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Notations

Field of real numbers R or complex numbers C.
The space continuous functions from [0, 1] to R.
Domaine de T’

The set of continuous functions from x to R.
Space of bounded linear operators on H

The absolute value of a

The norm of a.

Rayon spectral de T'.

The adjoint operator of a

The inverse operator of a.

The identity element in set A.

The spectrum of a.

The spectrum of a.

The resolvent of a

Hermitian elements

Positive elements

v



Introduction

The study of operators in C*-algebras has been a central topic in functional analysis and
operator theory for decades, with profound implications across mathematics, quantum me-
chanics, and theoretical physics. C*-algebras, named for their closure under the involution
operation (*) and the norm topology, provide a natural framework for investigating bounded
linear operators on Hilbert spaces. These algebras generalize the concept of algebras of con-
tinuous functions on compact spaces and play a pivotal role in the mathematical formulation
of quantum mechanics, where observables are represented by self-adjoint operators within
such algebras.

The theory of self-adjoint, normal and positive operators has its roots in the early 20th
century, with groundbreaking contributions by David Hilbert, John von Neumann, and
Marshall Stone. Self-adjoint operators, characterized by the property a* = a, are indis-
pensable in quantum mechanics, where they model physical observables such as position,
momentum, and energy. Normal operators, satisfying a*a = aa*, encompass a broader
class that includes unitary and self-adjoint operators, and their spectral decomposition the-
orems are cornerstones of operator theory. In addition positive operators constitute a
crucial class in the study of C*-algebras. An operator a in a C*-algebra is said to be positive
(often denoted a > 0) if it is self-adjoint and has non-negative eigenvalues. This definition
is equivalent to the existence of an operator b in the C*-algebra such that a = b*b. Positive
operators play a central role in C*-algebra theory, where they are used to define traces and
non-commutative geometry, and they are fundamental in the mathematical formulation of

quantum mechanics, particularly in representing physical states and measurements.



In recent decades, the study of these operators has expanded significantly, driven by
their applications in quantum field theory, non-commutative geometry, and signal process-
ing. For instance, the spectral theorem for normal operators provides a powerful tool for
diagonalizing operators and understanding their action on Hilbert spaces. Meanwhile, self-
adjoint operators are central to the formulation of quantum statistical mechanics and the

study of partial differential equations. Memory included three chapters:

. Chapter 1: We touched on some concepts of Banach space, Hilbert space and talked
about some of the basic properties and concepts of operators in Hilbert space with

some examples.

. Chapter 2: We provided a comprehensive introduction to C*-algebra theory, fo-
cusing on the fundamental algebraic and analytical properties of these mathematical

structures.

. Chapter 3: This chapter focuses on studying special classes of operators in C*-
algebras, which are distinguished by their important algebraic and spectral properties.

Among these classes, we explore self-adjoint, positive and normal operators .

vi



Chapter

Preliminaries

In this chapter, we will discus some information related to our topic, which is represented
in some definitions, basic concepts, and theories used the proposed study. For more details,

we invite the reader to view [4, 5, 6, 7, 8, 9, 15].

1.1 Banach spaces

Definition 1.1.1. A normed space (E, || . ||) is called a Banach space if it is complete
under the associated metric i.e. if each Cauchy sequence converges.

A useful property of Banach spaces is the following: if (x,) is a sequence so that . ||

Ty ||[< 00, then Y x, converges i.e. the partial sums ka converge to a point x in the
k=1
space. For it follows from the triangle inequality, that the sequence of partial sums is Cauchy.

Series with the above property are called absolutely convergent.
The following normed space are Banach spaces:
C(K) (K a compact space);
C™(I) (I a compact interval, n € N );
L(E,F) (E a normed space , F' a Banach space).

In particular, the dual E' of a normed space is always a Banach space.

Proof. The completeness of C(K): this is essentially a restatement of the fact that the

uniform limit of continuous functions is continuous. Similarly, the completeness of C™([I)
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follows from that of C'(I) and the fact that if a sequence of functions in C"(I) converges

together with their derivatives up to order n, then the limit function is in C™(1). O

Example 1.1.1. Prove that if F is a Banach space, so is L(E, F). Show that if E, F are
normed spaces with E non-trivial (i.e. E # 0) then F is isomorphic to a closed subspace of
L(E,F).

In fact: Deduce that F is complete if L(E, F') is (choose a non-zero continuous linear

form f on E and consider the mapping y — (z — f(x)y) from F into L(E,F))

Example 1.1.2. Show that the space C([0,1]) with norm || = ||= fol | x(t) | dt is not a
Banach space.

It is clear that a closed subspace of a Banach space is a Banach space with the induced
norm. Conversely if a normed subspace of a mormed space is a Banach space, then it is
closed. Also a product of a finite family of Banach spaces is a Banach space.

Just as we can embed non complete metric spaces in complete spaces, so every non

complete normed space can be embedded in a Banach space as we show below .

Proposition 1.1.1. Let L be a dense subspace of a normed space (E, || . ||), T a continuous
linear mapping from L (with the induced norm) into a Banach space (F,|| . ||2). Then there

is a unique continuous linear mapping T from E into F which extends T . The norms of

Tand T coincide .

Proof. 1f x € E, there is a sequence (z,,) in L so that x,, — z.(z,) is Cauchy in L and so
(T'z,) is Cauchy in F . Let y := lim T'x,,.y is independent of the choice of the approximating
sequence (z,) (the reader should check this) and so the correspondence x — y can be used
to define a mapping T from E into F . We omit the details required to show that 7" has
the required properties. Il

Proposition 1.1.2. Let E be a normed space. Then E can be embedded as a dense subspace
of a Banach space Ey so that the following property holds: every continuous linear operator
T from E into a Banach space F' has a unique extension to a continuous linear operator T

from Ey into F' . The norms off and T coincide .

Proof. We identify E with Jg(E) C E” and let F; be the closure of Jgz(E) in E".
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The space E; is unique in the following sense. Suppose that we can embed FE in a
second space F, with the same properties. Then we can extend both of these embeddings
to get linear contractions between E; and Eowhich are the identity of £ and so are mutually
inverses. Hence F; and FE5 are in this natural way isometrically isomorphic. This justifies

the name completion for the above space which we denote by E. Il

Example 1.1.3.

A. Show that By is the closure of Bg in E.

B. Let F be a dense subspace of E. Show that if v € E there is a sequence (z,,)in F which is

such that Y || z, ||< oo and Zxk = x Deduce that a normed space E is a Banach space
k=1
if and only if for every sequence (x,) in E which is such that Y || z, ||< oo, the series

> x, converges in E.

Proposition 1.1.3. Let F' be a closed subspace of a Banach spaceE. Then the quotientE | F

is also a Banach space.

Proof. Let (y,) be sequence in E/F so that Y || y, ||< co. Then there is a sequence (zy,)
in E so that for each n 7p(z,) =y, and || 2, ||<[| yn || +27". Then ) || z, |[< oo and so

> x, converges in F, say to x. Clearly ) v, converges in E/F to mp(x)

We now give a useful criterium for demonstration the completeness of conrete Banach

sequence or function spaces. O

Proposition 1.1.4. Le t S be a set, A is closed, absolutely convex subset of C° (with the
product topology) which is bounded i.e. such that for each t € S there is a K > 0 so that
| 2(t) |[< K whenever x € A. Then if Ex =, nA, (Ea,||||a) is a Banach space.

Proof. Of course E, is a normed spacewe show that it is complete. If (z,) is an || . ||
Cauchy sequence, each (x,(t)) is Cauchy (this follows from the fact that A is boundedthe
reader should check this). Hence by the completeness of C there is a function x so that
xn(t) — z(t) for each t € S. We show that x € E4 and z,, — = in E4. For each € > 0 there
isan N € N so that z,,, — x,, € €A if m,n > N. Letting n — oo and using the fact that A

is pointwise closed we see that x,, — x € € A for m > N. From this it follows easily that




Chapter 1 Preliminaries

x€ FEyand || zp —x |a— 0

As and application of this result consider the sets

Ap:{xGCS:Z|X(3)|p§1}.

ses
for 1 < p < co. We know that A, is close and absolutely convex in S€. Hence the
corresponding normed spaces (i.e. (¢7(S),] . ||,)) are complete. In the special case where
S = N we obtain the sequence space P and so we see that these are Banach space. Similarly,
As = {2 € SC :sup | x(s) |< 1}
ses

generate

0>°(S) = {x € £>°(9) for each e < 0{t € S : |z(t) > €} is finite }

of ¢o(9) is closed in £°(S) and so is a Banach space. (for if z, — x in £*°(S) and each
Ty € co(9), then for € > 0 we choose an xy with || z,, — = ||< ¢/3. There is a finite A; C S
so that the values of x) outside of S; have absolute value at most ¢/p3. Then the values of
x outside of S; have absolute values at most e. This method of proof is known as an €/3
argument for obvious reasons.)

One of the most important motivations for the study of Banach spaces and their linear
operators was the classical theory of integral equations and we conclude this section with
some remarks on that subject. We begin with an elementary criterium for the invertibility

of an operator which is the basis for many perturbation results:

1.2 Hilbert spaces
Recall that any inner product space X has an associated norm defined by:
|z |l= v/ (z,x) (1.1)

Thus an inner product space can be viewed as a special kind of normed vector space. In

particular, every inner product space X has a metric defined by:

dz,y) =z -y | ={x—y,z—y).
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Definition 1.2.1. A Hilbert space is an inner product space whose associated metric is
complete.

