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 إهداء....

الحمد لله حبا وشكرا ومتنانا على البدء والختام ها أنا اليوم أدون لحظاتي الأخيرة في هذا الطريق الذي 

باطنه العثرات والصعوبات لكن رغما عنها ظلت قدمي تخطو بكل صبر وطموح ولطالما  كان يحمل في

ُ نافْسًا إلَِه  لِِّفُ اللَّه ا﴾ سببا في ثباتي للوصول. فامتحانات الله دائما كان قوله سبحانه وتعالى ﴿لَا يكُا وُسْعاها

تمنحنا الصبر والقوة على التحمل لَن الله اعلم بشؤون عبادهُ ولن يكُلفنا برحمته ولطفه ما لَ نستطيع 

 تحمله، أو ما لَ نستطيع تجاوزه.

 أهدي بحث تخرجي بكل حب ...

 إلى نفسي العظيمة التي تحملت عناء الطريق.

ل العظيم الذي لَ يزل يعطني بلا حدود إلى سندي ومسندي والضوء الذي ينير حياتي إلى إلى الرج

 والدي وسيدي وحبيبي ورفيق عمري )والدي العزيز( أدامك الله ظلا لنا.

إلى التي تعجز كل الكلمات عن وصفها إلى التي كانت النور في حياتي إلى التي كان دعاؤها سر  

دون مقابل إلى التي تحملت العناء من أجل إسعادي وإتمام مسيرتي الدراسية نجاحي إلى تلك التي تعطي ب

 إلى غاليتي وسيدتي العظيمة )أمي الحبيبة( متعها الله بالصحة العافية.

) اخِيكا  إلى من قال فيهم الله سبحانه وتعالى )ساناشُدُّ عاضُداكا بأِ

ضلعا ثابتا لي. إلى أختي الكبرى الغالية  من مد يده دون كلل ولَ ملل أخي الغالي سيدعلي أدامك الله

 فاطمة الزهراء منبع الحب والتضحيات والحنان بعد أمي. 

 إلى فراشات البيت وفرحه حبيباتي فريال وصابرينة وصوفيا إلى صغيرة البيت وسكره تينهينان. 

 إلى أستاذي المشرف الذي كان له كل الفضل في إعداد هذه المذكرة رزقك الله من كرمه.

 إلى صديقاتي اللواتي شاركوني اللحظات بحلوها ومرها. 

 إلى أساتذتي الذين سقوني من بحر العلم سقاكم الله من نهر الكوثر.

إلى كل من عرفني وأحبني وإلى كل من كان معي وساندني طيلة مسيرتي الدراسية أهديكم بحث 

 تخرجي.

 أمال
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Preface

Contact problems with or without friction involving deformable bodies are very common

in industry as well as in everyday life. The contact of the piston with the liner, the wheel

on the landing strip of an airplane and a shoe with the ground represent only three exam-

ples among many others. Considering the fact that these phenomena play an important

role in mechanical structures and systems. Accompanied by complex physical and surface

phenomena, contact processes are modeled by very di¢ cult nonlinear boundary problems.

The consideration of di¤erent contact and friction conditions associated with increasingly

complex behavioral laws leads to new and non-standard models, expressed using variational

evolution inequalities. Signi�cant progress has been made recently in the variational and

numerical analysis of these models.

Located at the crossroads of several scienti�c disciplines, the main characteristic of math-

ematical modeling in contact mechanics is the cross-fertilization between mechanical models

and applications in engineering sciences, on the one hand, and mathematical and numerical

analysis , on the other hand. Research in this area is motivated by signi�cant application

possibilities in di¤erent industrial sectors (notably in the metallurgical industry and the

automobile industry) but also in civil engineering and medicine.

Piezoelectric materials were discovered at the beginning of the century by the Curie cou-

ple. These are particular dielectrics which make it possible to transform elastic deformation

energy into electrical energy, and vice versa. More precisely, piezoelectricity is the ability

of certain materials to polarize when they are mechanically stressed, the charge appearing

on their surface being proportional to the deformation generated. The inverse piezoelectric

e¤ect is the obtaining of a deformation by application of an electric �eld.
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Preface

Piezoelectric materials are very numerous. The best known is undoubtedly quartz, still

used in watches to generate clock pulses. But it is synthetic ceramics, PZT (lead, zirconate,

titanate) which are most widely used today in industry.

More generally, the direct e¤ect can be used to create sensors (pressure sensors, etc.)

while the opposite e¤ect can be used to create actuators (piezoelectrically controlled injectors

in automobiles, nanomanipulators).

The use of piezoelectricity has exploded in recent years and is expanding rapidly. The

ability of these materials to convert mechanical energy into electrical energy and vice versa is

invaluable for acoustic transducers, medical ultrasound, and for the high precision of pumps

and motors. High piezoelectric performance has also opened up new possibilities for "energy

harvesting", using ambient motion and vibration to generate electricity where batteries or

other energy sources are impractical or unavailable [1].

The object of this memoir is the study of a frictionless contact problem, between a

deformable piezoelectric body with a foundation and with normal compliance. The foun-

dation is deformable. We place ourselves in the setting of small deformations and we study

quasi-static processes for electro-elastic materials.

This memoir is organized into two parts which we will brie�y describe in order to facilitate

its reading.

The �rst part of this work is devoted to the preliminary results that we need for the

study of the contact problem considered in the second part of the manuscript. It constitutes

the basis of this dissertation and includes three chapters.

The �rst chapter presents the functional spaces used in the study of the variational

problem considered. We brie�y discuss some reminders about the functional spaces used

in contact mechanics. Then, we present some results on strongly monotonic and Lipschitz

operators. Next, we recall a result on elliptic variational equalities which we use later in

this manuscript. To close this chapter, we recall the Gronwall type lemma used to obtain

error estimates.

The second chapter of this part is essentially based on modeling. We begin by specifying

the physical setting, then we present the electro-elastic behavioral law considered in contact

2



Preface

problem. Finally, we describe the contact conditions that we employ in the considered

contact problem.

In the second part, we proceed to the study of a frictionless contact problem between

an electro-elastic body and an obstacle assimilated to a foundation. This part has two

chapters which are structured as follows.

The �rst chapter is devoted to the analytical study of a frictionless contact problem for

electro-elastic materials with normal compliance in a quasi-static process. Contact with a

deformable base. The weak formulation of the problem is formulated as a system formed

by a variational equation with respect to the displacement �eld and a variational equation

with respect to the electric �eld. We establish a result of existence and uniqueness of the

solution. The proof is based on the theory of elliptic variational equations.

In the second chapter, we present a numerical approximation of this contact problem

based on an approximation in both time and space, using respectively a uniform temporal

discretization and a �nite element method. At the end of these discretizations, we give a

result on the estimation of the error.

