing unit normal at I'. The body is embedded on I'y in a fixed
structure.On I'y act surface tractions of density f; and in © act volume forces of density f; (see Physical

framework 2).

Physical framework 2.

We assume that fo and fy vary very slowly with respect to time. Let 7' > 0 ([0,7])be the time

interval in question. In addition to the action of forces and tractions, the body is subject to the action of
electric charges of volume density ¢ and surface electric charges. To describe them, we consider a second
partition of the boundary I' into three measurable parts I'y, I', and I's such that meas(I';) > 0. We
assume that the body is in contact rubbing with or without adhesion with an insulating (or conductive)
foundation on I's, the electric potential vanishes on I', and a surface electric charge of density ¢ is
represented on I',.
The difference compared to the previous physical framework results from the fact that now we take into
consideration the mechanical properties and also the electrical properties of the material body. We study
the evolution of these properties in the time interval [0, 7] assuming that the process is quasistatic, in the
hypothesis of small transformations. We will use this physical framework in chapter 3, of this memory.
Before obtaining the mathematical models that correspond to the physical frameworks presented, here
are some ratings and conventions that we will use throughout this memory.

We refer to S? as the space of symmetric tensors of order two on R%(d = 2,3) ; (.) and ||.|| represent

respectively the inner product and the Euclidean norm on R and S




1.1.1

UV = Uy, | vl|= (v,v)2, Vu,v € R?
0.T = 045.Tij, | 7 ||= (7, 7')%, Vo, 7 €S?
with the convention of the silent index.

For a vector v, we denote by v, and v, the normal and tangential components at the border defined by
v, = V.1, Uy =V — U, (1.1)

We designate by 0 = o(z,t) the field of constraints, by u = wu(z,t) the field of displacements and by
&(u) the field of infinitesimal deformations. For simplify notations, we do not explicitly indicate the
dependency of functions in relation to # € Q and t € [0, T].

For a field of constraints o, we denote by o, and o, the components normal and tangential to the border
given by

o, = (ow)v, o0, =o0v—0,.. (1.2)

Using (1.1) and (1.2), we get the relation
(ov).v = 0,0, + 07.0;. (1.3)

We use standard notation for Lebesgue and Sobolev spaces in {2 and on T'.
Let
V={v=(v)e H Q) wv=0 on Ty}

Q={r=(m;) € (O™, 75 =7;}.

These are real Hilbert spaces endowed with the inner products.

(u,0)y = /Q f)EW)dr,  (0,7)g = /Q o.rda. (1.4)

and the associated norms ||.||y and |||, respectively.

Here e represents the deformation operator given by

€)= (E5(0)), €y = (v + i) Yo € HYQ)" (15

For an element v € V we still write v for the trace of v on the boundary and we denote by v, and
v, the normal and tangential components of v on I', given by v, = v.v,v, = v — v,.v. Let I's be a
measurable part of T'.

Then, by the Sobolev trace theorem,there exists a positive constant ¢y depending on §2,1'; and I's such
that
vl p2rg)e < collvllv Yo e V. (1.6)




1.1.1

For a regular function ¢ € ) we use the notation o, and o, for the normal and the tangential traces,
ie. 0, = (ov).w and o, = ov — og,v. Moreover, we recall that with the divergence operator defined by

the equality Divo = (0y;;), the following Green's formula holds:

/a.a(v)dx—i—/Diva.vdx:/a.vda Yo e V. (1.7)
0 Q r

Finally, we denote by (), the space of fourth order tensor fields given by
Qoo = {€ = (Gijm) © Siji = €jim = €y € L(Q), 1 <4,5,k 1 < d}. (1.8)
which is a real Banach space with the norm

lellow = > leimllioe: (1.9)

1<i j k1<d

A simple calculation shows that
el < llellouliTlle Ve € Qo 7€ Q. (1.10)

For each Banach space X we use the notation C'(R; X) for the space of continuous functions defined
on R, with values in X. For a subset K C X we use the symbol C'(R,; K) for the set of continuous
functions defined on R; with values in K. It is well known that C(R;;X) can be organized in a
canonical way as a Fréchet space, i.e. as a complete metric space in which the corresponding topology
is induced by a countable family of seminorms. Here we only recall that the convergence of a sequence

(vg)x to an element v, in the space C(R,; X) can be described as follows:

vy = vin C(Ry; X) as k — oo if and only if

(1.11)
mazx||vg(t) — v(t)||x — 0 as k — oo, for all n € N*.
Consider now a real Hilbert space X with inner product (.,.)x and associated norm ||.| x.
Let K be a subset of X and consider operators A : K — X |
as well as functions j : K -+ R, f: R, — X with the following properties.
K is a nonempty,closed,convex subset of X. (1.12)

(

(a)There exists m > 0 such that

<AU1 — AUQ,Ul — U2>X 2 m||u1 — UQ”%( Vul,Uq € K.

A K — X. (1.13)
(b)There exists M > 0 such that

\||Au1_A'LL2HXSM”Ul_U/QHX Vul,uQEK.




1.1.1

R:CRX) = C(R; X)

(
For every n € N* There exists 7, > 0 such that

I(Rus(t) = Rua(t)llx < 1 fy lua(s) — ua(s)|xds (1.14)

Vg, ug € C(Ry; X), Vt € ]0,n].
\

The function

j: K =R is convex and lower semicontinuous. (1.15)
f Ry — X, feCR;X). (1.16)
Completeness of the space (V; || . ||y) follows from Korns inequality due to the assumption measI’; > 0.

Theorem 1.2.1 Assume (1.12)-(1.16). Then there ezists a unique function u € C(Ry, K) such that,
for allt € R, the inequality below holds:

(Au(t),v —u(t))x + (Ru) (), v —u(®))x +j(v) = j(u(t)) = (f(t),v —u(t))x Yvek  (117)

Theorem 1.2.1 represents a particular case of a more general result proved in [13]. Following the
terminology introduced there, we refer to an operator R satisfying the condition (1.14) as a history-
dependent operator. Moreover, (1.17) represents a historydependent quasivariational inequality.

