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Notations

N Set of complex numbers.
R Set of real numbers.
C Set of complex numbers.

Re Real part.

r Gamma function.

15} Beta function.

L Laplace Transforms.

L1 inverse Laplace Transforms.

S Parameter in the Laplace transformation.
RLD()  Riemann-Liouville fractional derivative.
aCDéa) Caputo fractional derivative.

CLp®™  Caputo-Fabrizio fractional derivative.

ol Riemann-Liouville fractional integral.

OF [« Caputo-Fabrizio fractional integral.

%[0,T] Space of all continuous functions defined on the interval [0, 7).

n!
" Ch= —— .
O ey
R The remainder term of the approximation for using the Crank-Nicolson scheme.

®0u(t)  The time-fractional ODE model.
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Introduction

Fractional differential calculus has gained much interest by the many researcher in the
last decades and it has strong mathematical background and many papers are attributed to
the development of it. Among them, we can cite some for example,[5, 39]. Fractional calculus
has been also used for modeling physical phenomena including control systems, mechanics
and viscoelasticity.

Most fractional differential equations describing real-world (physical) problems are highly
complicated and cannot sometimes be solved analytically. A lot of numerical approaches in
connection with derivatives of fractional order describing these real-world problems alter es-
sentially in the many in which the derivative of fractional order is tailored, see, for instance,
[10] and references therein. Numerical approximation of a derivative of fractional order has
a highly complicated formula compared to those of integer order due to their non-local na-
ture, and therefore the calculation at a particular point requires knowledge of the function
further out of the region close to that point. Accordingly, finite difference approximations
of derivatives of fractional order engage a quantity of points that alters according to how
faraway we are from the borderline.

Several researchers have proposed new definitions of the concept of derivative with fractional
order. These definitions go from Riemann-Liouville to the newly proposed one by Caputo
and Fabrizio.

where it was shown that the new-fangled derivative contains additional encouraging proper-
ties in comparison with the older version. For example,they have shown that it can represent
substance heterogeneities and configurations with different scales, which clearly cannot be
overseeing with the prominent local theories and also the known fractional derivative. An-
other application is in the investigation of the macroscopic behaviours of some materials
that are associated with non-local communications between atoms, which are recognized to

be important of the properties of material.

The aim of this work is numerical approrimate of Caputo-Fabrizio fractional

deriwvative and apply it to solving fractional differential equations.



This work is divided into three chapter:
e In the first chapter, we will mention the fractional analysis of derivatives and integration,
using fractional derivatives, the fractional Riemann-Léouville derivative, the fractional Ca-
puto derivative, and the fractional Caputo-Fabrizio derivative and some of their properties.
, ete...[D, 3, 8]
and we will studying the existence and uniqueness of solutions of linear fractional differen-
tial equations by applying the Laplace transform definition.They results in this chapter are
taken from they articles. |6, 9]
As we will apply some fixed point theorems (Banach’s principle of contraction theorem, Kras-
noselskii’s fixed point theorem) to nonlinear Caputo-Fabrizio fractional differential equa-
tions.
e In the second chapter, we will study Numerical approximation of the space-time Caputo-
Fabrizio fractional derivative and application to groundwater pollution equation. [13, 15, 18]
e In the last chapter, we will present some results of application of to Ordinary Fractional

Differential Equations .[22, 31, 32]



Chapter 1

A reminder about fractional analysis of

derivative and integration

1.1 Riemann-Liouville and Caputo fractional derivatives

1.1.1 Riemann-Liouville fractional integrals

The definition of fractional integral in the Riemann-Liouville sense is a generalization, of
the Cauchy formula (1789 - 1857), which is obtained as follows: [1]

Let f : [a; b] — R be a continuous function, we denote

1) = [ " p(ndt

Double integration

zw = [ [ st = [ -5

By repeating the process (n - 1) times, we obtain the following relation:

1

1) = = / “w— (@),



1.1.Riemann-Liouville and Caputo fractional derivatives 1

For all n € N where the generalization of the factorial by the Gamma function:

(n—1)!=T(n)

Definition 1.1.1. //]/ The Riemann-Liouville fractional integral operator of order a > 0 ,

for a function f € € ([a , b]) is defined by
12f(0) = o [ =0 o

Proposition 1.1.1.
119 (I9) () = I (I3 f) (x) = 1§70 f ().

2. Let A,B are fized elements of the body R or C |

I [Af(x) + Bg(x)] = AL f(x) + BIjg(x).

1.1.2 Riemann-Liouville fractional derivative
Definition 1.1.2. /2] The popular definition of fractional derivative is this one:

D) = o (1) [ oo

(n—1<[a] <n),and z > a.
Proposition 1.1.2. Riemann-Liouville operator has the following important properties:
1. BEDE (BEDP) f(x) = EEDI f(a).

2. For o = m € N we have:
d X
“D0 () = o (12) [ o= 1to)

1 dm-i—l

“D 1) = g5 (s ) | 10 = G r o)




1.1.Riemann-Liouville and Caputo fractional derivatives 1

consequently the fractional derivative in the sense of Riemann-Liouville coincides with the
derivative classic by o € N.

Remarque 1.1.1.

wp0s@ = (1) e

such that : n = [a] + 1,z > a.

1.1.3 Caputo fractional derivative

Although fractional derivation in the sense of Riemann-Liouville played an important role
wn the development of fractional calculus, because of its applications in pure and applied
mathematics. However, given that the derivative in the sense of Riemann-Liouville of a
constant is not zero and that the initial conditions of the Cauchy problem are expressed
by fractional order derivatives, Caputo offers another approach where the derivative of the
constant is zero and the initial conditions are expressed as in the classical case by whole

order derivatives.

Definition 1.1.3. [2/ Let 0 <n —1 < a < n and f be a function of class C™([a,b]). The

fractional derivative of order o in the sense of Caputo of the function fis defined by :

C @) f(p) — 1 . o — o=l
D (@) = oy [ 10—ty

e Under natural conditions on the function f(z), for « — n the Caputo derivative becomes
a conventional n - th derivative of the function f(z).
Indeed let us assume that 0 < n — 1 < a < n and that the function f(x) has n + 1

continuous bounded derivatives in [a , T| for every T > a then [3]

i 0 0) = i (-t [P - o),

a—n a—n



1.1.Riemann-Liouville and Caputo fractional derivatives

from integration by parts we have

i CD@ () — Tim S (a)(x — a)" 1 xl,_ n—a p(n+1)
1asz<>1( ; [ t>f+<>dt)

a—n a—n

e Non-commutation [3]
o DY (DI () # S0 (E D f (@), (m =0,1,2,n =1 <a<n).