That is, a Hilbert space is an inner product space that is also a Banach space. For
example, R™ is a Hilbert space under the usual dot product:

| 2,y [|=x1y1 + ... + T0Yn-

More generally, a finite-dimensional inner product space is a Hilbert space.

Example 1.2.1. The standard inner product on C" is given by

<ZL‘, y) = Zx_jyj’
7=1

where v = (x1,...,%,) and y = (Y1,...,Yn), with z;,y; € C. This space is complete,

and therefore it is a finite-dimensional Hilbert space.

Example 1.2.2. Let C([a,b]) denote the space of all complez-valued continuous functions

defined on the interval |a,b]. We define an inner product on C([a,b]) by

b
(9) = [ Falgla)de.
where f,q : la,b] = C are continuous functions. This space is not complete, so it is not

a Hilbert space. The completion of C([a,b]) with respect to the associated norm,

|vn=([ﬂﬂmPMJua

is denoted by L*([a,b]). The spaces L*([a,b]), are not Hilbert spaces when p # 2.
Similarly, if T is the circle, then L*(T) is the Hilbert space of square-integrable functions
f: T — C with the inner product

(f,9) _/ng(x)dx.

Theorem 1.2.1. (Cauchy-schwarz) If x,y € X, where X is an inner prod space, then

@ )| < Iyl (1.2)

where the norm || - || is defined in (1.1)
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Proof. By the nonnegativity of the inner product, we have for all x,y € X and A\, u € C.

Expansion of the inner product, and use of (1.1) implies that
0 < (Ax — py, \x — py).

Mz, y) + My, ) < AP [ll® + [y

If (x,y) = re", where r = |(z,y)| and ¢ = arg(z,y), then we choose

A=yl p=|z|
It follows that
2(|z |yl (z, )] < 2/l]*lyll*,

which proves the result. An inner product space is a normed space with respect to the
norm defined in (1.1). The converse question of when a norm is derived from an inner

product in this way is answered by the following theorem. O]

Theorem 1.2.2. A normed linear space X is an inner product space with a norm derived

from the inner product by (1.1) if and only if
lz + yll* + llz = ylI* = 2[l2)* + 2/ly|*  for all z,y € X. (1.3)

Proof. Use of (1.1) to write norms in terms of inner products, and expansion of the result,
implies that (1.3) holds for any norm that is derived from an inner product. Conversely, if

a norm satisfies (1.3), then the equation
1 . . . .
(w,y) = 7 {llx + yll> = llz = ylI* =il + iyl +illz —ayl*} - (1.4)

defines an inner product on X. We leave a detailed verification of this fact to the reader.
The relation (1.3) is called the parallelogram law. Its geometrical interpretation is that
the sum of the squares of the sides of a parallelogram is equal to the sum of the squares
of the diagonals . As the polarization formula (1.4) shows, an inner product is uniquely
determined by its values on the diagonal, that is, by its values when the first and second
arguments are equal.
Let (X, (<,>)x) and (Y, (<,>)y) be two inner product spaces. Then there is a natural

inner product on the Cartesian product space
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X XY =A{(z,y) |z € X,y €Y}

given by

((xhyl) ) (:C27y2))X><Y = (1’1, x2)X + <y17y2)Y

The associated norm on X X Y is

2z, yll = Vllzll> + Nyl

Unless stated otherwise, we will use this inner product and norm of the Cartesian product

of two inner product spaces. ]

Theorem 1.2.3. Let X be an inner product space. The inner product is a continuous map

from X x X — C

Proof. For all z1,x9,y1,y2 € X, the Cauchy-Schwarz inequality implies that

(21, 91) — (22, 92)] = [(x1 — 22, 91) + (T2, 1 — 1)

< ey = 2l lyall + N2l lyr — ell -

This estimate implies the continuity of the inner product.

1.3 Operators on Hilbert spaces

1.3.1 Bounded linear Operators

In this paragraph, X and Y are two normed linear spaces defined on the same scalar

field K.

Definition 1.3.1. A linear operator is a mapping T : D(T) C X — Ythat satisfies:
T(A\x +y) = XT(z) + T(y),VA € K,Va,y € D(T),

where D(T) is a linear subspace of X, called the domain of T.
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The image of x is denoted Tz and
R(T):={yeY;3x e D(T),y =Tz}

is called the range or the image of T.
The space of all linear operators form X into Y is denoted by L(X,Y), it is a linear

space over K with respect to the addition and multiplication by scalars,
(T'+ S)x =Tx + Sz,Va,y € D(T) N D(S5),
(Tx),Vz € D(T).
The identity operator is denoted I, I(x) = z,Vz € X.

Definition 1.3.2. The operator T : D(T) C X — Y is said to be continuous or bounded if

it satifies the property
Ve e D(T),¥Ye> 0,30 >0:Vy e D(T); ||z —y|[<d=| Tz —-Ty|<e.

he space of all bounded operators from X into Y is denoted by L (X,Y) or B(X,Y) . In
particular, if Y = X the space is denoted by L(X) and if Y = K, the space £ (X,K) is
written X' and called the dual space of X. The elements of X' are called linear forms or

functionals.

Proposition 1.3.1. [7] The operator T : D(T) C X — Y s said to be continuous or
bounded if it satifies the property

1. T is uniformly continuous on D(T)

2. T is continuous on D(T),

3. T is continuous in O

4. 3C >0:Vee DT, ||z |I<1=|Tz|<C,

5.3C>0,|| Tz ||< C | = ||,Vx € D(T).
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Proof. 1t is clear that 1) = 2) = 3).

3) = 4) Assume that 7" is continuous at 0, then for € = 1 we have
>0:VeeE | z|<d=|Tz|<1,

then, for any « € E such that || z [[< 1 we have | 2 ||< §, consequently

ox
T(— 1
1T i<
therefore,
2
T -=C.
| T 1< 2

To prove that 4)= 5), let x € E if x # 0, we have || Tal |= 1, hence, by 4) we deduce

xz

IT(—) I<C

[Ea

which gives | Tz ||[< C ||z || . If z = 0 clearly || T(0) ||= C || 0 |]. Thus 5) is satisfied.
Finaly, let us show that 5) = 1). Let =,y € E and take ¢ > 0, since,

[ Te =Ty =T -y I<Clz-yll

then, so that || Tx —Ty ||< €, it suffices that C' || z—y ||< €, which is satisfied if || z—y ||<

€
c
Thus, § = & guaranties the result. O]

1.3.2 Norm of an operator

Lemma 1.3.1. Let X and Y be two normed linear spaces, then, || . ||: Z(Y,X) = R,
define by
T |l zvx)= supl| Tz ||;2 € D(T), || « [|< 1.

is a norm on Z (Y, X) .

Proof. i) Suppose that T'= 0, that is Tx = 0 forallz € D(T') , then,  sup | Tx ||= 0.

zeD(T),[|=]|<1

Thus, || T ||= 0. Reciprocally, suppose that | T' ||= sup || Tz ||= 0, then, Tz = 0,
[[=]I<1

Ve € D(T),|| = ||< 1 Suppose that = € D(T), ||  ||> 1, then z = 7oy 18 such that |z ||I=1
consequently 7'z = 0, which implies that Tx = 0 and therefore, Tz = 0, Vo € D(T) .
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ii) Let A € C, then,

AT [|= sup || AT [|=[ A | Sup | T I=[ AT

[l=]|<1 |z[|<1

i) Let S, T € Z(X,Y)

| T+ S ||=sup|| Tx+ Sz ||;z € D(T)ND(S),|| = ||[<1
< sup|| Tx || + | Se [z € D(T) 0 D(S), || » <1
< sup|| Tw ||z € x € D(T), || # |< 1+ supl| Sz ;2 € D), [z [|[<1=[TI[+ 5]

which completes the proof of the lemma. n
Example 1.3.1. Let T': Cg[0,1] — R, be defined by T'f = f(0) , and equipped Cg[0,1] by
the usual norm || f ||= sup | f(z)| . We have

0<z<1

| T ||= sup | f(0) |[<sup sup | f(z)|= sup | f|=1.
lrl<1 f<z<1 (FilEst

On the other hand, let g : [0,1] — R with g(x) =1, for all x € [0,1] . Then, g € C[0,1]
and || g ||= 1. Moreover, | Tg |=| g(0) |= 1, hence, || T ||>| Tg |= 1, therefore | T ||= 1.

Proposition 1.3.2. The norm defined above is also given by
| T ||=inf{C>0:|Tx||<C| z|,Vee DT}

Demonstration 1.3.1. Since T is continuous, then from propsition (1.3.1) | there ezists
C >0, such that || Tx ||[< C ||z || , Vx € D(T) .
ForallCe{C>0:|Tz||<C | z|,Yze D(T)}, we have

|T= sup [Tz [|[< sup [[Tz|<C
2€D(T),|z||<1 2eD(T)

Thus,
[T <inf{C>0:Tz ||<C|[ |, VeeDT)}

onversely, denote inf{C > 0:|| Tz ||< C ||z ||,Vz € D(T)} = C, then, for all ¢ > 0, there
exists x. € D(T), such that
| Tz, ||> (C — €)z.