Lets now move on to the description of the mathematical models associated with physical frameworks
above.
Mathematical model n 1. The first mathematical model studied in this memory, describes the
evolution of the body in the physical framework n 1 . The functions unknowns of the problem are
the displacement field u : Q x [0,7] — R and the field constraints o : Q x [0, 7] — S<.
We know that in general, the evolution of a material body is described by the equation of movement of
Cauchy

Dive + fo = p.ii € Q x (0,T). (1.18)

where p : Q — RT denotes the mass density; here ” Div” represents the divergence operator for tensors,
Divo = (o(ij, ). The evolution process defined by (1.5) is called dynamic process. In some situations,
this equation can still be simplified. For example, in the case where the field of velocities u varies very

slowly by in relation to time, the term pii can be neglected. In this case, equation (1.5) becomes
Divo + fo =0 in Qx(0,7T). (1.19)

Equation (1.19) is called the equilibrium equation.The evolution process defined by (1.19) is called a

quasi-static process.
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We recall that in the physical framework nl , f; and fy vary very slowly with respect to time. Therefore,
we assume that the accelerations in the system are negligible. We therefore place ourselves in the quasi-

static case and we use the equation (1.19).




Chapter 2

Mathematical tools

This chapter is devoted to the description of the functional spaces used throughout this work. We
assume that € is a bounded Lipschitz domain. This means that its boundary R% (d = 2,3) can be
locally represented as the graph of a Lipschitz function defined on an open subset of I". The boundary
R is decomposed into three disjoint measurable parts I';,I's, and I's on one side, and into two open

parts I', and I', on the other side, such that meas(I'y) > 0 and meas(I';) > 0.

2.1 Normed Spaces

2.1.1 Normed Vector Spaces

Definition 2.1.1 Let F be a set endowed with two operations:
An addition + on E such that (E,+) is a commutative group.

An external scalar multiplication of vectors v in E by scalar A € K, satisfying the following properties:

Definition 2.1.2 Let X be a vector space over field K. A norm ||.| on the space X is a mapping from
X into Ry that satisfies the following properties:

1. forallz € X, ||z|| =0« x=0.
2. forallz € X and X € K, ||[Az|| = |Al]|z]].

8. forall v,y € X, ||z +y|| < |z] + [yl



2.1.1

This inequality is called the triangle inequality.

Definition 2.1.3 A normed vector space is a vector space X equipped with a norm ||.|| and the topology

induced by this norm.

2.1.2 Vector Spaces of Functions

Let X be any set and let n be any positive integer.
We denote by E = F (X, K"),the space of all functions from X with values on K".
This space is endowed with two operations: the pointwise addition of functions and the multiplication

of a function on X by a scalar (a constant) A\ € K.

2.1.3 Banach Spaces

We now introduce some functional spaces and recall several results concerning strongly monotone

and Lipschitz operators, as well as variational inequalities and evolution equations.
Definition 2.1.4 A sequence () of elements of a normed space E is called a Cauchy sequence if:

(Ve > 0)(AN > Dk, 1 > N = ||ay, — x| < ¢

FEvery convergent sequence is a Cauchy sequence.

2.2 Contraction

The Banach contraction principle is the most elementary result in fixed point theory. In analysis,
these theorems prove to be very useful tools in mathematics, mainly in the field of solving differential
equations. The Banach fixed point theorem gives a general criterion in complete metric spaces to ensure
that the iteration process of a function converges to a fixed point. We define some definitions which

allow us to affirm that a function f satisfies the criteria of the contraction fixed point theorem.

Definition 2.2.1 Let (X,d) be a metric space, a mapping f : X — X is said to be Lipschitz with

constant k > 0 if:
d(f(z), f(y)) < kd(z,y)  forallz,y € X

k is called the Lipschitz constant.

Definition 2.2.2 Let (X,d) be a metric space, a mapping f : X — X is said to be 1— Lipschitz if
k=1 and:

d(f(x), f(y)) < d(x,y) forallz,y e X

8



2.1.1

And the mapping f is said to be non-expansive.
Definition 2.2.3 A lipschitz mapping f is called:
1. non-expansive if k <1
2. A contraction if 0 < k < 1

Theorem 2.2.1 Let (X,d)be a complete metric space and let f : X — X be a contraction with
Lipschitz constant k.
Then f admits a unique fixed point u € X.

Moreover ,for every x € X,

Jim (@) = u
A7) 0) < ——d(e, (2)

2.3 Hilbert spaces

Definition 2.3.1 Let H be a real vector space and let (.,.)g be an inner product on H that is (.,.)y :
H x H — R bilinear,symmetric, and positive definite.

We denote by || - || the mapping from H to Ry defined by:
o llm= (), (2.1)
Recall that || - || g is a norm on H that satisfies the Cauchy-Schwartz inequality:
|(w,v)r| <[|wllall vg, YuveH (2.2)

We say that H is a Hilbert space if H is complete with respect to the norm defined in (2.1). Let H'
be the dual space of H, that is the space of linear and continuous functional on H ,endowed with the

norm:
< n,/U >H’XH
I llp= sup —F——

ver-oy  lvlle

Where (.,.) ;7. ;; denotes the duality pairing between H' and H.

Definition 2.3.2 Let (X, |.||) be a normed vector space and (x,)nen @ sequence in X.

1. The sequence (,)nen is said to be convergent if there exists v € X such that
lim, o ||z, — || = 0.

Ve >0,IN e N;n > N = ||z, —z|| < e

9



2.1.1

2. the sequence (r,)nen 18 said to be a Cauchy sequence if

Ve > 0,dN. > 0,Vp,q > N = ||z, — 2| <€

Theorem 2.3.1 (Riesz-Fréchet representation theorem ): Let H be a Hilbert space and H' its

dual space. Then, for every
(0, V) = (f,v)w Vv e H.

Moreover,

I e =I1F Nl

The importance of this theorem lies in the fact that every continuous linear functional on H can
be represented by means of the inner product.The mapping ¢ + f is an isometric isomorphism ,with

allows us to identify H with dual space H .

2.4 The spaces L'(1)

Definition 2.4.1 ( Lebesque space). Let p € R with 1 < p < oco. The Lebesgue space LP(2) is defined
as ,
LP(Q) = {v : Q@ — R is measurable on Q and |v|P is Lebesque integrable on Q}. It is a Banach space

when equipped with the norm
1
lollzre = [ (1 0(o) )i
if p=o00 and v : Q2 = R, measurable.

