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Notations

•Γ Gamma function.

•β Beta function.

•Eα one-parameter Mittag-Leffler function.

•E(α,β) two-parameter Mittag-Leffler function.

•F Fourier Transforms.

•F−1 inverse Fourier Transforms.

•caDα
t The fractional derivative on the left .

•ctDα
b The fractional derivative on the right.

•Re real part.

•suppf Support of the function f .

•D′(Ω) Space of all distributions on the open set Ω ⊆ R.

•⟨., .⟩ The scalar product.

•S(Ω) Schwartz space.

•R Set of real numbers.

•C Set of complex numbers.

•N Set of natural numbers.

•a.e. Almost everywhere.

• := By definition.

•PV The main value.
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Introduction

The subject of fractional calculus (a e calculating integrals and arbitrary derivatives,
real or complex) has gained considerable popularity and importance over the past

three decades, mainly due to its demonstrated applications in many fields of science and
engineering. It indeed provides several potentially useful tools for solving differential
and integral equations, as well as various other problems involving special functions of
mathematical physics, as well as their extensions and generalizaions.

Fractional differential calculus has been associated with many of the most famous sci-
entists, Hospital.G.W.L, Lepnitz, Riemann.B and Liouville J who gave those of the basic
derivative fractional definitions, After these, research continued in this field and in differ-
ent directions. The researcher expanded Bassam.M.A definition Holmgren-M.Riesz and
applied the results obtained to some existential theories of ordinary differential equations.

The aim of this work is to study some problems nonexistence of solution to fractional
differential equations.
This work is divided into four chapter :

• In the first chapter, we presented some definitions and theorems that we will use in
this memoir.

• In the secend chapter, mainly introduces definitions and basic properties of frac-
tional derivatives, Riemann-Liouville fractional derivative, Caputo fractional deriva-
tive and fractional Laplace operator, etc.

• In the third chapter, we will review the sufficient conditions and necessary conditions
of non-existance of a solution.of the problem:Dα

0pt(u) + (−∆)β/2(u) = h(x, t) | u |1+p̃ for (x, t) ∈ Rn × R+ =: Q,

u(x, 0) = u0(x) ≥ 0 for x ∈ Rn.

ix



The results presented in this chapter are from the article [7].

• In the fourth chapter, we will present some results of nonexistence of solutions for
a nonlocal nonlinear differential problem of the form :ut + (−∆)β/2(| u |p) =| u |q x ∈ Rn, t > 0,

u(x, 0) = u0(x) x ∈ Rn.

The subject of this chapter is taken from the article [3].



Chaptre 1
Preliminaries

Let (Ω,M, µ) denote a measure space, i.e., Ω is a set and
1 M is a σ-algebra in Ω, i.e., M is a collection of subsets of Ω such that:

• ϕ ∈M .

• A ∈M ⇒ Ac ∈M .

•
∞∪
n=1

An ∈M whenever An ∈M ∀n.

2 µ is a measure, i.e., µ :M → [0,∞[ satisfies

• µ(ϕ) = 0.

•


µ

(
∞∪
n=1

An

)
=

∞∪
n=1

µ(An)whenever(An) is a disjoint

countable family of members of M.

The members of M are called the measurable sets. Sometimes we shall write
|A| instead of µ(A). We shall also assume even though this is not essential
that.

3 Ω is σ-finite, i.e., there exists a countable family (Ωn) in M such that Ωn =
∞∪
n=1

Ωn

and µ(Ωn) <∞ ∀n .

The sets E ∈M with the property that µ(E) = 0 are called the null sets. We say that a
property holds a.e. (or for almost all x ∈ Ω) if it holds everywhere on Ω except on a null

1



1.1. Some Results about Integration that everyone must know 1

set.

1.1 Some Results about Integration that everyone

must know

•Let E be a measurable set, Ω ⊂ E.

Theorem 1.1. [2] (Lebesgue dominated convergence theorem)
Let {fn} be a sequence of measurable functions such that lim

n−→∞
fn(x) = f(x) a.e. in E,

and for every n ∈ N, | fn(x) |≤ g(x) a.e. in E, where g is integrable on E. Then

lim
n−→∞

∫
E

fn(x) =

∫
E

f(x)dx.

Lemma 1.1. [2](Fatou’s lemma).
Let {fn} be a sequence of functions in L1(E) that satisfy

1 for all n, fn ≥ 0 a.e.

2 sup
n

∫
fn <∞.

For almost all x ∈ Ω we set f(x) = lim inf
n−→∞

fn ≤ +∞. Then f ∈ L1(E) and

∫
f ≤ lim inf

n−→∞

∫
fn.

Theorem 1.2. [2](Tonelli).
Let F (x, y) : Ω1 × Ω2 → R be a measurable function satisfying

1 ∫
Ω2

F (x, y)dµ2 <∞ for a.e. x ∈ Ω1

and

2 ∫
Ω1

dµ1

∫
Ω2

F (x, y)dµ2 <∞

Then F ∈ L1(Ω1 × Ω2).

Theorem 1.3. [2](Fubini).
Assume that F ∈ L1(Ω1×Ω2). Then for a.e. x ∈ Ω1, F (x, y) ∈ L1

y(Ω2) and
∫
Ω2

F (x, y)dµ2 ∈

2



1.2. Some Results from functional analysis 1

L1
x(Ω1). Similarly, for a.e. y ∈ Ω2, F (x, y) ∈ L1

x(Ω1) and
∫
Ω1

F (x, y)dµ1 ∈ L1
y(Ω1).

Moreover, one has∫
Ω1

dµ1

∫
Ω2

F (x, y)dµ2 =

∫
Ω2

dµ2

∫
Ω1

F (x, y)dµ1 =

∫∫
Ω1×Ω2

F (x, y)dµ1dµ2.

1.2 Some Results from functional analysis

1.2.1 Definition and elementary properties of Lp spaces

Definition 1.1. [2]
Let p ∈ R with 1 < p <∞, we set

Lp(Ω) = {f : Ω −→ R; f is measurable and | f |p ∈ L1(Ω)}

with

∥ f ∥Lp = ∥ f ∥p =

∫
Ω

| f(x) |pdµ

 1
p

.

∥ · ∥p is a norm.

Definition 1.2. [2]
Let

L∞(Ω) =

f : Ω → R

∣∣∣∣∣∣∣
f is measurable and there is a constant C

suth that | f |≤ C a.e. on Ω


with

∥ f ∥L∞ = ∥ f ∥∞ = inf{C | f(x) |≤ C a.e. on Ω}.

∥ · ∥∞ is a norm.

Remark 1.1.
If f ∈ L∞ then we have

| f(x) |≤ ∥ f ∥∞ a.e. on Ω.

Indeed, there exists, a sequence Cn such that Cn −→ ∥ f ∥∞ and for each n, | f(x) |≤ Cn

a.e. on Ω. Therefore | f(x) |≤ Cn for all x ∈ Ω \En, with | En |= 0. We set E =
∞∪
n=1

En,

3



1.2. Some Results from functional analysis 1

so that | E |= 0 and
| f(x) |≤ Cn ∀n, ∀x ∈ Ω \ E;

it follows that | f(x) |≤ ∥ f ∥∞∀x ∈ Ω \ E.

Notation. Let 1 ≤ p ≤ ∞; we denote by p′ the conjugate exponent,

1

p
+

1

p′
= 1.

Lemma 1.2. (Young inequality) [2]
Let a, b two real positive, and 1 ≤ p, p′ <∞, so

ab ≤ 1

p
ap +

1

p′
bp

′
.

Lemma 1.3. (ϵ-Young inequality) [2]
Let a, b two real positive, and 1 ≤ p, p′ <∞, so for all ϵ > 0

ab ≤ ϵap + Cϵb
q.

Lemma 1.4. (Hölder inequality) [2]
Let Ω be an open set in Rn, f ∈ Lp(Ω) and g ∈ Lp′(Ω), with 1 ≤ p ≤ ∞. Then f ·g ∈ L1(Ω)

and ∫
| fg |≤∥ f ∥pp · ∥ g ∥

p′

p′ .

1.2.2 Sobolev spaces

[13] We refer to Cazenave and Haraux, 1998, for the definitions and results given below.
Consider an open subset Ω of Rn. D(Ω) is the space of C∞ (real-valued or complex
valued) functions with compact support in Ω and D′(Ω) is the space of distributions on
Ω. A distribution T ∈ D′(Ω) is said to belong to Lp(Ω)(1 ≤ p ≤ ∞) if there exists a
function f ∈ Lp(Ω) such that

⟨T, ϕ⟩ =
∫
Ω

f(x)ϕ(x)dx,

for all ϕ ∈ D(Ω). In that case, it is well known that f is unique. Let m ∈ N and let
p ∈ [1,∞]. Define

Wm,p(Ω) = {f ∈ Lp(Ω) \Dαf ∈ Lp(Ω) for all α ∈ Nn such that | α |≤ m}.

4



1.2. Some Results from functional analysis 1

Wm,p(Ω) is a Banach space when equipped with the norm

∥ f ∥Wm,p(Ω)=
∑
|α|≤m

∥ Dαf ∥Lp ,

for all f ∈ Wm,p(Ω). For all m, p as above, we denote by Wm,p
0 (Ω) the closure of D(Ω)

in Wm,p(Ω). If p = 2, one sets Wm,2(Ω) = Hm(Ω),Wm,2
0 (Ω) = Hm

0 (Ω) and one equips
Hm(Ω) with the following equivalent norm:

∥ f ∥Hm=

∑
|α|≤m

∥ Dαu ∥2L2

 1
2

.

Then Hm(Ω) is a Hilbert space with the scalar product

⟨u, v⟩Hm =
∑
|α|≤m

∫
Ω

Dαu.Dαvdx.

If Ω is bounded, there exists a constant C(Ω) such that

∥ u ∥L2≤ C(Ω) ∥ ▽u ∥L2 ,

for all u ∈ H1
0 (Ω) (this is Poincaré inequality). It may be more convenient to equip H1

0 (Ω)

with the following scalar product

⟨u, v⟩ =
∫
Ω

▽u.▽vdx,

which defines an equivalent norm to ∥ . ∥H1 on the closed space H1
0 (Ω).

1.2.3 Concept of test function

Distributions are prticular linear functionls on the space of test functions. Let’s start by
defining these test functions:

Definition 1.3. [8]
We call a test function, or basic function, a function φ ∈ C∞(R,C).The support of φ is
group

supp(φ) = {x ∈ Ω : φ ̸= 0}.

