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(General Notations

N Set of natural numbers .
R Set of real numbers.

C Set of complex numbers .
J Interval of R

Re Real part.

r Gamma function.

15} Beta function.

Ea, B) Two-parameter Mittag-Leffler function.

E, one-parameter Mittag-Leffler function.

£ Laplace Transforms.

£71 Inverse Laplace Transforms.

S Parameter in the Laplace transformation.

ABEDa  Atangana-Baleanu Riemann-Liouville fractional derivative.
ABC Do Atangana-Baleanu Caputo fractional derivative.

AB [ Atangana-Baleanu fractional integral.

ABpa Atangana-Baleanu fractional derivative.




Introduction

Fractional derivatives calculus has gained much interest by the many researcher in
the last decades and it has strong mathematical background and many papers are
attributed to the development of it.Among them , we can cite some for example, [17
,22|.Fractional calculus has been also used for modeling physical phenomena including
control systems, mechanics and viscoelasticity. Many researchers have introduced new
definitions of the concept of derivative with fractions Request. These definitions pass
from Riemann-Liouville ,Caputo and Caputo-Fabrizio to the newly proposed
definition of Atangana-Baleanu . Older versions of the designed definition of the
fractional derivative are a product From the convolution is derived from the function

—a—1

f(t) with kernel k(t, s) = % in the case of Caputo old edition between f(¢) and
the kernel in the case of Riemann-Liouville .Both the Riemann-Liouville and Caputo
old version are designed with singular kernel.

Recently , Atangana-Baleanu suggested a much better version of a derivative with non

singular kernel that satisfy the issues pointed .

This work is divided into five chapter :

B In the First chapter, we will provide some definitions and theorems that we will use
in this note.

B [n the Second chapter, we will present some definitions and basic properties of
fractional derivatives, Riemann-Liouville fractional derivative, Caputo fractional
derivative and Caputo-Fabrizio fractional derivative .

B In the Third chapter, we will mainly introduces definitions and basic properties of
Atangana—Baleanu fractional derivative and Atangana-Baleanu fractional integral .
The subject of this chapter is taken from the article [1 2].

B In the Fourth chapter, we will review the existence and and uniqueness of solutions
of some fractional differential equations by applying the Laplace Effect to a definition.
The result presented in this chapter are from the article [4, 5, 10]

B [n the Fifth chapter, we will study the existence and uniqueness of solutions to a
nonlocal implicit problem with A-B fractional derivative of the form : [14]

ABCDS u(t) = f(t,u(t), DG u(t)), t € [0,x],0 < a <1
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> Beu(ri) = ug, 7 € (0,),

k=1
The subject of this chapter is taken from the article [15].

Symbols

1) AB : Atangana-Baleanu

2) ABC : Atangana-Baleanu in Caputo sense

3) ABR : Atangana-Baleanu in Riemann-Liouville sense

4) ML : Mittag-Leffler function

5)
)

6) CF : Caputo-Fabrizio

FD : Fractional Derivative




Chapter 1

Preliminaries

1.1 Some Results from functional analysis

1.1.1 Spaces Absolutely Continuous and Continuous Functions
Definition 1.1. [§]
Let p € R with 1 < p < 00, we set
LP(Q) = {f : Q@ — R; f is measurable and | f|" € L'(Q)}
with

1fllee = 11l = [ / If(fﬂ)lpdu];

Definition 1.2. [§]
We set

L>(Q) = {f Q=R f is measurable and there is a constant C' }

suth that |f| < C a.e. on 2

with
[fllzee = || flloc = inf{C|f(z)| < C a.e. on Q}.

Definition 1.3. [17]

Let |a,b] a finite interval. We denote by AC|a,b] the space of primitive functions of
integrable

functions in the sense of Lebesgue

f(z) € ACa,b] & f(z) =c+ /fﬂ (t)dt, o(t) € La, b].

and we call AC|a,b| the space of absolutely continuous functions on [a,b].
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1.1.2 Sopolev spaces

Consider an open subset  of RN | for all ¢ € D(Q) . In that case it is well known that
f is unique.

Definition 1.4. [26]
Let m € N and let p € [1, 00]. Define

WmP(Q) = {f € LP(Q)\D*f € LP(Q) for all « € NV such that |a| < m}.

Wm™P(Q) is a Banach space when equipped with the norm

1 Wiy = D 1Dl

laf<m

If p = 2 one sets W™2(Q) = H™(Q), W™*(Q) = HJ*, then H™() is a Hilbert space
with the scalar product

U, V) gm = D%u.D%vdzx.
(o= 3 [

laj<m

And it is equipped with the following notm :

fllm = | > 1Dl

laj<m

Remark 1.1.

for all u,v € H™(Q) it may be more convenient to equip H}(Q2) with the following
scalar product:

(u,v) —/Vu.Vvdx
Q

which defines an equivalent nomm to ||.|[z1 on the closed space Hg ().

1.2 Some real analysis properties

Definition 1.5. (The continuity) [25]

Let f : R — R be a application. We say that f is continuous if it is continuous at any
point of R In other words f : R — R is continuous in a if:

Ve e R, Ja e R, Ve e R, |z —a| < a=|f(x) — fla)| <e.
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Definition 1.6. (Uniformly continuous applications)
Let (X,d) and (X',d’) metric spaces. A map f : X — X’ is said to be uniformly
continue if Ve € R, there exists o € R’ such that

V(z,y) € X x X' d(x,y) < a=d(f(z), fy)) <e

Definition 1.7. (Lipschtzian) [7]
Let G be a part of R?, f : G — R a application and K a positive real number. We say
that f is K-Lipschitzian according to y if:

V<t7y) € G’ |f(tay1) _f(t7y2)| < K|y1 _y2| :

Definition 1.8. (Bounded function)
A function f: G C R — R is bounded if:

IM >0Vt € G |f(t)| < M.

Definition 1.9. (Convex function)
The map f is convex if and only if, Vz,y,z € [ C Rwithz <y < zfory =t +(1—1)z,
we have

fly) <tf(x) + (1 =) f(2).

Definition 1.10. (Convolution product)
The convolution product of two real or complex functions f and g are integrable is:

£ () * gla) = / " fle = glt)dt = / Cgle— ) (.

Theorem 1.1. (The derivation under the symbol of integration) [21]
We think that:
1. f:1Ix[a,b] = R is continuous,

. . . . of .
2. [ admpits a partial derivative 3 continue on I,

3. Applications u : I — [a,b] and v : I — [a, b] are derivable, then the function
p: I =R

v(z)
r — / f(z, t)dt

is derivable, of derivative

v(z) T
o) = [ i @)t - @) o).
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Definition 1.11. (Lebesgue’s dominated convergence theorem) [26]
Let F be a measurable set in R and let {f,} be a sequence of measurable functions
such than

- limy, o0 fu(z) = f(x) a.e on E.

- For each n € Ny |f,(x)| < g(x) a.e on E where g is integrable in the sense of Lebesgue
on E. So

lim fn )dx—/Ef(x)dx

n—oo

Theorem 1.2. (Fubini) [18]
Let f(x,y) be a summable function over the product of measurable spaces (X, ) and
(Y,v). We then have the following assertions:

1) For p-almost all € X, the function f(x,y) is summable over Y and its integral
over Y is a summable function over X.

2) For v - almost all y € Y, the function f(x,y) is summable over X and its integral
over X is a summable function over Y.

3) We have:

sttt | (f s | ([ s o

1.3 Some elements of topology

Definition 1.12. (Norm) Let E be a vector space on R. We call a notm on E any
application ||.|| : E — R verify

-VzeR:|jz| =0<= 2 =0.