We define ||.||L=(0)

Jolliei@) = supss(v) = inffes o(a)| < c}.

The space L>(Q2) is also a Banach space.

Definition 2.4.2 Let p € R with 1 < p < oo. A function u : Q — R is said to belong to Lj () if

loc

wo I € LP for every compact set VK C Q) Where I denotes the identity mapping on K.

Theorem 2.4.1 . For every p € [1,400| ,the spaces LP(Q2) satisfy the following properties:

1) The spaces LP(S) are Banach spaces.

2) For every function u € LP(2) and every function v € L1(Q) Holder’s inequality holds;that is
1

. 1
[ 1u@@) | de <l oy, vith 5+ =1)

10
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3)The spaces LP(2) are separable for p € [1,+o0]
4) The space L*(Y) ,endowed with the scalar product

(u,v):/gu(a:)v(:c)dx,Vu,ve L*(Q).

It is a Hilbert space.Furthermore , Cauchy-Schwartz inequality associated with Holder’s inequality is

satisfied ,that is.
/Q | u(@)o(z) | do <[] u |2l v |22 -

2.5 Sobolev Spaces

Sobolev spaces were introduced at the beginning of the twentieth century and made it possible to
solve a large number of problems related to partial differential equation that previously had no solutions.

We begin with a brief review of some results concerning Sobolev spaces H'((2) is defined by:
H@Q)={uel?Q) | duel?Q)fori=1,---,d}.

We denote by Vu the vector with components dyu (i =1,--- ,d).
We have Vu € L%(Q)? for all u € H'().
It is known that H'(Q) is a Hilbert space endowed with inner product:

(u,v) ) = (U, V)12(0) + (Oiw, 0iv)12(0),
and the associated norm:
1
| w @)= (u,u)}{l(m,and we write || u H%Jl(Q)IH u HIzﬂ(Q) + || Vu Hi?(md :

We have the following results:

C'(Q)is dense in H'(Q).

Theorem 2.5.1 (Rellich’s Theorem)
H'(Q) C L*(Q) with compact injection.

Theorem 2.5.2 ( Sobolev Trace Theorem )
There exists a linear and continuous operator 6 : HY(Q) — L2(T) such that du = ulr for every

u e CHQ).

Remark 2.5.1 The space L2(T') above denotes the space of real-valued functions on T which are L2with
respect to the surface measure d1'. The operator O is called the trace operator, it is defined as the

extension by density of the mapping u — ulp , for u € C*(Q).

11



2.1.1

Remark 2.5.2 We note that the trace operator § : H () — L*(T) this is a compact operator.

Definition 2.5.1 For every k € N and every p € [1,+00], we define the Sobolev space WHP(Q) by:
WEP(Q) = {u € LP(Q) | Va: |a| < k;3v, € LP(Q) such that v, = D*u},

Remark 2.5.3 We will very often make the abuse of notation consisting in identifying D*u and v,,.

The norm on the space W*?(Q) is given by:

hSA

(Z|a\§k | D*u Hip(g))

max|q|<k || DU ||Leo () if p = o0.

if 1 <p<oo,
| u ”Wkﬁp(ﬂ):

For p = 2, the space W*2(Q) is denoted by H*(Q) and the above norm is induced by an inner

product.

Theorem 2.5.3 The Sobolev spaces W*P(Q), for all k € N and p € [1,+o0], endowed with the norm

| - ||, are Banach spaces. Moreover,for every integer k the spaces H*(Q)) are Hilbert spaces.

For further details on sobolev spaces,we refer the reader to [3].

2.6 Distribution Spaces

Sobolev spaces require some key notions and techniques from the theory of Schwartz distributions,
without going into too many details,we introduce the concept of the derivative in the sense of distribu-
tions (or weak derivative),as well as distribution spaces.

For more details,see [4]

Definition 2.6.1 Let  be an open set RN. A sequence (¢n)nen C D(Q) is said to converge to a
function ¢ € D(Q) if the following conditions are satisfied :

1. There exists a compact set K CC Q such that supp(p,) C K for alln € R
2. lim,, o D%p,(x) = D*p(z) uniformly on K, for every multi-index o , that is to say

VYa € NV, lim sup |[D%p,(z) — D*p(z)| = 0

n——o0 zeK

Definition 2.6.2 A distribution T on Q is a linear function on D(S2) which satisfies the following

continuity property :

12
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For every compact set K in ), there exist an integer k € N and a constant C' > 0, such that for every

test function ¢ € D(Q2) with supp(yp) C K, we have:

(T, @) < C sup sup " (z)].
0<I<k zeK

The space of distributions, denoted by D'(QY) , is the vector space of continuous linear functional on

D(Q).

Proposition 2.6.1 For every u € L}, (), there exists a distribution T, € D'(Q) defined by

loc

(T, ) = /Qu(x)gp(x)dx, for all ¢ € D(Q).

A function u € L},.(Q) is identified with its associated distribution T,.

loc

loc

Proposition 2.6.2 Ifu € L, () and [, u(z)p(x)dz =0, for all ¢ € D(Q),then u=0 on Q.

Since every function ¢ € D(Q2) vanishes identically outside a compact subset of 0, it is clear, by
integration by parts , that for every function u € C''(Q) the following relation holds :

O yp(a)da = — | 22

(x)u(z)dz,for all 1 <i < N.

o 0 o 0

2.7 Functional Spaces

We now introduce the following Hilbert spaces , associated with the mechanical unknowns u and o

(

H=fu=(u) | wel2Q)=(2Q)"
=140 = (0;; Oii = O 2 — (T2 dxd
Hefo=(og) | op=op€l2@) = (@) -
Hy={u=(u) | weH(Q)}=(H(Q),
\,Hl = {0’ €H | Oij5 € H}

The spaces H,H, H; and H, are real Hilbert spaces endowed with the following scalar products :
(
(’LL, U)H = fﬂ Uﬂ)idl',
(o, 7)u = |, 0iTijdz,
H fQ J'ig (2.4)
(w,v)n, = (u,v)n + (e(u), £(v))x,

L <0-7 T)'H1 = (0-, T)’H + (DiVU, DiVT)H,

respectively, where ¢ : H; — H and Div : H; — H are the deformation and divergence operators ,

respectively , defined by:

1 .
e(u) = gij(u), g5(u) = §(Um’ + u;;), Dive = (04;,5).