5



1.2. Some Results from functional analysis 1

General properties

1 The set D of test functions is a vector subspace and an ideal of C∞(R, C).

2 If φ is a test function, the same is true for φ′.

3 If φ is a test function of R in R and f a function C∞(R, C), f ◦φ is a test function.

4 Any test function φ is uniquely written in the form φ(x) = ψ(x) + xξ(x), where ψ
and ξ are even test function. Just note that :

φ(x) =
φ(x) + φ(−x)

2
+
φ(x)− φ(−x)

2
=
φ(x) + φ(−x)

2
+ x

φ(x)− φ(−x)
2x

,

or
φ(x)− φ(−x)

2x
=

1

2x

+x∫
−x

φ′(t)dt =
1

2

+1∫
−1

φ′(xu)du,

function C∞ by virtue of the theorem of derivation of integrals with parameters on
the segments.

Exemple 1.1.
Consider the function

φ(x) =

e
1

x2−1 if | x |< 1,

0 if | x |≥ 1.

It is even, continuous, increasing on [−1, 0], decreasing on [0, 1]

φ is class C∞ on R, because φ = fh, where h(x) = 1− x2.
NB: we also have

e
1

x2−1 = e
1
2
( 1
x−1

− 1
x+1

) = e(
1

2x−2
− 1

2x+2
) = f(2x+ 2).f(2− 2x).

We can easily verify that, for all x, φ(x) = f0(2x+ 2).f0(2− 2x).

-3 -2 -1 0 1 2 3

0.05
0.1

0.15
0.2

0.25
0.3

0.35
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1.2. Some Results from functional analysis 1

1.2.4 Schwartz space

When working with the Fourier transformation we require Ω = Rn. However, D(Rn) is, in
a sense, too small for the Fourier transform, which also makes D′(Rn) too large. For the
purpose of the Fourier transformation, the Schwartz spaces, S(Rn) (named in honour of
Laurent Schwartz) and S ′(Rn), as introduced below, are optimally adapted in the sense
that they are both closed under the Fourier transform.

Definition 1.4. [4] For n ∈ N,

S(Rn) =

ϕ ∈ C∞(Rn) : sup
x∈Rn

(1+ | x |2)
k
2

∑
|α|≤l

| Dαϕ(x) |<∞, for all k, l ∈ N∗


(1.1)

with the natation Dα, for α ∈ Nn − {0} is defined as

Dα =
∂α1

(∂x1)α1

∂α2

(∂x2)α2

∂α3

(∂x3)α3
· · · ∂αn

(∂xn)αn
, |α| = α1 + α2 + α3 + · · ·+ αn

is called the Schwartz space of all rapidly decreasing infinitely differentiable functions, or
Schwartz space for short.
A sequence {ϕj}∞j=1 ⊂ S(Rn) is said to converge in S(Rn) to ϕ ∈ S(Rn) if

∥ ϕj − ϕ ∥k,l→ 0 for j → ∞ and all k; l ∈ N∗.

Where
∥ ϕ ∥k,l= sup

x∈Rn

(1+ | x |2)
k
2

∑
|α|≤l

| Dαϕ(x) | .

Proposition 1.1. [4] The Schwartz space, S(Rn) is a subspace of Lp(Rn) for every p in
N.

Proof. For every function ϕ in S(Rn), there exists a constant K such that

| ϕ(x) |≤ K

1+ | x |2

for every x in Rn. Thus,∫
Rn

| ϕ(x) |p dx ≤ Kp

∫
Rn

1

(1+ | x |2)p
dx <∞

7



1.3. Fourier transforms 1

for every p <∞. For p = ∞, it follows from the definition, (1.1), that

sup
x∈Rn

| ϕ(x) |<∞,

and we conclude that S(Rn) ⊂ Lp(Rn) for every p in N.

Proposition 1.2. If ϕ ∈ S(Rn), so are both xαϕ and Dαϕ for α ∈ Nn − {0}.

Proof. This follows directly from the definition of S(Rn), (1.1). All functions ϕ ∈ S(Rn)

are rapidly decreasing (i.e. go to zero when multiplied with an arbitrary polynomial), and
so do all of their derivatives.

1.3 Fourier transforms

Definition 1.5. [11]
The exponential Fourier transforms of a continuous function h(t) absolutely integrable in
(−∞,+∞) is defined by

F{h(t);ω} =

+∞∫
−∞

eiωth(t)dt,

and the original h(t) can be restored from its Fourier Transforms, H(t).
• The inverse Fourier Transforms:

F−1 = h(t) =
1

2π

+∞∫
−∞

H(ω)e−iωth(t)dω.

• The Fourier transform of the convolution

h(t) ∗ g(t) =
+∞∫

−∞

h(t− τ)g(τ)dτ,

of the two functions h(t) and g(t). Which are defined in (−∞,+∞), is equal to the
product of the Fourier transform:

F{h(t) ∗ g(t);ω} = H(ω)G(ω)

under assumption that both H(ω) and G(ω) exist.
• The Fourier transform n-th derivative of h(t):

F{h(n)(t);ω} = (−iω)(n)H(ω).

8



Chaptre 2
Fractional calculus

This chapter is devoted to the definitions of the special functions, and some definitions and
properties of Riemann-Liouville, Caputo fractional derivatives and fractional Laplacian
operator.

2.1 Special functions

2.1.1 Gamma function

[12] Gamma function Γ(z) is defined by

Γ(z) =

∞∫
0

tz−1e−tdt (Re(z) > 0)

where tz−1 = e(z−1)log(t). This integral is convergent for all complex z ∈ C (Re(z) > 0).

Proposition 2.1.

1 Γ(z + 1) = zΓ(z) (Re(z) > 0), Γ(n+ 1) = n!, ∀n ∈ N.

2 Γ(1) = 1 and Γ(−m) = ∓∞ for all m ∈ N.

3 Γ(1
2
) =

√
π.

9



2.1. Special functions 2

4 Γ(z) = lim
n→∞

n!nz

z(z + 1)...(z + n)
, Re(z) > 0.

Figure 2.1: Gamma function.

2.1.2 Beta function

Definition 2.1. [12]
Here we consider Beta function, denoted (B) or the first order Euler function, can be
defined as

B(u, v) =

1∫
0

tu−1(1− t)v−1dt,Re u > 0,Re v > 0.

the symmetry
B(u, v) = B(v, u).

Proposition 2.2.

B(u, v) =
Γ(u)Γ(v)

Γ(u+ v)
,Re u > 0,Re v > 0.

10



2.1. Special functions 2

2.1.3 Mittag-Leffler function

[12] We introduce the one and two-parameter Mittag-Leffler functions, denoted as Eα(.)

and E(α,β)(.), respectively.

Definition 2.2.
One parameter Mittag-Leffler function (Eα), is defined as:

Eα(z) =
∞∑
k=0

zk

Γ(αk + 1)
Re(α) > 0.

Two parameter Mittag-Leffler function E(α,β), is defined as:

E(α,β)(z) =
∞∑
k=0

zk

Γ(αk + β)
Re(α) > 0 ,Re(β) > 0 , β ∈ C.

.

Exemple 2.1.

E(1,1)(z) =
∞∑
k=0

zk

Γ(k + 1)
=

∞∑
k=0

zk

k!
= ez

E(1,2)(z) =
∞∑
k=0

zk

Γ(k + 2)
=

∞∑
k=0

zk

(k + 1)!
=

1

z

∞∑
k=0

zk+1

(k + 1)!
=
ez − 1

z

E(1,3)(z) =
∞∑
k=0

zk

Γ(k + 3)
=

∞∑
k=0

zk

(k + 2)!
=

1

z2

∞∑
k=0

zk+2

(k + 2)!
=
ez − 1− z

z2
.

11



2.1. Special functions 2

Figure 2.2: One-parameter Mittag-Leffler function.

Figure 2.3: Two-parameter Mittag-Leffler function.

12



2.2. Some fractional derivatives 2

2.2 Some fractional derivatives

Lemma 2.1. Integrals of arbitrary order If f is locally integrable on (c; +∞), then the
n-th integral of f is given by:

cD
−n
t [f ](t) =

∫ t

c

ds1

∫ s1

c

ds2 . . .

∫ sn−1

c

f(sn)dsn

=
1

(n− 1)!

∫ t

c

(t− s)n−1f(sn)ds

For almost not everything t where −∞ c < t < ∞ and n ∈ N, since Γ(n) = (n− 1)!. We
have one immediate generalization which is the integral of fractional order f α > 0.

2.2.1 Riemann-Liouville fractional integrals

[6] To introduce R-L fractional integral, consider first the following iteration integrals

D−1[f ](t) =

t∫
0

f(τ)dτ

D−2[f ](t) =

t∫
0

dτ1

τ1∫
0

f(τ)dτ,

. . .

D−n[f ](t) =

t∫
0

dτ1

τ1∫
0

dτ2· · ·
τn−1∫
0

f(τ)dτ.

. . .

These multiple iteration integrals can all be expressed as

t∫
0

Kn(t, τ)f(τ)dτ,

for a certain kernel function Kn(t, τ) obviously, K1(t, τ) = 1. When n = 2 , then

t∫
0

dτ

τ1∫
0

f(τ1)dτ1 =

t∫
0

f(τ)dτ

τ∫
0

dτ1

=

t∫
0

(t− τ)f(τ)dτ,

13



2.2. Some fractional derivatives 2

thus K1(t, τ) = (t− τ). When n = 3 ,
t∫

0

dτ

τ∫
0

dτ1

τ1∫
0

f(τ2)dτ2 =

t∫
0

dτ

τ∫
0

(τ − τ1)f(τ1)dτ1

=

t∫
0

f(τ)dτ

t∫
τ

(τ1 − τ)dτ1

=

t∫
0

f(τ)
(t− τ)2

2
dτ,

hence K2(t, τ) =
(t−τ)2

2
. Generally, Kn(t, τ) =

(t−τ)n−1

(n−1)!
by induction, yielding

D−n[f ](t) =
1

Γ(n)

t∫
0

(t− τ)n−1f(τ)dτ,

where Γ(n) = (n − 1)!. Assume f ∈ C[0, T ], the space of continuous functions on [0, T ],
then for arbitrary t ∈ C[0, T ], the integral exists in the sense of Riemann integral for any
n ⩾ 1. Certainly, this idea can be extended to the situation 0 < n < 1, where the integral
exists as a generalized integral. Extending n to a general complex number, one obtains
the definition of the R-L integral.

Definition 2.3.
Suppose that f is piecewise continuous in (0,∞), and integrable in any finite subinterval
of [0,∞). For any t > 0 and any complex number ν with Reν > 0, the ν-th R-L fractional
integral of f is defined by

0D
−ν
t f(t) =

1

Γ(ν)

t∫
0

(t− τ)ν−1f(τ)dτ.

(2.1)

Below, C will denote the class of functions of f such that 2.1 makes sense.