-VAeRVz e E ||z = M|z

-Vr,y € E: ||l +y| <|lz] + ||y|| "triangular inequality "
Example 1.1. J C R Space C(J,R) provided with the norm

Y|oo = sup{|y(t)],t € J}

Definition 1.13. (Banach space) [24]

We call Banach space any space full normalized vector on the field K = R or C.
Example 1.2. C( J,R) space of continuous functions on J and with values in R is
Banach.

Definition 1.14. (Closed parties) We call closed part of E any part of E whose
complement is open.
Exercise 1.1. Any closed ball is a closed part

10
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Definition 1.15. (Compact parts) We say that J C R is compact if for any overlap
of C' by openings we can extract a finite undercoverage.This translates as follows: if
(Ui);e; 1s an open family such that C' C (U;),.; then there exists a finite subset J C
1,C C U, Ui

iel
Definition 1.16. (Relatively compact parts) We say that A is a relatively compact
part of a metric space X if its adhesion is a part compact of X.

Definition 1.17. (Convex parts) Let C be a part of E. We say that C' is convex in
E if Vz,y € C and all ¢t € [0, 1], we have (1 — )z +ty € C.

Definition 1.18. (Operator) [6]
Let E be a normalized vector space , an application linear A of E in itself is called a
linear operator in E. We call domain of A and we denote it by D4, where

Dy={x€ E,Ax € E}

Definition 1.19. (Continuous operator) [6]
The operator A is continuous, if for all € > 0 there exists 6 > 0 such that the inequality

(@', 2" € Da) : |2 —2"|| <0 = ||Az' — A2"|| < e.

Definition 1.20. (Linear Bounded Operators) [6]

Let E be a vector space standard , we call a bounded linear operator any continuous
linear application of E in E.

- If A is a bounded linear operator, then

(Vo € Da) : | Az| < Al - [l=]].
where the norm of A being defined by:

Az
|A|| = sup ||Az|| = sup u
[zl <1 vena—oy |||

Definition 1.21. (Compact operator) Operator A is said to be compact if the image
of the set X C R by A that is to say the set A (X) is relatively compact.

Definition 1.22. norm infinity
12lloc = maz|h(t)].

1.4 Special functions

1.4.1 The Gamma function

11
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Definition 1.23. [22]
The gamma function I'(2) is defined by:

['(z) = /000 t*~tetdt, (Re(z) > 0)

where t*71 = ¢>=D198() ' which converges in the right half of the complex plane Re(z) >
0. Indeed, we have

I'(z+1y) :/ e T gy
0
— /’OO e—tt:l:—l + eiylog(t)dt
0

= /Ooo e~ ' cos(y log(t)) + isin(y log(t))]dt

The expression in the square brackets is bounded for all ¢, convergence at infinity is
provided by e, and for the convergence at ¢t = 0 we must have z = Re(z) > 0.

Proposition 1.1. [22]

L. T'(z+1) = 2I'(z)(Re(z) > 0)
2.'(n+1)=nl,Vn e N.

3. T(1) = 1.

4. T'(=m) = Foo,Vm € N.
5

6

=

(3) =
2
1.4.2 The Beta function

B

Definition 1.24. [22]
The Beta function is a type of Euler integral defined by:

1
B(u,v) = / I 1 =) tdt,  (Reuw > 0,Rev > 0).
0
Proposition 1.2. [22] The relationship between Euler Beta function and Euler Gamma

is given though:

1.4.3 Mittag-Leffler function
In this section we introduce the one and two-parameter Mittag-Leffler functions, de-
noted as F,(.) and E(, g)(.) respectively.

12




Chapitre 1 Preliminaries

Definition 1.25. [22]
The one-parameter Mittag-Leffler function E,(.) is defined as:

oo 0
kzzol“ak—l—l e(a) >

The two-parameter Mittag-Leffler function E, g)(.) is defined as:

[e.9]

Eap) (2 Z T ak‘—i—ﬁ ——RRe(a) > 0,Re(B) >0, C

k=0

Example 1.3.
L Eay(z) =322 0Fk+1) =2 Ok;' =e

P

1 2kl e*—1
2. Eg)(2) =302 0Fk+2) = O(k+1 =3 2o D! — "2 -

k:+2 Z_1_»

3. Eug(2) =20 0Fk+3) =2 0(k+2 :z22k 0(k+2) =0

1.5 Fixed Point Theorems

Definition 1.26. ( Fixed Point)

Let T be a map of a set S in itself. We call a fixed point of T any point s € S such that
T(s) =s.

Theorem 1.3. (Banach’s principle ) [21]

Let X be a Banach space and K be a nonempty closed subset of X. If B : K — K is a
contraction, then there exists a unique fixed point of B

Theorem 1.4. (Banach’s principle of contraction) [7]

Let S be a medial space complete link and let T': S — S be a contracting application, that is
to say there exists 0 < k < 1 such that

d(Tz,Ty) < kd(z,y),Vr,y € S.

Then T admits a unique fixed point s € S. We have

g T =
with "
A(T"(s). ) < 7 d(s.7(3))

Demonstration. See [7]

Theorem 1.5. (Arzela-Ascoli) [18]

Let C(X) be the normalized space of real functions continuous on a compact metric space X
with norm :

If1l = sup [f(2)].
zeX

For a family A C A(C) is relatively compact, it is necessary and sufficient that it is:

13
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- Uniformly bounded:

3C 1 |f(z)| < C,Vf € A Vx € X.

- Equicontinuous:

Ve>0,30 >0,z —y| <d = |f(x) — f(y)| <e,Vfe A

Demonstration. See [18]

1.6 Laplace transform

Let us recall some basic tools of the Laplace transform

Definition 1.27 (18). The Laplace transform is a practical method for solving equations and
differential systems, let f be a function defined for all the variable. x > 0 - Laplace transform

defined by:

+oo
F(s) = Llf@(s) = [ faedn, seC.
0
- The original f(z) can be restored from the Laplace transform F'(s) with the help of the
inverse Laplace transom
c+io0
flx) = L7F(s)]|(z) = / F(s)e**ds, c¢=Re(s) > ¢
- We say that the convolution product of f by g is defined by:
fla)sgle) = [ fa=0a0it= [ ae—nr
- Laplace transform of the convolution

L[f(x) x g(2)](s) = F(s) - G(s).

We assume that F'(s) and G(s) exist. Another useful property which we need is the formula
for the Laplace transform of the derivative of an integer order n of the function f(z) :

n—1

LI ()] (5) = s"F(s) — 3 51 B 0) = s £ kD 0),

k=0

Table summarizes some Laplace transformations of some functions and some properties of
Laplace transforms. [12]

14
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The function Transforme The function Transforme
e | B> 0) | af() + bo(a) F(5) +6G(9)
cos B pae g dt... fo t)dt’ sT"E(s)
sin B i fr(x) S (s) — 30y "I fI(0)
z™(m > —1) %, Rs >0 f(cx) 1F(s/c)
d(x —a) e % xf(x) dl;; )
H(x —a) leas M [ F(s)(s)ds’
(ma)ze /4 \/%e_“\/g Jy 9z — t f(t)dt F(s)G(s)

15




Chapter

Fractional Calculus

2.1 Riemann-Liouville fractional derivative and Ca-
puto fractional derivative

2.1.1 Riemann-Liouville fractional derivative

The corresponding derivative is calculated using Lagrange’s rule for differential operators.
Computing nth order derivative over the integral of (n — «), the order derivative is obtained.
It is important to remark that n is the smallest integer greater o that is n = [a] + 1 23]

DO f(x) = ray ()™ [ (= )"t = o, 10 f ()

(n—1 <[Re(a)] <n)and x > a
This operator has the following important properties:

o DD} f(x) =, D f(x).