13
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The norms on the spaces H,H, H, and H; are denoted by || - ||g, || - |3, || - [z, and || - ||x,,
respectively.

Since boundary I' is Lipschitz, the outward unit vector v is defined almost everywhere on the
boundary. For any vector field v € H; ,we use the notation v to denote the trace yv of v on I'. Recall
that the trace operator v : H; — L?(I')? it is linear and continuous,but it is not surjective.

Let Hy denote the dual space of Hr, and let (-,-) denote the duality pairing between Hp and Hr.

For any o € H,, there exists an element ov € Hy such that:
(ov,yv) = (0,2(v))y + (Dive,v)y Yo € H;. (2.5)
Moreover, if o is sufficiently regular (for example , of class C*'), we have
(ov,yv) = /0'1/ -vda Yv € H;. (2.6)
r
Hence , for sufficiently regular o , we obtain the following Green’s formula :
(o,2(v))y + (Dive,v)g = /au -vda Yv € Hy, (2.7)

r

Where da denotes the surface measure.

We define the closed subspace of H; by
V= {'U € H1 | v=020 on Fl} (28)

Since meas(I';) > 0, Korn’s inequality applies to V.Therefore , there exists a constant ¢, > 0 ,

depending only on 2 and I'; ,such that
le@) [u=cl|vla VveV. (2.9)

On the space V, we consider the inner product defined by;

(u,v)y = (e(u),e(v))y Vu,v €V, (2.10)

Let || - ||v denote the associated norm , that is,
[vlv=le@)llx  VoeV. (2.11)
By Korn’s inequality ,it follows that the norms || - ||z, and || - ||v are equivalent on V, and thus

(V,]| - |lv) is a Hilbert space. Moreover, using the Sobolev trace theorem, (2.7) and (2.8), there exists

a constant ¢y > 0 depending only on 2, I'y and I's , such that :

v e colvlly  YoeV. (2.12)
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For a scalar function 3, with represent the adhesion field on the contact surface I's , we define the

set:

Q={B:Ty3x[0,T] =R |0<B(t)<1 onTy). (2.13)

We denote by S? the space of second order symmetric tensors on R? or, equivalently, the space

of symmetric matrices of order d. The inner products and norms on R? and S? are defined by:
wv =ww; o) = (wo)’? Vu,v € RY, (2.14)

o1 =0ymy |ol| = (o7)? Vo,7 €S (2.15)

We use standard notation for Lebesgue and Sobolev spaces in €2 and on T'.
Let
V= {’U = (’Ul) € Hl :v=0o0n Fl} y Q = {7’ = (Tij) S Lz(Q)dXd CTig = Tij} .

These are real Hilbert spaces endowed with the inner products

<u,v)vz/§26(u).&?(v)dx, <O',T>Q:/QO'.TdZE

and the associated norms ||.||y and ||.||q , respectively. Here e represents the deformation operator given

by

£(v) = (e15(0)), %@;%+W)W£HWN. (2.16)

Since meas(I';) > 0, the Friedrichs-Poincaré inequality holds.

A proof of the Friedrichs-Poincaré inequality can be found in [5].

Let 0 < T < o0, and let (X, | - ||x) be a real Banach space.
We denote by C([0,7],X) and C'([0,7],X) the space of continuous and continuously differentiable
functions on [0, 7] with values in X, respectively, endowed with the norms:

— t
I f lleqomx) Jax Il f(t) [Ix,

- t F(t .
| f llerqomx) e I f(t) llx +t§§j¥] I £(t) lx

We denote by C.([0,7],X) the set of continuous functions with compact support in [0,7] taking

values in X.

Definition 2.7.1 A function f : [0,T] — X is said to be measurable if there ezists a subset E C [0,T]
of measure zero and a sequence (fp)nen of functions in C.([0,T],X) such that || f,(t) — f(t) [|x—> 0 as

n — oo, for allt € [0,T] \ E.
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2.7.1 Review of Non linear Analysis in Hilbert Spaces
I- Strongly Monotone Operator

We present some definitions and properties concerning non linear operators and bilinear forms in a

Hilbert space endowed with the inner product (-, -)x and the associated norm || - ||x
Definition 2.7.2 Let A : X — X be a non-linear operator. The operator A is said to be:

(1) Monotone if
(Au—Av,u—v)x >0 Yu,v €X; (2.17)

(2) Strongly monotone if there exists a constant m > 0 such that

(Au—Av,u—v)x >2mllu—vlx Vu,veX; (2.18)

(8) Lipschitz continuous if there exists a constant M > 0 such that

| Au—Av [[x< M ||u—v|x VYuveX (2.19)

Let the functional j : X x X — R satisfy:

(

(a)For everyn € X, j(n, ) is convex and lower semicontinuous on X,

q (b)There exist a constant a > 0 such that (2.20)

Jur,v1) = jur,vi) + j(ug,v1) — jug, v2) < || uy —us [|x|| v1i — v [Ix -

\

The existence and uniqueness of a solution to the problem.
(Au,u —v)x + j(u,v) + j(u,u) > (f,u —v)x YveX (2.21)
is provided the following result.

Theorem 2.7.1 Assume that hypotheses (2.18),(2.19) and (2.20) are satisfied. Then o < m, and for

every [ € X, there exists a unique solution u € X to problem (2.21).

Theorem 2.7.2 (Banach fized point Theorem) Let K be a non-empty closed subset of the Banach
space (X, || - ||x). Assume that A : K — K is a contraction, that is , there exists a constant ¢ €]0, 1]
such that

| Aw) — Aw) [x<cllu—v|x Vu,veK.

Then, there exists a unique element u € K such that A(u) = u ; that is, it admits a unique fixed

point in K.
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For the operator A™ : K — K defined by the relation
A" = A(A™ m > 2,
we have the following version of the fixed point theorem.

Theorem 2.7.3 Let K be a non-empty closed subset of the Banach space (X,|| - ||x). Assume that

A" : K — K is a contraction for some positive integer m. Then A admits a unique fized point in K.

Definition 2.7.3 A bilinear form b: X x X — R s said to be continuous there exists a real number
M > 0 such that:

I'b(u, v) [[x< M [[ulx]l v llx,  Vu,0eX.