Exemple 2.2.
Let f(t) = tµ and µ > −1, then obviously f ∈ C. By definition,

0D
−ν
t tµ =

1

Γ(ν)

t∫
0

(t− τ)v−1τµdτ

=
B(ν, µ+ 1)

Γ(ν)
tν+µ

=
Γ(µ+ 1)

Γ(µ+ ν + 1)
tν+µ,Reν > 0, t > 0.
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2.2. Some fractional derivatives 2

Where B and Γ are the Beta function and the Gamma function, respectively. When µ

and ν are integers, it reduces to the classical situation, and is consistent to the multiple
iteration integrals above.

2.2.2 Riemann-Liouville fractional derivative

Definition 2.4. The derivative on the left and the derivative on the right in the sense of
Riemann-Liouville of order α > 0 of the function f ∈ L1(0, T ) are defined by

R
aD

α
t f(t) =

dn

dtn
[
aD

n−α
t f(t)

]
=

1

Γ(n− α)

dn

dtn

t∫
a

(t− τ)(n−α−1)f(τ)dτ, n = [α] + 1.

And

R
t D

α
b f(t) = (−1)n

dn

dtn
[
tD

n−α
b f(t)

]
=

(−1)n

Γ(n− α)

dn

dtn

b∫
t

(t− τ)(n−α−1)f(τ)dτ, n = [α] + 1.

Respectively.
In particular, when α = n ∈ N so

R
aD

0
t f(t) =

R
t D

0
bf(t) = f(t)

R
aD

n
t f(t) = f (n)(t) and R

t D
n
b f(t) = (−1)nf (n)(t)

or fn(t) the classical derivative of f(t) of order n. If 0 < α < 1 we have

R
aD

α
t f(t) =

1

Γ(1− α)

d

dt

t∫
a

(t− τ)(−α)f(τ)dτ, t > a.

And

R
t D

α
b f(t) =

−1

Γ(1− α)

d

dt

b∫
t

(t− τ)(−α)f(τ)dτ, t < b.

Remark 2.1.
We can see that the fractional Riemann-Liouville derivative and the classical derivative
of order n only commute if f (k)(a) = 0, for all k = 0, 1, 2, · · · , n− 1.
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2.2. Some fractional derivatives 2

Fractional Derivative of (t − a)β [12]

Let us now evaluate the Riemann Liouville fractionial derivative aD
p
t f(t) of the power

function
f(t) = (t− a)ν ,

where ν is a real number.
For this purpose let us assume that n− 1 ≤ p < n and recall that by the definition of the
Riemann Liouville derivative

aD
p
t f(t) =

dn

dtn

(
aD

−(n−p)
t f(t)

)
, (n− 1 ≤ p < n). (2.2)

Substituting into the formula (2.2) the fractional integral of order α = n − p of this
function, which we have evaluated earlier.

aD
−α
t ((t− a)ν) =

Γ(1 + ν)

Γ(1 + ν + α)
(t− a)ν+α,

wc obtain:

aD
p
t ((t− a)ν) =

Γ(1 + ν)

Γ(1 + ν − p)
(t− a)ν−p,

and the only restriction for f(t) = (t− a)ν is its integrability, namely ν > −1.

2.2.3 Caputo fractional derivatives

Riemann-Liouville derivatives have drawbacks when they try to shape real phenomena by
fractional differential equations. We will therefore now approach a modified concept of
fractional derivative. We will show that the second option is more suitable for such tasks.

Definition 2.5. [13]
If α ∈ R+ and n = [α] + 1, for all f ∈ Cn(a, b), then The fractional derivative on the left
and the fractional derivative on the right in the sense of Caputo of order α > 0 of the
function f in t ∈ (a, b), are defined respectively by:

c
aD

α
t (f)(t) =

1

Γ(n− α)

t∫
a

(t− τ)(n−α−1)f (n)(τ)dτ

(2.3)

and

c
tD

α
b (f)(t) =

(−1)n

Γ(n− α)

t∫
a

(t− τ)(n−α−1)f (n)(τ)dτ.

(2.4)
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2.2. Some fractional derivatives 2

In particular, if 0 < α < 1 ,one have

c
aD

α
t (f)(t) =

1

Γ(1− α)

t∫
a

(t− τ)−αf ′(τ)dτ (2.5)

and

c
tD

α
b (f)(t) =

−1

Γ(1− α)

t∫
a

(t− τ)−αf ′(τ)dτ. (2.6)

Remark 2.2.
We can see that if α = m ∈ N, so

c
aD

0
t f(t) =

c
t D

0
bf(t) = f(t)

c
aD

m
t f(t) = f (m)(t) and c

tD
m
b f(t) = (−1)mf (m)(t)

where fm(t) the classical derivative of f(t) order m.

Exemple 2.3.
• The derivative of a constant in the sense of Caputo is null. Because for all α > 0 so
n = [α] + 1 ̸= 0, then DnC = 0 that is

c
aD

α
t C =

−1

Γ(n− α)

t∫
a

(t− τ)(n−α−1)0dτ = 0.

• If f(t) = (t− a)ν end n = [α] + 1 with ν > n− 1, then

fn(t) =
Γ(ν + 1)

Γ(ν − n+ 1)
(t− a)ν−n (2.7)

so

c
aD

α
t (t− a)ν =

Γ(ν + 1)

Γ(n− α)Γ(ν − n+ 1)

t∫
a

(t− τ)(n−α−1)(τ − a)ν−ndτ (2.8)
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2.3. Calcul properties 2

by performing the change of variable τ = a+ s(t− a), we obtain

c
aD

α
t (t− a)ν =

Γ(ν + 1)

Γ(n− α)Γ(ν − n+ 1)

t∫
a

(t− τ)(n−α−1)(τ − a)ν−ndτ

=
Γ(ν + 1)

Γ(n− α)Γ(ν − n+ 1)
(t− a)ν−α

1∫
0

(1− s)(n−α−1)(s)ν−nds

=
Γ(ν + 1)B(n− α, ν − n+ 1)

Γ(n− α)Γ(ν − n+ 1)
(t− a)ν−α

=
Γ(ν + 1)Γ(n− α)Γ(ν − n+ 1)

Γ(n− α)Γ(ν − n+ 1)Γ(ν − α + 1)
(t− a)ν−α

=
Γ(ν + 1)

Γ(ν − α + 1)
(t− a)ν−α.

2.3 Calcul properties

Proposition 2.3. (Composition with whole order derivatives)
If f is a fairly regular function over the interval [a, b], and m− 1 ≤ α ≤ m, n ∈ R∗. So

1 dn

dtn
(
R
aD

α
t f(t)

)
=R

a D
n+α
t f(t).

2 R
aD

α
t

(
dn

dtn
f(t)

)
=R

a D
α+n
t f(t)−

n−1∑
k=0

f (k)(a)(t− a)k−α−n

Γ(1 + k − α− n)
.

Proposition 2.4. (Composition with fractional derivatives)
If f is a fairly regular function over the interval [a, b], for all m−1 ≤ p < m, n−1 ≤ q < n.

We have

1 R
aD

p
t

(
R
aD

q
t f(t)

)
=R

a D
p+q
t f(t)−

n∑
k=1

[
R
aD

q−k
t f(t)

]
t=a

(t− a)−p−k

Γ(1− p− k)
.

2.3.1 Relationship between fractional derivatives with in the

sense of Caputo and those of Riemann-Liouville

Proposition 2.5. If α ∈ R+ and f is a fairly regular function over the interval [a, b], then
the fractional derivative to the left (resp- to the right) of Caputo is linked to Riemann-
Liouville’s the fractional derivative to the left (resp- to the right) by

C
aD

α
t f(t) =

R
a D

α
t f(t)−

n−1∑
k=0

f (k)(a)

Γ(k − α + 1)
(t− a)k−α, n = [α] + 1

(2.9)
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resp

C
t D

α
b f(t) =

R
t D

α
b f(t)−

n−1∑
k=0

f (k)(a)

Γ(k − α + 1)
(b− t)k−α, n = [α] + 1.

(2.10)

In particular, when 0 < α < 1 then

C
aD

α
t f(t) =

R
a D

α
t f(t)−

f(a)

Γ(1− α)
(t− α)−α, n = [α] + 1

and
C
t D

α
b f(t) =

R
t D

α
b f(t)−

f(b)

Γ(1− α)
(t− α)−α, n = [α] + 1.

Proof. See [12]

2.3.2 Integration by parts

[1] This paragraph is linked to the integration formula by parts for the fractional deriva-
tives of Riemann-Liouville and those of Caputo.

Theorem 2.1. Let 0 < α < 1 and f, g be two fairly regular functions on [a, b], for all
t ∈ (a, b). We have

t∫
a

[RaD
α
τ f(τ)]g(τ)dτ =

∫ t

a

f(τ)[Rτ D
α
t g(τ)]dτ

b∫
t

[Rτ D
α
b f(τ)]g(τ)dτ =

∫ b

t

f(τ)[Rt D
α
τ g(τ)]dτ (2.11)

In particular
b∫

a

[RaD
α
τ f(τ)]g(τ)dτ =

∫ b

a

f(τ)[Rτ D
α
b g(τ)]dτ.
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Proof. ∫ t

a

[RaD
α
τ f(τ)]g(τ)dτ =

1

Γ(1− α)

∫ t

a

d

dτ

(∫ τ

a

(τ − s)−αf(s)ds

)
g(τ)dτ

=− 1

Γ(1− α)

∫ t

a

(∫ τ

a

(τ − s)−αf(s)ds

)
g′(τ)dτ

+

[
1

Γ(1− α)
g(τ)

∫ τ

a

(τ − s)−αf(s)ds

]τ=t

τ=a

=− 1

Γ(1− α)

∫ t

a

(∫ t

s

(τ − s)−αg′(s)ds

)
f(s)ds

+ g(t)
1

Γ(1− α)

∫ t

a

(t− s)−αf(s)ds

=

∫ t

a

f(s)[Cs D
α
t g(s)]ds

+ g(t)
1

Γ(1− α)

∫ t

a

(t− s)−αf(s)ds

=

∫ t

a

f(s)

[
R
s D

α
t g(s)− g(t)

(t− s)−α

Γ(1− α)

]
ds

+ g(t)
1

Γ(1− α)

∫ t

a

(t− s)−αf(s)ds

=

∫ t

a

f(s)[Rs D
α
t g(s)]ds

=

∫ t

a

f(τ)[Rτ D
α
t g(τ)]dτ

The formul (2.11) can be demonstrated in the same way.