3



Notations

Notations

If 
 is a domain of Rd (d = 2; 3) , we note by:

� the boundary of 
 supposed to be regular.

�i
�
i = 1; 3; a; b

�
the part of the boundary �.

mes �i the Lebesgue measure (d� 1) dimensional of �i:
� unit outward normal on the boundary of 
.

�� ; �� the normal and tangential components of the vector �eld �

de�ned on 
.

H fu = (ui) j ui 2 L2 (
)g :
H f� = (�ij) j �ij = �ji 2 L2 (
)g :
H1 fu 2 H j " (u) 2 Hg :
H1 f� 2 H j Di�� 2 Hg :
V f� 2 H1 j � = 0 on �1g :
W f� 2 H1 (
) j � = 0 on �ag :
W fD 2 H j di�D 2 L2 (
)g :
H1 (
) the Sobolev space of order 1 on 
:

H
1
2 (�) the Sobolev space of order 1

2
on �.

H� the space H
1
2 (�)d :

H� 1
2 (�) the dual space of H

1
2 (�) .

H 0
� the dual space of H� = H� 1

2 (�)d .


 : H1 ! H� the trace application for vector functions.

If H is a real Hilbert space and d 2 N�, we use the following notations:

Hd the space fx = (xi) j xi 2 H; i = 1; dg:
Hd�d
s the spacefx = (xij) j xij = xji 2 H; i; j = 1; dg:

(:; :)H the scalar product of H.

j:jH the norm of H:

If more [0; T ] a time interval, k 2 N and 1 � p � +1, we note by

C (0; T ;H) the space of continuous functions on [0; T ] on H.

j:j0;H the norm of C (0; T ;H) :

For a function f , we note by

4



Notations

f;i the partial derivative of f compared to the i th component xi:

rf gradient operator of f:

"(f) linearized deformations operator of f = 1
2
(rf +rTf):

Di�f divergence operator of f:

Other notations

Sd the space of second-order symmetric tensors on Rd = Rd�ds :

c a strictly positive generic constant.

a.e almost everywhere.partout.

i.e identically equal.

r+ positive part of r.

�h �nite element interpolation operator.

O(h) for any constant c > 0 independent of h such that jO(h)j � ch.
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Preliminaries
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This part, in which we present the functional analysis tools and contact mechanics

notations, contains two chapters. In the �rst chapter we introduce certain functional spaces

for electro-mechanics that we need in the study of the contact problem that we address in

the second part and we present a brief reminder of monotone operators. Next, we review

results concerning variational equations which will be of great use for demonstrations. In

the second chapter we are interested in contact problem modeling. We present the law of

behavior and the contact conditions.
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Chapter 1

Elements of nonlinear analysis

In this chapter, we recall some results concerning functional spaces, a theorem on elliptic

variational equations which will be of great use for the demonstrations and Gronwall�s

lemma.

1.1 Function spaces

The variational analysis of electro-mecanics problems requires the introduction of speci�c

function spaces. In this section we introduce the functional spaces in mechanics associated

with the divergence and deformation operators.

We de�ne the following spaces:8>>>>><>>>>>:

H = fu = (ui) j ui 2 L2 (
)g ;
H = f� = (�ij) j �ij = �ji 2 L2 (
)g ;
H1 = fu = (ui) j " (u) 2 Hg ;
H1 = f� 2 H j Di�� 2 Hg :

(1.1)

The spaces H; H; H1 et H1 are real Hilbert spaces provided with scalar products given,

respectively, by 8>>>>><>>>>>:

(u;�)H =
R


ui�idx;

(�; � )H =
R


�ij� ijdx;

(u;�)H1 = (u;�)H + (" (u) ; " (�))H ;

(�; � )H1
= (�; � )H + (Di��; Di�� )H ;

(1.2)

8



1.1. Function spaces

where " : H1 ! H; Di� : H1 ! H are the deformation and divergence operators, de�ned

by

" (u) = ("ij (u)) ; "ij (u) =
1

2
(ui;j + uj;i) ; Di�� = (�ij;j) :

The norms on the spaces H; H; H1 et H1 are denoted by j:jH ; j:jH ; j:jH1 and j:jH1
, respec-

tively.

Since the boundary � is Lipschitzian, the exterior normal vector � at the boundary is

de�ned almost everywhere. For any vector �eld � 2 H1 we use the notation � to designate

� the trace of � on �:

We recall that the trace application 
 : H1 ! L2(�)d is linear and continuous, but is not

surjective. The image of H1 by this application is denoted by H� = H
1
2 (�)d, this subspace

is continuously injected into L2(�)d .

Furthermore, if � : 
! Sd is su¢ ciently regular, we recall Green�s formula:Z



�:" (�) dx+

Z



Di��:�dx =

Z
�

��:�da 8� 2 H1: (1.3)

We now introduce a closed subspace of H1, the de�nition of which is given below

V = f� 2 H1 j � = 0 on �1g : (1.4)

Since mes �1 > 0, Korn�s inequality applies to V , there exists a constant cK > 0 depending

only on 
 and �1 such that

j" (�)jH � cK j�jH1 8� 2 V: (1.5)

On V , we consider the scalar product given by

(u;�)V = (" (u) ; " (�))H 8u;� 2 V; (1.6)

and let j:jV be the associated norm; that�s to say

j�jV = j" (�)jH 8� 2 V: (1.7)

By Korn�s inequality (1:5) and (1:7), it follows that j:jH1 and j:jV are equivalent norms on
V and thus (V; (:; :)V ) is a Hilbert space.

9



1.2. Elliptic equation and Gronwall�s Lemma

Furthermore, according to (1:5), (1:7) and Sobolev�s trace theorem, let us �nd that there

exists a constant c0 > 0 depending only on 
; �1 and �3 such that

j�jL2(�3)d � c0 j�jV 8� 2 V: (1.8)

Then, we introduce the following spaces to the electric �eld:

W =
�
� 2 H1 (
) j � = 0 sur �a

	
; (1.9)

W =
�
D = (Di) j Di 2 L2 (
) ; di�D 2 L2 (
)

	
; (1.10)

where di�D = (Di;i). Since mes �a > 0, the Friedrichs-PoincarÃ c
 inequality is veri�ed

thus there exists a constant cF > 0 depending only on 
 and �a such that

jr�jH � cF j�jH1(
) 8� 2 W: (1.11)

The spaces W and W are real Hilbert spaces provided with scalar products given by

('; �)W = (r';r�)H ; (D;E)W = (D;E)H + (di�D; di�E)L2(
) ; (1.12)

let j:jW and j:jW be the associated norms; that�s to say

j�jW = jr�jH ; jDj
2
W = jDj2H + jdi�Dj

2
L2(
) : (1.13)

Furthermore, according to (1:11), (1:13) and Sobolev�s trace theorem, �nd that there exists

a constant ~c0 > 0 depending only on 
; �a and �3 such that

j�jL2(�3) � ~c0 j�jW 8� 2 W: (1.14)

In addition, if D : 
! Rd is su¢ ciently regular, we also recall Green�s formula below:Z



D:r�dx+
Z



di�D�dx =

Z
�

D��da 8� 2 H1 (
) : (1.15)

1.2 Elliptic equation and Gronwall�s Lemma

In this section, we present a result concerning elliptic variational equations which is involved

in the study of the problem considered subsequently. Then, we recall Gronwall�s lemma

which will be used later.