Definition 2.7.4 A bilinear form b : X x X — R is said to be coercive if there exists a constant m > 0
such that:

b)) =m | ul} VueX.

Theorem 2.7.4 (Laxz-Milgram Theorem)
Let H be a Hilbert space , b: H x H — R a continuous , coercive and bilinear form.
Let [ : H— R be a continuous linear functional. Then, there exists a unique solution u € H such
that:
b(u,v) =1(v), VveH. (2.22)

Furthermore, if b(-,-) is symmetric, then u is characterized by the variational inequality:

%b(u,u) ~ (u,u)x < =b(v,0) — (v,0)x, Vo€ X. (2.23)

N —

II- Ordinary Differential Equation

Theorem 2.7.5 (Cauchy-Lipschitz): Let (X, || - ||x) be a real Banach space, and let F(t,-) : X — X
be an operator everywhere on [0, T, satisfy the following properties:

(a) There existsLy > 0 such that

| F(t,x) —=F(t,y) [x<Lg ||z —vyl|x Va,ye€ X aetel0,T]

(b) There exists1 < p < oo such that

\F(',JL‘) e LP([0, T]; X) Vx e X.
Then, for every xo € X, there exists a unique function x € WP([0,T]; X) such that;
z(t) = F(t, z(t)), a.e.t € 10,7,

z(0) = xo.
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2.7.2 Gronwall’s Lemma

We recall here a Gronwall-type lemma , whith appears in many contact problems , in particular to

establish the uniqueness the solution.

Lemma 2.7.1 Let m,n € C([0,T];R) such that m(t) > 0 and n(t) > 0 for allt € [0,T], a > 0 a
constant and ¢ € C([0,T]; R)

(1) if
w@gaﬁﬁm@w+An@m@@ vt [0,7],
then . t
W(t) < (a+/0 m(s)ds)exp(/o n(s)ds) Vte[0,T).
(2) if t
WY(t) < mf(t) +a/0 P(s)ds Yt € [0,T],
then

t t
/ W(s)ds < e“t/ m(s)ds ¥t € [0,T].
0 0
In the particular case a = 0, n = 1, part (1) of this lemma.

Corollary 2.7.1 Let m € C([0,T];R) such that m(t) > 0 for all t € [0,T]. If v € C([0,T];R) is a
function satisfying:

Mﬂgfm@%+lw@% vt [0,7],

then, there exists ¢ > 0 such that

P(t) < /Otm(s)ds Vt € [0,T].

Corollary (2.7.1) is often used to prove the uniqueness of the solution.

In the particular case m = 0, part (1) of the lemma becomes.

Corollary 2.7.2 Let n € C([0,T];R) such that n(t) > 0 for allt € [0,T]. Ifa > 0 and ¢ €
C([0, T];R)is a function satisfying,

Y(t) <a+ /Otn(s)w(s)ds vt € [0,T].
then. )
WP(t) < (a)ea:p(/o n(s)ds) Vte[0,T].
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The previous corollary is often used to prove the uniqueness of the solution as follows.
Assuming that there exist two solutions,and denoting v the norm of the difference between these

solutions,one then tries to bound % in the form

w(t) < /0 n(s)(s)ds. Vit e [0,T]

with some function n > 0.The application of the corollary immediately implies that 1) is identically

Zero.
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Chapter 3

Contact Problem with multivalued Normal

compliance and Unilateral constraint

3.1 Problem Formulation P

Find a displacement field u : Q x R, — R? and a stress field o : Q x R, — S? such that for all

teR,
o(t) = As(u(t)) + /OtB(t — $)e(u(s))ds in Q. (3.1)

Divo(t) + fo(t) =0 in Q, (3.2)

u(t) =0 on Ty, (3.3)

o(t)v = fot) on T (3.4)

o+(t) =0 on Ty (3.5)

and there exists &;1's x R — R with

\

uy(t) < g, 0,(t) + pluy(t)) +£(t) <0
(us(t) — g)(0u(t) + p(uy(t)) +£(1)) =0,
0<E(t) <F, on I'. (3.6)

£(t) = 0 if uy(t) < 0,

£(t) = F if uy(t) > 0,

)
Here and below, in order to simplify the notation, we do not indicate explicitly the dependence of various
functions on the spatial variable x. Eq.(3.1 ) represents the viscoelastic constitutive law with long
memory introduced in Section 1. Eq(3.2) represents the equation of equilibrium in which Div denotes
the divergence operator for tensor valued functions. Conditions (3.3) and (3.4) are the displacement

boundary condition and the traction boundary condition, respectively. Condition (3.5) is the frictionless
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condition and it shows that the tangential stress on the contact surface vanishes.

We now comment on the contact condition (3.6). Here o, denotes the normal stress, w, is the normal
displacement and its positive part u; may be interpreted as the penetration of the bodys surface
asperities and those of the foundation. The function p is Lipschitz continuous and increasing, and
vanishes for a negative argument,F' is a positive function and g > 0. This condition can be derived
in the following way. Consider the contact at a given time moment ¢ € R. First, assume that the

penetration is bounded by an amount g and, therefore, the normal displacement satises the inequality
uy(t) < g on I's. (3.7)
Next, assume that the normal stress has an additive decomposition of the form

o,(t) = a2 (t) + o (t) + oM (t) on T3, (3.8)

R

M .
v, 0, describe

in which the function o2 describes the deformability of the foundation and the functions o
the rigidity of the foundation. We assume that o2 satises a normal compliance contact condition, that
is

—0(t) = p(uy(t)) on Ts. (3.9)

The part ot of the normal stress satises the Signorini condition in the form with a gap function, i.e.

ol(t) <0, -0 (u,(t) — g) = 0 on I's. (3.10)

M

1 (t) satises the condition

Finally, the function o
oM ()] < F, oM (t) = 0 if u,(t) <0,

—oM(t) = F if u,(t) > 0 on T's. (3.11)

We combine (3.8), (3.9) and denote —aM(t) = £(t) to see that

ol (t) + o, (t) + p(uy(t)) +£(t) on Ts. (3.12)

Then we substitute equality (3.12) in (3.10) and use (3.7), (3.11) to obtain the contact condition (3.6).
We now present additional details of the contact condition (3.6). The inequalities and equalities below
in this section are valid at an arbitrary point = € I's. First, we recall that (3.6) describes a condition
with unilateral constraint, since inequality (3.7) holds at each time moment. Next, assume that at a
given moment t there is separation between the body and the foundation, i.e. w,(t) < 0.