The interchange of the differentiation operators in formulas is allowed under different

conditions:

CDE (€D () = EDY (D () = E Dl
f°0)=0,s=n,n+1,...m, (m=0,1,2,...n—1<a<n).
Exemple 1.1.1. Consider the function:
f(@) =2
forO<n—1<a<n, wehave :
“DY f(z) =I""* (D"z”)

or

ro-(382)
b+1—n

As a result:

() - (i) [




1.1.Riemann-Liouville and Caputo fractional derivatives 1

by performing the change of variable t = yx so dt = xzdy , we obtain:

/ (x —t)" P at = / (x —t)" P at
0 0
1
— / xnfafl(l . y)nfaflyﬁfnxﬁfrwrldy
0

1
=/ 21—y ey Ty
0

1
_lﬁa/ nalﬁndy
0

_ (rn—a_n:g—n)_

N ( I'(B+1) :1:/8_"> _ T(E+1) 1 Th—al(B+1-— n>xﬁ_o‘
B+1—n F'B+1—n)T(n—a) I'(B+1—n) ’

So

finally, we obtain

C’D(a)xo _ (F(ﬁ—i_ 1) lﬂ—n)
B+1—n '

unlike the Riemann-Liouville derivative, the fractional order derivative in the Caputo sense

of a constant is zero.

1.1.4 Some properties of fractional derivatives

Theorem 1.1.1. (Linearity) [3] Similarly to integer-order differentiation, fractional differ-

entiation is a linear operator:

D(\f(z) + pg(x)) = AD® f(2) + uD' ) g(x)



Proof. For example, if D(a) is the Caputo operator (wheren —1 < a<nandn=1), by

definition, we have:

DI (@) + o)) = s || IO+ pa0)) (@ =)

1 ’ / / / —a
- | WO+ g @ =

_# c r—1)° ok °, r— )
el INKOCSR Ry PO

—

= A{DS f () + puG D g(x).

Theorem 1.1.2. .(The Leibniz Rule) |7/

For all n € N we have
@) =3 (1))

The generalization of this formula gives us
DOfia) = 3 () 1D ) + R o)

k=0

orn>a-+1 and

Riw) = mreer [ =97 atods [ e

with
lim R (z) =0

n—0o0

If f and g are continuous in [a,t] as well as all their derivatives, the formula becomes:

D (f(x)g(x) =Y (&) /W (@)D Vg "M ().

k=0

where D) is the fractional derivative in the sense of Riemann-Liouville.



1.2.Caputo-Fabrizio fractional derivative (CFFD) 1

1.2 Caputo-Fabrizio fractional derivative (CFFD)

Because of the singularity in the kernel of the Caputo fractional derivative [/],[5] at the end
point of the interval of integration, the Caputo fractional derivative is not always a suitable
kernel to accurately describe the memory effect in a real system. Caputo and Fabrizio [5]
has recently proposed a new fractional derivative without any singularity in its kernel. The
kernel of the new fractional derivative has the form of an exponential function. More re-
cently, Losada and Nieto [0] derived the fractional integral associated with the new fractional
Caputo-Fabrizio fractional derivative.

This section is devoted to studying the basic definitions and results about the Caputo-
Fabrizio fractional derivative.

Let us recall the usual Caputo fractional time deriwvative (CFD) of order «, is given by :

D f(a) = s [ 0= (1)

Definition 1.2.1. [5] Let f € H'(a,b),b > a,a € [0,1] the Caputo-Fabrizio fractional

derivative is defined as

CED® f( 1_a/f exp[ alt - )}dT (1.2)

11—«

where M(a) is a normalization function such that M(0) = M(1) = 1.

If the function does not belong to H'(a,b) then, the derivative can be reformulated as

o6 = M [ (510~ 1) ean =T

l1—« 1l—«

The definition of the CFFD was improved by Losada and Nieto to become [6]

o o) = MO [ ey e [~

11—«
Now, it is worth to observe that if we put [5]

1— 1
e (0,00, a=
« 1+0

g =

€ [0,1].



1.2.Caputo-Fabrizio fractional derivative (CFFD)

the definition (1.2.1) of CFFD assumes the form

D7 f(t) /f { t_T)]dT.

where o € [0,00] and N(o) is the corresponding normalization term of
M («), such that
N(0) = N(o0) = 1. Moreover because

lim —exp[— (t= T)] =0(t—1),

o—0 o o

and for a« — 1, we have 0 — 0
lim CFD(a)f(

R e S e

(1) exp {—( ;T)} dr = f'(t).

o—0

Otherwise, when o — 1, then 0 — +oo. Hence,

. (a) (t - 7—)
lim "D £ (1) —6{511_ o ldr
lim () eap (-1 ;” Jir = () = /()

Let us consider the (CFFD) of a particular function, as f(t) = sin wt,
fora =0.66,a=-8andw=1

M (0.66)
0.33

CEDYES sin wt =

/t cos T exp(—2(t — 7))dr

a

The simulation of this derivative produces the following pictures.

10
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Figure 1.2: Simulation of (CFD), with o = 0.66

From these two simulations with (CFFD) o = 0.66, it appears as the classical is very similar

to the (CFD). Otherwise, when we study models with a close to 0, we see a different behavior.

11



1.2.Caputo-Fabrizio fractional derivative (CFFD)
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Figure 1.4: Simulation of (CFD), with a = 0.1

So that, for « = 0.1 in Figure 1.3 and Figure 1.4 we observe different actions between

(CFFD) and (CFD) simulations. In particular the classical (CFD) is more affected by past,
compared with the (CFFD) which show a rapid stabilization.
If n > 1, and « € [0,1] the fractional time derivative CFD§a+n)f(t) of order (n + «) is

defined by:
(1.3)

CEDE () = CPDI (DM f(1))

12



1.2.Caputo-Fabrizio fractional derivative (CFFD)

Theorem 1.2.1. /5]
For (CFFD), if the function f (t) is such that

f0)=0, s=1,2,3,.n

then, we have
CF pe) (CFDlEn)f(t)> ._CF p(m <CFDt(a)f(t)>

Proposition 1.2.1. (Linearity)
Let ¥ D@ Caputo-Fabrizio operator satisfy

EDNINf () + pg(x)) = XF D f () + pF DWg(x).

Proof.According to the definition(1.2.1) , we have

CF DI (Mf(t) + pg(t)) = <]1\4_(02 / (Af(7) + pg(7))" exp {— ait:;)} d
ST T L

=1

:1_at/f mp[anghﬂ

4 ale) / ¢(7) exp {—O‘Et::m}
(

1 _
= XD F(t) + pST DI g(1).