Theorem 2.2. Let 0 < α < 1 and f, g be two fairly regular functions on [a, b], for all
t ∈ (a, b). We have

t∫
a

[CaD
α
τ f(τ)]g(τ)dτ =

t∫
a

f(τ)[Cτ D
α
t g(τ)]dτ

+ g(t)aD
1−α
t f(t)− f(a)aD

1−α
t g(a). (2.12)

b∫
t

[Cτ D
α
b f(τ)]g(τ)dτ =

b∫
t

f(τ)[Ct D
α
τ g(τ)]dτ

+ g(t)tD
1−α
b f(t)− f(b)tD

1−α
b g(b). (2.13)

In particular
b∫

a

[CaD
α
τ f(τ)]g(τ)dτ =

b∫
a

[Cτ D
α
b f(τ)]g(τ)dτ

+ g(b)aD
1−α
b f(b)− f(a)aD

1−α
b g(a). (2.14)
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2.4. Fractional Laplacian operator 2

Proof. ∫ t

a

[CaD
α
τ f(τ)]g(τ)dτ =

∫ t

a

[RaD
α
τ f(τ)]g(τ)dτ −

f(a)

Γ(1− α)

∫ t

a

(τ − a)−αg(τ)dτ

=

∫ t

a

f(τ)[Rτ D
α
t g(τ)]dτ − f(a)aD

1−α
t g(a)

=

∫ t

a

f(τ)[Cτ D
α
t g(τ)]dτ +

g(t)

Γ(1− α)

∫ t

a

(t− τ)−αf(τ)dτ

−f(a)aD1−α
t g(a)

=

∫ t

a

f(τ)[Cτ D
α
t g(τ)]dτ + g(t)aD

1−α
t f(t)

−f(a)aD1−α
t g(a)

The same is true for formula (2.13).

2.4 Fractional Laplacian operator

The basic operator involved in this kind of problems is the so-called fractional Laplacian
(−∆)s with s ∈ (0, 1).This section is devoted to the definition of this operator and to its
properties.

2.4.1 Definition and properties

Can be viewed as a pseudo differential operator of symbol | ξ |2s.

Definition 2.6. [9]
Let s ∈ (0, 1), and define the operator (−∆)s : S → L2(R⋉) by

(−∆)su(x) := C(n, s) lim
ϵ→0+

∫
Rn\B(x,ϵ)

u(x)− u(y)

| x− y |n+2sdy x ∈ Rn,

(2.15)

where B(x, ϵ) is the ball centered at x ∈ Rn with radius ϵ, and C(n, s)is the following
(positive) normalization constant

C(n, s) :=

∫
Rn

1− cos(ζ1)

| ζ |n+2s dζ

−1

(2.16)

with ζ = (ζ1, ζ
′), ζ ′ ∈ Rn−1.

The operator defined in (2.15) is the fractional Laplacian
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2.4. Fractional Laplacian operator 2

we can write

(−∆)su(x) := C(n, s)P.V.

∫
Rn

u(x)− u(y)

| x− y |n+2sdy x ∈ Rn.

(2.17)

Proposition 2.6. [9]
Let s ∈ (0, 1). Then, for any u ∈ S,

(−∆)su(x) = −1

2
C(n, s)

∫
Rn

u(x+ y) + u(x− y)− 2u(x)

| y |n+2s dy x ∈ Rn.

(2.18)

Proof.
By (2.17), we have that

(−∆)su(x) = −C(n, s)P.V.
∫
Rn

u(y)− u(x)

| x− y |n+2sdy x ∈ Rn, (2.19)

for every x ∈ Rn. Hence, substituting z = y − x in (2.19), it follows that

(−∆)su(x) = −C(n, s)P.V.
∫
Rn

u(z + x)− u(x)

| z |n+2s dz x ∈ Rn, (2.20)

for every x ∈ Rn. However, by putting z∗ = −z, one has

P.V.

∫
Rn

u(x+ z)− u(x)

| z |n+2s dz = P.V.

∫
Rn

u(x− z∗)− u(x)

| z∗ |n+2s dz∗. (2.21)

So, after relabeling z∗ as z, the following equalities hold:

2P.V.

∫
Rn

u(x+ z)− u(x)

| z |n+2s dz =P.V.

∫
Rn

u(x+ z)− u(x)

| z |n+2s dz

+P.V.

∫
Rn

u(x+ z)− u(x)

| z |n+2s dz (2.22)

+P.V.

∫
Rn

u(x+ z) + u(x− y)− 2u(x)

| y |n+2s dy.

Finally, a second-order Taylor expansion yields

u(x+ y) + u(x− y)− 2u(x)

| y |n+2s ≤
∥ D2u ∥L∞(Rn)

| y |n+2s−2 ,

and since s ∈ (0, 1), one has

u(x+ y) + u(x− y)− 2u(x)

| y |n+2s ∈ L1(Rn).
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2.4. Fractional Laplacian operator 2

Thus, for any u ∈ S, we have that

P.V.

∫
Rn

u(x+ y) + u(x− y)− 2u(x)

| y |n+2s dy =

∫
Rn

u(x+ y) + u(x− y)− 2u(x)

| y |n+2s dy. (2.23)

In conclusion, relation (2.18) holds thanks to (2.21)-(2.23).

Remark 2.3. Let s ∈ (0, 1/2). Observe that for any u ∈ S and for a fixed x ∈ Rn, we
have that ∫

Rn

u(x)− u(y)

| x− y |n+2s
dy ≤C

∫
B(x,R)

| x− y |
| x− y |n+2s

dy

+ ∥ u ∥l∞(Rn)

∫
Rn B(x,R)

1

| x− y |n+2s
dy

≤ C

 R∫
0

1

ρ2s
dρ+

+∞∫
R

1

ρ2s+1
dρ

 < +∞,

where C is a positive constant depending only on the dimension n and the L∞-norm of
the function u. Hence, in the case s ∈ (0, 1/2), the integral∫

Rn

u(x)− u(y)

| x− y |n+2s
dy

is not singular near the point x, so one can get rid of the P.V. in (2.17).
Moreover, very recently, a new nonlocal and nonlinear operator (the fractional p-Laplacian
(−∆)sp) was considered. Namely, for p ∈ (1,+∞), s ∈ (0, 1), and u smooth enough, it is
defined as

(−∆)spu(x) = P.V.

∫
Rn

| u(x)− u(y) |p−2 (u(x)− u(y))

| x− y |n+sp
dy x ∈ Rn.

Up to some normalization constant depending on n,p, and s, this definition is consistent
with the one of the fractional Laplacian (−∆)s in the case p = 2.

2.4.2 The constant C(n, s)

Here we recall some properties of the constant C(n, s).

Lemma 2.2.
[9] Let s ∈ (0, 1) and C(n, s) be the constant defined in (2.16), and let A(n, s) and B(n, s)
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be as follows:

A(n, s) :=


1 if n = 1∫
Rn−1

1

(1+ | η′ |2)n+2s/2
dη′ if n ≥ 2,

and
B(s) := s(1− s)

∫
R

1− cost

| t |1+2s
dt.

Then

C(n, s) =
s(1− s)

A(n, s)B(s)
. (2.24)

Proof.
The proof is based on direct computations. Let n ≥ 2 and (ζ1, ζ

′), with ζ ′ ∈ Rn−1. By
using the change of variables η′ = ζ ′/ | ζ1 |, one has

∫
Rn

1− cos(ζ1)

| ζ |n+2s
dζ =

∫
Rn

 ∫
Rn−1

1− cos(ζ1)

| ζ1 |n+2s

1

(1+ | ζ ′ |2 / | ζ ′1 |2)
n+2s

2

dζ ′

 dζ1

=

∫
Rn

 ∫
Rn−1

1− cos(ζ1)

| ζ1 |n+2s

1

(1+ | η′ |2)n+2s
2

dη′

 dζ1

=
A(n, s)B(s)

s(1− s)
.

This completes the proof.

Remark 2.4.
Note that by (2.16) and (2.4.2) it follows that

C(n, s)−1

∫
Rn

1− cos(ζ1)

| ζ |n+2s
dζ = A(n, s)

∫
Rn

1− cost

| t |1+2s
dt.

For n ≥ 3, denoting by Sn−2 the Lebesgue measure of the unit sphere in Rn−1, one has

A(n, s) =

∫
Rn−1

1

(1+ | η′ |2)n+2s
2

dη′ < Sn−2

(
π

4
+

1

1 + 2s

)

and ∫
Rn

1− cost

| t |1+2s
dt <

1

(1− s)
+

2

s
.

24



2.4. Fractional Laplacian operator 2

Consequently, in this setting it is easy to see that

C(n, s)−1 < Sn−2

(
π

4
+

1

1 + 2s

)(
1

2(1− s)
+

2

s

)
.

However, we also have C(n, s)−1<
1

2(1− s)
+

2

s
if n = 1(

π

4
+

1

1 + 2s

)(
1

2(1− s)
+

2

s

)
if n = 2.

The following property will be used in what follows.

Proposition 2.7.
Let s ∈ (0, 1) and C(n, s) be the constant defined in (2.16). Then, for any ζ ∈ Rn, the
equality ∫

Rn

1− cos(ζ.y)

| y |n+2s
dy = C(n, s)−1 | ζ |2s (2.25)

holds.

Proof.
First, we observe that, for ζ = (ζ1, ..., ζn), we have

1− cos(ζ1)

| ζ |n+2s
≤ | ζ1 |2

| ζ |n+2s
≤ 1

| ζ |n−2+2s

near the origin. As a consequence, ∫
R

1− cos(ζ1)

| ζ |n+2s
dζ

is finite and positive, also thanks to the choice of s.
Now let us define the map J : Rn → R as follows:

J(ζ) :=

∫
Rn

1− cos(ζ.y)

| y |n+2s
dy, (2.26)

for every ζ ∈ Rn. We claim that J is rotationally invariant; that is,

J(ζ) = J(| ζ | e1) ζ ∈ Rn, (2.27)

where e1 stands for the first direction vector on the space Rn.

For n = 1, equality (2.27) is trivial because J is an odd function. When n ≥ 2, we consider
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2.4. Fractional Laplacian operator 2

a rotation ℜ for which ℜ(| ζ | e1) = ζ, and we denote by ℜT its transpose. Hence, by
substituting

∼
y ℜTy, we obtain

J(ζ) =

∫
Rn

1− cos((ℜ | ζ | e1)).y)
| y |n+2s

dy

=

∫
Rn

1− cos((| ζ | e1).(ℜTy)

| y |n+2s
dy

=

∫
Rn

1− cos((| ζ | e1)).
∼
y)

|
∼
y|n+2s

d
∼
y

= J(| ζ | e1),

so claim (2.27) is proved.
Then, by (2.27), the substitution ζ =| ζ | y gives that

J(ζ) = J(| ζ | e1)

=

∫
Rn

1− cos(| ζ | y1)
| y |n+2s

dy

=
1

| ζ |n

∫
Rn

1− cosζ1
| ζ/ | ζ ||n+2s

dζ

= C(n, s)−1 | ζ |2s,

thanks to (2.16). In conclusion, relation (2.25) is proved.