10
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Clearly, x. # 0, then,

Le

Ve > 0,3y, = m; | Tye ||> (C —e)
‘/'Ee
, therefore
Te —
Ve>0,3ye=7—— | T |l= sup || Ty ||> (C )
| ze |l lyell<1

, Passing to the limit ¢ — 0 we infer that
| T|>C=inf{C>0:|Tx||<C| x|,Vx e D(T)}.

hence the equality || T ||= C.

1.3.3 Invertible operators

Definition 1.3.3. An operator T € Z(X,Y) is said to be invertible if there exists an
operator S € L (Y, X) and ST =TS = 1. In this case S is denoted T™.

Example 1.3.2. For f € C[0,1] and defined Ty € £ (L?0,1]) by
(Tru)(z) = f(2)u(z), ue L*0,1].

Clearly, Ty € Z(L?[0,1]). Let f be the function defined by f(x) = 1+ x. Then, Ty is
invertible. Indeed, for g(z) = -, we have T, € B(L?0,1]). Moreover,

(TrTyu)(z) = f(z)g(z)u(z) = u(z)
and
(TyTyu)(z) = g(x) f(z)u(z) = u(z).

which shows that Ty is invertible and Tf_1 =1T,.

Theorem 1.3.2. Let X be a Banach space and T € £ (X) with || —T| < 1. Then, T is

invertible with

T =Y (I-T)"

n>0

Proof. Since |[I —T'|| <1, the series »_ ., ||[I —T||" converges. On the other hand,

I =T)" | < [T =T,

11
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then the series ) o [[(I —T)"|| converges, and ), (I —T)" is an absolutely convergent
series. Let S be its limit and Sy, = Zszo(l — T')". Then we have

TSy =1l = (I = (I = T) Sk = I = |(L = T)* || < [T = T|**.

Thus,
0 < lim [|TS, —I|| < lim [|(I = T)[** =o0.
k—o0 k—o00

Therefore, T'S — I = klim (T'Sy, —I) = 0. Similarly ST — I = khm (SgT" — I) = 0, which
—00 —00
completes the proof. Il

Theorem 1.3.3. Let T be a linear operator from normed linear space X into normed linear

space Y. Then, T~ exists and is continuous if and only if there exists m > 0 such that
[Tz) = mljz]] Ve e X.

Definition 1.3.4. Let X, Y be normed linear spaces. If an invertible operator T € £ (X,Y)

exists, then X and Y are isomorphic, and T is an isomorphism (between X and Y ).

Lemma 1.3.4. If the normed linear spaces X and Y are isomorphic, then:

a) dim X < oo if and only if dimY < oo, in which case dim X = dim Y.
b) X is separable if and only if Y is separable.
c) X is complete (i.e., Banach) if and only if Y is complete (i.e., Banach).

Theorem 1.3.5. Let X et Y two Banach spaces. if T € L (X,Y) is bijective, then it is

invertible.

1.3.4 The adjoint of an operator

Let A: D(A) C X — Y be an unbounded operator with dense domain D(A) = X .

Demonstration 1.3.2. D(A*) is a linear subspace of Y': Let f : D(A) — Y be define by
f(z) = (¥, Ax), it is clear that f is linear and

| f(2) [=] (¢, Az) |< cflz][x.

12
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From Hahn-Banach Theorem, we deduce that f can be prolonged linearly by a unique ¢ :
X — R such that
| o(z) |< cflz], Yz € X,

consequently, o € X' and since ¢ is the prolongement of f, we get
(Y, Ax) = (p,z),Vo € D(A).

Proposition 1.3.3. Define the set
D(A*) : {¢p €Y' : e > 0 such that | (¢, Az) |< c||z|x,Vx € D(A)}
Then, for all ) € D(A*) there exists a unique ¢ € X such that

(Y, Ax) = (@, z), Vo € D(A).
Definition 1.3.5. The mapping
A DAY CY = X
LY == AT,
is called the adjoint operator of A and denoted A*, it is a bounded operator that satisfies
(A", x) = (Y, Az), Yy € D(A"),Vx € D(A).

Remark 1.3.1. [t is necessary that D(A) be dense in X, to define A* correctly. Indeed,
suppose that there exist p1,ps € X' such that A*) = @1 et A*) = o, then,

(A%, x) = (p1,2) = (P2, ), Va € D(A)

therefore

(p1 — o, z) =0, Ve D(A)
which implies that v — pe = 0, if and only if D(A) is dense in X.
Remark 1.3.2. D(A*) can not be dense in Y.

Theorem 1.3.6. [6] Let H and K be two Hilbert spaces over the same scalar field K, and
let A € L(H,K) be a linear and bounded operator. Then, there exists a unique operator

from A* € L(IC,H) such that

(Az,y) = (z,A%y), VYreH,Vyek.

13
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Definition 1.3.6. The operator A* just constructed is called the adjoint operator of A

Example 1.3.3. Endowed R? by the canonical basis {e1,es} = {(1,0),(0,1)} and let A €
L(R?) given by
a2 L1
A(I’l, Ig) =

Q21 A22 X2

Assume that A* is given by a matriz B = (b;;), that is

Y1
Y2

A*(yl,i%) =B

Recall that
(Az,y) = (z, Ay),

that is,

1171 + A1222 Y1 Ty bi1y1 + D12y
a21T1 + A22T2 Y2 T ba1y1 + baoyo

then,
a1121Y1 + a1222Y1 + a2121Y2 + a2222Y2 = buiz1yr + a1y + barzayr + baoxays,

which gives,

bii = a1, bia=ag, by = a2, by = amn.

Thus,

*

a11 a2 a11 a1

21 A22 Q12 A22

Remark 1.3.3. Note that if A € L(C?), then the adjoint of A is given by

A* — ann a1

Q12  A22

Example 1.3.4. Let k € C([0,1]) and A € L(L*0,1]) defined by
(Af) (@) = k(z)f ().

We have
(Af,g) = (f,A%g), VYfgeL*0,1],

14
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that s ) )
| r@s@gtads = [ p@ags, vige o,
0 0
therefore, A*g(x) = k(z)g(z), thus, A* = A.

Example 1.3.5. Let T : (*(R) — (*(R)

T(x,) = (0,29, x3,...)

<T(:En), (yn)> - Z TnlYn

Now, suppose that T*(y,) = (z,), then,

((20), T"(yn)) = ((Tn), (20)) = anzn = anyn
n=1 n=2
Definition 1.3.7. If A* = A we say that the operator A is self adjoint.
Remark 1.3.4. Clearly, I* = 1.

Lemma 1.3.7. [12] Let H, K and N be three Hilbert spaces over C and let A\, € C,
A,Be LH,K) andT € L(K,N). Therefore,

1. (VA + uB)* = MA* +uB*,
2. (AT)* =T*A*.
Theorem 1.3.8. [12] Let H, K be two Hilbert spaces over C and A € L(H,K), then,
1. (A*)* = A,
2. A = [[All,
3. the function F': L(H,K) — L(K, H) defined by F(A) = A* is continuous,
4 [[AA[| = [ A% - [|All = [|Al”%.

Lemma 1.3.9. [6] Let A € L(H) be a linear and continuous operator on the Hilbert space
H. Then, A is invertible if and only if A* is invertible.

15
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Proof Suppose that A is invertible, then A~! exists and we have AA™! = A7'A = I, then
(AA™YH* = (A71)*A* = I, consequently, (A71)*A* = I.
Thus, A* is invertible and (A™1)* = (4*)~1.
Reciprocally, if A* is invertible, then, using the above argument, we deduce that A =

(A*)~! is invertible and

A—l _ ((A*)—l)* — (A*)_l.

Consequently, (A71)* = (4*)~L. O

1.3.5 Self adjoint operator

Definition 1.3.8. Let H be a Hilbert space and A € L(H). The operator A is said to be
self adjoint if A* = A

Example 1.3.6. Let k € C[0,1] and consider the complex Hilbert space L?[0,1]. Let A €
L(L?*[0,1]) be defined by
(Af)(x) = k(z) [ (x),

then
(A" f)(x) = k(x) f(x)
and
(A"Af)(x) = (A"k[f) () = k(2)k(2) f(x) = k(2)k(2) f(z) = (AA" f) ().
Thus,

(A"Af) = (AA™f),
which shows that A is normal .

Lemma 1.3.10. Let S(H) be the set of all self-adjoint operators over H. Then, for all
ApeRAS+pT € S(H) and S(H) is a closed linear subspace of L(H).

Proof. 1) Let \,u € Rand S,T € S(H). We have

(AS +pD)* = ANS* + I = \S + uT.

16
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2) Moreover, let {T},} be a sequence of self-adjoint operators which converges to T €
L(H). Since the function ' — T™* is continuous, then {7},} converges to T*. But T, = T,

then {T,} converges to T. By the uniqueness of the limit, we have T* = T. O

Lemma 1.3.11. [12] Let H be a complex Hilbert space and T € L(H). Then,

1. TT* and T*T are self-adjoint operators,

2. there exist two self-adjoint operators R,S such that'l' = R+ 1S.