1.2.1 Laplace transform of the CFFD

Definition 1.2.2. /5]
It is well known that Laplace Transform plays an important role in the study of ordinary

differential equations. In the case of this new fractional definition (CFFD) with a = 0 the

Laplace Transform becomes like this, for 0 < a < 1

el D o)) = S5 =IO (1.4

13



1.2.Caputo-Fabrizio fractional derivative (CFFD) 1

Lemme 1.2.1. /5]
The Laplace transform of the Caputo-Fabrizio fractional of order o = o+ n for a € (0,

1) and n € N is given by :

s"MLf(1)](s) = s"f(0) — " f'(0) — ... — f*(0)
=) (1.5)

D7 £®)] () =

1.2.2 The Inverse Laplace Transform

Definition 1.2.3. [7/
If G(s) = Llg(t)](s); then the inverse transform of G(s), is defined as:

L7G(s) = g(t).
properties of the inverse Laplace transform

1. L7YMaG1(s) + bGa(s)] = agi(t) + bga(t).

2. L71G(s — a) = e™g(t).

3. L7} [GS)] = [, g(t)dt.

1.2.3 The fractional integral associated to the CFFD

After the notion of fractional derivative of order 0 < « < 1, that of fractional integral of
order 0 < a < 1 becomes a natural requirement. In this section we obtain the fractional

integral associated to the Caputo-Fabrizio fractional derivative previously introduced.

Proposition 1.2.2. [i]
Let 0 < o < 1: The fractional integral of order o of a function f is defined by:

2(1 — ) 2

TIONO = Gt O e J, T 120 49)

1.2.4 Composition of CFFD Operators

Here we present a theoretical property related to the Caputo-Fabrizio fractional derivative.

14



Theorem 1.2.2. [§] Let be n € N— {0}, a, b € R (a < b) and u € C"([a,b]). Then the
equality

d" cF p@,, )y — i "G w2 \" erp@
GO0 = S a0 + (1 (1) D),

is true. Proof. see [S]

Corollaire 1.2.1. Let be a,b € R (a < b) and u € C'([a,b]). Then the equality

l—«

DR utar = (u(b) - u(@) - DG ).

«

18 true.
In this section, we give some theoretical properties concerning the composition of Caputo-

Fabrizio fractional operators.

Theorem 1.2.3. [5] Let be a,a, f € R such that 0 < a, B < 1(a # (). Then the equality

e 1 «
D) (“F D u(t)) = i (87 DR u(t) = 0.7 D u()) (1.7)

1S true.

Theorem 1.2.4. [5] Let be a, € R such that 0 < o < 1. Then the equality

CF ple) <CF[§f)u(t)> — u(t) — exp (— : “ (1 - a)) u(a). (1.8)

18 true.

Theorem 1.2.5. [5] Let a,a € R such that 0 < o < 1 . Then the equality
FI (PO u(t)) = u(t) — ula).

1S true.

Theorem 1.2.6. [§] Let 0 < aw < 1,a € R. Then the equality

F(a + 1)I(a+1)

CEFO (1eu(t) = (1 — a) Iu(t) + Tla) ®

u(t).
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1.3 Some Ordinary linear Caputo-Fabrizio fractional dif-

ferential equations

1.3.1 Some Results of Existence and Uniqueness of the Solution

Lemme 1.3.1. [6] Let 0 < a < 1. and f be a solution of the following fractional differential
equation,

CED@ f(x) =0, t > 0. (1.9)
Then, fis a constant function. The converse, as indicated in the introduction, is also true.

Proposition 1.3.1. [6] Let 0 < o < 1. Then, the unique solution of the following initial

value problem

EDoft)y=0(t), t >0

(1.10)
f0)=foeR
15 given by : .
F(t) = fo+ a(o(t) — o(0)) + ba/o o(t), £ >0 (1.11)
where
o= =) 20 (1.12)

2=a)M(a)"™"  (2-a)M()
Theorem 1.3.1. /0] Foroc =a+ 1, a € (0,1), and g : [0,00) — R with g € L1(0,00), the

following boundary value problem of Caputo-Fabrizio fractional differential equation

CFDUf(x) = g(ZL‘),l‘ > 0,

fF0)=fo f(1) = fi,

(1.13)

has the unique solution given by :

Fa) = fo (= o+ (1= a1 =) [ gty
+a(z - 1)/; tg(t)dt — (1 — a)x/ o(t)dt — a:r/ (1= t)g(t)dt.

16



Remarque 1.3.1. In Theorem (1.3.1), if we let h(z) = g(x) — g(0), then h(0) =0, so that
the initial value problem

“EDof(x) = h(z), >0
f(0)=A,f'(0)=B

has the unique solution of much simpler form given by

flz)=A+Bzx+(1—-«) /OI h(t)dt + oz/oz(x —t)h(t)dt.

Theorem 1.3.2. [9] If 0 € (1,2) and g € L'(0,00) N C'[0,00), then the following linear
boundary value problem of Caputo-Fabrizio fractional differential equation has the unique

solution for all n € R.

““D(0)f(x) = nf(x) +g(z),n#0, >0

f(0) = fo, fF(1) = fu

(1.14)

Ezercice : [9] Consider the initial value problem

D7 f(x) + f(z) =0,

f(0)=1,7(0) =0
where 0 = a+ 1 with o € (0,1) .
Applying the Laplace transformation leads to have

F(s)(s*+s5+a(l—s))=s.
Now, the inverse Laplace transformation gives the exact solution as follows

f(x) = exp(z(a/2 — 1/2))(cosh(z(a? /4 — 3a/2 + 1/4)1/?)
+ sinh(x(a?/4 — 3a/2 + 1/4)Y?) ()2 — 1/2)) /(? /4 — 3a/2 + 1/4)1/?).



1.4.Some Ordinary Nonlinear Caputo-Fabrizio fractional differential equations

1.4 Some Ordinary Nonlinear Caputo-Fabrizio fractional

differential equations

1.4.1 Results of applying the Banach’s Principle of Contraction

theorem to boundary value problems

We prove the existence and uniquness of the nonlinear boundary value problems of the
Caputo-Fabrizio differential equations by the help of the Banach contraction principle. [9]

Let C(I) be the Banach space of continuous functions on I = [0, 1] with supremum norm

|z = sup |z(s)|, = € €(I).
s€[0,1]

We now state the eristence and uniquness of the solution in the next theorem.
Theorem 1.4.1. [ Ifc = a+1,a € [0,1]andF : [0,1] x R — R is a continuous function
with the property that

|F(z,u1) = F(z,u2)| < qlur — uofur, uz € R, ¢ > 0.

then the boundary value problem

FDou(z) = F(x,u(z)), = >0, (1.15)
u(0) = ug, u(l) = uy,

has a unique solution in € (I) provided q < 1.
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1.4.Some Ordinary Nonlinear Caputo-Fabrizio fractional differential equations

1.4.2 Results of applying the Banach’s Principle of Contraction

theorem to initial value problems

Theorem 1.4.2. [0/ Let 0 < o < 1,7 > 0 and F : [0,T] x R = R a continuous function
such that there exits L > 0 satisfying
|F<J],t1) — F(J],t2)| < L‘tl — t2| W t1,to € R.