Then, since p(u,(t)) = 0, (3.6) shows that o,(t) = 0, i.e. the reaction of the foundation vanishes.

Note that the same behavior of the normal stress is described both in the classical normal compliance
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condition and in the Signorini contact condition, when separation arises. Finally, assume that at a given

moment t there is penetration without reaching the bound g, i.e. 0 < u,(t) < g. Then (3.6) yields
ou(t) = p(u,(t)) + F. (3.13)

This equality shows that the reaction of the foundation depends on the current value of the penetration
and represents a normal compliance condition.

Note that (3.6) also implies that if at the moment t we have penetration with 0 < u,(t) < g , then
—0,(t) > F.. Indeed, if 0 < u,(t) < g, then (3.13) holds and this implies that —o,(t) > F. We conclude
from above that if —o,(t) < F then there is no penetration and, therefore, F represents the critical
value of the normal pressure, under which the penetration is not possible. This describes a rigid-elastic
behaviour of the foundation.

In conclusion, condition (3.6) shows the normal stress vanishes where there is separation; the penetration
occurs only if the normal stress reaches the critical value F'; when there is penetration the contact follows
a normal compliance condition of the form (3.13) but up to the limit g and then, when this limit is
reached, the contact follows a Signorini-type unilateral condition with the gap g. For this reason we
refer to this condition as a multivalued normal compliance contact condition with unilateral constraint.
It can be interpreted physically as follows. The foundation is assumed to be made of a hard material
covered by a thin layer composed of a rigid crust and a soft material with thickness g. The thin layer
has a rigid-elastic behavior, i.e. is deformable, allows penetration, but only if the normal stress reaches
the yield value F'; in this case, the contact is modeled with normal compliance, as shown in equality
(3.13). The hard material is perfectly rigid and, therefore, it does not allow penetration; the contact
with this material is modeled with the Signorini contact condition.

Additional comments on the contact condition (3.6).

3.2 Find the auxiliary Problem

In this section we list the assumptions on the data, derive the variational formulation of the problem

P and then we state and prove its unique weak solvability.To this end we assume that the elasticity
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operator A and the relaxation tensor B satisfy the following conditions.

(a) A: QxS - s7.

(b) There exists L4 > 0 such that || A(x,e;) — A(x, &5)]]

< Lyller — e3||Ver,e5 €S, aex € Q.

(c) There exists m4 > 0 such that

(A(x,e1) — Az, €2)) - (61 — &2) (3.14)
> myller — ea||*Ver, ez € S4  aex e Q.

(d) The mapping & — A(x, €) is measurable on

Q, for any € € S

| (¢) The mapping = — A(zx, 0) belongs to Q.

BeCR:;Qu). (3.15)
The densities of body forces and surface tractions are such that
fo € C(Ry; L2 (Q)Y), fy € C(Ry; LA(T)Y). (3.16)
Finally, the normal compliance function p and the surface yield function F satisfy:

(
(a) p: I3 xR = R,.
(b) There exists L, > 0 such that |p(x, 1) — p(x, r2)|

< Ly|ry —ro|Vry,re € R, ae. x €.

(3.17)
(c) (p(x, 1) — p(x,72))(r1 —12) = OVry, 1 € R, ae. x €1.
(d) The mapping « — p(x,r) is measurable on I's, for any r € R.
[ (e) p(x,r) =0forall r <0, ae. €T
F e L*3), F(x)>=0ae xcls. (3.18)
In what follows we consider the set of admissible displacements defined by
U={veV:y, <gonls} (3.19)

Moreover, we define the operator P : V' — V and functions 5 : V — R, f : R, — V by equalities

(Pu,v)y = / p(u,)v, da Vu,v €V, (3.20)
I's

j(v):/ Fotde Vu,veV, (3.21)
I's
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(ft),v)y = / fo(t) -vdx —|—/ fao(t) -vda YveV,tel0,T]. (3.22)
Q )
Note that assumptions (3.16)—(3.18) imply that the integrals in (3.20)—(3.22) are well-defined.
Assume in what follows that (u, o) are sufficiently regular functions which satisfy (3.1)-(3.6) and
let v € U and t > 0 be given. First, we use Green’s formula (1.7) and the equilibrium Eq. (3.2) to see
that

[ o) (e(w) —etut) de = [ £4(0)- (o~ ult)) ds
+ ot (0= ult) da

We split the surface integral over I'1, I'y; and I's. Since v — u(t) = 0 a.e. on I'y, o(t)v = f,(t) on
I's, we deduce that:

/QG(t) - (e(v) —e(u(t))dr = /Q Fo(t) - (v —u(t))de
s fo(t) - (v — u(t))da

+ /F o(t)v - (v—u(t))da.

Moreover, since
ot (v—u(t) =o0,(t)(v, —u,(t)) + o,(t) - (v, —u,(t)) on I's, taking into account the frictionless

condition (3.5) we obtain
[0 (c() ettty = [ 100~ uio)ts
/ F(t) u(t))da (3.23)
+ [ ot - wi)da

Write now

ou(t)(vy — (1)) =(0,,(t) + p(uy(t) + (1)) (v, = 9) + (0u(1)
+p(un (1)) + £(1))(g — u () (p(un (1)) + £(1)) (v,
—u,(t)) onT4j.
Then use the contact conditions (3.6) and the definition (3.19) of the set U to see that
ou(t)(vy —un(t)) = =(p(uy(t)) + £(1))(vy — uy(t)) on . (3.24)

We use (3.6) and the hypothesis (3.18) on function F' to deduce that

Fl —ul(t) > &) (v, —uy,(t)) on s (3.25)

v

Add the inequalities (3.24) and (3.25) and integrate the result on I's to find that

/F oo (1) (0 — 1y (1) )da > — /F Pl (t)) (v — uy(t))da — / Fof —ut(H))da.  (3.26)

I's
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Finally, we combine (3.23) and (3.26) and use the definitions (3.20)—(3.22) to deduce that

((t),e(v) —e(u(t))q + (Pu(t), v —u(t))v + j(v) — j(u(t))

(3.27)
> (f(t),v—u(t)y Yvel.
To simplify the notation, we define the operator S : C(R;; V) — C(R,; Q) by the formula
t
(Sv)(t) == / Bt — s)e(v(s))ds Vv € C(R.:V), t € R, (3.28)
0

We now substitute the constitutive law (3.1) in (3.27) to obtain the following variational formulation

of Problem P.