Proof. 1) (TT*)* = (T*)*T* = TT* and (T*T)* = T*(T*)" = T*T.
2) Set R =" and S = L5, Then T = R +4S and

21

T+T\" T+T
R*: = :R
(757) =

and

S* = (T_.T) _ L __T:s.
27

]

Lemma 1.3.12. Let H be a complex Hilbert space, A € L(H), and N € C. Then, A is
normal if and only if (A — XI) is normal.

Proof. If A is normal, then
(A= X)*(A—AI) = (A" = XI)(A - \I)

= A"A—MA* = NA+ X
= AA = XA = MA" 4+ D
= A(A* — M) — M(A* = )\])
= (A= \)(A* = XI)
= (A= AD)(A—=\I)".
Conversely, if (A — AI) is normal, then A = (A — A\I) — (—=A)I is normal. O

Lemma 1.3.13. Let A € L(H) be a normal operator. Then,

17
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1. ||Az| = ||A*z|| for all z € H.
2. If there exists a > 0 such that ||Ax| > «a||z|| for all x € H, then ker A* = {0}.
Proof. 1) Let z € H. Since A*A = AA*, we have A*Ax = AA*z, and hence
(A*Azx,x) = (AA 2, 2),

which implies

(Az, Az) = (A*m, A*z) <= | Az|® = ||A*z|*.
2) Let y € ker A*. Then, A*y = 0, and by virtue of part 1), we have
0= 1A% = | Ayl| = elyl]
Therefore, ||y|| = 0, which implies y = 0. Thus, ker A* = {0}. [

Corollary 1.3.1. Let A € L(H) be a normal operator. The following statements are equiv-

alent:

1. A is invertible.

2. There ezists o > 0 such that | Az|| > al|z|| for all x € H.

Definition 1.3.9. An operator A € L(H) is said to be unitary if A*A = AA* = 1. An
isometry is an operator A € L(H) that satisfies ||Az|| = ||z|| for all x € H. The norm of an
isometry is equal to 1, that is, ||A|| = 1. We denote by U(H) the set of all unitary operators

over H.

Remark 1.3.5. A unitary operator is invertible, and its inverse is its adjoint.

18



Chapter 2

Basics of ('"-algebras

In this chapter we will discus the most important definitions related to C*-algebras,

including its main properties.

2.1 Banach Spaces and Algebras

Definition 2.1.1. A normed space E is complete if every Cauchy sequence in & converges.

A complete normed real vector space is called a Banach space.
Example 2.1.1. Every finite-dimensional normed real vector space is a Banach space.

Definition 2.1.2. An algebra is a vector space A together with a bilinear map

AxA— A
(a,b) —a-b

which verifies, Va,b,c € A :
1.a-(b-c)=(a-b)-c

2.a-(b+c¢)=a-b+a-c,

(a+b)-c=a-c+b-c

Remark 2.1.1. °

19



Chapter 2 Basics of C*-algebras

e [fa-b="b-a forall a,b € A, the algebra is commutative.

o [f there exists 14 € A such thata-14=14-a = a for all a € A, the algebra is unital

and 14 is called the unit element.

Definition 2.1.3. A normed algebra is an algebra A over a field K (where K =R or C)

equipped with a norm || - || satisfying the submultiplicativity condition:

-yl < [l - Iyl for all z,y € A.

2.2 Banach Algebras

A Banach algebra over the complex field C is a complete normed C-algebra. This

means it is a vector space equipped with:

e A bilinear vector multiplication (satisfying distributivity and associativity).

e A norm under which the space is complete (i.e., a Banach space).

Definition 2.2.1. A complex Banach space A with multiplication (a,b) — a-b is a Banach
algebra if for all a,b,c € A and A € C satisfing the following conditions :

1. Associativity: a-(b-c) = (a-b)-c

2. Distributivity: a- (b+c)=a-b+a-cand (a+b)-c=a-c+b-c

3. Scalar compatibility: \(a-b) = (A\a)-b=a- (A\b)

4. Submultiplicativity: ||a - bl < ||al] - ||

5. Commutativity (optional): If a-b=10-a for all a,b, A is commutative.

6. Unity element: If there exists 14 € A with ||14]| = 14 such thata-14=14-a=a
for all a € A is unital.

Remark 2.2.1. 1.

2. Power inequality: ||a"|| < ||a||™ for alla € A, n € N.
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3. Unital extension:

o The unity element 14 is unique if it exists.

e Any Banach algebra A can be isometrically embedded into a unital Banach algebra

A#* = A x C with:

Operations: (z,a) + (y, 8) = (x + y,a + P)
Multiplication: (z,«) - (y,8) = (xy + Pz + ay, af)

Norm: ||(z, a)|| = ||z| + |«

Example 2.2.1. 1. Banach algebra:
(Cla,b], || - [|oo) with pointwise operations and norm ||f|lec = supsepa |f ()] 45 a com-

mutative Banach algebra.

2. Not a Banach algebra:

(Cla, b, || - |[1) fails submultiplicativity . For f(t) =t, g(t) =t on [0, 1]:
1 tg 1 1
I£-gll = [ a = H s
0 0
1 2 271 2 2
t 1 1
it = ([ 1ar) = (H) - ()

11
Since 37T If-glle £ fllllgll-

2.3 Invertibility and spectrum

2.3.1 Invertibility

Definition 2.3.1. Let A be a unital Banach algebra. An element x € A is called invertible

if there exists an inverse x=' € A satisfying:

where 14 is the multiplicative identity of A.
The set of invertible elements in A is denoted by Inv(A).
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1. Uniqueness: If an inverse exists, it is unique.
2. Group Structure: Inv(A) forms a group under multiplication.

3. Product Rule: For all a,b € Inv(A), the product a - b is invertible with

(a-b) ' =b"ta .

Example 2.3.1. 1. In the Banach algebra K (R or C):
a is invertible <= a # 0, so
Inv(K) = K* =K\ {0}.
2. In the Banach algebra M,(K) (n x n matrices):

A is invertible <= det(A) # 0.

Proposition 2.3.1. Let A be a unital Banach algebra and x € A such that ||z|| < 1. Then

1. 14—z € Inu(A),

2. (14 _x)_IH < 1_1@”7

2

3. ||(1A - x)_l - 1A - ZEH S 1‘5“&3”-

Proof. Since ||z"|| < ||z||" and ||z|| < 1, the sequence (s,)n>0, defined by

Sp=1l4+z+2*+ - +2"

forms a Cauchy sequence in A. Because A is complete, there exists s € A such that

Sn — S. A straightforward calculation shows that

+1:(

Sp(lg—2x)=14—2" ly—1x)s,

and since 2" — 0, the continuity of multiplication implies

S(lA—iL‘):lA:(lA—x)S.

In other words, 14 — z is invertible, and its inverse is
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(lg—a)t=s= Zx”
n=0

We have

1(1a =) =

oo
> "
n=0

o oo 1
<D Nl < 3 Ml = o=
n=0 n=0

We have

(1A—x)_1—1A—.iE:Zx”,
n=2

which gives

. PRI Ed
[(la—2) " = 1a—az < =" = T— |z
n=2 SL’H
[
Corollary 2.3.1. Let a € A such that |14 — al| < 1. Then a is invertible, and
_ 1
la™ " < s———
1—[[14—al
Proof. Suppose |14 —al| <1 for a € A.
We have a = 14 — (14 — a), and thus
o = 0 = (La =) <
1— 14— al
[

1

Proposition 2.3.2. The set Inv(A) is open in A, and the map a — a~"' is continuous from

A to A.

Proof. Let a € Inv(A). We show that B(a,r) C Inv(A), where r = IIallH = |la” 7"

Let b € B(a,r), so |[b—al| < r. We have b = a — (a —b) = a[ly — a '(a — b)], and

la= (a = b)[l < llall~Hla = b]| < 7,7 =1.
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Therefore, by (2.3.1), 14 — a~'(a — b) is invertible, and thus b = a(l4 —a *(a — b)) is

invertible with

bl=[lg—aa—0)] " a? Z b))rat.
k=0
We show that:
T la=[I?]|b — al|

a ' < :
— 1= [laH[[}b = all
Let (a,) be a sequence of invertible operators such that a, — a, where a is invertible.

Then

AN :n >N |la, —al < |la” b,

and

1 la”"[*[lan — a]

n _1“— 1

lla -~ )
la=t||[lan — all

As n — 0o, we obtain

_1_
n

la,* —a~"| =0,

so a;' — a~!. Thus, the map a — a~! in Inv(A) is continuous.

2.3.2 Spectrum
Definition 2.3.2. For a € A, the spectrum of a, denoted o(a) is defined by
o(a) ={X € C:a— Al 4 is not invertible}.
The complement of o(a) is called the resolvent of a and is denoted p(a) such that
pla) ={X € C:a— X is invertible}.
The spectral radius of a is the following number

r(a) = sup{|\| : A € o(a)}.
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Proposition 2.3.3. [14] Let a € A. Then

r(a) = lim [la”[V"

Proof. e Define

r = lim inf|a"||*/"
n—oo
e Show r(a) <.

e Use the Neumann series to analyze (14 — za)™!:

o0

1
Iy—za)t = Z"a"  for |z] < —.
(1a — 2a) HZ:O <TG
e Conclude that the radius of convergence is @, hence r(a) = r.

31
Example 2.3.2. Let a = be a 2 X 2 matrix.
0 2

1. Compute the eigenvalues:

o Solve the equation: det(AA —a) =0
1
det =B-XMN2-)=0.

o The eigenvalues are: Ay = 3, Ay = 2.
2. Spectrum o(a):
e In finite dimensions: the spectrum is the set of eigenvalues.So

o(a) = {2,3).