If (an+b,T)L < 1, then the initial value problem

“Fpou(x) = F(z,u(x)), z €[0,T] (1.16)

u(0) = uy € R,

has a unique solution on €[0,T].

1.4.3 Results of applying the Krasnoselskii’s fixed point theorem
to Caputo-Fabrizio fractional differential equations
In this section, we use Krasnoselskii’s fized point theorem to obtain some results for the

existence and uniqueness of a solution to caputo-fabrizio fractional differential equations.

Hence, the equation reads as [10]

CF po = f (v, u(z),s* Dou(x)), = -
§TDou(z) = f (2, u(x).§" Diu(x)), = €[0,T) =1 (1.17)

u(0) = ug, up € R,

Lemme 1.4.1. [10] Let v € C[0, T}, then the solution of fractional differential equations

CF na
Diu(z) =v(z), x€[0,T], 0 < a <1,
’ (1.18)

u(0) = up,up € R,

1S given as

(@) = o + Ba[o(x) — v5] + Ba/o o(r)dr (1.19)
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1.4.Some Ordinary Nonlinear Caputo-Fabrizio fractional differential equations

where
Bo-=%p _ o
M(a) M(a)

Proof: Using the definition of §¥ (@) , (1.18) implies that
u(x) = c+ Byv(x) + B’a/ v(r)dr, ceR (1.20)
0

Using the initial condition u(0) = ug and v(0) = vy € R, from (1.20), we get ¢ = uy — Byvy.
Hence by plugging the value of ¢ in (1.20), we get (1.19).

Remarque 1.4.1. Henceforth, for simplicity, we use OCFD:(EO‘)u(x) = gu(x) for the implicit

term in our analysis. Further, for simplicity, we use f(0,u(0),gz(0)) = fo.

Lemme 1.4.2. [10] Under the conditions of Lemma (1.15), the solution of (1.16) is given
by .
ul(e) = w0 + B (o, (@), 9u(z)) = fol + By [ Fru(gulrdr. (121
0

To proceed further, we assume that (Hy) There exist Ly > 0 and 0 < My < 1 such that
’f(xauagu) - f<x7aagﬂ)‘ S Lf‘u - ﬂl + Mf ’gu - gﬂ‘ VU,ﬂ,gu,ga cR.

Let X = C(I) be a Banach space with norm ||z|| = sup |u(z)].
zel

Ly
1— M,

Theorem 1.4.3. [/0] Under the assumption (H,), if the condition (By + B,T) <1

holds, then the considered problem (1.16) has a unique solution.

Theorem 1.4.4. [1(] Let the given assumption hold: (Hs) There exist constants ayg, by, cr >
0 with 0 < ¢y <1 such that

|f(z,u,v)| < ay+ bglu| + crlv|.

Under the assumption (Hs), if 0 < B, < 1 holds, then the considered problem (1.16)

Ly
1= M,

has at least one solution.
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Chapter 2

Numerical approximation of the space-time

Caputo-Fabrizio fractional derivative and

application to groundwater pollution equation

2.1 Introduction

In the last decade,many physical problems have been modeled using the concept of noninteger-
order derivative. These derivatives of fractional order range from Riemann-Liouville via Ca-
puto to Caputo-Fabrizio [12, 13]. We can find in the literature many analytical approaches
to deal with differential equations with fractional equations [15, 1/]. Most of these techniques
are dealing with linear fractional differential equations. However, most fractional differen-
tial equations describing real-world problems are highly complicated and cannot sometime be
handled via analytical methods.In order to solve these problems in many cases, researchers
rely on the use of numerical methods because these problems have initial conditions, bound-
ary condition, and source terms that turn hard to find an analytical solution.

Several numerical approaches in connection with derivatives of fractional order describing
real-world problems alter essentially in the many in which the derivative of fractional order
is tailored [11, 106]. Approximation representation of a derivative of fractional order has
a highly complicated formula compared to those of integer order because fractional deriva-

tives are nonlocal, and therefore the calculation at a particular point requires knowl-edge



of the function further out of the region close to that point. Accordingly, finite difference
approximations of derivatives of fractional order engage a quantity of points that alters ac-
cording to how faraway we are from the border line [17, 19]. The most recent derivative
of fractional order was proposed by Caputo and Fabrizio [12],who demonstrated that the
new-fangled derivative encompasses extra encouraging properties in comparison with the old
version. They demonstrated, for example, that it can depict substance heterogeneities and
configurations with different scales, which obviously cannot be overseeing with the prominent
local theories and also the well-known fractional derivative. An additional application is in
the investigation of the macroscopic behaviors of some materials, associated with nonlocal
communications between atoms, which are recognized to be important of the properties of

material. We present the definition of the Caputo fractional derivative.

Definition 2.1.1. The Caputo derivative of fractional order old editor of a function f s

given as

«@ _ 1 ’ n—a—1 dn
SO = e [ e U@~ 1 <a <0 ()

Definition 2.1.2. Let f € H'(a,b),b > a,a € [0,1]. Then the new Capulo fractional

derwative is defined as

0000 = 122 [ @jean |-t 2] da (22)

1l —«o

where M («) is a normalization function such that M(0) = M (1) =1 [12]. However, if the

function does not belong to H'(a,b) then, the derivative can be redefined as

aM («)

CrDR(f() = S8

[0~ e [-at=2] s (23)

-«
The aim of this paper is to propose a numerical approximation of the space and time Caputo-
Fabrizio derivative of fractional order that will be used by researchers in the field of numerical

analysis.



2.2.Caputo-Fabrizio approximations 2

2.2 Caputo-Fabrizio approximations

In this section, we derive a numerical approzimation based upon the definition of newly

proposed derivative of fractional order [15],

6707150 =) [ g o

For some positive integer N, the grid size in time for finite difference technique is defined

1
by k= —.
YEEN
The grid points in the time interval [0, T] are labeled t, = nk,n =0,1,2,...,TN. The value

of the function f at the grid point is f; = f(t;).