3.3 Problem PV.
Find a displacement field u : Ry — U such that for all ¢t € R, the inequality below holds:

(Ae(u(t)), e(v) — e(u(t)))q + (Su)(t), e(v) —e(u(l)))e
+H(Pu(t), v —u(t))y +j(v) — j(u(t)) (3.29)
> (f(t),v—u(t))y Yoel
In the study of Problem P we have the following existence and uniqueness result.

Theorem 3.3.1 Under the assumptions (3.14)—(3.18), Problem PV has a unique solution which satis-
fiesu € C(R4;U).

Proof. We apply Theorem (1.2.1) with X =V, K = U and the operators A : V — V and
R:C(Ry;V)— C(Ry;V) defined by

(Au,v)y = (Ae(u)),e(v))g + (Pu,v)y Yu,v eV, (3.30)

(Ru)(t), v)y = ((Su)(t)),e(v))q Vu e CR;V), veV. (3.31)

It is easy to see that condition (1.12) holds. Next, we use (3.14), (3.17) and (1.6) to see that the
operator A verifies condition (1.13) with M = L4 + ¢3L, and m = m 4.

Let n € N*, t € [0,n] and let uy,us € C(Ry; V). Then, a simple calculation based on assumption
(3.15) and inequality (1.10) shows that for any v € V/,

((Sur)(t) = (Suz)(1), e(v))q < 'f’n/o le(ui(s)) — e(ua(s))llodsle(v) e

where

r, = max ||B(r)]q..- (3.32)

relo,n]
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Therefore,
[(Sur)(t) = (Suz)(t)llo < /Hul — ua(s)||vds. (3.33)

Inequality (3.33) combined with the definition (3.31) of the operator R yields

[(Rua)(t) = (Ruz)(B) v < /|IU1 — uy(s)|lvds. (3.34)

Thus, the operator R satisfies the condition (1.14). Next, we use condition (3.18) and inequality

(1.6) to see that the functional j defined by (3.21) is a seminorm on V' and moreover,
i) < @l Fluylloly voe v, (3.35)

Thus, the seminorm j is continuous on V' and, therefore, (1.15) holds. Finally, using assumption
(3.16) and definition (3.22) we deduce that f € C(R;; V), i.e. (1.16) holds.
It follows now from Theorem 2.1 that there exists a unique function w € C'(R,; V') which satisfies
the inequality
u(t) e U, (Au(t),v—u(t))y + ((Ru)(t),v —u(t))v + j(v)
i) > (f(1),0 - ul))y Vo e,
for all £ € Ry. In other words, there exists a unique function w € C'(R,; V') such that (3.29) holds

(3.36)

for all t € R, which concludes the proof.
With the solution u of Problem PV, define o by (3.1). Then, it follows from (3.14) and (3.15)
that & € C(Ry; Q). Moreover, it is easy to see that (3.27) holds for all ¢t € R, and, using standard

arguments, it results from here that
Dive(t) + fo(t) =0 VteR,. (3.37)

Therefore, using the regularity f, € C(Ry; L*(©2)?) in (3.16) we deduce that Dive € C(R,; L*(Q)?)
which implies that o € C'(R,; Q). Here,

Q1= {7 € Q:Divr € L*(Q)"},
which is a real Hilbert space with the inner product
(0,7)q, = (0,T)q + (Dive, Divr) 12(q),

and the associated norm || - ||o, .
A pair of functions (u, o) satisfying (3.1), (3.29) for all ¢ € Ry is called a weak solution of the
contact problem P. 3.3.1 provides the unique weak solvability of Problem P. Moreover, we have the

regularity u € C(R;U), 0 € C(Ry; Q).
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3.4 A convergence result

We now study the dependence of the solution of Problem PV with respect to perturbations of the

data. To this end, we assume in what follows that (3.14) (3.18) hold and we denote by u the solution

of Problem PV obtained in 3.3.1. For a parameter p > 0, let Jops F2p Pp and F), represent perturbations

of fy, fo,p and F, respectively, which satisfy conditions (3.16) (3.18). With these data, we define the

operator P, : V' — V and functions j, : V = Ry, f,: Ry — V by equalities
(Pyu,v)y :/ pp(uy)v,da Yu,v €V,
I's
Jo(v) = / Fufda Yvev,
I's
(f,(t),v)v = /Qfop(t) ~vdr + A fo,(t) -vda Vv eV, tel0,T]
2

Then, we consider the following perturbation of Problem PV.

Problem.PX.

Find a displacement field u, : R, — U such that for all ¢ € R, the inequality below holds:

(Ae(u,(1)), e(v) = e(u,(t)))q + ((Suy)(t),(v) — e(w,()))o
+ (Bpu(t), v — up(t)v +jp(v) — jp(u, (1))
> (f,(t),v —u,(t)y Yvel.
It follows from 3.3.1that, for each p > 0.
Problem 77;/ has a unique solution w, with the regularity u, € C(R;;U).

Introduce the following assumptions:

(

There exists G : R, — R, and a € R, such that

() [pp(@, ) = plae, 1) < G(p)(Ir| + @)

Vr € R, a.e. x € I's, for each p > 0.

(b) G(p) — 0 as p — 0.

\

F,— F in L*T3) as p — 0.

Jfo, = Fo in C(Ry; L*(Q)%) as p — 0.

fap = fo in C(Ry; LP(T2)7) as p — 0.

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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We have the following convergence result.