3. Explanation:

25
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11
o Why is A\ = 2 in the spectrum Because a — 21 4 = is not invertible (the

matriz is not full rank).

e Same thing for A = 3.
Proposition 2.3.4. [14] Let A be a unital Banach algebra and let a € A. Then:

e The resolvent set p(a) is a non-empty open subset of K.

e The spectrum o(a) is a non-empty, closed and bounded subset of C, contained in the

closed disk centered at 0 with radius ||a||:

o(a) C{A € C:[Al < lall}.

e Ifa€ Inu(A), then
0@4):{%:A6d®}.
Proof.

To show p(a) # 0, pick A € K with |[A| > ||a||, then a — A1 4 is invertible. To prove openness,
use the Neumann series: if a — A\gl 4 is invertible, then for A close enough to A\g, a — A1 4 is

also invertible.

For || > ||la||, one can write:

1
a—)\lA:—/\(lA—Xa>.

Since ||1al| < 1, the term in parentheses is invertible, so A ¢ o(a). Thus, o(a) is bounded.

Being the complement of the open set p(a), it is also closed.

Let A € o(a™'). Then a~! — Al 4 is not invertible. We can write:
a b= A= -Xda(a—A"ty).

So a — A7'1 4 is not invertible, i.e., ™' € o(a). Hence:

gm4):{§:xed@}.

26



Chapter 2 Basics of C*-algebras

Theorem 2.3.1 (Gelfand-Mazur). [17] Let A be a unital Banach algebra. If every nonzero

element of A is invertible, then A is 1-dimensional, i.e. 14 is a linear basis for A.

Proof. Let a € A be given.
Choose A € o(a). Then, a — Al 4 is not invertible.
Hence, a — A\14 =0, i.e. a = A\l 4. O

Proposition 2.3.5. Let A be a unital Banach algebra, a € A, and p € C[X] a complex
polynomial. Then

Proof. We prove the equality by showing both inclusions. (1) First, we show that:

p(o(a)) C a(p(a)).

Let A € o(a). Then a — Al 4 is not invertible. We want to show that p(\) € o(p(a)), i.e.,
that p(a) — p(\)14 is not invertible. Since p(X) — p(A) vanishes at X = A, we can write:

p(X) —p(A) = (X — N)g(X)

for some ¢ € C[X]. Evaluating at a, we get:

pla) = p(M)1a = (a = Ala)q(a).

If p(a) — p(A\)14 were invertible, then so would be a — A1 4 (since ¢(a) is an element of A),
which contradicts A € o(a). Hence, p(A) € a(p(a)).
(2) Conversely, we show that:

a(p(a)) C p(o(a)).

If p is the zero polynomial, the result is trivial. Otherwise, let A € o(p(a)). Consider the
factorization:

p(X) = A=a(X —a)(X —ag) - (X — ap)

with a # 0, and «q, ..., a, € C the roots of p(X) — .

Evaluating at a, we obtain:

pla) = Ala=oafa —arla)(a — asla) - (a— anla).
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If each a — ;14 were invertible, then so would p(a) — A1y, contradicting the assumption
that A € o(p(a)).

Therefore, there exists some i such that a — «;1 4 is not invertible, i.e., a; € o(a), and thus:

A= p(as) € plo(a)).

Combining both directions, we conclude:

2.4 (*-algebras

2.4.1 *-algebra

Definition 2.4.1. If A is a Banach algebra, an involution is a map a — a* on A such that:

e Has a unary operator * is the star operator .
e * is an involution : (a*)* =a .
e * is conjugate-linear : (Aa + b)* = Aa* +b*, for alla,b€ A and A € C .
e * is an antihomomorphism : (ab)* = b*a* .
The pair (A, *) is called an involutive algebra, or *-algebra .
Remark 2.4.1. If A is a unital involutive algebra (with an involution), then
a=(a")" = (a"14)" = 1%(a")" = 1%a.
Similarly, a = al*.Hence, for every a € A,

a = 1%a = al’y,

which, by the uniqueness of the neutral element, implies that 1% = 1 4.
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2.4.2 (*-algebra

Definition 2.4.2. A C*-algebra is a Banach *-algebra whose norm satsifies the C* condi-
tion:
la*a]| = Jla]*.
for all a in A.
Example 2.4.1. C is a C*-algebra over itself. Indeed,
C is a vector space over itself (with the usual operations of addition and multiplication).

Involution (*): For any complex number z = a + ib (where a,b € R), the involution * is

defined as complex conjugation:

2¥=7Z=a—1ib.

Norm:

The absolute value is used as the norm:
lz]] = |z| = Va? + b2
Involutive Property:
() =z==z

Antilinearity: For any A € C and z,w € C:
Az +w)* = A" +w*

Product Rule:

*

(zw)* = w*z"  (analogous to the conjugate of a product of two complex numbers).

C*-Identity:
Izl = 11220l = [[[=*[l = |2|* = |||
(since zz = a® + b* = |z]*).

Generally speaking, C*-algebra can be seen as a way to generalize the set of complex numbers.

Example 2.4.2. X : locally compact, hausdorff.
Co(X): continuous functions on X that vanish at infnity, f: X — C with lim f(z) =0.

|x|—o00
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e Multiplication: fg(z) = f(x)g(z) (commutative).
e * operator: f*(x) = f(z) .
o ||| is the supremum norm: || f|| = sup{|f(x)|,z € X}.
Co(X) is a C*-algebra .
Example 2.4.3. Let B(H) denote the set of bounded operators on a Hilbert space H.

e Multiplication is composition of operators, A, B € B(H) is their composition Ao B.

e The * operator is given by the inner product (.,.) on H: (Az,y) = (x, A*y) for all
x,y € H .

o ||| is the operator norm: ||f|| = sup |Az||, where the norm on H is the induced
=<1

norm from (., .).
Then B(H) is a C*-algebra .
Proposition 2.4.1. [9] If A is a C*-algebra and a € A, then
la*]] = llall

Proof. We have A, a C*-algebra. By definition, a C*-algebra satisfies the key condition

|a*al| = ||a]|?, implies the following:
lall* = lla*all < [la*[[llall = llall < [la"].

la”[I* = 1I(a")"a’|| < llalllla”[| = lla*|| < ||a]-
Which means: ||a*|| = ||a]|. O

Proposition 2.4.2. [13] If A is a C*-algebra and a € A, then

lall = sup{[laz]| : = € A, |J=[] <1}

= sup{||zal| : x € A, ||z|| < 1}.
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Proof. Proving |la|| = sup ||az]]
Let a = sup{|jaz|| : © € A, ||z|| < 1}. This means « is the least upper bound of all values
|ax|| where ||z]| < 1.

From the properties of the norm in any C*-algebra, we know:
laz|| < lla]l - [|=]]-
If ||z]| <1, then
laz|| < lal|.

Thus, o < ||a|| because « is the upper bound of ||ax||.

Proving equality a = ||al|,

*

Choose the specific element 2 = 7. we know |la*|| = ||al|, so:
at || _ lla”]]
ol = | | = e -
lall{} {lal
Now compute |laz||,
oz = || - & ‘ _ llaa”]
lal] lall
From the C*-condition ||aa*|| = ||a||* (since ||la| = ||a*||), we get:
lal?
laz|| = T= = llall.
lall
Since « is the supremum of |laz||, and we found x such that |laz|| = ||a||, it follows that:
a2 |
But we already proved « < ||a||, so
a = |af.
Proving |la|| = sup ||za|| The proof here is entirely analogous to Part 1, but using left

multiplication instead of right multiplication. Define 8 = sup{||zal| : x € A, ||z|| < 1}.
By the same logic, 5 < ||a|| because ||za|| < ||z||||la]] < |la].

Again, choose © = ﬁ and compute:

a* la*all _ |lal?
ool = || =t = Bl <.
ol lall - lall
(Here we used ||a*a|| = ||a]|? from the C*-condition.)
Thus 8 > ||a||, and therefore 5 = ||al|. O
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Definition 2.4.3. Let A and B be two unital C*-algebras. A map ¢ : A — B is called a

x-algebra homomorphism if @ is an algebra homomorphism satisfying:
o(a*) =p(a)*, Vae A
A x-isomorphism between C*-algebras is a bijective x-homomorphism.

Theorem 2.4.1. [14] A*-homomorphism ¢ : A — B from a Banch *-algebra A a to C*-

algebra B is necessarily norm-deceasing,such that:

lo(a)[| < llall-
for all a € A.

Proof. Without loss of generality, we may assume that A, B, and ¢ are unital (otherwise,
we can pass to their unitizations A, B, and @). For any a € A, the spectrum satisfies

o(ep(a)) C o(a). Then

le(@)l* = lle(a) p(a)ll = le(a*a)|| = r(p(a*a)) < r(a*a) < [|la"al| < [|a]l*.

Here, r(-) denotes the spectral radius. Taking square roots yields ||p(a)|| < ||al|, as required.