In particular « =0 € N

(“DLN) = g () [ e = rlo)
("D f) (@) = w5 (mer) S F(8)dE = () f (),

consequently the fractlonal derlvatlve in the sense of Riemann-Liouville coincides with
the derivative classic by av € N.

2.1.2 Caputo fractional derivative

Another option for computing fractional derivatives is the Caputo fractional deriva-
tive. It was introduced by Michele Caputo in his 1967 paper. [22] In contrast to the
Riemann-Liouville fractional derivative, when solving differential equations using Ca-
puto’s definition, it is not necessary to define the fractional order initial conditions.
Caputo’s definition is illustrated as follows, where again n = «: :

Definition 2.1. [22]

16
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For a function of class C"([a, b)), the o order Caputo left fractional derivative is defined
by:

C Nna _ 1 ‘ f(n)(t)
Dxf(x)—r(n_a)/a ( _t)a+1_ndt,n—1<a<n€N

let n-1< o < m,n € Nya € R and f(z) be a function such that ©D® exists. Then the
following for the Caputo fractional derivative hold:

lim D2 (f(2)) = f"(z). (2.1)
lim CDE(f(x) = ()~ f*7(0). (22)

a—n—1

proof:
The proof is achieved by mean of integration by parts as follows:

T (n) T — 7)o
“Dgf(x) :/o (xft)og?l_ndt = n_cth 1(_f”(7)(n_)a) + )

(x —T1)" @

n—uoa

(2.3)

= g (PO - [ D (7) (@ — 1) d7)

Nevertheless, taking the limit for « — n and o — n — 1, respectively, we obtain

lim D2 (f(x)) = f*(x),
a—n
lim “D2(f(z)) = " (z) — f71(0)(2.4)
a—n—1
Theorem 2.1.3: [22]
Assuming that the Laplace transform F'(s) of the function f exists, then the Laplace transform
of Caputo fractional derivative of f(x) is given by:

L(°Dg(f(2)))(s) = s*F(s) = XpZg 8"~ f*(0).

Theorem 2.1.4: [22]
Let x > 0,0 € R,n—1< a <n € N ;if in addition the function f(z) is n-times differen-
tiable, then, the following relation between the Riemann-Liouville and Caputo derivatives of
fractional order holds

i
L

:L,kfoz
Fk+1-a)

“D2(f(2)) = Dg(f(2)) - (2.5)

B
Il

0

proof:
Since the function is n-times differentiable, using the well-known Taylor series expansion
around the point 0, we obtain

fa) =30 M0 + R, (2.6)
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where

Ry 1= F(ln) /O ’ F () (=) dr (2.7)

However, employing the linearity property of the Riemann—Liouville fractional derivative and
also the Riemann—Liouville fractional derivative of power function, then:

n—1 mk
D f(x) = D*(Y_ T/ (0) + Rucy)

k=0
(2.8)
n—1 .
I k('xk)f““) (0) + DRy
k=0 )
B n—1 ph—a F(k + 1) f(k)(()) 1 In_af(n) ($)
N ZT(k+1)T(k—a+1)
&b T+ (k) C o
T TR+ )I(h—a+ 7 (0) + =Dz (f(@)).
Thus,
— e T(k+1
D) = X 11 gy £ + D2 () (29
k=0
there for
C na a - :Ukia
D) = DN = X 1=
Example 2.1:Consider the function:
fz) =a".

for 0 <n—1< a < n,we have:

“D(f(x)) = I""*(D"z"),

or
=g )
As a result:
n—a F(ﬂ + 1) B—ny\ __ F(ﬁ + 1) v _ p\n—a—1,6-—n
TErion® )_F(ﬁ—l—l—n)f‘(n—a)/o(x A

by performing the change of variable ¢t = yx so dt = xdy,we obtain:

T 1
/ (x — t)”_a_ltﬂ_”dt = / (x — a:y)”_a_l(a:y)ﬂ_”a:dy
0 0

18
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1
_ / xnfafl(l _ y)nfafly,b’fnxﬁf?%#ldy
0

1
=/ (L —y)" Ty Ty
0

1
= wﬁ_“/ (1—y)" oy dy
0

=2Bn—a,f—n+1)
_ xﬁ*ar(n —a)(f—n+ 1).
LB—-—n+1)

So

n—a( F(B + 1) xﬁ—n) _ F(B + 1) 1 F(n - a)r(ﬁ —n+ 1)1,5—&
I'(B+1—n) CT(B+1-n)T(n—a) rB-—n+1) '

finally,we obtain

Craps_ LB+ 5,
D =i

In particular , for 8 = 0, we have:

CDa O:Dal

unlike the Riemann-Liouville derivative , the fractional order derivative in the Caputo sense
of a constant is zero .

2.1.3 Some Theoremes of Fractional derivatives

Theorem 2.1.5:

Leibniz rule for Caputo derivative: Let t > 0,0 € R ,n—1 < a <n € R . If both functionsf(t)
and g(t) are continuous together with their derivatives in [0,t] then the following relation is
valid:

k—a

CDE(f()gt) = 3 CED (1) Zr e (0040
=0

k=0

Theorem 2.1.6:(Linearity) [22]
Similarly to integer-order differentiation, fractional differentiation is a linear operator:

DA f(z) + pg(z)) = AD* f(x) + pDg(z).

19
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2.2 Caputo-Fabrizio Fractional derivative :

Recently, a new derivative was launched by Caputo and Fabrizio [9] and it was followed by
some related theoretical and applied results (see for example Refs. [19] and the references
therein). We recall that the existing fractional derivatives have been used in many real world
problems with great success (see for example Refs. [9] and the references therein) but still
there are many thinks to be done in this direction.

Let us recall the usual Caputo fractional time derivative of order «, givenby

DO = e [ gt (210)

Definition 2.2
with « €[0,1] and a€ [—oo t] f € HY(a,b),b > a, By changing the kernel (¢t — 7)~% with the
M(a)

function exp(—12;t)and g = a))with - »We obtain the following new definition of fractional
time derlvatlve
t—
D& f(t) ( T)]dT (2.11)
-«

where M («) is a normalization function such that M(0) = M(1) = 1.According to the defini-
tion (2.12),the FD , is zero when f(t) is constant, as in the FD | but, contrary to the FD | the
kernel does not have singularity for ¢ = 7. The FD can also be applied to functions that do not
belong to H'(a,b). Indeed, the definition (2.12) can be formulated also for f € L'(—oo,b)and
for any a € [0, 1]as

Dy f(t) =

O [ 0 = sy esai- 2= Tyar

oo 11—«

Now, it is worth to observe that if we put

1—-a
- € [0, 00, = €01
- (RSP S O
the definition (2.12) of FD assumes the form
Dy f(t) T) exp|— )]d (2.12)

where ¢[0, 0] and N (o) is the correspondlng normalization term of M («), such that N(0) =
N(o0) = 1. Moreover,because

| =6(t—7) (2.13)

1
lim — exp[—
=00 g

and for a — 1 , we have o — 0.

lim D f(t) = hm

a—1 a—11—«

/f ryexpl- 2= Dy

”)/ f/(T)eXp[— ;T)]dT:f(t). (2.14)

Otherwise, when a — 0, then ¢ — +oo . Hence ,

o—0
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hthO‘f( _)01_0[/ f (t_oj)]dT

myexpl~ "= Dar = (1) - rta). (2.15)

o—+00

Theorem 2.1.7
.For FD , if the function f(¢) is such that

then ,we have

DD f(t)) = D{* (D™ £ (1)) (2.16)

proof :
We begin considering n = 1, then from definition (2.18)of Dt f(t),, we obtain

(DM (1) / £ () expl— 24 _Oj)]dT (2.17)
Hence, after an integration by parts and assuming f (a) = 0, we have
Dp (D 5(1)) = 1) / (L f e espl- 2 Djar (2.18)
M [ L rpep -2 Dyar - 1 [ ) expt -2y
« / [0 t / o\t — T
= M)y _a/a £ (7 exp(- 2Ly
;)therwise
DV (D) f(t)) = 1_@/ £ (1) exp(— ( ))dT) (2.19)

50 - 2 [ e,

11—«

It is easy to generalize the proof for anyn > 1.
In the following, we suppose the function M(a) = 1.