] dz (2.4)

A discrete approximation to the Caputo-Fabrizio derivative of fractional order can be ob-

tained by simple quadrature formula as follows:

S

This equation can be modified using the first-order approximation to

8Wmmm=W®i[ﬂAﬁifkO@Qmﬂwﬁﬁpx (2.6

1—a_: e — o

} dz. (2.5)

Before integration we obtain the following expression

M (e o) [ enl ke

j=1 -1k

srop() = sy, (B 010 a

k ‘
dj = exp {—al — a(n —j+ 1)} —exp [—a

We finally have that

6" DF(f(ta)) =

RO(AD), (2.9)

Mc(y )i(f”;t f >d

j=
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2.2.Caputo-Fabrizio approximations 2

Theorem 2.2.1. Let f (z) be a function in C*[a,b], and let the order of the fractional deriva-
tive be 0 < a < 1. Then the first-order approximation of the Caputo-Fabrizio derivative at

a point t, s

CFDa( MO[ - (f]+1 f]
1

.7:

O((At) )) di (2.10)

Proof From equation (2.8) we have

CFDa(f zn:(fj+1 fj> ik

- k
> (co |-artotu—i+ )| = eap | towi)| ) otan?
j=1
However,
. k k k
]Z:; (e:cp {—al — a(n—j—l— 1)] —exp [—al - a(n —j)]) = exp {—al — a(n)} - 1.
(2.11)
Now the approximation of the exponential function can be obtained as
erp | —« n)| =1—a« i (n) (2.12)
b - - l—a" 7 '

Then replacing the above in equation (2.11), we obtain

5 (e[«

j=1

lja(”—1+1)]—6xp[—a1k (n—j)D%—a i (n).  (2.13)

Then equation (2.11) becomes

CF Do £t n (fﬁl f]) jk+M(aLk(n)O(At). (2.14)

j:

We therefore obtain the requested result

24



2.2.Caputo-Fabrizio approximations 2

CF Do f(¢ Y <f]+l i )+O((At2)) (2.15)

Jj=1

This completes the proof.
We now conclude that the first-order approzimation method for the computation of the

Caputo-Fabrizio derivative of time fractional order is given as

§ID(f(t) = Ma) > (fHA; fj) d; k. (2.16)

« -
7=1
We next propose the first order for the space fractional order.
For some positive integer N, the grid sizes in time for finite difference technique is defined
by i = —
R Vi
The grid points in the time interval [0,X] are labeled x; = mi, m =0,1,2,...,.XM.

The value of the function f at the grid point is fF = f(x;, tx). We have

D omot) = <2 Vs [ ptgeny | -2y ean

Now employing the Crank-Nicolson approzimation for the first-order derivative, the above

equation is converted to

a k+1 k+1 k
OCFDg(f<xm7tk>> — M( ) /O <<fz+l fz 1) ( i+1 z—l) —i—O(AJJ))

V(1 —a) 4Ax (2.15)
2 (xm - y)2
X exp |:—Oé W} dy
The latter equation can be converted to
S UER = A0 = (= R
CF pa ‘ fia I+1 -1 ,
0 a:(f(l‘ma z)) 1_@ Z AN +O(2)
I= (2.19)

1
exp{ a? § }dy.
—a)

where the integral part is given as
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2.2.Caputo-Fabrizio approximations 2

s =

(2.20)
M{erf {(mz - lz')l (—onl —erf {(mz - lz'—i—z')l iéoj 1
so that equation (2.15) becomes
m k+1 k+l k
D2 (o) = 2y { i o) Ul 26D 0(@)}
=1 | . (2.21)
{ f{(m (iloj—erf [(m—l—i—l)l(ila}},
From the above we obtain
fzkﬁl kH) (fl 1 flk—l) (I —a)y7
1 — Z{ . 4Ax . 2av
i (2.22)

x{erf[<m—1>1_a}—erf[< -ty

+ 0w S ers [m - 012 ] - s [<m ~enrty

l—«

Theorem 2.2.2. Let [ (x,t) be a function in C*([a,b]x [0,T]), and let the order of the frac-
tional derivative be 0 < a < 1. Then the first-order approximation of the Caputo-Fabrizio

derivative at a point (T, t,) s

200 4Azx

=1

m k 1 k+1
6" Dy (f (@ms tr) _ Mlo) Z{ fir = fiti) = (i = fﬁl)}diﬁR(a,z‘,l) (2.23)

where

”—{erf [( —1)%—677 {(m—l—l—l)l(iia}}}, | R(a,i,1) || < M.
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Proof From equation (2.23) we have that

OCFDa(f<mm7 tk)) =

k+1 k l k .
=1

—erf[( ~ 1+ 1)

]}}
() 21 lz::{erf -

D2 et fon -4 012y

We put

R(a,z’,uz()(z)%i{w {(m—nliia—erf [(m—l+1) o ”} (2.24)

11—«
=1

Then taking the norm to both sides, we have

I 700 =1 0@ S Lo [im = 0728 —en [om -0+ 0722

“1)

This completes the proof. Then, the first-order approximation method for the computation

I Rlaist) | =) 060 5 (erf [mi"

(2.25)

of Caputo-Fabrizio derivative of space fractional order is given as

k+1 k 1
gFDg(f(ﬂUm, z' = 2a Z{ fl++1 +4)Ax(fl+1 fl]il>
- (2.26)

x {erf [(m— 1)%(1} —erf [( 1+ 1) ol

1

2.3 Application to some well-known equations

In this section, we present a numerical solution of the time fractional advection diffusion
equation in heterogeneous medium. The fractional derivative used here is of the Caputo-
Fabrizio type. The reason of this modification is that the fractional derivatives are recollec-

tion operational which recurrently distinguish indulgence of force or damage in the passable



2.3.Application to some well-known equations 2

as in the case of inelastic media or reconsideration of the porosity in the thinning out in
permeable media and supplementary in comprehensive they are in traditional values through-
out the subsequent theory of hydrology. They are accredited not merely for the motivation
that they match appropriately a variety of noticeable actuality, nevertheless, additionally for
the motive that they own the well-designed alongside with scrupulous property that although
the order of differentiation is integer, they match by means of the traditional derivative of
that order. On the other hand, this chattel is not pertinent to the effect they characterize
in the physical observable fact and conjectures if using other differential operators, probably
simpler nevertheless devoid of this property, one may get similar responds of fractional order
derwative. Therefore, in order to well replicate the flow of the particles via porous media in
different scale in the medium, we replace the ordinary deriwative in time with the scale time
derivative proposed by Caputo and Fabrizio. The equation under consideration here is
pudp(r,t) AN PP(r,t)  Qz,1)

CF (0% L e
R T - (2.27)