]

32



Chapter 3

Studing some classes of operators in

(C*-algebras

In this chapter, we focus on analyzing important categories of these operators such as
normal, positive and self-adjoint operators which possess distinct algebraic and spectral
properties. We will explore the relationships between these classes, their membership con-

ditions in C*-algebras .

3.1 Self-adjoint elements

Definition 3.1.1. An element a of a C*-algebra A is self-adjoint or hermitian if a = a* .
For each a € A there exist unique hermitian elments b,c € A such that a = b+ ic

(b=3(a+a*) and c = 3(a —a*)).

The set of hermitian elements of A is denoted by As, such that :
Ay ={ace Ala=a"}.

Example 3.1.1. M, (C) is the C*-algebra of n x n complex matrices with the adjoint oper-

ation a* = al (conjugate transpose). We take

1 2+1
a=12—-1 3
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Chapitre 3 Studing some classes of operators in C*-algebras

12— 1 2+

Thus, a is self-adjoint.

Example 3.1.2. If A = C(X), the C*-algebra of continuous complex-valued functions on
a compact Hausdorff space X, then a function f € C(X) is self-adjoint if f(x) = f(z) for
all v € X (i.e., [ is real-valued).

We take f(z) = 2 on X =[0,1] is self-adjoint.

Theorem 3.1.1. If a is self-adjoint element of a C*-algebra A (a € As,), then

lall = r(a) -

Proof. Since a* = a,

la®|| = [la*all = [|a]|* by induction, [|a*"|| = [|a[|*" for n > 1.

That is, ||a®"[|*/?" = ||a|| for n > 1.

Hence

r(a) = lim [|a®[|V*" = [lal]
n—o0
0

Theorem 3.1.2. If a is a hermitian element of a C*-algebra A, then

o(a) CR
Proof. By previous observation, ¢ € Inv(A) with

e = el = (¢1)* as its inverse

= ¢’ is a unitary hence o(e”) C T

Let A € o(a), and set b=~ zn(a_n—’,\)n_l

Then a, b commute, and moreover

eia . eiA — (ei(a—k) o lA)ei)\ — (CL - /\)beik'

= ¢ € o(e') so |e®| = 14 which means we must have A € R. Thus, o(a) C R. O

Corollary 3.1.1. Ifa € A, then a*a € Ay, so
o(a*a) CR
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Theorem 3.1.3. [13] Let B be a C*-subalgebra of a unital C*-algebra A containing the unit
of A. Then

OB(b) = OA(b) (b S B)

Proof. First suppose that b is a hermitian element of B. Since in this case 0 4(b) is contained
in R, it has no holes, and therefore by Theorem (3.1.2) | 0.4(b) = o5(b).

Therefore, b is invertible in B if and only if it is invertible in \A.

Now suppose that b is an arbitrary element of B, that is invertible in A, so there is an
element a € A such that ba = ab = 14.

Then a*b* = b*a* = 14, so bb*a*a = 14 = bb* is invertible in A and therefore in B.

Hence, there is an element ¢ € B such that bb*c = 14. Consequently, b*c = a, so a € B,
which implies that b is invertible in B.

Thus, for any element of B, its invertibility in A is equivalent to its invertibility in B. []

Proposition 3.1.1. [1] If x and y are self-adjoint elements of A with o(x) € R and
o(y) € RT, then o(x +y) € RT.

Proof. By multiplying the sum x + y by a sufficiently small positive scalar, if necessary,
we may assume ||z|| < 1 and |ly]] < 1. Now since the spectral radius does not exceed the
norm, the spectrum of x must be contained in the real interval [0,41]. Thus, o(14 — x) C
[0,4+1]. Since 14 — x is self-adjoint, its norm agrees with its spectral radius, and we have
|14 — || = (14 — ) < 1. Similarly, |14 —y|| < 1. It follows from the triangle inequality
that 14— 3(z+y) = 3(1a — ) + 5(14 — y) has norm at most 1, and so the spectrum of the
self-adjoint element %(:1: + y) must lie in the interval [0, +2]. The desired conclusion is now

immediate. O

Proposition 3.1.2. [8] Let a = a* in a C*-algebra A. Then there is a unique self-adjoint
b e A with b® = a.

Proof. We can take b = f(a), where f(t) = t'/3. For uniqueness, suppose ¢ = ¢* and
c3 = a. Then ¢ commutes with a, and hence with b which is a limit of polynomials in a.
So C*(b,c) is commutative, and contains a. But a self-adjoint element of a commutative

C*-algebra obviously has a unique self-adjoint cube root.
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The same is true for n’th roots, for any odd n. For an analogous statement for even

roots. O

Theorem 3.1.4. [1] Let A be a self-adjoint algebra of operators, and let As be the closure
of A in the strong operator topology. Then every self-adjoint element in the unit ball of As
can be strongly approximated by self-adjoint elements in the unit ball of A.

Proof. First, observe that every self-adjoint element in the unit ball of the norm closure of
A can be norm-approximated by self-adjoint elements in the unit ball of A. Thus, we may
assume A is norm closed.

The *-operation is not strongly continuous, so we cannot directly conclude that the
strong closure of the convex set P of self-adjoint elements of A contains {a € Ay : a = a*}.
However, its weak closure does (since if a net b,, converges strongly to a = a*, the real parts
of b, converge weakly to a). Moreover, because the weak and strong operator topologies
have the same continuous linear functionals, they must also have the same closed convex
sets. This shows that the strong closure of P contains the self-adjoint elements of A,.

Now, consider the continuous functions f : R — [—1,+1] and g : [-1,+1] — R defined
by f(z) = 2z(1 + 2?)~! and g(y) = y(1 + /1 —y?)~L. These satisfy f o g(y) = y for all
y € [-1,41], and |f(x)| < 1 for all z € R. We claim that the map b — f(b) is strongly
continuous on the set of all self-adjoint operators on H. Assuming this for the moment.
Indeed, if a = a* € A; with a < 1, then by = g(a) is a self-adjoint element of As. By the
preceding argument, there exists a net b,, of self-adjoint elements of A converging strongly
to by. Hence, f(b,) — f(bo) strongly. Each f(b,) is self-adjoint, belongs to A (since A is
norm closed), and has norm < 1 because |f| < 1 on R. Since fog(y) =y on [—1, 1], we have
f(bo) = fog(a) =a (as a < 1), proving that a is the strong limit of self-adjoint elements in
the unit ball of A.

The strong continuity of f(b) = 20(1 + v*)~! follows from the operator identity:

2[f(b) — f(bo)] = 4(1 + %)~ (n — bo) (1 + b5) " — f(b)(b — bo) f (bo),

by considering b tending strongly to by. O]

Corollary 3.1.2. [1] Let A be a self-adjoint algebra of operators on a separable Hilbert space
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H. Then, for every operator a in the strong closure of A, there exists a sequence a, € A

such that a,, — a in the strong operator topology.

Proof. We may assume a < 1. By considering the real and imaginary parts of a separately,
we may also assume a = a*. Let &,&, ... be a countable dense set in H. For each n > 1,
there exists a self-adjoint element a, € A with a, < 1 such that a,& — a&, < 1/n for
k=1,2,...,n. Thus, a, — a strongly on the dense set {{1, &, ...}, and since a, < 1, the

corollary follows. O

3.2 Positive elements

Definition 3.2.1. An element a of a C*-algebra A is positive if a = b*b, for some b in A .
We write a > 0 to mean that a is positive

The set of positive elements of A is denoted by AT

Definition 3.2.2. [17] If A is a C*-algebras and a € A, then a is positive if a is hermitian

and o(a) C [0,00). For two self-adjoint elements z,y € A, we say y >z ify —x > 0.

Remark 3.2.1. We have already proved that if a is self-adjoint, then o(a) C R. Thus, for
a self-adjoint element a € A,a® is positive and we set, |a| = (a*)'/?, a* = 3(la| + a) and

a” = %(\a| —a).

Example 3.2.1. If A= C(X), then f is positive in A if and only if f(z) >0
forallx € X.

Example 3.2.2. An operator T' € B(H) is positive if: T* =T,
(TE,6) >0 forallE € H.
Let H = C2, and define:

T =T,
For any § = (2,y), (T€, &) = |z|* +2[y|* > 0.
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Proposition 3.2.1. Let A be a C*-algebra
Then every a € A% has a unique positive square-root such that

a="0,bc A"

Proof. Given that a > 0, we wish to prove that there is a unique positive square-root of a
in A

Let f(z) = /x, x € o(a); since a is positive, we have that f is well-defined, continuous
function.

Thus, f(a) = V/a is self-adjoint because f is real-valued and o(y/a) = f(o(a)) C [0, 00).
Thus, v/a is positive.

Moreover, (v/a)? = f2(a) = 14(a) = a.

Suppose that c is another positive square-root of a. Then the functional calculus implies

that

]

Proposition 3.2.2. If a is self-adjoint elenent, then there are unique positive elements a™

and a= in A such thata =a™ —a~ and aTa™ = 0.

Proof. Given a = a* € A, we wish to prove that there are a™,a~ > 0 such that a = a™ —a~
and ata™ = 0.

Let
T+ |z —x+|T
fa) = 2 ang gy = =2
Then it’s clear that f,g > 0, f¢g = 0 and that f — g = id. Using the functional calculus,

, x€ola).

we set at = f(a) and a” = g(a); then

ata” = f(a)g(a) = (fg)(a) = 0.