10



1.2. Elliptic equation and Gronwall�s Lemma

1.2.1 Elliptic equation

In this paragraph, we consider a Hilbert space X with the scalar product (:; :)X and the

associated norm j:jX .
DÃ c
�nition 1.1. An operator A : X ! X is said:

(1) monotone if

(Au� A�; u� �)X � 0 8u; � 2 X;

(2) strictly monotone if

(Au� A�; u� �)X > 0 8u; � 2 X; u 6= �;

(3) strongly monotone if there exists m > 0 such that

(Au� A�; u� �)X � m ju� �j
2
X 8u; � 2 X;

(4) Lipschitz continuous if there exists M > 0 such that

jAu� A�jX �M ju� �jX 8u; � 2 X;

Proposition 1.2. Let A : X ! X be a strongly monotone and Lipschitz operator. Then

for all f 2 X there exists a unique element u 2 X such that Au = f .

The previous result is a special case of the Minty-Browder theorem (see for example [4]

p.88).

1.2.2 Gronwall�s Lemma

We recall here Gronwall�s lemma which intervenes subsequently in this memoir.

Lemma 1.3. Let T > 0 be given and N > 0 be an integer. We de�ne k = T
N
. Suppose

that fengNn=0 and fgng
N
n=0 are two sequences of non-negative numbers satisfying

en � �cgn + �c
nX
j=0

kej; n = 0; :::; N;

with, �c is a positive constant independent of N and k. Then, if k is su¢ ciently small, there

exists a positive constant c, independent of N and k, such that

max
0�n�N

en � c max
0�n�N

gn

The proof of Lemma 1.3 can be found in [17].

11



Chapter 2

Modeling

In this chapter, we �rst introduce the physical setting of the contact problem as well as a

brief reminder of the mechanics of continuous media, we recall in particular here the Cauchy

equation of motion and the equation of conservation of the charge. Then, we describe the

electro-elastic behavior law. Finally, we present the di¤erent contact boundary conditions

which will be used in the following.

2.1 Physical setting and mathematical models

In this section, we will introduce the physical setting and the mathematical models which

will serve as a basis for the study of the contact problem between a deformable piezoelectric

body and a deformable foundation.

Physical setting. We consider a deformable material body which occupies a bounded

domain 
 � Rd (d = 2; 3);, with a Lipschitzian boundary �, partitioned into three mea-

surable parts �1, �2 and �3, corresponding to the mechanical boundary conditions, such

that mes �1 > 0. The body can come into contact on �3 with a deformable foundation.

If the foundation is electrically isolated, we propose to divide � into two measurable parts

�a and �b with �3 � �b, otherwise, we partition it into three measurable parts �a; �b and
�3, corresponding to the electrical boundary conditions, such that my mes �a > 0. We

denote by � the outgoing unit normal at �. Let T > 0 and let [0; T ] be the time interval

in question. The body is embedded on �1 in a �xed structure. On �2 surface tractions of

12



2.1. Physical setting and mathematical models

density f2 act and in 
 volume forces of density f0 and electric charges of volume density q0

act. We assume that f2 and f0 vary very slowly with respect to time. The body is subjected

to the action of zero potential on the part �a of the boundary as well as to the action of

electric charges of surface density q2, acting on the part �b.

Notations. We denote by Sd the space of symmetric tensors of order two on Rd (d =

2; 3); �:�, j:j represent respectively the dot product and the Euclidean norm on Rd and Sd.

So,

u:� = ui�i; j�j = (�:�)
1
2 ; 8u;� 2 Rd;

�:� = �ij� ij; j� j = (� :� )
1
2 ; 8�; � 2 Sd;

with the dumb index convention.

We denote by u : 
 � [0; T ] ! Rd the displacements �eld, � : 
 � [0; T ] ! Sd the

stress �eld, ' : 
 � [0; T ] ! R the electric potential �eld and D : 
 � [0; T ] ! Rd the

electric displacement �eld. " (u) and E (') are the linearized strain �eld and the electric

�eld, respectively.

For the displacement �eld u, we designate by u� and u� the normal and tangential

components of u on the boundary given by

u� = u:�; u� = u� u��: (2.1)

We de�ne in a similar way, �� and �� the normal and tangential components of the Cauchy

stress tensor ��

�� = (��)� ; �� = (��)� ;

thus

�� = (��) :�; �� = �� � ���:

Using (2:1) and the previous equalities, we have the relation

(��) :u = ��u� + �� :u� ;

which will intervene throughout this memoir to establish the variational formulation of

mechanical problem.

13



2.1. Physical setting and mathematical models

In this manuscript, to designate the partial derivatives @u
@xi
of a function u, we adopt the

notation u;i. The time derivative of u will be denoted _u.

In addition, _u designates the velocity �eld and �u designates the acceleration �eld.

In this memoir, the electric �eld is given by

E (') = �r';

either again

E (') = (Ei (')) ; Ei (') = �';i; 1 � i � d:

We now move on to describing the mathematical models associated with the Physical

setting above.

Mathematical models. We start with the mathematical models that describes the

evolution of the body in the above Physical setting. The fundamental law of the mechanics

of continuous media expressing the equivalence between external forces and the tensor of

accelerations for any system leads to the Cauchy equation of motion

Di�� + f0 = ��u in 
� (0; T ) ; (2.2)

where � : 
 ! R+ denotes the mass density. The evolutionary processes de�ned by (2:2)

are called dynamic processes. In certain situations, this equation can be further simpli�ed.

For example, in the case where u = 0, it is a static process. In the case where the velocity

�eld varies slowly with respect to time, that is to say the term ��u can be neglected, we are

in the presence of a quasistatic process. In these two cases equation (2:2) becomes

Di�� + f0 = 0 in 
� (0; T ) :

In the case of a piezoelectric material, we have a new unknown, the electric �eld E, hence

the need to introduce another balance equation to manage it. This is the Maxwell-Gauss

equation or charge conservation equation.

di�D = q0 in 
� (0; T ) : (2.3)

Equations (2:2) and (2:3) are equivalent to d+1 scalar relations. Consequently, mathemat-

ically these equations are not su¢ cient to model the body balance problem because there

14



2.2. Constitutive law

are more unknowns than equations. Equations (2:2) and (2:3) express a universal process

valid for all piezoelectric materials and therefore they are not su¢ cient to determine all the

di¤erent electro-mechanical behaviors of continuous media. Consequently, the equations

are insu¢ cient, on their own, to describe the balance of piezoelectric material bodies. They

must then be supplemented by other relationships which characterize the behavior of each

type of material and which we designate under the general term of law of behavior.