2.2.1 Laplace transform of CF fractional derivative

In order to study the properties of the Caputo-Fabrizio fractional derivative , defined in equa-
tion (2.3) with a = 0, has priority the computation of its Laplace transform (£) given with p
variable

L0} = o [ exwtonn) [ 7 ) expl= = Dyara
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Hence, from the property of Laplace transform of a convolution, we have

LRI} = £ f () Llexp(— 21 yy = PEVO = (O]
(1-a) 11—« p+a(l —p)

Similarly ,

LDPY (1)) = 1 L4 (D} Efexp(— )

= L{F ()} = pf(0) = F(0) sraa=y
Finally

1

LD (1)) = = L{ D ()} L{exp(~

=p"LLf () = p f(0) = " (0)e = FUNO) smry

ot
l—«o

)}

2.2.2 The associated fractional integral

After the notion of fractional derivative of order 0 < o < 1, that of fractional integral of
order 0 < v < 1 becomes a natural requirement. In this section we obtain the fractional
integral associated to the Caputo-Fabrizio fractional derivative previously introduced.
Let 0 < a < 1. Consider now the following fractional differential equation,

CEDf(t) = u(t),t >0 (2.20)
using Laplace transform, we obtain:

LLTDf ()} (s) = L{u(t)}(s), 5 > 0.

we have that

C ) () 1(0) = a0} (s),5 > 0

2(sL{f(t)

or equivalently

CUNLI0) + s LN + oLl ). 5> 0

Hence, using now well known properties of inverse Laplace transform, we deduce tha

o 2(1-w) y 20 tus .
1) = Gt 0+ G L weds+F0 =0 @)

In other words, the function defined as

f(t) = %u(t) + (2—34%/0 u(s)ds + ¢, t > 0.
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where ¢ € R is a constant, is also a solution of (2.20)
We can also rewrite fractional differential equation (2.20) as

%[J eXp(_ait__aS))f/(S)ds = u(t),t >0,

or equivalently

/0 eXp(1 iéas)f (s)ds = 2= a)M(a) eXp(1 — at)u(t),t >0

Differentiating both sides of the latter equation, we obtain that,

/ 2(1 —a) /

[ = m(u (t) +

Hence, integrating now from 0 to t, we deduce as in (2.21), that

——u(t)),t > 0.

2(1 — a) 20 !
Thus, as consequence, we expect that the fractional integral of Caputo-Fabrizio type
must be defined as follows.

Definition 2.3 7]

. Let 0 < a < 1. The fractional integral of order « of a function f is defined by:

2(1 — ) 20 t
CETE(f(t :—ut+—/usds,tzo. 2.22
() = 5wt + @i /. ) (222)
We have the following relation.
Remark 2.1

Note that, according to the above definition, the fractional integral of Caputo type of
function of order 0 < o < 1 is an average between function f and its integral of order
one [13]. This therefore imposes

2(1 — ) n 2a
2-a)M(@) T @=a)M(a)

=1. (2.23)

The above expressions yields an explicit formula for

2
M =—0<a<l.
Because of the above, Nieto and Losada proposed that the new Caputo derivative of
order 0 < a < 1 can be reformulated as

equation T D f(t) = -1 [T exp(—12(t — ) f'(s)ds, t > 0.
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Chapter 3

Atangana - Baleanu Fractional
derivative

In 2016, Atangana and Baleanu suggested differential operators based on the generalized
Mittag-Leffler function. The aim was to introduce fractional differential operators with
non-singular nonlocal kernel. Their fractional differential operators are given below in
Riemann-Liouville sense and Caputo sense respectively.
We recall that the Mittag-Leffler function is the solution of the following fractional
ordinary differential equation [1]

d*y

@:ay,0<a<1.

The Mittag-Leffler function and its generalized versions are therefore considered as
nonlocal functions. Let us consider the following generalized Mittag-Leffler function

[2]:

ak

ZFakJr Z ]z?a — exp(—at) (3.1)

=0

The Taylor series ofexp(—(t — y)) at the point t is given by:

exp(—aft —y)) = Y U 00 (32

k!
k=0
If we chose a = %= and replace the above expression into Caputo-Fabrizio derivative
we conclude that
o0 t o
Dy = y)*d :
310 kZ_O 1_%_ o e

To solve the problem of non-locality, we derive the following expression. In equation
(3.4), we k! by also I'(ak + 1) also (t — y)* is replaced by (t — y)** to obtain:
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@ M) & a)* df (y) ok
biri) ozkz:%Fak‘%—l / dy (t=y)"dy. (34)

This, the following derivative is proposed

3.1 Atangana-Baleanu Fractional derivative in caputo
sense

Definition 3.1. Let f € H'(a,b),b > a,a € [0,1]then , the definition of the the
Atangana-Baleanu derivative in caputo sense is given by: [2]

PPODRf() = T / f(z o= (3.5)

1l—«

3.2 Atangana-Baleanu Fractional Derivative in Riemann-
Liouville sense

Definition 3.2. Let f € H'(a,b),b > a,a € [0, 1]then , the definition of the Atangana-
Baleanu derivative Riemann-Liouville in the left sense is given by 2]

/ F@) B —a = s (3.6)

ABRDozf .

1—adt

Definition 3.3. Let f € H'(a,b),b > a,a € [0, 1]then , the definition of the Atangana-
Baleanu derivative Riemann-Liouville in the right sense is given by:

« t_'r)a
ABR D £(¢) 1_adt/ f(x — |dz. (3.7)

3.3 Properties of A-B fractional derivative:

3.3.1 Laplace transform of the ABR

the Laplace transform of the Atangana—Baleanu fractional derivative in Riemann-Liouville
sense is given as

=) )

LD ) ) = T

dt J,
— %pﬁ{/b f(:c)Ea[—a(a__—xo)f]dx}(P)

= MO )£l

25




Chapitre 3 Atangana - Baleanu Fractional derivative

= )

(3.8)

3.3.2 Laplace transform of the ABC

The Laplace transform of Atangana—Baleanu fractional derivative in Caputo sense is
given as

LD (0} ) i)
 M(« )
- T 0} - 10
_ M(a) pL{f (1)} (p) — p*1 f(0) (3.9)
1—a P+ |

3.3.3 Relation between ABCFD and ABRFD
Theorem 3.1
Let f € H'(a,b),b > a,a € [0, 1]then,the following relation is obtained
0PCDYf(t) = gDy f(t) + H () (3.10)

proof :
By using the definition (3.10) and the Laplace transform applied on both sides we
obtain easily the following result:

M(a) p*L{f ()} p) — p*~'f(0) M(e)

ABC nao
DY f(t = A1
Following equation (3.8) we have:
a—1 0) M
LLEPC DRI} ) = L3707 1)} ) — o LD ) (3.12)
e el S
Applying the inverse Laplace on both sides of equation (3.12) we obtain:
M« «
DR (1) = 47D (1) — T F(0) B 1), (3.13)

Then taking H(t)to be %f{O)Ea(—Lta)

11—«
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3.3.4 Some Estimates AB fractional derivative

Theorem 3.2
Let f be a continuous function on a closed interval [a, b] . Then the following inequality
is obtained on |[a, b]

M(«)

37" D fF O < T K (3.14)

proof :

I3BRDE (O = 24 [y £ (@) Bal—a 0 dall < L) 4 [y f(@)dal| = ]| £(2)]].(3.15)
Then taking K to be Hf(x)|| he proof is completed.