Corollary 2.1. Let s ∈ (0, 1) and let C(n, s) be the constant defined in (2.16). Then, for
any u ∈ Hs(Rn),

[u]2Hs(Rn) = 2C(n, s)−1

∫
Rn

| ζ |2s| Fu(ζ) |2 dζ. (2.28)

Proof. Let us fix y ∈ Rn. Using the change of variable z = x − y, and applying the
Parseval-Plancherel formula, it follows that∫

Rn

∫
Rn

| u(x)− u(y) |2

| x− y |n+2s
dx

 dy =

∫
Rn

∫
Rn

u(z + y)− u(y)

| z |n+2s
dz

 dy

=

∫
Rn

∫
Rn

∣∣∣∣u(z + y)− u(y)

| z |n/2+s

∣∣∣∣2 dy
 (2.29)

=

∫
Rn

∥∥∥∥u(z + ·)− u(·)
| z |n/2+s

∥∥∥∥ dz
=

∫
Rn

∥∥∥∥F (u(z + ·)− u(·)
| z |n/2+s

)∥∥∥∥2
L2(Rn)

dz.
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2.4. Fractional Laplacian operator 2

Elementary computations ensure that∫
Rn

∥∥∥∥F (u(z + ·)− u(·)
| z |n/2+s

)∥∥∥∥2
L2(Rn)

dz =

∫
Rn

(∫
Rn

| eiζ.z − 1 |2

| z |n+2s
| Fu(ζ)|2dζ

)
dz

= 2

∫
Rn×Rn

1− cos(ζ.z)

| z |n+2s
| Fu(ζ)|2dζdz

so, by (2.25), we can write∫
Rn

∥∥∥∥F (u(z + .)− u(.)

| z |n/2+s

)∥∥∥∥2
L2(Rn)

dz = 2C(n, s)−1

∫
Rn

| ζ |2s Fu(ζ)2dζ. (2.30)

Hence, relation (2.28) follows by (2.29) and (2.30).

2.4.3 The fractional Laplacian via Fourier transform

Here we prove that the fractional Laplacian (−∆)s can be viewed as a pseudo differential
operator of symbol | ξ |2s.

Proposition 2.8. [9]
Let s ∈ (0, 1). Then, for any u ∈ S,

(−∆)su(x) = F−1(| ξ |2s (F(u))(ξ))(x), x ∈ R

where F−1 is the inverse Fourier transform.

Proof.
Denote by

Lu(x) := −1

2
C(n, s)

∫
Rn

u(x+ y) + u(x− y)− 2u(x)

| y |n+2s dy x ∈ Rn, (2.31)

where C(n, s) is the constant given in (2.16). We look for a function S : Rn → R such
that

Lu = F−1(S(Fu)). (2.32)

We will prove that for every ξ ∈ Rn,

S(ξ) =| ξ |2s (2.33)

since
u(x+ y) + u(x− y)− 2u(x)

| y |n+2s ∈ L1(Rn × Rn),
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2.4. Fractional Laplacian operator 2

by Fubini-Tonelli’s result we can exchange the integral in y with the Fourier transform in
x. Applying the Fourier transform in the variable x (2.32), we obtain

S(ξ)(Fu)(ξ) = F(Lu)

= −1

2
C(n, s)

∫
Rn

F (u(x+ y) + u(x− y)− 2u(x))

| y |n+2s dy

= −1

2
C(n, s)

∫
Rn

eiξ.y + e−iξ.y − 2

| y |n+2s dy(Fu)(ξ)

= −1

2
C(n, s)

∫
Rn

1− cos(ξ.y)

| y |n+2s dy(Fu)(ξ).

Necessarily the function S has the form given in (2.33), and this ends the proof.

2.4.4 A generalization of (−∆)s

[9] Here we introduce a general integro differential operator of nonlocal type that gener-
alizes (−∆)s. For any fixed s ∈ (0, 1), the operator Lk is given by

Lku(x) :=

∫
Rn

(u(x+ y) + u(x− y)− 2u(x))K(y)dy,

for every x ∈ Rn, where the kernel K : Rn \ {0} → (0,+∞) is a function with the
properties that

mK ∈ L1(Rn), where m(x) = min{| x |2, 1};

there exists θ > 0 such that K(x) ≥ θ | x |−(n+2s), for any x ∈ Rn \ {0}. Of course, as a
model for K, we can take the function θ > 0 such that

K(x) =| x |−(n+2s), x ∈ Rn \ {0}.

In this case, up to some normalization constant, Lk = −(−∆)s
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Chaptre 3
Nonexistence solutions for evolu-
tion equations and systems with

spatio-temporal fractional derivatives

we are concerned with finding sufficient conditions and necessary conditions for the solv-
ability of evolution equations and systems with temporal and spatial fractional derivatives.
In the first part, attention is paid to the evolution problem :Dα

0pt(u) + (−∆)β/2(u) = h(x, t) | u |1+p̃ for (x, t) ∈ Rn × R+ =: Q,

u(x, 0) = u0(x) ≥ 0 for x ∈ Rn.
(3.1)

Where Dα
0pt order α in the sense of Caputo, (−∆)β/2, β ∈ (1, 2), is the (β/2) fractional

power of the Laplacian −∆x in the x variable; the function h(x, t) will be specified later.
The exponent p̃ is strictly positive. In the case α = 1, β = 2, the first equation in (3.1)
reduces to the usual heat equation which is well documented.
In fact, in his pioneering article [5], Fujita considered the Cauchy problem:ut = ∆u+ | u |1+p̃ in Q,

u(x, 0) = a(x) ≥ 0 in Rn.
(3.2)

Where 0 < p̃. If pc := 2
n

(c for critical), he proved that:
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3.1. Nonexistence results 3

1 If 0 < p̃ < pc and a(x0) > 0 for some x0, then any solution to (3.2) blows up in a
finite time.

2 If p > pc, then there exist solutions on Q as well as solutions which exist on Rn ×

(0, T ) for some finite T but not on Q. (For this p, not all solutions are global;
indeed, if 1

2

∫
Rn

| ∇u0 |2 dx− (
1

(p+ 1)
)

∫
Rn

up0dx < 0 ).

3.1 Nonexistence results

Let Dα the Caputo derivative and Dα the Riemann-Liouville derivative.

3.1.1 The case of sengle equation

Definition 3.1.
Let p = p̃ + 1. A function u ∈ L1

loc (QT )(QT := Rn × (0, T )) is a local weak solution to
(3.1) defined on QT , if uh1/p ∈ Lp

loc and is such that∫
QT

u0(x)D
α
t|Tφ(x, t)dxdt+

∫
QT

h | u |p φdxdt

=

∫
QT

u(−∆)β/2φdxdt+

∫
QT

uDα
t|Tφdxdt (3.3)

for any test function φ ∈ C2,1
x,t (QT ), such that φ(x, T ) = 0.

Remark 3.1. The integrals in the above definition are supposed to be convergent. If in
the definition T = +∞, the solution is called global. Concerning the function h(x, t) we
require the condition :

h(x, t) ⩾ Ch | x |σ tρ for x ∈ Rn, ρ and σ are constant t > 0, Ch > 0. (3.4)

Theorem 3.1.
Let N ⩾ 1 and p > 1. Assume that (3.4) is satisfied. If

1 < p ⩽ pc =
1 + α(β + σ) + βρ

αn+ β(1− α)
,

then the problem (3.1) admits no global weak nonnegative solutions other than the trivial
one.
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3.1. Nonexistence results 3

Proof. The proof by contradiction. Suppose that u is a nontrivial nonnegative solution
which exists globally in time. That is u exists in (0, T ∗) for any arbitrary T ∗ > 0. Let T
and R be two positive real numbers such that 0 < TRβα < T ∗. For later use, let Φ be a
smooth non-increasing function such that

Φ(z) =

1 if z ⩽ 1,

0 if z ⩾ 2,

and 0 ⩽ Φ ⩽ 1.

The test function φ is chosen so that∫
QT

| (−∆)β/2φ |p′ (hφ)−p′/p <∞,

∫
QT

| Dα
t|Tφ |p′ (hφ)−p′/p <∞. (3.5)

To estimate the right-hand side of (3.3) on QTR2/θ , we write∫
Q

TR2/θ

u(−∆)β/2(φ) =

∫
Q

TR2/θ

u(hφ)1/p(−∆)β/2(φ)(hφ)−1/p.

Using the ε-Young inequality

XY ⩽ εXp + C(ε)Y p′ , p+ p′ = pp′, X ⩾ 0, Y ⩾ 0,

we have the estimate∫
Q

TR2/θ

u(−∆)β/2φ ⩽ ε

∫
Q

TR2/θ

| u |p hφ+ C(ε)

∫
Q

TR2/θ

| (−∆)β/2φ |p′ (hφ)−p′/p.

Similarly,∫
Q

TR2/θ

uDα
t|TR2/θφ ⩽ ε

∫
Q

TR2/θ

| u |p hφ+ C(ε)

∫
Q

TR2/θ

| Dα
t|TR2/θφ |p′ (hφ)−p′/p.

Now, taking ε small enough, we obtain the estimate∫
Q

TR2/θ

h | u |p φ ⩽ C(ε)

∫
Q

TR2/θ

{∣∣(−∆)β/2φ
∣∣p′ + ∣∣∣Dα

t|TR2/θφ
p′
∣∣∣} (hφ)−p′/p. (3.6)

At this stage, we set
φ(x, t) := Φ

(
| x |2 +tθ

R2

)
,

where R and θ are positive real numbers.
Let us perform the change of variables

τ = t/R2/θ, y = x/R,
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3.1. Nonexistence results 3

and set
Ω :=

{
(y, τ) ∈ Rn × R+, | y |2 +τ θ < 2

}
, µ(y, τ) := τ θ+ | y |2 .

Now, we choose θ such that the right-hand sides of∫
Q

TR2/θ

| (−∆)β/2φ |p′ (hφ)−p′/p

⩽ R−βp′+n+ 2
θ
− p′

p
(σ+ 2ρ

θ
)

∫
Ω

| (−∆)β/2Φ ◦ µ |p′ (Ch | y |σ τ ρΦ ◦ µ)−p′/pdydτ

and ∫
Q

TR2/θ

| Dα
t|TR2/θφ |p′ (hφ)−p′/p

⩽ R− 2
θ
αp′+n+ 2

θ
− p′

p
(σ+ 2ρ

θ
)

∫
Ω

| Dα
τ |TΦ ◦ µ |p′ (Ch | y |σ τ ρΦ ◦ µ)−p′/pdydτ

are of the same order in R. In doing so, we find θ = 2α
β

.
We then have the estimate ∫

Q
TRβ/α

h | u |p φ ⩽ CRγ, (3.7)

where
γ = −βp′ + n+

β

α
−
(
σ +

ρβ

α

)
p′

p

and

C = C(ε)

∫
Ω

(
| (−∆)β/2Φ ◦ µ |p′ +Dα

τ |TΦ ◦ µ |p′
)
(Ch | y |σ τ ρΦ ◦ µ)−p′/pdydτ.