2.2 Constitutive law

In this section, we consider the constitutive law for electroelastic materials. This law is used

in numerous works relating in particular to the mathematical study of contact problems.

Electroelastic materials. We consider here a category of materials where the stress

tensor � and the electric displacement vector D are linked by the constitutive law8<: � = A"(u)� E�E(');
D = E"(u) +BE(');

(2.4)

where A : 
�Sd ! Sd is the nonlinear elasticity operator. E (') = �r' is the electric �eld,
E = (eijk) is the piezoelectric tensor which re�ects the proportionality between the charge
and the deformation at constant or zero �eld and B = (Bij) is the zero-strain dielectric

tensor which constitutes a positive de�nite symmetric tensor. Moreover E� = (e�ijk) where
e�ijk = ekij, denotes the transpose of the tensor E such that

E�:� = �:E�� 8� 2 Sd; 8� 2 Rd:

Furthermore, we note that the operator A also depends on the spatial variable x, but for

simplicity, we do not explicitly report this dependence, therefore, everything that follows

is valid for non-homogeneous materials. We use the notation A"(u) for A (x; "(u)). In
particular, we assume that the stress tensor � is a linear function of the small strain tensor

" and the gradient of the electric potential or the electric �eld E, i.e.

�i j = ai jk l"k l(u) + e
�
ijk';k;
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2.3. Boundary Conditions

where A = (aijkl) is a four order tensor, its components aijkl are called elasticity coe¢ cients
and E = (eijk) is the constants piezoelectric tensor. In the non-homogeneous case aijkl and
eijk depend on the point x 2 
 and in the homogeneous case aijkl and eijk are constants.
We now move on to the contact conditions used in Chapters 3 and 4.

2.3 Boundary Conditions

In this section, we introduce the contact conditions used in the boundary problems that

we will consider in the memoir. We place ourselves in the physical setting above. We now

de�ne the mechanical and electrical boundary conditions on each part of �.

The displacement boundary condition. The body is embedded in a �xed position

on the part �1, the �eld of displacements there is therefore zero

u = 0 on �1 � (0; T ) : (2.5)

The traction boundary condition. A surface traction of density f2 acts on �2 and

consequently the Cauchy stress vector �� satis�es

�� = f2 on �2 � (0; T ) : (2.6)

Contact with normal compliance. We assume that the normal stress satis�es the

normal compliance condition

��� = (u�)+ on �3 � (0; T ) , (2.7)

Frictionless contacts. We assume that we have perfect slip. This results in equality

�� = 0 on �3 � (0; T ) , (2.8)

Electrical boundary conditions.We assume that the electric potential is zero on the

part �a

' = 0 on �a � (0; T ) : (2.9)

The electric charges of surface density q2 act on the part �b and suppose that the foundation

is electrically insulating with (�3 � �b). Then, the normal electrical displacement satis�es

D:� = q2 on �b � (0; T ) ; (2.10)
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2.3. Boundary Conditions

and

q2 = 0 on �3 � (0; T ) : (2.11)

We will use these conditions in chapter 3 of this memoir.
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Part II

Piezoelectric problem with normal

compliance
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In this part, we are interested in the study of a piezoelectric contact problem in small

deformations. This part is divided into two chapters. In the �rst chapter, we study an

electro-elastic contact problem in a quasi-static process with normal compliance and without

friction. For this problem, we give the strong formulation of the problem as well as the

assumptions on the data in order to obtain the variational formulation of the problem.

Then, we provide a result of existence and uniqueness of the weak solution under a smallness

assumption. Then, we prove this result of existence and uniqueness of the weak solution of

the problem. In the next chapter, we estimate the spatial and temporal discretization error.
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Chapter 3

Analytical study of the problem

In this chapter, we are interested in the theoretical study of a quasi-static problem of

contact without friction between a body of electro-elastic constitutive law and an obstacle

assimilated to an electrically insulating deformable foundation. The problem is formulated

by a system of partial di¤erential equations containing the law of behavior of the material,

the equilibrium equations of the body and the boundary conditions to which it is subjected.

This chapter has three sections. In the �rst section, we start by formulating the me-

chanical problem and we specify the appropriate assumptions about the data in order to

obtain the variational formulation. Then, in the second section, we state the variational

formulation of the mechanical problem. Then, in the third section, we state and prove our

main result of existence and uniqueness of the weak solution. The techniques employed are

based on the results of variational equations and the theory of monotone operators.

3.1 Problem statement

We place ourselves in the physical setting above. We consider that the body is electro-

elastic, more precisely, we use a constitutive law of the form (2:4). Regarding contact, we

model by normal compliance without friction.

Under these considerations, the mechanical problem we study is as follows.

Problem P: Find a displacement �eld u : 
 � [0; T ] ! Rd, a stress �eld � : 
 �
[0; T ]! Sd, an electric potential �eld ' : 
� [0; T ]! R and an electric displacement �eld

20



3.1. Problem statement

D : 
� [0; T ]! Rd such that

� = A"(u) + E�r' in 
� (0; T ) ; (3.1)

D = E"(u)�Br' in 
� (0; T ) ; (3.2)

Div� + f0 = 0 in 
� (0; T ) ; (3.3)

di�D = q0 in 
� (0; T ) ; (3.4)

u = 0 on �1 � (0; T ) ; (3.5)

�� = f2 on �2 � (0; T ) ; (3.6)

��� = (u�)+; �� = 0 on �3 � (0; T ) ; (3.7)

' = 0 on �a � (0; T ) ; q2 = 0 on �3 � (0; T ) ; (3.8)

D:� = q2 on �b � (0; T ) ; (3.9)

Here and below, in order to simplify the notation, we do not explicitly report the dependence

of di¤erent functions on the spatial variable x. We now describe the equations and boundary

conditions of problem P.

First, (3:1) and (3:2) represent the electro-elastic constitutive law. Equations (3:3) and

(3:4) represent the equilibrium equations for the stress and electric-displacement �elds while

(3:5) and (3:6) are the displacement and traction boundary condition, respectively. Con-

dition (3:7) represents the normal compliance conditions where r+ is a positive part of r.

(3:8) and (3:9) represent the electric boundary conditions.