Theorem 3.3

The A-B. derivative in Riemann and Caputo sense possess the Lipschitz condition, that is to
say, for a given couple function and , the following inequalities can be established:

IBPEDE(f(8) = §PEDR (RO < H|f(2) = h(D)] (3.16)

and also

10 PCDF(f(8) = 6D (h(E)] < HIIS(t) = AE)lI- (3.17)

We present the proof of (3.16) as the proof of (3.17) can be obtained similarly.
proof :

lo 27 D (f (1)) — 6P DR (h(t ))H =

) Eq[—a =24y —ali=2)%) 4] (3.18)

|| 1—a dt JO

o oz dt O
Using the Lipschitz condition of the ﬁrst order derlvatlve We can find a small positive constant
such that:
ABR na ABR na ( )91
lo™ " DE(f(2) =57 Dy ()] < —— z)de — (SC)de
andthenthe followingresultisobtained :
e « M(a)@l t
1377 DE(f () = P DF (h(®)|| < == Bal—ag—]I /() = h(=)llt
- —
= H|f(z) = h(x)],

which produces the requested result.
Let f be an n-times differentiable with natural number and f*(0) = 0,k =1,2,3, ...... M,
then by inspection we obtain
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3o (L0 _ O aom gy, (3.19)

Now, we can easily prove by taking the inverse Laplace transform and using the con-
volution theorem that the following time fractional ordinary differential equation:

0 PCDR(f(t)) = u(t) (3.20)
has a unique solution, namely
F0) = S0 + gy | =0y

3.4 Atangana-Baleanu fractional integral

Definition 3.3 :
The fractional integral associate to A-B fractional derivative with non-local kernel is
defined as:

_1—a

PI0) = S O+ T [ S0 G2

When a =0 we recover the initial function and if also @ = 1, we obtain the ordinary
integral.

3.4.1 Fitting the integral with the derivative

Theorem 3.4 :
The functions (ABEDf)(t) and (ABEDg f)(t) satisfy the equations

(271%9)(8) = (), ("I g)(t) = f (D),
proof :

We just prove the left case. The right case can be proved by means of the Q-operator.
From the definition, the first equation is equivalent to

-«
g(t) +
o (®)

!
—(I%g)(t) = f(t
T el 90 = 10
Apply the Laplace transform to see that

11—«

V) SION0) + g LgHe) = L))

From which it follows that

_ M(a) L)} )"
l—a p*+ 1%

L{g(®)}(p)
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Remark : the Laplace inverse will lead to that g(t) = (282D f)(t)
(2PRDgPIf)(t) = f(1)
and above we have shown that
(PPRDRAPIEF)(t) = £()
.On the other hand we next prove that
(251 PRDf)(t) = f(1)
and
(APIAPEDR£)(t) = £(1)
and hence the function spaces 28%1%(L,) and API¢(L,) are nonempty .
3.4.2 Integration by parts
Theorem 3.5 :

Let a>0,p>1,qg2>1, and%—l—% <1+ a(p+#1and g # 1 in the case %—l—%:l—i-oz).
Then - If p(x) € L,(a,b) and 9(x) € Ly(a,b), then

/bso<><ABfaw)<>d 1‘O‘/bw Jo(a)di + ~2 /bmw()w( )d
x) (5 x)dr = r)o(r)dr + —— 5o) (x)v(x)de
i V(o ), M(a) J, o)
- / () (BIep) (x)dz
and similarly,
/ o(x) (PIo) (2)da

= 3a) / O(x)p(z)dr + M) / (L) (2)¢(x)dx

:/ P(x) (fBIO‘go) (x)dx
- If f(z) €2P I (L,) and g(z) € QBBIQ (Ly),
then
/ f() (P D%g) (x)dz = / (“BEDC f) (x)g(x)dx.
Proof :
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-From the definition and the integration by parts for (classical) Riemann-Liouville frac-
tional integrals we have

/a b(p(x) (2B1°y) (ac)dx— { ( o I%(a:)} da

11—«

:M(>/ ()w()dx+—/¢ x) Iy p(x)dz

:/abw(x)a{b_(;;w(mHﬁhﬁ”s@(ﬂv)} dw:/a Y(@) (P Ie()) da

The other case follows similarly by Definition (3.3) and the integration by parts for
(classical) RiemannLiouville fractional integrals.
-From definition and the first part we have

J2 f(@) (£PRD2g) (z)dx = [} (*PIg0) (x) - (17D 0 JBRIp) (a)da

= [ (*156) @) pto)ts
1_0‘/¢ d:c+—/¢ (aI*9) (2)da

s [ o) @) (@) o

a

a

_ / (APRDE f) (2)g(x)dx.

In the proof, the identity (,1%¢) (z) = 2 (4B]%p) () — =2p(x) deriven from (3.21)
has used.

M(a)g(l') . 1770 (ABRDag) dr

a

Example : This example is a numerical application of Theorem 3.5

- To verify Theorem 3.5, let ¢(z) = z,p(z) = 1 —z,a = 1,[a,b] = [0,1], and B(a) = 1.
Then,

=+

2 2TI(5/2) 2 37’

x  1T7(2)z%/? x 232
OABIl/Zl'_—+ ( ) _

irfl:dlﬂ 1—a | 2(1—x)%?

Hence, the left hand side of Theorem 3.5 results in

b o 1 1 x| 243/2
[ () (A2a1) () = [} (1= 2y PP 2 = 11— ) [3+ 2] de = &+ 52
and
[} o) (Php(a)de = e (AL - o)de = e |52+ U de = 5+ i
- To verify the second part of Theorem 3.5, let
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2(1—x)3/?

1z 4
2

f(ar)zl’Tz—i— NG and g(z) =
Then,

fbf (z (ABRDa [
=[5+ f} - %+

xT 2x'3/2
+ 577

2
1 IS/Z

1.

, [a,b] = [0,1], and M(a) =

1
2

dx—

105f andf (ABEDg f) (z)g(x)dx
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Chapter I

Some partielle linear AB Fractional
Differential Equations

In this section we study some simple but useful fractional equations. [4, 5]

4.1 Existence and Uniqueness Solution

Theorem 4.1 : Let 0 < a < 1 Then the unique solution of the following initial value
problem

ABCDef(t) = u(t),t > 0 (4.1)
f0)=foeR (4.2)
is given by t
) = S0 + ST | utsxe =9 tas (43)
proof :

Suppose that the initial value problem (4.3) and (4.4) has two solutions, f; and f;. In
that case, we have that

EDfi(t) - PO ()
= [*P°Dfi — f(t) =0

and
(f1 = f2)(0) = 0.

we have that f; — fo = 0 That is fi(t) = fao(t) for all t > 0

it is clear that the function defined by (4.3) is a solution of the fractional derivative
equation (4.1).

and, on using the Laplace transform ,net on the solution (4.3)

LD F)}Hp) = U(p),p >0
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M(a) p*F(p) — p* ' fo

l—a  p*+ % = U)
M(a)p*F(p) _ e
pli-a+a VT a0 va

M(a)p®F(p) = Up)p*(1 —a) +a+p* ' fo

_1—a o 1

F(p) = WU@) + WU(])) + mfo

Hence, using now well khown propereties of inverse Laplace transform ,we that

1 l1—« a

—1 -1 -1 1
LHEP) = £ o e Tt )

From the properties of the inverse Laplace transform, we get the following expressions

LHU(P)} +

FOLHY = 10 LGV} = s [ e = o) ds, LHUP)} = ()

f(t) = AJ;((B) + Maogu(twm /O u(s)(t — s)*Lds.