In equation (2.27), four terms represents transient, advection, and source terms, respec-
tiely,P(z,t) is the particle, heat, pollution,or other physical quantities; c is the specific of
heat, particles, or other physical quantities; ¢ s the porosity that is the ratio of the liquid
volume to the total volume of the medium via which the flow is taken place,p, A are the mass
density and thermal conductivity, respectively, and, finally,Q(z,t) is the source term. Now

substituting equation (2.26) into (2.27), we obtain

*’”2?%3’“‘3“ (erf ((j—k)loika) —erf (((j—k+1> i )) =

T 11—«
k=1

A
2h2c,

(P — 2P 4 PP 4 (P, — 2P + PL)} (2.28)

. . . , J+1 J
— P — P 4 (P, - PL ) + i/
Cp 20p
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The above equation can be converted to

M) (PP =P AP PN
( 5> z,

2c0 T T
k=1
A , . . 4 . .
= o (PN = 2P/ + PI) + (P, —2P) + PLy) (229)
Cp
j+1 J
pu +1 j+1 j j Qi + @;
— P — P P — P -,
4hcp( 1+1 i—1 ) + ( 1+1 ’L—l) + QCP
For simplicity, let us put
M(«) A ou
a = = C =
2a7T1’ 2h%c,’ 4he,

Rearranging, we obtain the following recursive formula:

<.

(adg; +20) P = (adp; — 20)P) + oY (P8 — PIhydg,
k=1

+ 0P+ P + (Pl + PLy) — e(PIY = P + (P, — PLY)
J+1 J
T O
Lt +ol
20p

(2.30)

2.4 Stability analysis of the numerical scheme

We present in this section the stability analysis of the Crank-Nicolson scheme for time frac-
tional advection diffusion equation. For this, we let € = P/ — p! with p! the approzimate
solution at the point (z;,t;)(i = 1,2,...,N;j = 1,2,.... M) and, as usual, &/ = [¢], ..., el]".
The error committed while solving the time fractional advection diffusion equation with the

Crank-Nicolson scheme is

;
o +1 o 1 i+1—k j—k o
(adjy ; 4 2b)el ™ = (ady ; — 2b)el +a Z:(expf+ —exp; " )dy
k=1
+ b(expl{y +expl) + (expl,, +expl_;) — c(expliy —explf]) + (expl,, —expl_))
IR
ARNNeY
N Q! Q! '
20p

(2.31)
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Here, we assume that

exp{ = f(j)exp(roi;), (2.32)

where o is the real spatial wave number [15] . However, substituting equation (2.32) into

equation (2.31), we obtain, for j =0,

(adzyo + 4b sin? <%)) f()

and for j > 0, we have

(ad;o — 4bsin® (%)) £(0), (2.33)

(adﬁj + 4bsin? (%)) fG) = <ad§7j — 4psin? (%)) f(j—l)—azf(j—l)dgyj—l—f(j—i-l)dgo.
=1
(2.34)

Theorem 2.4.1. Assume that f(k) satisfies equations (2.33) and (2.34). Then, for all
k>0,

[F)I < 1F(0)]. (2.35)

Proof We shall prove this theorem by employing the recursive method on the natural number

j. Then, when j =0, we have equation (2.33), and we reformulate it as follows:

(adg y — 4bsin®(oi))
(adf ) + 4bsin® (o))

<1. (2.36)

'@‘ _

This implies
1F()] < 1£(0)].

The property is verified for j = 0. Let us assume that this property is also satisfied for any
J > 1. We shall verify that the property holds also for j+ 1:

ady ; + 4bsin® il f(G+1) = (ady; — 4bsin® ot f(j)—azj:f(j—l)dg"l. (2.37)
( (5))r+n=( (7))

=1
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Now taking the norms of both sides of equation (2.37), we obtain

ady ; + 4bsin® ( )‘ f+1)] <

<ad“ 4bsm( ))‘]f Zl|f(j—l)]d§7l. (2.38)

Nonetheless, we recall that the property holds up to j . Thus we transform the above equation

nto

adg’j—l—4bsin2< >‘|fj+1)]<‘<adgj 4bsm< ))‘]f |+Z\f(0)dkl
=1

Rearranging, we obtain

ads:; + 4bsin® (%) ‘ (G +1)

oi mai ai (2:39)
< { <ad§,j — 4bsin® (?>>‘ + {erf [E] —erf L — a] }} |£(0)].
It is important to recall that
ler flx] | <1, erf [ mai ] —erf Liia} <0. (2.40)
Therefore,
1 . . .
% <N (adz"j — 4bsin® (%Z)) | + {erf [lm_a;] —erf Lciza} {I< 1. (241)
Then,
G+

The property also holds for j + 1. According to the inductive technique, the property is
satisfied for any natural number. This completes the proof of Theorem (2.4.1). Theorem
(2.4.1) shows that the Crank-Nicolson scheme is stable for the advection diffusion equation

with the time fractional Caputo-Fabrizio derivative.



2.5 Convergence analysis of the numerical solution

Let us suppose that, at the point (z;,t;), the exact solution of our considered equation is
Pz, t;)(i = 1,2,3,...,N;j = 1,2,3,4,.... M). We assume that the difference between the
exact solution and the approrimate solution at that particular point is provided by

67 = P(x;,t;) — P/.The transpose matriz associated with the matriz 6 = P(x;,t;) — P/ (i =
(1=1,2,3,..,N:j =1,2,3,4,... M) is (67,6, ...,55\,) .Howewver, the row &° is zero because
it represents the initial condition. The recursive relation in connection with the Crank-

Nicolson scheme for the time fractional advection diffusion equation is given as

(ady o + 20)6; + (c b)(5z+1 +6 - @i 2ch0 , forj=0.
(adg; +2b)67" — (ad; + 2b)5] + (¢ = b) (615 + 6177 + (c — b) (6, + 6], — Qﬁ;c @
o
— —azy ldo‘ + RJJrl forj > 0.
(2.43)

The remainder term of the approximation for using the Crank-Nicolson scheme to solve the

modified advection diffusion equation is given in this case as

R < D(2k + h?).

Theorem 2.5.1. The Crank-Nicolson scheme for the advection diffusion equation with time

fractional Caputo-Fabrizio derivative converges, and there exists a positive constant D such

that

| P(x,t;) — P?||< D2k + h?). for all (i=1,2,3,...,M; j=1,2,3,4,...N). (2.44)

2.6 Numerical simulation for different values of alpha

In this section, using the new numerical scheme, we present the numerical simulation of
the advection diffusion equation with the Caputo-Fabrizio derivative of fractional order for

different values of alpha.