To obtain the variational formulation of the problem (3:1) � (3:9), we introduce the
closed subspace V of H1(
)d de�ned by (1:4). Since meas(�1) > 0, Korn�s inequality (1:5)

holds. On the space V we consider the inner product and the associated norm given by

(1:6)� (1:7) : It follows from Korn�s inequality that j:jH1and j:jV are equivalent norms on V:
Therefore (V; j:jV ) is a real Hilbert space.
We also introduce the spaces W and W de�ned by (1:9)� (1:10) : The associated inner

products given by (1:12). Moreover, whenD 2 W is a regular function, the following Green�s

type formula (1:15) holds. Notice also that, since meas(�a) > 0, the Friedrichs-PoincarÃ c

inequality (1:11) holds:It fallows from (1:11) � (1:12) that j:jH1(
) and j:jW are equivalent

norms on W and therfore (W; j:jW ) is a real Hilbert space.
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3.1. Problem statement

In the study of the mechanical problem (3:1) � (3:9), we now list assumptions on the
data. Assume that the operators A : 
 � Sd ! Sd, B = (bij) : 
 � Rd ! Rd and

E = (ei jk ) : 
 � Sd ! Rd satisfy the following conditions with LA;mA, mB and cE being

positive constants:

8>>>>>>>>>>><>>>>>>>>>>>:

(a) jA(x; "1)�A(x; "2)j � LA j"1 � "2j
8"1; "2 2 Sd; a.e. x 2 
:

(b) (A(x; "1)�A(x; "2)):("1 � "2) � mA j"1 � "2j2

8"1; "2 2 Sd, a.e. x 2 
:
(c) x! A(x; ") is Lebesgue measurable on 
, 8" 2 Sd:
(d) x! A(x;0) belongs to H:

(3.10)

8>>>>>>>><>>>>>>>>:

(a) B(x)E = (bij(x)Ej)

8E = (Ei) 2 Rd; a.e. x 2 
:
(b) bij = bji ; bij 2 L1(
):
(c) BE:E � mB jEj2

8E = (Ei) 2 Rd; a.e. x 2 
:

(3.11)

8>>>>><>>>>>:

(a) E(x)� = (ei j k (x)� jk)
8� = (� ij) 2 Sd, a.e. x 2 
:

(b) ei jk = eikj 2 L1(
);
cE = max1�i;j;k�d fei jk g :

(3.12)

The body forces, surface tractions, volume electric charges and surface electric charges have

the regularity

f0 2 C(0; T ;H); f2 2 C(0; T ;L2(�2)d); (3.13)

q0 2 C(0; T ;L2(
)); q2 2 C(0; T ;L2(�b)): (3.14)

Next we de�ne the three mappings f : [0; T ] ! V , q : [0; T ] ! W and j : V � V ! R,

respectively, by

(f(t);�)V =

Z



f0(t):�dx+

Z
�2

f2(t):� da; (3.15)

(q(t); �)W =

Z



q0(t) � dx�
Z
�b

q2(t) � da; (3.16)
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3.2. Variational formulation

j(u;�) =

Z
�3

(u�)+�� da (3.17)

We note that condition (3:13) and (3:14) imply that

f 2 C(0; T ;V ); q 2 C(0; T ;W ): (3.18)

Using standard arguments we obtain the variational formulation of the mechanical problem

(3:1)� (3:9).

3.2 Variational formulation

In this section, we are interested in the variational formulation of Problem P1. We assume

in what follows that u and � are su¢ ciently regular functions which satisfy (3:1); (3:3) and

(3:6) � (3:7). Let � 2 V . We use Green�s formula (1:3) and the equation of motion (3:3),
in order to write Z




�:" (�) dx+

Z



Di��:�dx =

Z
�

��:�da:

We divide the surface integral �1; �2 et �3 and using the de�nition of V with (3:6) and

(3:23), we obtain Z



� :" (�) dx =

Z



f0:�dx+

Z
�2

f2:�da+

Z
�3

� �:�da

= (f ;�)V +

Z
�3

� �:�da:

On �3, we have

� �:� = ���� + �� :�� :

From (3:7), we have

���� = � (u�)+ �� ;

Furthermore, we have

�� :�� = 0

From all of the above, using (3:17), we obtain

(� ; " (�))H + j (u;�) = (f ;�)V : (3.19)
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3.3. Existence and uniqueness of the solution

Furthermore, let ' and D be su¢ ciently regular functions which satisfy (3:2); (3:4) and

(3:9). Let � 2 W . We use Green�s formula (1:15), we haveZ



D:r�dx+
Z



di�D�dx =

Z
�

D:��da,

We divide the surface integral �a and �b, using (3:4) and the de�nition of W , we �ndZ



D:r�dx+
Z



q0�dx =

Z
�b

D:��da;

according to (3:9), we have Z
�b

D:��da =

Z
�b

q2�da 8� 2 W:

We combine the two previous equalities with (3:16) in order to see that

(D;r�)H = � (q; �)W : (3.20)

We now bring together the constitutive law (3:1)� (3:2), the equalities (3:19) and (3:20) to
establish the following variational formulation of the problem P.

Problem PV. Find a displacement �eld u : [0; T ] ! V and an electric potential �eld

' : [0; T ]! W such that for all t 2 [0; T ] ;

(A"(
:

u (t)); "(�))H + (E�r' (t) ; "(�))H

+j(u(t);�) = (f(t);�)V 8� 2 V; (3.21)

(Br' (t) ;r�)H � (E"(u (t));r�)H = (q(t); �)W 8� 2 W; (3.22)

The element (u; ') which satis�es (3:21)� (3:22) is called the weak solution of Problem P.

The solvability of this system will be the subject of the following section.

3.3 Existence and uniqueness of the solution

In this section, we state and prove the following existence and uniqueness result.

Theorem 3.1. Suppose that assumptions (3:10) � (3:14) are satis�ed. Then, the PV
problem admits a unique solution (u; '), and if c2E < mAmB it has the regularity

u 2 C(0; T ;V ); (3.23)
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3.3. Existence and uniqueness of the solution

' 2 C(0; T ;W ); (3.24)

We conclude that under assumptions (3:10)� (3:14), the mechanical problem (3:1)� (3:9)
has a unique weak solution. The regularity of the weak solution is given by (3:23)� (3:24) :
The regularity of the weak solution is given by (3:23)�(3:24) and in terms of constraints

� 2 C (0; T ;H1) ; (3.25)

D 2 C(0; T ;W): (3.26)

The proof of Theorem 3.1 will be given in several steps. To present it, we assume in what

follows that the hypotheses (3:10) � (3:14) are veri�ed, c designates a positive constant
which depends on 
; �1; �2; �3; A; F ; M; E ; B and T whose value can change from one

place to another.