4.1.1 Initial value problem

Now, we consider the following linear fractional differential equation:

ABC D f(#) = Af(t) +u(t),t > 0 (4.4)

f(0) = fo (4.5)

where A € R, A # 0 ( A = 0 corresponds to the case previously studied).

The solution of this initial value problem is formulated in the following theorem :
Theorem 4.2 :

If A # 2@y (t) € C(0, 00), u(0) = —Afo,

then the solution of the initial value problem (4.6)-(4.7) is given by

M(«) fo > al\ l—a

0=y —a—o e a—a T e a—at?

+(M(oz) — 21— a))? /0 u(s)(t —s)*" Ea,a[M(a) N —a) (t — s)%]ds. (4.6)
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If A = %,u(t) € AC'0,00),u(0) = —\fy then the solution of the initial value
problem is given by

#o) = =S reenmutn - Gt

(4.7)
where the space AC'[0,00) is defined as

act {10 -0+ [ g(e)dzg € L)

proof :
Applying the Laplace transform to both sides of equation (4.6) and using (4.5), we have

M(ar) P*F(p) — p*~" fo

[ —— — AF(p) =U(p), (4.8)
where F(p) = L{f(¢)}(p)
Simplifying and solving for F'(p) we get
_ M(a)p®~ fo (1—a)p*+a«
F(p) B pa(M(Oé) — )\(1 — a)) — o T po‘(M(a) _ /\(1 — a)) — )\ozU(p)’
for \ # ]\f_a ,

which can be rewritten as

_ M (a)p™~ fo
)= G ) = 20— )b — s
(1—a)p*+a
RV IP Y o —
) M(a)p™ sy (1-a)
= M@ M- ) — o] T 0@ A —a)” P
aM ()
@) M= ) — ] )
applying the Laplace inverse transformtion will then give
) O R R S S SR ) E—

M(a) — M1 - «) M(a) = A1 — )
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N aM ()
(M(a) = A(1 = a))?

a\

(ta_lEa’a<M(a) - A1 —«)

t%) * f(1)),

which is equivalent to the desired result as given in Equation (4.8). Note that the
condition u(0) = —\fy is needed to ensure that f(0) = f.
for A = M) " squation (4.10) gives,

l—a’

“(1=a) .y, (1-a) o
F(p) = @ o Ul(s).
(p) = fo ol (a) (" +—2)U(s)
Applying the Laplace inverse , we obtain
—(1—-a) 1—a)?, / (1—a)? t—u(0) l-o

IO =ra=a! ™ e Ta=a) "W = i) T —a) ~ 2) "

Using the condition f(0) = —\fo, one can obtain the desired solution (4.9)
The case A = 0 and u(0) = 0, we get

—M(Q)F(Oé) /0 u(s)(t — s)* ds,

4.1.2 Initial-boundary value problem

Now, we consider a direct problem of

determining f(z,t) in a domain Q = {(x,t): 0 <2 < 1,0 <t < T},
such that f(.,t) € C*(0,1), f(z,.) € H'(0,T) and satisfies the following
initial-boundary value problem:

ABODC f (2. 1) — fou(z,t) = u(z, 1), (z,1) € Q (4.9)
F0,6)=0,f(1,H) =0,0<t < T, (4.10)
f(z,0)=0,0 <z <1, (4.11)

we use the method of separation of variables to solve the homogeneous equation
corresponding to the equation along with the boundary conditions,thus we get the
following spectral problem :

X” X:
{ FAX =0, (4.12)

X(0) =0, X(1) = 0.
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has the following eigenvalues

M = (km)2 k=1,2,3, ...
The corresponding eigenfunction are

Xy = sin(krx), k=1,2,3, ... (4.13)

we can then write the solution f(z,t) and the given function u(z,t)in the form of
series expansions as follows :

fla,t) =" filt) sin(knz), (4.14)
u(a,t) =Y w(t)sin(krz), (4.15)

where f; are the unknown coefficients to be found , and u(t) are given by

1
ug(t) = 2/ u(z,t) sin(krx)dx
0
Substituting (4.16) and (4.17) into (4.11) and (4.13) , we obtain the following
fractional differential equation
ABCDafk(t) + kZWka(t) = uk(t),

along with the following condition

fr(0) =0.
the solution is given by

-« aM ()

Je(t) = M(a) + k272(1 — @) ur(t) + (M () + k2m2(1 — «))?

[ 00— P (e ey )

with fz(0) = 0, thus , the solution f(z,t) can now be written as

B > 1—« aM ()
fet= ; (M(a) e -a YT @ s eei - a)p

—ak?*r?

/Ot ug(s)(t — 5)* ' Eyq (M(a) (1) (t — s)”‘) ds sin(kmz).

Now,the series representation of fi(z,t) is given by
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& Rrf(l-a) kmtalM (a)
fan(2,1) = = (M(oz) + k27%2(1 — ) (f) + (M(a) + k*m2(1 — «))?
—ak?*r?

[ o= 5 (et (o) it

= Z ug(t) sin(kmrx) + Z (o) —l-]igiz(l — ) sin(kmx)

/ot . <M<a> IEZ’SZZ T S>“) ds

For the convergence of the first term , we assume u(0,t) = u(1,t) = 0 and use
integration by parts to get

t)sin(krx)| =

Z ki|ulk

=1
Z k_ ) sin(kmx)
k=1

where

ug(t) = 2/0 ug(x,t) cos(kmzx)d.

Using the inequality ab < %(a2 + b?) and the Bessel inequality for trigonometric series
we then have the following estimate

=1
;uk sin(krz)| < ;5 (k2 + ]mﬂz)

< Z k,g 7 T ||U:v xr t)||L2(071)

The uniqueness of the solutlon can be obtained using the completeness properties of
the system {sin(kmx)} .

such that u(z,0) = u(0,¢) = u(1,t) = 0,us(z,t) € L'(0,T) , and u,(z,t) € L*(0,1) ,
then the problem (4.11)-(4.13) has a unique solution f(x,t) given by

B > 1—« aM ()
fet =2 (s a0 * G o

/Ot ug(s)(t — 5)* ' Eyq (M(a) 4_—0;:27:1 = (t — s)a> ds sin(kmz).

u(t) = 2/0 u(z, t) sin(krx)dz.
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4.2 Examples

In this section, we give some examples ,choosing M («) = 1.