Now, if we choose γ < 0 (that is p < pc) and let R → ∞ in (3.7), we obtain∫
Rn×R+

h | u |p⩽ 0. (3.8)

This implies that u = 0 a.e., which is a contradiction. In case γ = 0(i.e., p = pc), observe
that (because of the convergence of the integral in (3.7)) if

CR =
{
(x, t)Rn × R+ : R2 <| x |2 +tθ ⩽ 2R2

}
,

then
lim

R−→∞

∫
CR

| u |p hφdxdt = 0. (3.9)
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3.1. Nonexistence results 3

If instead of using the ε-Young inequality, we rather use the Hölder inequality, then instead
of estimate (3.6), we find∫

Q
TRβ/α

h | u |p φdxdt ⩽ L

∫
CR

| u |p hφdxdt

1/p

, (3.10)

where

L :=

∫
Ω1

| Dα
τ |TΦ ◦ µ |p′ (Ch | y |σ τ ρΦ ◦ µ)−p′/pdydτ

1/p′

∫
Ω1

| (−∆β/2)Φ ◦ µ |p′ (Ch | y |σ τ ρΦ ◦ µ)−p′/pdydτ

1/p′

and
Ω1 =

{
(y, τ) ∈ Rn × R+ : 1 ⩽| y |2 +τ θ ⩽ 2

}
.

Using (3.10), we obtain via (3.9), after passing to the limit as R → ∞,∫
Rn×R+

| u |p h dxdt = 0.

This leads to u = 0 a.e. and completes the proof.

Remark 3.2.
The requirement γ ⩽ 0, i.e.,

p ⩽ 1 +
α(β + σ) + βρ

αn+ β(1− α)

provides us with a critical exponent which coincides with the well-known Fujita exponent
in case σ = ρ = 0, α = 1 and β = 2.

Remark 3.3.
The analysis could be performed for more general highly nonlinear equations such as

Dα
0|t(u− u0) + (−∆)β/2(| u |m−1 u) + a(x) · ∇

(
| u |q−1 u

)
= h(x, t) | u |p .

It works also for other more general problems.

3.1.2 The case Systems of two equations

We show how the method of proof used for the case of one equation can be carried out
for the system of reaction-diffusion equations :D

α
0|t(u− u0) + (−∆)β/2u =| v |p in Q,

Dδ
0|t(v − v0) + (−∆)γ/2v =| u |q in Q,

(3.11)
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3.1. Nonexistence results 3

subject to the initial conditions

u(x, 0) = u0(x) ⩾ 0, v(x, 0) = v0(x) ⩾ 0, x ∈ Rn,

where 0 < α, δ < 1 ⩽ γ, β ⩽ 2.

For simplicity, in system (3.11) the reaction terms are taken equal to | v |p and | u |q .

Our analysis holds good for reaction terms of the form f(t, x) | v |p and g(t, x) | u |q the
functions f and g are assumed to satisfy the conditions

f(t, x) ⩾ C1t
ω1 | x |d1 , g(t, x) ⩾ C2t

ω2 | x |d2

for t > 0, x≫ 1, ω1 ⩾ 0, ω2 ⩾ 0, d1 ⩾ 0, d2 ⩾ 0.

For the system (3.11), we have

Theorem 3.2.
Let p > 1, q > 1. Assume that

n ⩽ max

{
δ
q
+ α− (1− 1

pq
)

δ
γqp′

+ α
βq′

,

α
p
+ δ − (1− 1

pq
)

α
βqp′

+ δ
γp′

}
.

Then, the system (3.11) (with the initial data) does not admit nontrivial global weak
nonnegative solutions.

Proof.
Here again the proof proceeds by contradiction. Therefore, let

ξj(x, t) = Φ

(
t2+ | x |2θj

R2

)
, j = 1, 2,

where R > 0, θ1 = β/α and θ2 = γ/δ. The weak formulation of solutions to system (3.11)
reads as ∫

QTR

| v |p ξ1 +
∫

QTR

u0(x)D
α
t|TRξ1 =

∫
QTR

uDα
t|TRξ1 +

∫
QTR

u(−∆)β/2ξ1

and ∫
QTR

| u |q ξ2 +
∫

QTR

v0(x)D
δ
t|TRξ2 =

∫
QTR

vDδ
t|TRξ2 +

∫
QTR

v(−∆)γ/2ξ2.

Using the Hölder inequality, we may write

∫
QTR

u | Dα
t|TRξ1 |⩽

 ∫
QTR

| u |q ξ2

1/q

.

 ∫
QTR

| Dα
t|TRξ1 |q

′
ξ
−q′/q
2

1/q′
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3.1. Nonexistence results 3

and

∫
QTR2

u | (−∆)β/2ξ1 |⩽
(∫

QTR2

| u |q ξ2

)1/q

.

 ∫
QTR2

| (−∆)β/2ξ1 |q
′
ξ
−q′/p
2


1/q′

;

consequently ∫
QTR2

| v |p ξ1 ⩽

 ∫
QTR2

| u |q ξ2


1/q

.A (3.12)

with

A =

 ∫
QTR2

| Dα
t|TRξ1 |q

′
ξ
−q′/p
2


1/q′

+

(∫
QTR2

| (−∆)β/2ξ1 |q
′
ξ
−q′/p
2

)1/q′

.

Similarly, we obtain the estimate

∫
QTR2

| u |q ξ2 ⩽

 ∫
QTR2

| v |p ξ1


1/P

.B (3.13)

with

B :=

 ∫
QTR2

| Dδ
tpTRξ1 |p

′
ξ
−p′/p
1


1/p′

+

(∫
QTR2

| (−∆)γ/2ξ2 |p
′
ξ
−p′/p
2

)1/p′

.

Using inequalities (3.12) and (3.13), we may ∫
QTR2

| v |p ξ1


1− 1

pq

⩽ B1/p.A (3.14)

 ∫
QTR2

| u |q ξ1


1− 1

pq

⩽ B.A1/p. (3.15)

Now, in A, we use the variables (τ, y) defined by
t = Rτ and x = Rα/βy,

while in B, we use the variables (τ, y) defined by t = Rτ and x = Rδ/γy. We then have
the estimate  ∫

QTR2

| v |p ξ1


1− 1

pq

⩽ CR−l11/qRl2 , (3.16)
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3.1. Nonexistence results 3

where
l1 = δ − 1

p′

(
n
δ

γ
+ 1

)
, l2 = α− 1

q′

(
n
α

β
+ 1

)
.

That is,  ∫
QTR2

| v |p ξ1


1− 1

pq

⩽ CR(−ℓ1/q+ℓ2). (3.17)

Next, we argue as in the case of a single equation (see the argument below formula (3.7)
till the end of the proof) in case−l1/q + l2 ⩾ 0 . Note the requirement −l1/q + l2 ⩾ 0 is
equivalent to

n ⩽
δ
q
+ α− (1− 1

pq
)

δ
βpq′

+ α
γp′

. (3.18)

Using (3.15), we obtain, in a similar manner, the estimate

n ⩽
α
q
+ δ − (1− 1

pq
)

α
βpq′

+ δ
γp′

. (3.19)

Observe that either (3.18) or (3.19) is needed to obtain a contradiction, so it suffices to
assume

1 ⩽ n ⩽ max
{

δ
q
+ α− (1− 1

pq
)

δ
βpq′

+ α
γp′

,

α
q
+ δ − (1− 1

pq
)

α
βpq′

+ δ
γp′

}
.

The case where f and g satisfy the above hypotheses may be proved easily along the
lines above and the case of a single equation as in the proof of Theorem 3.1.

Remark 3.4.
When α = δ = 1, β = γ = 2,we recover the case studied by Escobedo and Herrero, however
we have to impose the constraint p > 1, q > 1 while Escobedo and Herrero requirepq > 1.

Remark 3.5.
It is clear that the more general systemD

α
0|t(u− u0) + (−∆)β/2(| u |m−1 u) = h(x, t) | v |p +g(x, t) | u |r in Q,

Dδ
0|t(v − v0) + (−∆)γ/2(| v |m−1 v) = k(x, t) | u |q +l(x, t) | v |s in Q,

could be analyzed with the same method.

The analysis, here performed, can be used to study systems of convective equations as
those, for example, considered by Ames and Straughan. Here, we preferred less general
situations to render the ideas as clear as possible.
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3.2. Necessary conditions for local and global existence 3

3.2 Necessary conditions for local and global exis-

tence

This part is concerned with the establishment of necessary conditions for the existence of
local (as well as global) solutions to problems (3.1) and (3.11). It turns out that these
conditions depend on the behavior of the initial data and on the function h(x, t) (f(x, t)

and g(x, t) in case of (3.11)) for large x. Previous results concerning the problemut = ∆u+ h̃(x) | u |p in Q,

u(x, 0) = u0(x) ⩾ 0 in Rn

(3.20)

In particular, it is showed in that no local weak nonnegative solution to (3.20) exists if
the initial data u0 satisfies

lim
|x|−→∞

up−1
0 h̃(x) = +∞,

and any possible local weak nonnegative solution blows up at a finite time if

lim
|x|−→∞

up−1
0 h̃(x) | x |2= +∞.

The method developed there is adapted below to the problem (3.1) with, for simplicity
h(x, t) ≡ h(x); it will be clear that it can be used for the reaction-diffusion system (3.11).
We shall treat the case of a single equation.

Theorem 3.3.
Let u be a local solution to problem (3.1) where T < +∞. Then we have the estimate

lim inf
|x|−→∞

[
u0(x)(h(x))

p′/p
]
⩽ CT α(1−p′)

for some positive constant C.

Proof.
Let us consider the following test function:

φ(x, t) = Φ
( x
R

)(1− t

T
)l, 0 < t ⩽ T,

0, t > T,

where Φ ∈ W 1,∞(Rn) is nonnegative with suppΦ ⊂ {1 <| x |< 2} (supp stands for
support) and satisfy (

(−∆)β/2Φ
)
+
⩽ kΦ for some constant k > 0.
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The exponent l is any positive real number if p ⩾ 1/(1−α) and l > αp′−1 if p < 1/(1−α).

We have
Dα

t|T

(
1− t

T

)l

= ΛT−α

(
1− t

T

)l−α

,

where Λ := Γ(1 + l)/Γ(1 + l − α).