Proof of the theorem 3.1. Let t 2 [0; T ] ; we consider the product space X = V �W
with the inner product:

(x; y)X = (u;�)V + ('; �)W 8x = (u; '); y = (�; �) 2 X

and the associated norm j:jX . Let At : X ! X be the operator given by

(Atx; y)X = (A"(
:

u (t)); "(�))H + (Br' (t) ;r�)H + (E�r' (t) ; "(�))H

�(E"(u (t));r�)H + j(u(t);�) 8x = (u; '); y = (�; �) 2 X (3.27)

We consider the element F 2 X given by

F = (f ; q) 2 X

We have the following equivalence result: the couple x = (u; ') is a solution to the problem

PV if and only if it is a solution to the following equation

(Atx (t) ; y)X = (F (t) ; y)X 8y 2 X; t 2 [0; T ] :

we will see that the operator At is strongly monotone and Lipschitz continuous.

Indeed, for x1 = (u1; '1) and x2 = (u2; '2); for all y = (�; �) 2 X: We use (3:27); we
have

(Atx1 � Atx2; y)X = (A"(u1)�A"(u2); "(�))H
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3.3. Existence and uniqueness of the solution

+(Br'1 �Br'2;r�)H + (E�r'1 � E�r'2; "(�))H

�(E"(u1)� E" (u2) ;r�)H + j(u1;�)� j(u2;�); (3.28)

using Cauchy Schwarz inequality, we see that

(Atx1 � Atx2; y)X � jA"(u1)�A"(u2)jH j"(�)jH
+ jBr'1 �Br'2jH jr�jH
+ jE�r'1 � E�r'2jH j"(�)jH
+ jE"(u1)� (E"(u2)jH j"(�)jH
+ jj(u1;�)� j(u2;�)j :

We use (1:2) ; (3:10)� (3:14), (1:7) and (1:13) ; we obtain

(Atx1 � Atx2; y)X � c (ju1 � u2jV j�jV + j'1 � '2jW j�jW
+ j'1 � '2jW j�jV + ju1 � u2jV j�jV )

+ jj(u1;�)� j(u2;�)j :

From (3:17), Cauchy Schwarz inequality, j�� j � j�j and (1:8), we have

jj(u1;�)� j(u2;�)j �
Z
�3

j((u1�)+ � (u2�)+) �� j da

� c20 ju1 � u2jV j�jV ;

therefore

(Atx1 � Atx2; y)X � c (ju1 � u2jV j�jV + j'1 � '2jW j�jW ) ;

from the de�nition of j:jX , we conclude that

(Atx1 � Atx2; y)X � c jx1 � x2jX jyjX

by taking y = Atx1 � Atx2; we see that

jAtx1 � Atx2j � c jx1 � x2jX :

which proves that At is Lipschitz.
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3.3. Existence and uniqueness of the solution

Furthermore, we have

(Atx1 � Atx2; x1 � x2)X = (A"(u1)�A"(u2); "(u1)� "(u2))H

+(Br'1 �Br'2;r ('1 � '2))H

+(E�r'1 � E�r'2; "(u1)� "(u2))H

�(E"(u1)� E" (u2) ;r ('1 � '2))H

+j(u1;u1 � u2)� j(u2;u1 � u2)

we know that

(E"(u1)� E" (u2) ;r ('1 � '2))H = (E�r'1 � E�r'2; "(u1)� "(u2))H

and, we have

j(u1;u1 � u2)� j(u2;u1 � u2) = j(u1 � u2;u1 � u2)

�
Z
�3

((u1�)+ � (u2�)+) (u1� � u2�) da

� 0;

thus, by using (1:2) ; (1:7) and (1:13) we obtain

(Atx1 � Atx2; x1 � x2)X � c
�
j"(u1 � u2)j2H + jr ('1 � '2)j

2
H

�
� c

��� :u1 � :
u2
��2
V
+ j'1 � '2j

2
W

�
� c jx1 � x2j2X :

therefore, At is strongly monotone. Therefore, using a standard result on the elliptic varia-

tional equalities ( Proposition 1.2 ) that there exists a unique element x = (u; ') 2 X which

solves (3:21)� (3:22).
Now let us show that u 2 C(0; T ;V ); ' 2 C(0; T ;W ): Let t1; t2 2 [0; T ] and denote

u(ti) = ui, '(ti) = 'i, �(ti) = �i; D(ti) = Di; f(ti) = fi, q(ti) = qi for i = 1; 2: Using the

relations (3:21) and (3:22), we �nd

(A"(u1)�A"(u2); "(u1 � u2))H + (E�r ('1 � '2) ; "(u1 � u2))H

+j(u1 � u2;u1 � u2) = (f1 � f2;u1 � u2)V (3.29)
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3.3. Existence and uniqueness of the solution

(Br ('1 � '2) ;r ('1 � '2))H � (E"(u1 � u2);r ('1 � '2))H

= (q1 � q2; '1 � '2)W ;

and, by using the assumption (3:10) � (3:12) on A, B and E , the de�nition (3:16) of the
functional j, we obtain

mA ju1 � u2jV � cE j'1 � '2jW + jf1 � f2jV (3.30)

and

mB j'1 � '2jW � cE ju1 � u2jV + jq1 � q2jW : (3.31)

It follows from inequalities (3:30)� (3:31) and the fact that c2E < mAmB that

ju1 � u2jV � c (jq1 � q2jW + jf1 � f2jV ) (3.32)

The regularity of the function q; f and the relations (3:31)� (3:32) show that (3:23)� (3:24)
are satisfed.

Which completes the proof of Theorem 3.1. �
In the next, we pose, for all t 2 [0; T ]

� (t) = A"(u (t)) + E�r' (t) ; (3.33)

D (t) = E"(u (t))�Br' (t) ; (3.34)

Let t1; t2 2 [0; T ], from (3:33) ; (3:10) ; (3:12) and (1:7) ; (1:13) we see that

j�1 � �2jH � c (ju1 � u2jV + j'1 � '2jW )

from the regularity of (u; ') given by (3:23)� (3:24), we imply that

� 2 C (0; T ;H) : (3.35)

We choose � 2 D (
)d in (3:21) and use (3:33), (3:15) to �nd

Di�� (t) + f0 (t) = 0 8t 2 [0; T ] :

From the previous equality with (3:13), we conclude that

Di�� 2 C (0; T ;H) ; (3.36)
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3.3. Existence and uniqueness of the solution

the relations (3:35)� (3:36) give us

� 2 C (0; T ;H1) :

From (3:34) with (3:11)� (3:12) and (1:7)� (1:13), we deduce that

jD1 �D2jH � c (j'1 � '2jW + ju1 � u2jV ) ;

from the regularity of (u; ') given by (3:23)� (3:24), we can write

D 2 C (0; T ;H) : (3.37)

We choose � 2 D (
) in (3:22) and use (3:34), (3:16) to �nd

di�D (t) = q0 (t) 8t 2 [0; T ] :

The regularity (3:14) gives us

di�D 2 C
�
0; T ;L2 (
)

�
: (3.38)

the relations (3:37)� (3:38) give us

D 2 C (0; T ;W) :

This means that the regularity (3:25)� (3:26) is satis�ed.
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Chapter 4

Numerical study of the problem

In this chapter, we will consider a numerical approximation of the PV variational problem,

based on a temporal and spatial discretization. For these discretized diagrams we will obtain

a result of the error estimation.