Lemma 3.2.1. [8] For a self-adjoint element a € A, the following are equivalent:

1 a>0;
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2 a =b% for some b=10b*;
3 ||lela —all <c forall ¢ > ||al|;
4 |lclq — al| < ¢ for some ¢ > ||a]|.
Proof. Note that the implication 1 =2 =3=4=1
e 1 = 2 has already been demonstrated(3.2.1) .
e 2=3
Assuming 2, i.e, that a = b?, then a = f(b) where f(z) = 2%, x € o(b). As a result,
£ llo@ = llall

implying that 0 < f < |la|| < ¢. Therefore 0 < ¢ — f < ¢. Thus,

[cla —all = [l(c = F)O) = lle = fllow) < c.
Thus, 2 = 3 = 4, where the last implication is trivial.

o 4=1

Assuming that 4 holds for a praticular ¢, we have that
¢ 2 |lelg = all = [[(c = La)al = llc = Lallo@)-

This ipmlies that the identity function is non-negative on o(a), wich is equivalent to

stating that o(a) C [0,00). Thus, 4 = 1 and the proof copmlete.

Lemma 3.2.2. Let a,b € A be positive. Then, a + b is positive.

Proof. We can assume that A is unital. Clearly, a+b is self-adjoint and hence o(a+b) C R.
Note that ¢ is positive if and only if tc is positive for some (and every) ¢t > 0.
Thus, by scaling, we can assume that ||al|, ||b]| < 1. This implies that o(a) and o(b) are

contained in [0, 1].
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Consequently, o(14 — a) and o(14 — b) are contained in [0, 1]. Therefore, |14 —a|| <1

and ||[14 — b|| < 1. Calculate as follows to observe that

a+b 1
14— = 5l(la—a)+ (1a—b)l
2 2
1
< 514 —all + {14 = bl})
<1
. a+b . a+b :
Thus, if A € of ), then |14 —A| <1,ie. A€ 0,2]. Hence, A € o( ) C [0,00). This
implies a + b is positive. Il

Corollary 3.2.1. [17] The order < is a partial order on the set of self-adjoint elements of
A.

Lemma 3.2.3. [3] Let x,y € A be given. Then, o(xy) U{0} = o(yz) U {0}

Proof. We will prove that 14 — zy is invertible if and only if 14 — yx is invertible.
Suppose that 14 — zy is invertible with inverse v. Set u = 14+ yvz. Calculate as follows
to observe that
(La = yz)u =14 + yvz — yz — y(zy)vs
=1la+yvr —yx +y(lg—zy — 14)vx

=14+ y(lg —xy)ve —yx
=14.
A similar calculation yields u(14 — yz) = 14. Hence, u is the inverse of 14 — yz. We can

interchange the roles of x and y to complete the proof. O
Lemma 3.2.4. [8] Let a € A be such that o(a*a) C (—o0,0]. Then, a = 0.

Proof. Write a = b+ ic with b, ¢ self-adjoint. Then, a*a + aa* = b + ¢, we have aa* < 0.
and we have a*a + aa* = b* + ¢ < 0. But b%,¢2 > 0. Consequently, b* + ¢ > 0 and we
deduce v? +c? =0, i.e b® = ¢ . Now,c? <0, thus 0 > b? > 0. Hence, b> = c? = 0. As b and

c are self-adjoint, we have b = ¢ = 0 which implies a = 0. O]

Theorem 3.2.5. Let a € A. Then a*a > 0.
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Proof. Let b = a*a. Then b is self-adjoint and we can use the (Hahn) decomposition to

write b = bT — b~ where b™,b~ > 0 and b*b™ = 0.

Let ¢ = Vb~ and set t = ac. Note that since ¢ is a limit of polynomials in b~ with

zero constant coefficient, we have that ¢cb™ = 0. Then
—t*t = —ca*ac = —c(b" — b )c=cb c= (b")

In praticular, —t*¢ is positive, and thus o(—t*t) C [0,00). The next phase of the proof
involves showing that t*t is also positive.

Write ¢t = x + 1y, where x and y are the real and imaginary parts pf ¢, i.e.,

b=t
€r = an = .
2 Y= "9

Then
tt+ 1t = (z +iy) (z +iy) + (z +iy) (2 +iy)* = 2(2° +y7).

This is a sum of positive elements and thus it is itself positive.
t* = (tt +tt*) — t't = (t' + 1t*) + (b7)?

is a sum of positive elements, and hence is positive. And since o(tt*) U {0} = o(t*t) U {0},
this implies that t*t > 0.

We have just proven that t*t and —t*t are positive, which implies that o(¢*t) = 0. Since
t*t is self-adjoint, its norm equals its spectral radius; hence (b*)?> = —t*t = 0 As b~ is

self-adjoint, it follows that b* = 0. Thus, b = a*a = bT — b~ = bt > 0. Il
Proposition 3.2.3. [9] If A is a C*-algebra, then A" is a closed cone.

Proof. Let {a,} be a sequence of positive elements and suppose ||a, — a|| — 0. clearly
a € Ase. By Lemma(3.2.1) ||la, — [Jan]l]] < |lan] for all n > 1. Taking limits shows that
la = flallll < lall, a >0

aa > 0 when a € AT and o € RT. Now let a,b € A". To shown that a +b € AT. It
suffices to assume that ||a|,|[b]| < 1. But |[|[14— 3(a+b)|| = 5]|(1a—a)+ (14— b)|| < 1.By
(3.2.1), 5(a+1b), so thata + b € A™. O
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Proposition 3.2.4. [9] If H is a Hilbert space and A € B(H), then A is positive if and
only if (Ah,h) > 0 for every vector h.

Proof. if A > 0, then A = T*T for some T in B(H). Hence (Ah,h) = ||Th||*> > 0.
Conversely, suppose (Ah,h) > 0 for all hin H. A= A*. If A <0 and h € H, the fact that
(Ah, h) > 0 implies

[(A = X)h|]* = [|AR|]> — 2X(Ah, h) + X*||A[®
> —2X\(Ah, h) + N?||h]|* > \?||h|?

Thus A not in 0,,(A), the approximate point spectrum of A. This says that A — X is left
invertible. Since A — A is hermitian, it must also be right invertible. That is, A not in o(A)

and so A > 0. N

Theorem 3.2.6. [13] If a,b are positive elements of a C*-algebra A, then the inequality
a < b implies the inequality a'/?> < b*/2.

Proof. We show that a? < b? implies a < b, which will prove the theorem. We may assume
that A is unital. Let ¢ > 0, and let ¢, d be the real and imaginary Hermitian parts of the
element (¢t + b+ a)(t + b — a). Then:

c==(t+b+a)t+b—a)+(t+b—a)({t+b+a))

1
2
=12+ 2th+ b* — a?

> 2,

Consequently, ¢ is both invertible and positive. Since 1+ic™'/2dc™/? = ¢~ V/2(c+id)c™'/?
is invertible, it follows that ¢ + id is invertible. Therefore, ¢t + b — a is left invertible and
hence invertible because it is Hermitian. Thus, —t ¢ o(b — a). This implies (b — a) C RT,

so b — a is positive, meaning a < b. O

Lemma 3.2.7. Assume A has a unit and let x,y be invertible positive elements of A sat-

isfying x <y. Then y=! < 271
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Proof. Notice first that for every z € A the condition z*z < 14 (14 denoting the unit of
A) is equivalent to ||z]| < 1. For example, if ||z|| < 1 then [|z*z| < 1, and we see that o(z*2)
is contained in the unit interval [0, 1]. Hence o(14 — z*z) > 0. The converse is similar, and
we omit the proof.

Since both x and y are positive, we may find positive square roots for each of them

(using the functional calculus), which are denoted by z!/? and y'/2.

Now multiply = < y
on left and right by y~='/2 to obtain y~/2zy~'/? < 14. The preceding paragraph, applied to
z = z2y71/2 implies ||z/2y~1/2|| < 1, hence ||y~'/22'/?|| < 1 (by taking the adjoint), and
so zz* < 14. That is simply /2y~ 'z'/? < 14, and now the conclusion y~* < 2~ follows

after another double multiplication by z~1/2. O]

3.3 Normal elements

Definition 3.3.1. Let A is a C*-algebra and a € A then

a is normal if a*a = aa*.

Remark 3.3.1. Note that nontrivial normal elements always exist in A, as b = a*a is
normal for any a € A.

The element b = a*a is not just a normal element. One quickly notes that b is self-
adjoint. In general, every self-adjoint element is normal, but not every normal element is

self-adjoint.

Example 3.3.1. In C2?, take the matriz:

2 1
a =
—7 2
- Its Hermitian adjoint is:
« T
. 2 1 2 —1 2 1
a = = =
—1 2 1 2 —1 2
Note that a = a* in this case,
2 1 2 1 5 4
a*a = aa = =
—i 2 —1 2 —41 5
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aa® = aa = Same result as above

Thus, a is normal.

Example 3.3.2. Let H = (*(N) and define D by
D(x1,x9,...) = (Mx1, Ao, ... ),
where {\,} is a bounded sequence. Then D* is given by
D*(x1,29,...) = (A1, Aoa, ... ).
We have DD* = D*D because
(DD*)(wn) = (|Anf*2n) = (D*D) ().
Thus, D is normal.