Using the formulation (3.3) and a similar argument to the one which lead us to (3.6) but
keeping the first term in the left-hand side of (3.3), we obtain∫

QT

u0D
α
t|Tφ(x, t) ⩽ C

∫
QT

{
(Dα

t|Tφ)
p′

+ +
(
(−∆)β/2φ

)p′
+

}
(hφ)1−p′ (3.21)

for some positive constant C. Taking into account the hypotheses on l and the fact that

Dα
t|Tφ(x, t) = ΛΦ(x)T−α

(
1− t

T

)1−α

,

if we put t = Tτ and x = Ry in (3.21), we obtain

T 1−α

∫
Rn

u0(Ry)Φ(y)

⩽ CT 1−αp′
∫
Rn

Φ(y)h1−p′(Ry) + CT−βp′
∫
RN

Φ(y)h1−p′(Ry). (3.22)

Using the estimate

inf
|y|>1

(
u0(Ry)h(Ry)

p′−1
)∫
Rn

Φ(y)h(Ry)1−p′ ⩽
∫
Rn

u0(Ry)Φ(y).

in inequality (3.22) and dividing by the term
∫
Rn

u0(Ry)Φ(y). we obtain

inf
|y|>1

(
u0(Ry)h(Ry)

p′−1
)
⩽ C(T−α(p′−1) + TαR−βp′). (3.23)

Passing to the limit as R → +∞, we get

lim inf
|x|−→∞

(
u0(x)h(x)

p′−1
)
⩽ CT−α(p′−1). (3.24)

Corollary 3.1.
Assume that problem (3.1) has a nontrivial global nonnegative weak solution. Then

lim inf
|x|−→∞

(
u0(x)h(x)

p′−1
)
= 0.
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Corollary 3.2.
If lim inf

|x|−→∞

(
u0(x)h(x)

p′−1
)
= +∞, then problem (3.1) can not have any local nontrivial

nonnegative weak solution.

Corollary 3.3.
If A := lim inf

|x|−→∞

(
u0(x)h(x)

p′−1
)
> 0 , then Tα(p′−1) ⩽ C/A, where C is the constant found

in Theorem 3.3.

Theorem 3.4.
Suppose that problem (3.1) has a nontrivial global nonnegative weak solution. Then, there
is a positive constant K such that

lim inf
|x|−→∞

(
u0(x) | x |α−(p′−1) h(x)p

′−1
)
⩽ K.

Proof.
In the relation

T 1−α

∫
Rn

u0(Ry)Φ(y) ⩽ C
(
T−α(p′−1) + TαR−βp′

)∫
Rn

Φ(y)h1−p′(Ry)

found in the proof of Theorem 3.1, we multiply by the expression

hp
′−1(Ry) | Ry |α(p′−1) .h1−p′(Ry) | Ry |α(1−p′)

inside the integral in the left-hand side and by | Ry |α(p′−1) .h1−p′(Ry) inside the integral
in the right-hand side. We obtain for Φ with suppΦ ⊂ {x : R <| x |< 2R},

inf
|x|>R

(
u0(x) | x |α(p′−1) h(x)p

′−1
)∫
Rn

Φ(y) | (Ry) |α(1−p′) h1−p′(Ry)

⩽ C(T−α(p′−1) + TαR−βp′)(2R)α(p
′−1)

∫
Rn

Φ(y) | (Ry) |α(1−p′) h1−p′(Ry).

Finally, dividing by ∫
Rn

Φ(y) | Ry |α(1−p′) h1−p′(Ry)

and taking T = R, we end up with

inf
|x|>R

(
u0(x) | x |α(p′−1) h(x)p

′−1
)
⩽ C(1 +R(α−β)p′).

The conclusion follows by passing to the limit and noticing that α < β.

Combining the argument in the proof of Theorem 3.2 with those in the previous two
theorems, we obtain similar results (necessary conditions for local existence and for global
existence) as those in the previous two theorems and their corollaries for the case of system
(3.11).
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Chaptre 4
The problem for a nonlocal

nonlinear parabolic equation

In this chaptre, we investigate the Cauchy problem for a nonlocal nonlinear parabolic
equation
The form Cauchy problem:ut + (−∆)β/2(| u |p) =| u |q x ∈ Rn, t > 0,

u(x, 0) = u0(x) x ∈ Rn,
(4.1)

where u0 ∈ L1
loc(Rn), n ≥ 1, 0 < β ≤ 2, p > 0, q > 1, and the nonlocal operator (−∆)β/2 is

defined by
(−∆)β/2v(x) := F−1(| ξ |β F(v)(ξ))(x)

for every v ∈ D((−∆)β/2) = Hβ(Rn), where Hβ(Rn) is the homogeneous Sobolev space
of order β defined by

Hβ(Rn) = {u ∈ S; (−∆)β/2)u ∈ L2(Rn)} if β /∈ N,

Hβ(Rn) = {u ∈ L2(Rn); (−∆)β/2)u ∈ L2(Rn)} if β ∈ N,

where S is the space of Schwartz distributions; F stands for the Fourier transform and
F−1 for its inverse, Γ is the Euler gamma function.
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Lemma 4.1. In dimension n ≥ 1 where β ∈ [0, 2] and q ≥ 1, for all nonnegative Schwartz
functions φ (in the general case)

(−∆)β/2φq ≤ qφq−1(−∆)β/2φ.

Proof. We give a proof of Ju’s inequality. The cases β = 0 and β = 2 are obvious, as well
as q = 1. If β ∈ (0, 2) and q > 1, we have

(−∆)β/2φ(x) = −cn(β/2)
∫
Rn

φ(x+ z)− φ

| z |n+β
dz, forallx ∈ Rn,

where cn = (
2βΓ( (n+β)

2
)

(π
n
2Γ(1− β/2)

).Then

(φ(x))q−1(−∆)β/2φ(x) = −cn(β)
∫
Rn

(φ(x))q−1φ(x+ z)− (φ(x))q

| z |n+β
dz.

By Young’s inequality we have

(φ(x))q−1φ(x+ z) ≤ q − 1

q
(φ(x))q +

1

q
(φ(x+ z))q.

Therefore,

(φ(x))q−1(−∆)β/2φ(x) ≥
−Cn(β)

q

∫
Rn

(φ(x+ z))q − (φ)q

| z |n+β
dz =

1

q
(−∆)β/2(φ(x))q.

Definition 4.1. (Weak solution).
Let u0 ∈ L1

loc(Rn), 0 < β ≤ 2 and T > 0. We say that u is a weak solution of the problem
(4.1) if u ∈ Lp((0, T ), L2p(Rn)) ∩ Lq((0, T ), Lq

loc(Rn)) and satisfies the equation

∫
Rn

u0(x)φ(x, 0)dx+

T∫
0

∫
Rn

| u |q φ(x, t)dxdt =

T∫
0

∫
Rn

| u |p (−∆)β/2φdxdt

−
T∫

0

∫
Rn

uφt(x, t)dxdt,

(4.2)

for all compactly supported φ ∈ C([0, T ], Hβ(Rn)) ∩ C1([0, T ], C(Rn)) such that
φ(., T ) = 0.
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4.1 The first result

Theorem 4.1.
For u0 ∈ L1

loc(Rn), u0 ≥ 0, if
p < q ≤ p+

β

n
,

then problem (4.1) has no nontrivial global weak solutions.

Proof. Theorem 4.1
The proof is by contradiction. Suppose that u is a global weak solution to (4.1), then, for
all T ≫ 1, we have

∫
Rn

u0(x)φ(x, 0)dx+

T∫
0

∫
Rn

| u |q φ(x, t)dxdt =

T∫
0

∫
Rn

| u |p (−∆)β/2φdxdt

−
T∫

0

∫
Rn

uφt(x, t)dxdt,

for all test function φ ∈ C([0, T ], Hβ(Rn))∩C1([0, T ], C(Rn)) such that suppφ is compact
with φ(., T ) = 0.

Now we take φ(x, t) := φℓ
1(x)φ

η
2(t) with φ1(x) := Φ

(
| x |
Tα

)
, φ2(t) := Φ

(
t

T

)
, where

α =
q − p

β(q − 1)
, ℓ, η ≫ 1 and Φ a smooth nonnegative non-increasing function such that

Φ(r) =

1 if 0 ≤ r ≤ 1

2
,

0 if r ≥ 1,

0 ≤ Φ ≤ 1, | Φ′(r) |≤ C1

r
, for all r > 0. We have

∫
Ω

u0(x)φ
ℓ
1(x)dx+

T∫
0

∫
Ω

| u |q φ(x, t)dxdt =
T∫

0

∫
Rn

| u |p φη
2(t)(−∆)β/2(φℓ

1(x))dxdt

−
T∫

0

∫
Ω

uφℓ
1(x)

d

dt
φη
2(t)dxdt,

where
Ω := {x ∈ Rn; | x |≤ Tα}.

Using Ju’s inequality (−∆)β/2(φℓ
1) ≤ ℓφℓ−1

1 (−∆)β/2(φ1) (see 4.1), and the fact that u0 ≥ 0,
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we obtain
T∫

0

∫
Ω

| u |q φ(x, t)dxdt

≤ C

T∫
0

∫
Ω

| u |p φη
2(t)φ

ℓ−1
1 (x)(−∆)β/2(φ1(x))dxdt

+ C

T∫
0

∫
Ω

| u | φℓ
1(x)φ

η−1
2 (t)

∣∣∣∣ ddtφ2(t)

∣∣∣∣ dxdt
≤ C

T∫
0

∫
Ω

| u |p φ
p
qφ

−p
q (t)φη

2(x)φ
ℓ−1
1 (x) | (−∆)β/2(φ1(x)) | dxdt

+ C

T∫
0

∫
Ω

| u | φ
1
qφ

−1
q (x)φℓ

1(x)

∣∣∣∣ ddtφ2(t)

∣∣∣∣ dxdt. (4.3)

Therefore, using Young’s inequality

ab ≤ 1

4
a

q
p + Cb

q
q−p (4.4)

with a =| u |p φ
p
q

b = Cφ
−p
q φη

2(t)φ
ℓ−1
1 (x) | (−∆)β/2(φ1(x)) |

.

in the first integral of the right-hand side of (4.3), and the following Young’s inequality

ab ≤ 1

4
aq + Cbq̃ (4.5)

textwhere q̃ =
q

q − 1
, (4.6)

with a =| u |
1
q

b = Cφ
−1
q φℓ

1(x)φ
η−1
2 (t) | d

dt
φ2(t) |

.

in the second integral of the right-hand side of (4.3), we get

1

2

T∫
0

∫
Ω

| u |q φ(x, t)dxdt

≤ C

T∫
0

∫
Ω

φη
2(t)φ

ℓ− q
q−p

1 (x) | (−∆)β/2(φ1(x)) |
q

q − p
dxdt

+ C

T∫
0

∫
Ω

φℓ
1(x)φ

η−q̃(t).
d

dt
φ2(t)

q̃dxdt. (4.7)
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At this stage, we introduce the scaled variables:τ = T−1t, ξ = T−αx, in the right-hand
side of (4.7), we conclude that

T∫
0

∫
Ω

| u |q φ(x, t)dxdt ≤ CT−δ, (4.8)

where δ := q

q − 1
− nα = . Now, noting that, as

q ≤ q∗ := p+
β

n
⇐⇒ δ ≥ 0,

we have to distinguish two cases:

• Case 1: q < q∗ : We pass to the limit in (4.8), as T goes to ∞, we get

lim
T→∞

T∫
0

∫
|x|≤Tα

| u |q φ(x, t)dxdt = 0.