4.1 Approximate variational formulation

In this section, we introduce a discrete numerical scheme of Problem PV. Everywhere below

we assume that conditions (3:10) � (3:14) hold. Thus, it follows from Theorem 3.1 that

Problem PV admits a unique solution. More precisely, we are interested in solving Problem

PV on a �nite time interval [0; T ], with T > 0 arbitrary but �xed. So, let N be a positive

integer; we de�ne the size of the time step k = T
N
and we consider uniform temporal

discretization

tn = nk; 0 � n � N;

where N is a su¢ ciently large integer. For a continuous function �(t) with values in a

functional space, we write �j = �(tj), 0 � j � N . For spatial discretization, we consider a
polygonal domain 
.

Let Hh and Bh be the �nite element spaces of piecewise constants. The spaces H and

L2 (�3) are approximated by Hh and Bh, respectively.
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4.1. Approximate variational formulation

The spaces V and W are approximated respectively by the spaces of the following �nite

elements:

V h =
n
�h 2

�
C
�


��d j �hjK 2 [P1 (K)]d 8K 2 Th; �h = 0 on �1

o
;

W h =
�
�h 2 C

�


�
j �hjK 2 P1 (K) 8K 2 Th; �h = 0 on �a

	
;

where Th is an element resulting from the triangularization of 
, P1 (K) is the space of poly-
nomials of degree less than or equal to one overK and h designates the spatial discretization

parameter which is de�ned as

h = max
K2Th

diam(K);

where diam(K) = max fjx� yj ; x; y 2 Kg.
For all � 2 H, we denote PHh� its orthogonal projection of �nite elements on Hh,�

PHh� ; � h
�
H =

�
� ; � h

�
H 8� h 2 Hh:

Let uh0 2 V h be a �nite element approximation of u0 which is the unique solution of (3:21)�
(3:22) for t = 0 and let � (t) = _u (t) be the velocity variable.

We use the following discrete displacement �eld

,

uhkn = uh0 + k
nX
j=1

�hkj n � 1;

We now consider the following approximate variational problem.

Problem PVhk. Find a discrete velocity �eld uhk =
�
uhkn
	N
n=0

� V h and a discrete

electric potential �eld 'hk =
�
'hkn
	N
n=0

� W h such that: for n � 0;

(A"(
:

uhkn ); "(�
h))H + (E�r'hkn ; "(�h))H

+j(uhkn ;�
h) = (fn;�

h)V 8�h 2 V h; (4.1)

(Br'hkn ;r�h)H � (E"(uhkn );r�h)H

= (qn; �
h)W 8�h 2 W h; (4.2)

Now we announce the following existence and uniqueness result.

Theorem 4.1. Suppose that the conditions stated in Theorem 3.1 are satis�ed. Then

the problem PV hk has a unique solution.
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4.2. Error estimation

Proof. From a discrete analogue of Theorem 3.1, it follows that (4:1)� (4:2) admits a
unique solution

�
uhkn ; '

hk
n

�N
n=0

2 V h �W h. �
We now move on to the analysis of the error between the solutions of Problems PV and

PVhk.

4.2 Error estimation

This section is devoted to deriving error estimates for the discrete solution. We assume the

following assumptions of regularity of the solution:

(u; ') 2 C(0; T ;V �W ); (4.3)

(u; ') 2 C(0; T ;H2 (
)d �H2 (
)); (4.4)

In what follows, c denotes a generic positive constant whose value can change from one

occurrence to another, but is independent of the discretization parameters h and k.

First, we make an error estimate on the electric potential.

By applying (3:22) to time t = tn and � = �
h, we obtain for all n � 0,

(Br'n;r�h)H � (E"(un);r�h)H

= (qn; �
h)W 8�h 2 W h; (4.5)

we subtract (4:2) from (4:5), for all �h 2 W h, we see that

(Br'n �Br'hkn ;r�h)H � (E"(un)� E"(uhkn );r�h)H = 0;

therefore, we can write

(Br'n �Br'hkn ;r
�
�h � 'hkn

�
)H � (E"(un)� E"(uhkn );r

�
�h � 'hkn

�
)H = 0;

while, using the writing �h = �h + 'n � 'n, we see that

(Br'n �Br'hkn ;r
�
'n � 'hkn

�
)H � (E"(un)� E"(uhkn );r

�
'n � 'hkn

�
)H

= (Br'n �Br'hkn ;r
�
'n � �h

�
)H � (E"(un)� E"(uhkn );r

�
'n � �h

�
)H :
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4.2. Error estimation

Using (3:11) to see that

mB

��'n � 'hkn ��2W � (Br'n �Br'hkn ;r
�
'n � 'hkn

�
)H

= (Br'n �Br'hkn ;r
�
'n � �h

�
)H

+(E"(un)� E"(uhkn );r
�
'n � 'hkn

�
)H

�(E"(un)� E"(uhkn );r
�
'n � �h

�
)H ;

using the Cauchy-Schwarz inequality, (3:11)� (3:12) and the following inequality

ab � �a2 + 1

4�
b2 8� > 0; (4.6)

we obtain ��'n � 'hkn ��2W � c
���un � uhkn ��2V + ��'n � �h��2W� : (4.7)

In what follows, we proceed to estimate the errors on the displacement �eld.