Theorem 3.4.1 Under the assumptions (3.42) (3.45), the solution w, of Problem 77;/ converges to the

solution w of Problem PV, i.e.

u, > u in C(Ry;V)asp—0. (3.46)

Proof. Let p > 0,n € N* and let ¢ € [0,n]. We take v = u(t) in (3.41), v = u,(¢) in (3.29), and

add the resulting inequalities to obtain

(Ae(u,(t)) — Ae(u(l)), e(u,(t)) — e(u(t)))o
< ((Sw))(1) = (Su)(t), e(u(t) — e(u,(t)))q + (Fu,(t)
— Pu(t), u(t) —uy(t))v + Jp(u(t)) = jo(u,(t)) + 7(u, (1))

= J(u(®) + (f,(8) = £(), up(t) = u(t))v.
Let us bound each term on the right side of the inequality (3.47). First, from assumption (3.14) and

(3.47)

inequality (3.33) it follows that

(Ae(,(1)) — Ac(ult)), e(uy(1)) — e(u(t)e
> il (t) — w2,
((Su,)(1) — (Sw)(), (1) — e(uylt)))o
<o ([ ) = a6 = wt)]-

Next, we use the definitions (3.38) and (3.44), the monotonicity of the function p, and assumption

(3.42) to see that

(3.48)

(3.49)

(Pouy(t) = Pu(t), u(t) — u,(t))yv

= /F (Po (o (1)) = P () (w (t) = up(t)) da
< /F (Po(un () = pun (£))) (w (t) = up (1)) da

</ [Po(un (1)) — p(u, (8) [ (£) = wp(t)| da

< [ G0+ ) = (0] da

Then using the trace inequality (3.15) , after some elementary calculations we find that

(Pyuy(t) = Pu(t), u(t) = u,(t))v
< Glp) (Allu®lly + conmeas(Ts)* ) [uy(t) = u(t)]lv-
On the other hand, definitions (3.39) and (3.21) combined with (1.6) imply

(3.50)
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Jo(u(t)) = Jp(u,(t)) + j(uy(t)) = j(u(t))

(3.51)
< ol By = Fllrzwy)lluy(8) — u(@)]lv.
Finally, we note that
(F () = F (), wp(t) — u(t))v < Opnllu,(t) —u(@)]lv, (3.52)
where
On = max [1£,(r) = F(r)llv- (3.53)
We combine now inequalities (3.47) (3.52) to deduce that
o
[ (t) — u(t)]lv <—/ [wo(s) — uls)llv ds
maJo
G
+ _(p) (cg||u(t)||v + coameas(f‘g)%> (3.54)
ma
Co 0 n
+ m—AHFp = Fllz2ws) + mLA-
Let
1 1 Co 1
Enu = Max {— (CO max llu(r)|v + coameas(F3)2> —, —} .
my ref0,n ma ma
Then from (3.54),
[, (8) — u(®)llv < (G(p) + 1F, = Fllzzqea) + 0pn) Snu + — / [wo(s) — uls)llv ds.
Applying the Gronwall inequality we obtain
Juup(t) = wlt) v < (G(6) + I1Fy = Fllzara + ) Ene ™5’
and thus,
ma (1) — (D)l < (Gp)+ 1, = Flliscey + )6 5. (3.55)
By assumptions (3.42)(b), (3.43) (3.45) and definition (3.53),
G(p) =0, |[F,—=Fllr2qry =+ 0 and 6,, -0 asp—0. (3.56)
Combining the convergence (3.56) with inequality (3.55) we obtain
max |lw,(t) —u(t)]|lv =0 asp—0. (3.57)

te[0,n]

Since the convergence (3.57) holds for each n € N*, we deduce from (1.11) that (3.46) holds, which

concludes the proof.
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The convergence result on the displacement in 3.4.1 leads to a corresponding result on the stress

function. Indeed, let o be the function defined by (3.1) and define
t
o,(t) = Ae(u,(t)) + / B(t — s)e(u,(s))ds, teR;. (3.58)
0

Then, arguments similar to those used at the end of Section 4 imply that o, € C(Ry;@Q;) and

moreover,

Div o,(t) + fo(t) =0 VteR,. (3.59)
We combine equalities (3.1), (3.37), (3.58)and (3.59), and use assumptions (3.14), (3.15) and notation
(3.32) to see that
lop(t) = a@lla, = llop(t) —a(t)le

< Lulluy(t) ~ w)ly + o [ lus) ~ uo)lv s

for all n € N* and t € [0,n]. Thus,

mas [l (1) = o (0)la, < (Latnra) mas [, (1) —u(t)|lv - ¥n €N (3.60)
te|0,n tel0,n

We now use (3.60) and the convergence (3.57)to see that
o,— 0o inC(R;;0Q)asp—0. (3.61)

In addition to the mathematical interest in the convergence result (3.46), (3.61), it is of importance
from mechanical point of view, since it states that the weak solution of the problem (3.1) (3.6) depends
continuously on the normal compliance function, the surface yield function, and the densities of body

forces and surface tractions.
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General summary

We presented a model for the quasi-static process of contact between an electro-viscoelastic body and
a foundation. The contact was modeled with the normal compliance condition and the associated dry
friction Coulomb law. The new characteristic of the model was the normal conformity as presented in
the difference equation (3.7). The difficulty in solving this type of problem lies not only in the coupling
of viscoelastic and electrical aspects, but also in the non-linearity of the boundary conditions modeling
this type of physical phenomena (contact conditions), which gives us a quasi-variational inequality and
type of non-linear parabolic variational equalities. The existence of the weak solution of the problem
was established using arguments from the theory of evolutionary variational inequalities, parabolic
inequalities, and convergences of solutions.

Keywords: contact, foundation, friction, quasi-static process, viscoelastic, parabolic variational.
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Résumé

Nous avons présenté un modele pour le processus quasi-statique de contact entre un corp électro-
viscoélastiques et un fondation. Le contact a été modélisé avec la condition de conformité normale et
la loi de Coulomb de friction seche associée. La nouvelle caractéristique du modele était la conformité
normale que présentée dans léquation de la différence (3.7). La difficulté de résoudre ce type de probleme
réside non seulement dans le couplage des aspects viscoélastiques, et électriques, mais aussi dans la non-
linéarité des conditions aux limites modélisant ce type de phénomeénes physiques (conditions de contact
), ce qui nous donne une inégalités quasi variationnelles et type dégalités variationnelles paraboliques
non linéaires. Lexistence de la solution unique faible du probleme a été établie en utilisant des arguments
de la théorie des inégalités variationnelles évolutives, des inégalités paraboliques et de la convergences
de solution .

Mots-clés: contact , fondation, Frottement, processus quasistatique ,viscoélastiques, variationnelles

paraboliques.
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