Example 4.1

Let 0 < a < 1,A = 1, then the following initial value problem of fractional differential
equation :

{ABCDaﬂt) + ) =1,

f(0) = 1.
has a unique solution as a constant function
ft) =1
In fact, by the Laplace transformation, the equation can be written as
1 p*F(P)— pot 1
s (a) a foiFipy =2
11—« P+ 1o p
p*F(P) — pot 1
F(p)=-
Pl —a)+a« +E) p
pl-—a)+tao

Fp)p*+p*(1—a)+a)—p* ' =

p(1—a)+a+p®
p

Fp)p* +p*(1—a)+a)=

Now,the inverse Laplace transformation given as that
ft)=1
Example 4.2 Let 0 < a < 1, A = 1 consider the initial value problem:

ABCDeF(8) 4 f(t) = ¢,
£(0) = 0.
Applying the Laplace transformation leads to have

DS pg) - L)

p*F(p) —p*! gt
o e + F(p) = L{t"" " }(p)

F(p)[2p™ +p*(1 — @) + o]
p*(l —a)+«

= L{t" " }(p)
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[p*(1 — @) + o] {1} (p)
p*(l—a) + o+ 2p

Now, the inverse Laplace transformation gives the exact solution as follows

F(p) =

1 T
) = 2 D e ey
(6 (6]

Example 4.3 Let 0 < a < 1, A = 1consider the initial value problem :
ABEDf(E) + f(t) = Ea(ytY),
fo)=1.
Applying the Laplace transformation leads to have
1 p*F(p) —p*!
l—a p*+ 1%

pan _pa—l pa—l
- ®) + F(p) = =
p*(1—a)+a pe =

+ F(p) = L{Ea(7t")} (p)

a—1

Pt Hp Tt —p
P> =

Fp)(p*+p*(1—a)+a)=

(1—a)p*t4+p!
(P = 7)(2p™ — ap™ + a)

F(p) =

a—1 a—1

at+y(l—a) p ot P
at+y2-a)p* =y a+7(2-a)p*+ 32

F(p) =

Applying the inverse Laplace transformation gives the exact solution as follows

_a+v(1l—-a) N 0% —
f(t) = mEa(’ﬂf ) + a+7(2_a)Ea(

Example 4.4 consider the boundary value problem :

t*).
2—« )

ABCDA f(2,t) — foe(w,t) = tsin(nz),
F0,) =0, f(1,) =0,0<t < T
f(z,0)=0,0<z<1

Applying , the Laplace transforme and inverse Laplace transformation ,the exact
solution given by :

2

100 = (et Tt e (Tt ) e
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Chapter 5

On a nonlocal implicit problem under
A-B fractional derivative

we study a class of initial value problems for a nonlinear implicit fractional dif-
ferential equation with nonlocal conditions involving the Atangana—Baleanu—Caputo
fractional derivative. the following ABC-type nonlocal fractional problem: [15]

ABC DG ult) = f(tult), PO D ().t € 0,1 (5.1)
S Bralr) = o, 7 € (0,%), (5.2)
k=1

where 0 <a <1, f:[0,x] * R* R — R is a continuous function with
J(0,u(0),*P¢D§,u(0)) = 0,0 < 71 < 73 < ... < Ty, < X, Sk are real numbers
(k=1,2,...,m),m) , and u € C|0, x]

Definition 1 : Let n < a <n + 1 and f be such that f™ € H'(a,b).set 3 = —n.
Then g € [0,1] and we define

@PCD () = (PCDF) (@) (5.3)

and the left Riemann-Liouville sense it has the following form :
(ZPEDf)(1) = (PRD7 f™)(¢) (5.4)

Definition 2: Let n < o < n+1 and f be such that f™ € H'(a,b).set 8 = a —n.
Then § € [0, 1] and we define

(“PEDR () = (PCDY(=1)" ) (@) (5.5)
and in the right Riemann-Liouville sense it has the following form:

(YPRDGf)(8) = (*PRD) (= 1) f™) (1) (5.6)
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We have the associated fractional integral

(P )(E) = (APL (). (5.7)

Lemma 1:Let o« € (0,1] and f € H'(0, x), if an ABC fractional derivative exists,
then we have

SPCDFIPINf(t) = f(t)
and

2TIRPODf () = () — fla).

propositions : [3| For n < a <n+ 1, for some n € Ny and u(t) defined on [0, x|, we
have

1) 2PCDRIPIRult) = u(t);
2) AP IPAPCDyu(t) = ult) = g "2 (t — @)

o a n—1 u®(q
3) AB[ABRDey(t) = u(t) — Ypsy “m@(t — a)*.

proof: By Definition (1) and Definition (2) we have

dn
(BPRDAP o) (1) = (PRDP TP ) 1) = (PRI (@) = ult)  (58)
where § = a — n. By Definition (1) we have
=l ()
@PIPED ) (1) = ("2 P I PRDPu) () = oI "™ () = u(t) o (t—a)f
k=0 '
(5.9)
By Lemma 1 applied to f(t) = u(™(t) we have
(P10 Do) (t) = o7 17 3PO DUl (t) = (I [u ™ (t) — u(a)] (5.10)

n—1 ¢ (k)(a) n —a)"
—u(t)-3op g Y (t — a)f = u (a) 7

(b)Y, S (t — a)®.
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lemma 3 [1] For n < a <n+ 1,28°D2(t —a)k =0,k = 0,1, ...,n. Moreover ,
ZCODYf(t) =0

if f(t) is a constant function.
lemma 4 [1] Let a € (0,1] and @w(0) = 0, Then the solution of

ABCDa (1) = w(t), t € [0,1],
f(0)=c

is given by

ft) =c+*PI18 ().

5.1 Results of applying the Banach’s Principle of
Contraction theorem to nonlocal problems

This section is devoted to obtaining formula of the solution to problem (5.1)—(5.2).
Then we prove the existence and uniqueness of solution for problem (5.1)— (5.2) by
means of Schauder’s fixed point theorem and Banach’s fixed point theorem .
Moreover, we also discuss the continuous dependence of solutions to such equations on
arbitrary data.

lemma 5 :

Let 0 <a <1and ) )", B # 0.Then the solution of problem (5.1)—(5.2) can be
indicated by the fractional integral equation

m

u(t) = Alug = Y B 15, Fu(m)) + P15 Fu (1), (5.11)
k=1

where F), is the solution of the functional integral equation

Fu(t) = f(t, Aug — A 8P Loz Fu(mi) + P15 Fu(t), Fu(t)) (5.12)
k=1
and .
A= B
k=1
proof :

Set 4P Dg u(t) = F,(t) in(5.1). Then we get

Fu(t) = [t ult), Fu(t)).
Applying ABI¢, on both sides of (5.1) and using Lemma 1, we have
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u(t) = u(0) + *PIS Fu(t).

putting t = ug = Y-, Beu(0) + P15 Fu(Tk),
which implies

w(0) = (Y B) Mo — Y BIG, Fu(m)]
k=1 k=1
Since .
A=(> B!
k=1
, we get

Aug — Z@kABIS‘m 7)) + P IS Fu ().

Here, F, is the solution of equation Fu( )= f(t,u(t), Fu(t)),i.e,

Fu(t) = f(t, Aug —AZBkABI(?Tk u(me) + AP LG Fu (), Fu(t)).

k=1

Now, we consider the following hypotheses:

(H; : There exists a constant L; > 0 such that )
[f(tzy) = f(tx,y)| < La(lz =2 |+ [y =y )
for all t € [0, x] and z,z ,y,y € R .

(Hy :There exists a constant k>0 such that)
[F(t 2, y)] < k(L + |z + |y[)V(E, 2, y) € [0,x] * R+ R.

5.2 Existence and Uniqueness of the Solution

Theorem 4.2.1
Let f:[0,x]R* — R is continuous . If (H2) holds with k& # 1, and

k [<\A|ZL”:1IBK| DA =) A [Br|Ti + x°
1—k M(«) M(a)T'(«)
then problem (5.1)—(5.2) has at least one solution u € C[0, x].

Proof :
Let the operator T : C[0, x] — C|0, x] by

m =

(Tu)(t) = Auo — AZﬂ IS Fulm) + AP IS Fu(t),

k=1

where

(5.13)

(5.16)
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F,(t) = f(t, Aug — A Z BAPIS . Fu(m) + APIS,Fu(t), Fu(t)). (5.17)
k=1
we have
(679 DT, ) (1) = Auo (5P DP1)(1)
DRI F ()
—F.(1).

Since Tu € C[0, x] and 8¢ Du(t) = F,(t) in equation (5.1), it follows that

(67 DET)(t) = f(t,u(t), 57 Diu(t))).