Using the Lebesgue dominated convergence theorem and the fact that φ(x, t) → 1

as T → ∞, we conclude that
∞∫
0

∫
Rn

| u |q (x, t)dxdt = 0,

and the by the continuity in time and space of u we infer that u ≡ 0.

• Case 2: q = q∗ : Using inequality (4.8) with T → ∞ and taking into account the
fact that q = q∗, we have

u ∈ Lq((0,∞), Lq(Rn));

which implies that

lim
T→∞

T∫
T
2

∫
|x|≤(BT )α

| u |q φ(x, t)dxdt

= lim
T→∞

T∫
0

∫
|x|≤(BT )α

| u |q φ(x, t)dxdt− lim
T→∞

T
2∫

0

∫
|x|≤(BT )α

| u |q φ(x, t)dxdt

=

∞∫
0

∫
Rn

| u |q φ(x, t)dxdt−
∞∫
0

∫
Rn

| u |q φ(x, t)dxdt = 0. (4.9)
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On the other hand, repeating the same calculation as above by taking this time
φ1(x) := Φ

(
| x |
BαTα

)
, where 1 ≤ B < T is large enough such that when T → ∞

we don’t have B → ∞ at the same time, and applying Hölder’s inequality∫
ab ≤

(∫
aq
) 1

q
(∫

bq̃
) 1

q̃

,

with a =| u |
1
q

b = Cφ
−1
q φℓ

1(x)φ
η−1
2 (t) | d

dt
φ2(t) |

.

in the second integral of the right-hand side of (4.3) instead of Young’s inequality, we
arrive at

T∫
0

∫
Ω1

| u |q φ(x, t)dxdt

≤ 1

4

T∫
0

∫
Ω1

| u |q φ(x, t)dxdt+ C

T∫
0

∫
Ω1

φη
2(t)φ

ℓ− q
q−p

1 (x) | (−∆)s(φ1(x)) |
q

q−p dxdt

+ C

 T∫
T
2

∫
Ω1

| u |q φ(x, t)dxdt


1
q  T∫

0

∫
Ω1

φℓ
1(x)φ

η−q̃
2 (t)

∣∣∣∣ ddtφ2(t)

∣∣∣∣q̃ dxdt


1
q̃

,

where
Ω1 := {x ∈ Rn; | x |≤ (BT )α} ;

therefore
T∫

0

∫
Ω1

| u |q φ(x, t)dxdt

+ C

T∫
0

∫
Ω1

φη
2(t)φ

ℓ− q
q−p

1 (x) | (−∆)β/2(φ1(x)) |
q

q − p
dxdt

+ C

 T∫
T
2

∫
Ω1

| u |q φ(x, t)dxdt


1
q  T∫

0

∫
Ω1

φℓ
1(x)φ

η−q̃
2 (t)

∣∣∣∣ ddtφ2(t)

∣∣∣∣ |q̃dxdt


1
q̃

.

Thanks to the following rescaling:τ = T−1t, ξ = (TB)−αx, taking into account the fact
that q = q∗, we can easily conclude that

T∫
0

∫
Ω1

| u |q φ(x, t)dxdt ≤ CB−1 + C(Bnα)
1
q̃

 T∫
T
2

∫
Ω1

| u |q φ(x, t)dxdt


1
q

.
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Thus, taking the limits when T → ∞ and then B → ∞, using (4.9), we get :
∞∫
0

∫
Rn

| u |q (x, t)dxdt = 0,

i.e.u ≡ 0. This completes the proof.

4.2 The secend result

Theorem 4.2.
For u0 ∈ L1

loc(Rn), u0 ≥ 0, assume that there exists a constant ε > 0 such that, for every
0 < γ < n, the initial datum verifies the following sign assumption:

u0(x) ≥ ε(1+ | x |2)−
γ
2 ,

if
p < q < p+

β

γ
,

then problem (4.1) has no global weak solutions.

Proof. Theorem 4.2
The proof is also by contradiction. Suppose that u is a global weak solution to (4.1),
then, for all T ≫ 1, we have

∫
Rn

u0(x)φ(x, 0)dx+

T∫
0

∫
Rn

| u |q φ(x, t)dxdt =
T∫

0

∫
Rn

| u |p (−∆)β/2φdxdt

−
T∫

0

∫
Rn

uφt(x, t)dxdt,

for all test function φ ∈ C([0, T ], Hβ(Rn))∩C1([0, T ], C(Rn)) such that suppφ is compact
with φ(·, T ) = 0.

Now we take φ(x, t) := φℓ
1(x)φ

η
2(t) with φ1(x) := Φ

(
| x |
Tα

)
, φ2(t) := Φ

(
t

T

)
, where

α =
q − p

β(q − 1)
, ℓ, η ≫ 1 and Φ a smooth nonnegative non-increasing function such that

Φ(r) =

1 if 0 ≤ r ≤ 1

2
,

0 if r ≥ 1,
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0 ≤ Φ ≤ 1, | Φ′(r) |≤ C1

r
, for all r > 0. We have

∫
Ω

u0(x)φ
ℓ
1(x)dx+

T∫
0

∫
Ω

| u |q φ(x, t)dxdt =
T∫

0

∫
Rn

| u |p φη
2(t)(−∆)β/2(φℓ

1(x))dxdt

−
T∫

0

∫
Ω

uφℓ
1(x)

d

dt
φη
2(t)dxdt,

where
Ω := {x ∈ Rn; | x |≤ Tα}.

Using Ju’s inequality (−∆)β/2(φℓ
1(x) ≤ ℓφℓ−1

1 (−∆)β/2(φ1) (see 4.1), we obtain
T∫

0

∫
Ω

| u |q φ(x, t)dxdt+
∫
Ω

u0(x)φ
ℓ
1(x)dx

≤ C

T∫
0

∫
Ω

| u |p φη
2(t)φ

ℓ−1
1 (x)(−∆)β/2(φ1(x))dxdt

+ C

T∫
0

∫
Ω

| u | φℓ
1(x)φ

η−1
2 (t)

∣∣∣∣ ddtφ2(t)

∣∣∣∣ dxdt
≤ C

T∫
0

∫
Ω

| u |p φ
p
qφ

−p
q (t)φη

2(x)φ
ℓ−1
1 (x) | (−∆)β/2(φ1(x)) | dxdt

+ C

T∫
0

∫
Ω

| u | φ
1
qφ

−1
q (x)φℓ

1(x)

∣∣∣∣ ddtφ2(t)

∣∣∣∣ dxdt. (4.10)

As u0(x) ≥ ε(1+ | x |2)−γ
2 , then∫

Ω

u0(x)φ
ℓ
1(x)dx ≥

∫
|x|≤Tα

2

u0(x) ≥ ε

∫
|x|≤Tα

2

(1+ | x |2)
−γ
2 dx ≥ CεT α(n−γ).

Therefore, using Young’s inequality

ab ≤ 1

4
a

q
p + Cb

q
q−p , (4.11)

with a =| u |p φ
p
q ,

b = Cφ
−p
q φη

2(t)φ
ℓ−1
1 (x) | (−∆)β/2(φ1(x)) | .

In the first integral of the right-hand side of (4.10), and the following Young’s inequality

ab ≤ 1

4
aq + Cbq̃ where q̃ =

q

q − 1
, (4.12)
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with a =| u |
1
q ,

b = Cφ
−1
q φℓ

1(x)φ
η−1
2 (t) | d

dt
φ2(t) | .

In the second integral of the right-hand side of (4.10), we get

CεT α(n−γ) +
1

2

T∫
0

∫
Ω

| u |q φ(x, t)dxdt

≤ C

T∫
0

∫
Ω

φη
2(t)φ

ℓ− q
q−p

1 (x) | (−∆)β/2(φ1(x)) |
q

q−p dxdt

+ C

T∫
0

∫
Ω

φℓ
1(x)φ

η−q̃(t) | d
dt
φ2(t) |q̃ dxdt. (4.13)

At this stage, we introduce the scaled variables : τ = T−1t, ξ = T−αx, in the right-hand
side of (4.13), we conclude that

CεT α(n−γ) ≤ CT− q
q−1

+nα+1,

that is

Cε ≤ CT−δ∗ . (4.14)

Where δ∗ := q

q − 1
− nα− 1 + α(n− γ). Now, noting that, as

q < q∗∗ := p+
β

γ
⇐⇒ δ∗ > 0,

then, by passing to the limit in (4.14), as T goes to ∞, we get a contradiction.

Remark 4.1. By applying the same calculation to the corresponding nonlocal elliptic
equation

(−∆)β/2(| u |p) =| u |q, x ∈ Rn, (4.15)

where n ≥ 1, 0 < β ≤ 2, p > 0, and q > 1. We can obtain the following result: if

p < q <
np

(n− β)+
,

then problem (4.15) has no nontrivial weak solutions.

In the end, we notice that the second result is better than the first result.
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Conclusion

• In this memoir, we studied the problem of non-existence of non-trivial solutions to
fractional partial differential equations and systems.

• The problem of non-existence of non-trivial solutions for fractional partial differential
equations and systems fractionial order remains among the importants problems that
necessitate much more research.
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Résumé
Ce travail est consacrée à l'étude des problèmes de non‐existence des solutions non-

trivial pour certaines EDPs fractionnaires et systèmes des EDPs fractionnaires, l'idée

de base des preuves repose sur la méthode des fonctions tests.

Mots clés : Dérivée fractionnaire - Laplacen fractionnaire - Exposant critique - Mé-

thode des fonctions tests - Equation d'évolution - Non-existence des solutions.

Abstract
This work is devoted to the study of the non‐existence problems of non-trivial

solutions for some fractional PDEs and fractional partial differential systems, the

basic idea of proofs is based on the method of the test functions.

Key words: Fractional derivative - Fractional Laplacen - Critical exponent - Test

function method -Evolution equation - non-existence solutions.

الملخص
للمعادلات الأنماط لبعض التافهة غير الحلول وجود عدم مسألة لدراسة مخصص العمل هذا

ية. الإختبار الدوال يقة طر بإستعمال وذلك كسرية رتب ذات الجزئية التفاضلية
التوابع يقة طر - الحرجة الأس الـكسري- كسرية-لابلاس مشتقات مفتاحية: كلمات

. الحلول وجود عدم - ية التطور -المعادلة ية الاختبار
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