We now state a relation that we will use in error estimation (see [16])

��un � uhkn ��2V � ck2 + ��u0 � uh0��2V + ck nX
j=1

���j � �hkj ��2V ;
since � is a constant, then, we have

�hkj = �j =) �j � �hkj = 0;

therefore ��un � uhkn ��2V � ck2 + ��u0 � uh0��2V : (4.8)

We apply (3:21) and taking t = tn, for all � = �h 2 V h and n � 0, we obtain

(A"( :
un); "(�

h))H + (E�r'n; "(�h))H

+j(un;�
h) = (fn;�

h)V ; (4.9)

we substract (4:9) to (4:1) to obtain

(A"( :
un)�A"(

:

uhkn ); "(�
h))H + (E�r'n � E�r'hkn ; "(�h))H

= j(uhkn ;�
h)� j(un;�h)
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4.2. Error estimation

therefore, we can write

(A"( :
un)�A"(

:

uhkn ); "(�
h � uhkn ))H + (E�r'n � E�r'hkn ; "(�h � uhkn ))H

= j(uhkn ;�
h � uhkn )� j(un;�h � uhkn )

while, using the writing �h = �h + un � un, we see that

(A"( :
un)�A"(

:

uhkn ); "(un � uhkn ))H = (A"( :
un)�A"(

:

uhkn ); "(un � �h))H (4.2.1)

+(E�r'n � E�r'hkn ; "(uhkn � un))H

+(E�r'n � E�r'hkn ; "(un � �h))H

+j(uhkn ;�
h � uhkn )� j(un;�h � uhkn ):

we have ��j(uhkn ;�h � uhkn )� j(un;�h � uhkn )��
=

����Z
�3

(uhkn�)+
�
�h � uhkn

�
�
da�

Z
�3

(un�)+
�
�h � uhkn

�
�
da

����
�
Z
�3

���(uhkn�)+ � (un�)+� ��h � uhkn �� �� da
�
Z
�3

��uhkn � un�� ���h � uhkn �� da
�
Z
�3

��uhkn � un�� ���h � un�� da
+

Z
�3

��uhkn � un�� ��un � uhkn �� da
according to the Cauchy-Schwarz and Sobolev trace inequalities (1:8), we obtain��j(uhkn ;�h � uhkn )� j(un;�h � uhkn )��

� c20
��uhkn � un��V ���h � un��V + c20 ��uhkn � un��2V (4.11)

we use (4:10)� (4:11) ; (3:10) (b), (3:12) ; the inequality (4:6) with the hypothesis c20 < mA

we have ��un � uhkn ��2V � c���'n � 'hkn ��2W + ���h � un��2V � (4.12)

Adding (4:7) and (4:12) with the use of (4:8) to obtain for all n � 0��un � uhkn ��2V + ��'n � 'hkn ��2W
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4.2. Error estimation

� ck2 + c
��u0 � uh0��2V + c h��'n � �h��2W + ��un � �h��2V i

+ck
nX
j=0

h��uj � uhkj ��2V + ��'j � 'hkj ��2Wi :
thus ��un � uhkn ��V + ��'n � 'hkn ��W

� ck + c
��u0 � uh0��V + c ���'n � �h��W + ��un � �h��V �

+ck

nX
j=0

h��uj � uhkj ��V + ��'j � 'hkj ��Wi :
From this inequality, by applying Lemma 2.4 of Gronwall in order to see that

max
0�n�N

���un � uhkn ��V + ��'n � 'hkn ��W	
� ck + c

��u0 � uh0��V + c max0�n�N

�
inf

�h2Wh

��'n � �h��W + inf
�h2V h

��un � �h��V �
Under assumptions (4:3) and (4:4), we can apply the standard theory of �nite element

interpolation (see for example [16]) in order to see that

��u0 � uh0��V � ch ju0jH2(
)d ,

max
0�n�N

inf
�h2V h

��un � �h��V � ch jujC(0;T ;H2(
)d) ;

max
0�n�N

inf
�h2Wh

��'n � �h��W � ch j'jC(0;T ;H2(
)) :

In conclusion, we showed the following result.

Theorem 4.2. Suppose k is su¢ ciently small. Then, under the regularity assumptions

(4:3)� (4:4) and c20 < mA, we have the following error estimate

max
0�n�N

���un � uhkn ��V + ��'n � 'hkn ��W � � c (h+ k) ;
where c is a constant dependent on a certain norm of the solution.

This optimal error estimate completes this section and chapter.
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Conclusion

In this memoir, we treated a frictionless contact problem between a deformable body and

a foundation with normal compliance. We considered the case of electro-elastic materials.

To begin, we proposed a variational formulation of the contact model. Then, we obtained a

result of existence and uniqueness of the weak solution. To achieve this, we used arguments

from elliptic variational equations. We considered a numerical approximation of the contact

problem, using a uniform temporal discretization and a spatial discretization by the �nite

element method. At the end of this discretization, we showed the existence and uniqueness

of the approximate variational problem. Finally, for this scheme, we obtained an error

estimation result under assumptions of regularity of the solution.
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Abstract: In this memoir, we are interested in the modeling, the variational analysis 

and numerical analysis of a contact problem, for electro-elastic  materials. The first 

part of this memoir concern some preliminary results, in particular the mathematical 

and mechanical tools necessary to carry out the continuation of this work. The second 

part is devoted to the study of a contact problem under various conditions of contact 

without friction. For this problem, we introduce strong formulation and variational 

formulation. Then, we obtain existence and uniqueness results for weak solutions. 

Finally, we propose a numerical approximation of a problem using a discretized 

scheme. For this scheme, we obtain an error estimation result.                                                                                                                                                                                

Key words: electro-elastic, contact without friction,  normal compliance, 

variational equality, weak solution, error estimate. 

Résumé: Dans ce mémoire, nous nous intéressons à la modélisation, à l'analyse 

variationnelle et à l'analyse numérique d'un problème de contact, pour les matériaux 

électro-élastiques. La première partie de ce mémoire concerne quelques résultats 

préliminaires, notamment les outils mathématiques et mécaniques nécessaires pour 

mener à bien la suite de ces travaux. La deuxième partie est consacrée à l'étude d’un 

problème  de contact dans diverses conditions de contact sans frottement. Pour ce 

problème, nous introduisons la formulation forte et la formulation variationnelle. 

Ensuite, nous obtenons un résultat  d’existence et d’unicité pour la solution faible. 

Enfin, nous proposons une approximation numérique du problème à l'aide d'un schéma 

discrétisé. Pour ce schéma, nous obtenons un résultat d’estimation d’erreur.                                                                                                                                              

Mots clés: électro-élastique, contact sans frottement, conformité normale, égalité 

variationnelle, solution faible, estimation d'erreur. 

 للمواد اتصال لمسألة العددي والتحليل التبايني والتحليل بالنمذجة مهتمون نحن ،ةالمذكر هذه في : ملخص

 الرياضية الأدوات سيما ولا الأولية، النتائج ببعض المذكرة هذه من الأول الجزء يتعلق. المرنة الكهربائية
 ظروف ظل في تلامس مسألة لدراسة خصص فقد الثاني الجزء أما. العمل هذا لمواصلة اللازمة والميكانيكية

 نتائج على نحصل ثم ومن. متباينة وصياغة قوية صياغة نقدم المسألة، لهذه. احتكاك دون المختلفة التلامس
 لهذا بالنسبة. منفصل مخطط باستخدام للمسألة عددي تقريب نقترح وأخيرا،. الضعيف للحل والتفرد الوجود
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