As f(t, u( ) ABC Deyy ( ) is continous on [0, x],then §B8° DT, (t) € C0, x].
0, chi] : ||u]] < r,where B, is a nonempty, closed, convex,
and bounded Subset of C[0, x] and

The proof is presented in numerous steps as follows.
Step 1. TB, C B,.
For t € [0, x] we get

[ Tu(t)| < [Auo| + [A| Z \5k 70| Fu (3 |+ B I Fu (t)]
k=1
< JAuo| + [A] 3Ly 18kl 5 | P (7l + st a) Jo ) (7 —
$)* Fu(s)|ds] 35 | Fu()] + sy Jo (= ) = 1[Fu(s)|dsand

[Fu(O)] = [t u(t), Fu(@))] < k(L + |u(t)] + [Fu(t)])-
|Fu(t)] < w (5.19)

It follows from (5.15) and (5.18) that, for each u € B,,

This

Tu(t)] < | Aug|+]4) T > ‘5k’<L_<§§+M<jr<a>”k(11—+ km(]lw_(ac;w(;;(a))

k . (L—a) Ak Bl +
:|A“0|+m[(|A|Zl|5k|+1) W) T M) T
( ) (Al ey Bl + ¢

44




Chapitre 5 On a nonlocal implicit problem under A-B fractional derivative

<y +mr <.
Step2. T is continuous .
Let u,, be sequence such that u,, — uas n — 0o.Then

Tun(t) = Tu(t)] < !AIZ\ﬂkIABIQIFu () Eou ()|

HOPIEIR, () — Fu(t)]

<m§]m Fon0) = Ful)l + e |+ = 907 1P (o) = Fu(o)lds

11—« «Q 1

+W‘Fun(t) - Fu<t)| + Wm/o (t — S)ai |Fun<3) — Fu(8)|d8

(AL Bl + DA =)

< Vo) I1Fun() = R
AL Bl +X7

P AL () - RO

Since F,(.) = f(.,u(.), F,(.)) € C[0, x], it follows that || T, (.) — T(.) = 0 as n — oo,
which proves the required result.

Step 3.T is compact

We show that T'B, is relatively compact. Clearly,T'B, is uniformly bounded due to
Step 1. It remains to show that T'B,is equicontinuous. Let ¢,t5 € [0, x| such that
0<t <ty <x.Then

=167 I5 Fu(ts) — 5P I Fu(t)|

< g Pt + gy | ot = o R0l
11—« G 1 ' a-1 )ds
SR = 3 | At =9 IRl
11—«
< W‘FU(t2) — Fu(t)]

T = = = IR

Q 1

St J, (=
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It is clear from (5.11) that each of them u € B,

11—«

M(e)

[Tu(tz) — Tu(t)] < |[Fu(tz) — Fu(ty)]

+]{‘1(11—+ 1:) i r(la) /0 o =9 = =)

E(l+7r) o 1 t2 o1
I E M(a)rm)/tl ey

kE(1+r) 1
1—k M(a)F(oz)[

k(147) 1
1—k M(a)(a)

1— E(14+7)2(ty — )™
SM( >]F w(t) — Eu(t)] + % M(a)(a)

Since F,(.) = f(.,u(.), Fu(.)) € Clt1,ts], it follows that |T,,(t2) — Ty (t1)| — Oasty — t;.
3 and the Arzela-Ascoli theorem, we arrive at T being Continuous and compact. ABC
(5.1) non-local problem - (5.2) has at least one solution in B,.

Theorem 4.2.2 :

Assume that f : [0, x]R2 — R is continuous. If (H;) holds with L1 = 1, then problem
(5.1)—(5.2) has a unique solution € C[0, x] provided that

L (AN 1B + DA =) AL i [Belrie + x°

T+ (to — 1) — 3]

(ta —t1)"

T := 1. 5.20
e M(a) M(a)T(@) 15 (5.20)
Proof :
Let’s prove that T defined by (5.8) has a fixed point
Let u,u’ € C[0,x]and ¢ € [0, x].Then
[(Tu)(t) = (Tw)(#)] < |A|Z|ﬁ 0P I3 1 Fu(mi) = Fy ()| + 0 P IR Fut) = Fy ()] (5.21)

We have for each t € [0, x],

/

[Fu(t) = Fy (O] = (8 u(t), Fu(t) — f(u (t), Fr ()]

< Ly([ut) — u'(8)] + [Fu(t) = F,y (1)
This
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’

L,y
|[Fu(t) = Fy ()] < 1— I u(t) —w (1)]. (5.22)

Substituting (5.14) into (5.13), we find

(Tu)(t) — (Tw)(t)] < <11 Zlﬁ [0 15, [u(e) — w' (7))

|A|L1 ’ « 1 K a—1 ’
Z !ﬁk (7)) = w ()] + Wm/() (Tre = 5)* Ju(s) — u (s)[ds]

Ll 11—« ’ (0 1 t a—1 _u/ s <
e ult) ~ 0 O]+ g s [ (= 9l — (9l
Ll [(|A| Z;?:l |ﬂk| + 1)(1 - Oé) |A| ZZ; |ﬁk|7-l? + Xa]Hu B u’”

T 1-1 M () M ()T () '

Hence, by (5.12), T is the contraction. and we deal with- Suppose T has a fixed point
which is a solution to the problem (5.1) - (5.2)

+

5.3 Example :

Let the following non-local problem be of type ABC:

2 )| + [ABC D3 |u(t 1
a0 ply(ey = Ly LT Drul®] g L (5.23)
8 1+ [u(®)| + [37¢ Dsu(t)| 2
with nonlocal conditions
1 3 1 1 1
Zul= “ul= Zu(=)Y =1 .24
u(g)+ Su() + gu(z) =1, (5.24)
WhereO<( —é7722%773:%)<%,(51:%,52:%,ﬁ :%)>0(k’—123)(
3),a = %

set f(t,u,v) = %(1 T Gury) T (1+Z+v))for (t,u,v) € [0, 3] R*Clearly, the function
£(0,u(0),v(0)) = 0.Let u,u’,v,v" € Rand t € [0, 3].Then we have

.
[\

o)<t ol < St ful ol

80 T W ul + 1ol U Jul + o)
. By choosing M(%) = 1 we canfind that 7, ~ 0.23 < 1,It follows from Theorem 4.2.1
that problem (5.23)-(5.24) has a solution on [0, £].

’2
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Conclusion

We have presented The definition of fractional derivation with the concept of
Atangana-Baleanu We presented some results existences and uniqueness of solutions
to certain Cauchy problems of derivative equations of fractional orders. We have
treated linear cases by the Laplace transform of fractional derivatives The problem of
the existence of solutions fractional order derivative equations remain among the
important problems that require much more research.
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Abstract

The definition of Atangana-Baleanu of fractional derivative is one of the latest
definitions to improve the fractional derivative. This definition has been applied to
some Cauchy fractional problems and some nonlocal implicit problems. It deals
with linear cases with Laplace transform , Banach fixed point theorem.
Keywords and phrases main: nonlocal non singular kernel, Atangana-Baleanu
fractional derivative ,Atangana-Baleanu fractional integral ;nonlocal implicit
problem fixed point .

Résumé

La définition Atangana-Baleanu de la dérivation fractionnaire est I'une des
derniéres définitions pour améliorer la dérivation fractale. Cette définition a été
appliquée & certains problémes fractionnaires de Cauchy et a certains problémes
implicites non locaux. Elle traite des cas linéaires avec transformée de Laplace et
théoréme du point fixe de Banach.

Mots et phrases clés : noyau non singulier non local ,dérivée fractionnaire
d’Atangana-Baleanu, intégrale fractionnaire d’Atangana-Baleanu ,non local
probléme implicite ,point fixe .
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