Theorem 3.3.1. If a is a normal element of a C*-algebra, then r(a) = ||al|.

Proof.

r(a) = Jim [l 2" = lim [[(@)"a |

= lim |[(a"a)”" " = [r(a"a))* = [la*a]|/* = [|all.
n—oo

]

Lemma 3.3.2. [13] A normal element a in a unital C*-algebra A is self-adjoint if and only

if spectrum is entirely real, i.e., o(a) C R.

Proof. By the isomorphisme, the function f(b) = b restricted to o(a) corresponds to a .

The element a is self-adjoint if and only if fy) = TU(G), which is equivalent to o(a) being a

subset of the real numbers.

o(a) CR.

]

Remark 3.3.2. For the normal element a € A, we denoted by C*(a) the C*-subalgebra of

A generated by a and a*. Note that, since a is normal, C*(a) is a commutative C*-algebra,

although it needs not be unital.
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If Ais a C*-algebra and a is a normal element of A, then for everyf in C'(c(a)),

Theorem 3.3.3 (Spectral Mapping). [13] If A is a C*-algebra and a is a normal element
of A, then for everyf in C(o(a)),

Proof. The map f — f(a) is a *-isomorphism from C(o(a)) anto C*(a).Thus o(f(a)) =
oo (f) = flo(a)). -

Theorem 3.3.4. Let b and a be normal operators. Then b and a are algebraically equivalent

if, and only if, they have the same spectrum.

Proof. Assume first that o(b) = o(a). Then by the above we have

f() = sup{|f(2)] : z € o(b)} = f(a)

, for every continuous function f on o(b). This shows that the map ¢ : f(b) — f(a),
f € C(a(b)), is an isometric *-isomorphism of C*(b) onto C*(a) which carries b to a.
Conversely, if such a ¢ exists, then the spectrum of b relative to C*(b) must equal the
spectrum of ¢(b) = a relative to C*(a). By the preceding remarks, this implies o(b) =
o(a). O

Corollary 3.3.1. Let A be a C*-algebra, and x a normal element of A. Then C*(x) is

isometrically isomorphic to Co(o.4(x)) under an isomorphism which sends x to the function

Ft) =t
Proposition 3.3.1. [3] Let A be a C*-algebra and x € A a normal element. Then
1. For any f € Co(oa(x)),0a(f(z)) = {f(A) : A € 5a(2)}.

2. If f € Coloa(x)) and g € Co(f(oa(z))) = Co(f(oa(z))), so go f € Coloa(x)), then
(go f)lx) = g(f(2)).

3. 1If fu, f € Coloa(z)) and f, — f uniformly on oa(x), then f,(z) — f(z).
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4. If B is a C*-algebra and ¢ : A — B a *~homomorphism, then ¢(f(z)) = f(p(x)) for
any f € Co(oa(x)).

Proposition 3.3.2. [3] Let Y be a compact subset of C, and (f,) a sequence of elements of
Co(Y) converging uniformly on'Y to f. Let A be a C*-algebra, (x,) a sequence of normal

elements of A with x,, — x € A and o4(x,) CY (sooa(x) CY ). Then fn(x,) — f(z).
Proof. let € > 0, and approximate f uniformly on Y within ¢/4 by a polynomial p; then
[ fon) = f(@)]] <

1fnn) = F(@n) |+ [1f (2n) = plzn)ll + p(2n) = p(@)[| + lIp(x) = f(2)]]

. If n is large enough that |f,, — f| is uniformly less than €/4 on Y | the first term is less
than €/4; the second and fourth terms are < €¢/4 by choice of p, and the third term goes to

0 as n — oo by continuity of addition, multiplication, and involution. Il

Definition 3.3.2. Let A be a C*-algebra.
1. Ifpe A st. p=p* = p?, we call p a projection.
2. Ifu e A st. uw*u=uu* =1y, we call u a unitary.
u(A) ={u e A|uu" =u"u=14}.
Example 3.3.3. The Function f(z) = z in C(T)
f:T—=C, T={z€C||z|=1}
The adjoint f* is the complex conjugate:

ff(z)=z= % (since |z| = 1).

(1)) =22 = |2 =1, (FF)(:) =2 (1) 1
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Example 3.3.4. Matriz in My(C)

10
P=10 0
Self-adjointness: P* = P.
Idempotence: P? = P:
1 0 10 10
PP=10 of]oof=]0oo0o|=P

Thus ,p is a projection.

Proposition 3.3.3. If A = B(H) (the algebra of bounded linear operators on a Hilbert
space H ), then (uz,uy) = (x,y) for all x,y € H.

Proof.

(uz,uy) = (z,u*uy) = (r,y) since v u = 14.

]

Theorem 3.3.5. Let u be a unitary in a unital C*-algebra A. If o(u) # T, then there exists
a € A, such that u = ™.
(If |14 — ul| <2, then o(u) #T.)

Proof. By replacing u by Au for some A € T if necessary, we may suppose that —1 ¢ o(u).
Since w is normal, we may also suppose that A is abelian (replacing A by the C*-subalgebra
generated by 1 and w if need be). Let ¢ : A — C(2) be the Gelfand representation, let
f = ¢(u), and as usual denote by In : C\ (=00, 0] — C the principal branch of the logarithm
function. Then g = In(f) is a well-defined element of Cy(2), and ¢9 = f. Since |f(w)| =1
for all w € €, the real part of g vanishes, so g = ih where h = h € Cy(Q). Let a = o~ '(h).
Then a € A,, and u = € because p(u) = e = ¥ = p(e').

The parenthetical observation in the statement of the theorem follows from the equations
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A —ull = r(1 —u) = sup{[l = A[| A € o(u)},
which imply that —1 ¢ o(u) when |4 — u|| < 2. O

Proposition 3.3.4. Recall that when A is a unital Banach algebra we required that ||1 4] =
1.
For a unital C*-algebra, thus is automatic.

More generally if p € A a non-zero projection or if A is unital and u € A is a unitary.

Ipll = 1P%] = [lp"pll = llpll* = llpl = 14
La = ||Lall = [Ju*ul = Jul® = |lull = 14

Proposition 3.3.5. u € A a unitary

Ifxeo(u)=|\<1

1

u* =u"", is also a unitary

1
AMleo(ut) = o <1\ =1,

=o0(u) CT={2eC||z| =1}
Proposition 3.3.6. If p € A is a projection, then o(p) C {0,1}.

Proof. We know p? = p, so p satisfies the equation \? = \.
The solutions to this equation are A =0 or A = 1.
If A ¢ {0, 1}, then (p — )‘1A)_1 = A(ll—)\)p — %1.,4
Hence, o(p) C {0, 1}. O

Proposition 3.3.7. If A = B(H), then every projection p corresponds to a closed subspace
K = Im(p) CH.
Proof. Im(p) is closed because p is bounded.

p is an orthogonal projection since p = p*.

For any x € H, x = px + (1 — p)x, where px € Im(p) and (1 — p)z € Ker(p). O
Corollary 3.3.2. [3] Let A be a C*-algebra, and x a normal element of A. Then

x 1is self-adjoint if and only if o 4(x) C R.

x s unitary if and only if o 4(x) C {\: || = 1}.

x 1s a projection if and only if o 4(x) C {0,1}.
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Conclusion

In conclusion, this memory highlights the importance of studying special classes of oper-
ators in C*-algebras, such as self-adjoint, positive and normal operators, in understanding
the algebraic and spectral structure of these algebras. Through this work, we have reviewed
the fundamental properties of these operators and their applications in various fields, in-
cluding quantum mechanics and non-commutative geometry. We have also emphasized the
significance of spectral theory in analyzing these operators and how it can be utilized to

achieve profound results in both theory and practical applications.
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- /
/ Abstract \

This memory aims to study some special classes of operators in C*-algebras, with

emphasis on self-adjoint, positive and normal operators. It gives an overview of the basic
concepts for studying these classes, such as Structural and Hilbertian spaces including

a detailed analysis of C*-algebras. Important results are also presented in the theory of
spectral representation of natural operators and the relationship of conjugate
eigenoperators to spectral properties, highlighting potential applications in fields such as

quantum mechanics and non-commutative geometry.

theory, Operators theory, Hilbert space, Banach space.

/ Résume \

Cette mémoire vise a étudier certaines classes spéciales d’opérateurs dans les C*-
algebres en se concentrant sur les opérateurs auto-adjoints, positives les opérateurs
normaux, et a donne un apergu général des concepts fondamentaux pour I’étude de ces
categories, tels que les espaces de Banach et de Hilbert, cela inclut une analyse détaillée
des C*-algebres. De plus, des résultats importants de la théorie de la représentation
spectrale des opérateurs normaux sont présentés, ainsi que la relation entre les opérateurs
auto-adjoints et les propriétés spectrales, tout en mettant en lumiére les les applications
potentielles dans des domaines tels que la mécanique quantique et la géométrie non
commutative.

Mots clés: C*-Algébres, auto-adjoints, Opérateurs positives, Opérateurs normaux,

(héorie spectrale, Théorie des Opérateurs, Espace de Hilbert, Espace de Banach. /

Qmords : C*-Algebras, Self-adjoint, Positive operators, Normal operators, Spectral/