2.6.Numerical simulation for different values of alpha 2

We choose in this case Q(z,t) = sinlx + %]P(SE,O) = cos[z], P(0,t) = coslt], P(z,10) =
0,u=0.1,¢,=0.9,0=3A=0.75.
The numerical simulations are depicted in Figures 1, 2, 3, and 4. It is worth noting that
each figure represents the flow at scale alpha. It is very important to realize that fractional
differentiation is able to control the variabilities of the plume movement within the geological
formations. The pollution does not only move within a homogeneous medium but also within
heterogeneous one; therefore, the plume paths cannot be predicted by the classical advection
dispersion equation. In these figures, we can see that the proportionally of the density of

pollution within the geological formation is not the same everywhere due to the heterogeneity,

and

Distance

Figure 1 Mumerical simulation at scale alpha = 0.15.
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2.6.Numerical simulation for different values of alpha 2

Figure 2 Mumerical simulation at scale alpha = 0.55.

L. -y

this is better described via the concept of fractional differentiation with nonsingular kernel
We have proposed in this work the numerical approximation of the newly proposed deriva-
tive of fractional order in order to fit this derivative in the scope of numerical investigations.
The new derivative is easy to use even numerically and display important characteristics that
cannot be observed in the commonly used fractional derivatives. In order to test the possible
application of the new numerical approrimation of the new Caputo Fabrizio derivative of
fractional order, we presented a model of advection diffusion equation with the time frac-
tional of the new derivative. We solved this equation numerically using the Crank-Nicolson
technique. We showed the stability analysis together with some numerical simulations for

different values of alpha.

34



2.6.Numerical simulation for different values of alpha

Solution 05

i
5 Distance

Figure 3 Mumerical simulation at scale alpha = 0.85.

Distance

Figure 4 Numerical simulation at scale alpha = 0.95.
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Chapter

Application to Ordinary Fractional Differential

Equations

3.1 Numerical Approximation of Fractional Ordinary Dif-

ferential Equation with the Caputo Derivative

The numerical approzimation of classical ordinary differential equations is relatively simple
and, being a focus of mathematical studies for the last few decades, has been by now almost
completely investigated. However, a fractional case 1s much less studied and is still poorly
understood despite the fact that there has been a growing interest in the research of this area.
In short, there has been just handful of research papers and books considering the numerical
approximation of time fractional ordinary differential equations.

Langlands and Henry [20] examined the fractional-order time diffusion equation, and intro-
duced an Li-stable scheme for this equation. Sun and Wu [22] derived a finite difference
method with Ly approzimation for the fractional-in-time derivative. Lin and Xu [21] con-
struct and analyse a finite difference scheme for the time discretization of the time-fractional
diffusion equation, and showed that the time convergence is of order 2 — o .Zhao et al.[25]
derived two second-order approximation schemes for time-fractional derivatives involved in

anomalous diffusion and wave propagation. Numerical technique for a class of fractional



3.1.Numerical Approximation of Fractional Ordinary Differential Equation
with the Caputo Derivative 2

ordinary differential equations was proposed by Kumar and Agrawal[?/], in which their ap-
proach can be reduced into a Volterra-type integral equation. A general technique for high-
order numerical schemes based on this approach is constructed by Cao and Xu[”5].

In this chapter, we use the following numerical approzimation of the Caputo derivative,
which follows closely the work done in [21, 20]. We assume a uniform time step size k, and
let t" =nk, n = 0,1,2,... . We also assume U"to be the numerical approzimation of u(t™).

To derive a first-order method, for t =t n+1, we assume a uniform partition in time,
O=to<ti<ta<..<t,<tps1=t.

Next, we approximate each standard time derivative by the forward difference in the form

n

tst1 Us+1 —Us
>/ ot

1 Z(n—l—l—s) _;_(n_s)_a(US“—US)

1

afu(t”“) ~ —F(l — )

s=0 8

CI(1—a)(l—a)

k
1
- - Un+1 o dnJrlUs
['(2— a)k> ( Z s >

(3.1)

n=0

= D,?‘U"Jrl

where

EH=2n+1-5) "= (n42-5)" "= (n=9) s =1,2,m,

d8+1 — (n + 1)1—a . nl—a.

Bear in mind that y = 217 is a concave and increasing function for which x > 0, by direct

calculation, we obtain

St =1, A >0, s=0,1,2,.n, (32)
n=0
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Therefore, while the standard time derivative yields the instantaneous rate of change, from
its numerical approzimation (3.1), one can interpret the Caputo derivative as the rate of
change of a quantity from a conver combination of its history values, and the coefficients
d™ indicate the influence strength due to the memory effect. As memory effect becomes
weaker, the influence strength of a history values decreases in time.

It should be mentioned that, we obtain for a fixed value of order «,
dz+l — 2 o 21701 - Olfa — 2 o 217a7

independent of n. Further,we denote d™ by d which plays a witalrole in the Courant-

Friedrichs-Lewy conditions for explicit upwind schemes, as we shall discuss later.
3.1.1 Numerical Schemes and Stability Analysis

Here, we adopt the numerical approximation of the Caputo derivative which was introduced
wn the previous chapter to formulate numerical schemes for ordinary differential equations,
with conservation laws. We focus on examining the stability condition for each scheme and

demonstrate how they differ from the models with classical time derivatives.

Backward Euler Scheme

We consider the time-fractional ODE model
O u(t) = Au(t). (3.3)

where A is complex number with K(N) < 0, which is similar to the eigenvalue of an operator.
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The stability analysis of many numerical schemes for ODE in conjunction with the Ca-
puto derivatives has been examined in some previous research materials and books, see, for

instance, [27, 25, 28, 29]. By applying the backward Euler method for(3.3), we have
DUt = AUt (3.4)
Multiply each side of(3.4) by k°T'(2 — «), the above equation becomes
(1= As°T(2 — ) U™ = Z druUs.
If we let z = Ak*T'(2 — «) , the stability polynomial w(&; 2) for the above scheme is
R(€2) = (1— e =3 e
5=0

In what follows, we discuss various scenarios, that is, when X\ # 0 and when A\ = 0.
For the case X # 0, we have R(z) < 0 and z # 0, then we finally obtain |1 —z | > 1 .

If we assume & with | & | = 1 is a root to w(&; 2), then for s < n, we get

&) < 1&l® < 1€

Then, we obtain

(1= 2)& ™ =1 = z[l&["" =

Zdn+1€0
<Y digl < (Z d”“) &l = |&o|™F,
s=0

which is a contradiction. This implies that the stability polynomial has only roots with
modulus less than 1, and hence the method is absolute stable. When N = 0, then z = 0, and

the stability analysis in this case reduces to the zero stability of the time discretization. If
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the modulus of the root of the stability polynomial is unity, that is, 1, we assume that the

root is & = €'©. If €= 0, then ny = 1, so that

m(1;0) = 1" =y it =0,

s=0

and we compute

dﬂ-ifg? 0) — (’I’I, + 1)£n - i d?+185371.
s=0

The coefficients {d2™}"_, satisfy (3.2), and therefore

We can now conclude that

dm -
d—gz(n+1)—;dss>n+1:17é0.

Hence, 1 1s not a repeated root of the stability polynomial.

If 6 # 0, then we obtain the following equation:
ei(n+1)9 _ Z d;zﬂeisq
s=0
We divide each side by ¢!V to have

n

dn+1€i(sflfn)9

E s .
5=0

Since 0 # 0, at least one e'>~1=™)

9 is not real valued. Then, the right-hand side of the above
equation is a convex combination of n + 1 unit complex numbers.

Hence, ¢ with 0 # 0 is not a root to the stability polynomial.
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Explicit Upwind Scheme for the Scalar Conservation Law

The First-Order Method

We consider the one-dimensional conservation law

Ofu+ (9(u))a =0, (3.5)

where the flux function is decomposed as

g=9"+g7, (47) =0, (9) <0.

The above assumption is made to simplify our analysis. It should be noted that the flux
decomposition is not the major requirement for designing such numerical methods. For
general discussion on this issue, we refer our readers to [20, 0] Without loss of generality,
the flux function g(u) could either be linear or nonlinear. But obviously, it also involves the
linear advection case, when g = ou.

Likewise, we assume a uniform time step k, and let t"=nk, n =0, 1, 2, . . . . In

addition, on the computational interval [a, b], we assume uniform spatial grids v; = o+ jh,
—a

b
forg =0,1, 2, . . . , N, with spatial grid size h = . Let U;C be the numerical
approzimation of u(z = xj,t = t°), then the first-order upwind scheme for the nonlinear

conservation law is given as

J

DRUT 4 gt (U)) — " (U} + 3 o (UR) —g (U} =0 (36)

If we let
o "kT(2 - a)
h

o; "kT(2 — )

+,n __
AP = - :

and )\j_’” =

where for some & between UL | and U}' and some i between U and UY, |, we obtain
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with the Caputo Derivative 2
9" (u}) = g* (uj_y)
j‘ﬁn — J J — +\/ ny > 0
UJ U]n _ U]T'l—l (f ) + (é-_]) -
o 9 (W) = g (uf) v
oy =Ll I )y () <0,
J Uj+1 _ Uj J

then, we rewrite the numerical scheme as
n—1
n+l _ (3 +,n —,n n +nrrn —nrrn § : n+1lrrs

s=0

we therefore propose the CFL condition for the first-order upwind scheme as

w {max|(¢g")'| + max|(g7)'|} < d. (3.8)

The CFL condition is observed to be essentially agreed with the conservation law and stan-
dard time derivatives, exception is that the time step k gains an exponent o« due to the

Caputo derwative. With the CLF condition, we obtain
A=A+ A" =0

Therefore, we say that the mazimum principle for the upwind scheme, ¥Yn € N
mjax\Uﬂ < li§n\U]Q|.

In addition, we can verify that this scheme is total variation diminishing (TVD) if the CFL
condition (3.8) holds. In actual sense, we can rewrite (3.7) in the form
n—1

UMt = du? — pg*(U}) + pg ™ (U) + pg* (US-y) — pg ™ (U) + Zd?HUjs' (3.9)

s=0

kE°T(2 — «)

where p = n
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Next, we consider another solution, say Z, satisfying the same difference equation
n—1
73 =dZy — pgt(Z]) + pg T (Z7) + pgt(Z) ) — pg T (Z0) + Y _diT Z (3.10)
s=0
On subtracting (3.10) from(3.9), we have
Ut - 2 = AWU7 - 23) - plat (UF) — 61 (ZD) + plg (UD) — g7 (Z))

+p(g+(U’7‘_1)—9+(Z?_1)) P9 (Uj) = 97 (Z}11))

+ Z dn+1 s

Then, by adopting the mean value theorem, we get

Uittt = Z3 = [ d—plg™)(&5) +plg7)' (&) 1 (U} = Z7) + p(g) (&) (U1 = Z5-0)
n—1
—p(97) (&) (Ufsr = Z4) + ) AN (UF = Z7),
where é‘;f and & are the numbers between U' and Z7' , respectively. When the CFL condition

in (3.8) is held, we get
d—p(g™)(&) +plg7) (&) 20

By triangle inequality, we have

Urtt = 22 = [d—plg™) (&) +plg7)(&) | (UF = 2Z2) + p(g7) (&) |UFy — Zy
n—1

—p(g_)’ (53 1)‘ j+1 J+1‘+Zdn+1‘Uk Zk|
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Summing the equation over j gives

J

n+1 n+1 n+1 s s
DTt =z <y dnt y Uy - 7).
s=0
One observed here that the flux terms have been removed. By induction, we have
10" = 2" ln < 1 U° = Z° |,

as the desired result for the following theorem.

Theorem 3.1.1. The first-order upwind scheme(3.6) for the scalar conservative law,
Hu(x,t) + g(u(z,t), =0, z € R, t >0,

is ' contracting, when the CFL condition(3.8) holds.
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3.2 Modelling of Ebola Hemorrhagic Fever: Fractional
Derivative Approach

Known that the filoviruses comes from a virus family called Filoviridae. This virus may
cause unembellished hemorrhagic fever in both humans and monkeys [75, 5/, 55] . In most
research papers and monographs, only two classes of this virus family have been identified
so far, they are, FEbola virus and Marburg virus. Also, according to the literature, only five
species of Ebola virus have been distinguished including Bundibugyo, lvory Coast, Sudan,
Zaire and Reston. Among these species, Ebola virus is known to be the only family of the
Zaire Ebola virus species and the most dangerous and largest recorded epidemic outbreaks
[36, 55].

Ebola is an uncommon bul dangerous virus that results in bleeding inside and outside
of the body [77]. As the virus spreads through the body, it breaks down the immune system
and organs. Ullimately, it drops the levels of blood clotting in the cells [78]. This results
in severe and uncontrollable bleeding [57, 55]. The biggest challenge in most West African
nations is issue of unemployment. Findings have revealed that about 133 million working
class people which constitute about 50 % of the population are illiterate and jobless. Many of
these young people lack economic or social life skills which completely render them useless in
the labour market. As a means to survive and provide minimum basic needs for their fam-
ily, the only available jobs include fishing, farming and hunting. In the case of hunting and
destruction of ecosystem, many of the wild animals are killed and endangered, the practice
majority do routinely to survive. Most of the animals killed are either consumed fresh or
dry and sold in the market places. Incidentally, it is a common belief that the Ebola virus
disease can only occur after an Ebola virus is transmitted to an initial human by contact
with an infected animal’s body fluid. On contrary, human-to-human transmission when di-
rect contact is made to the bodily fluid or blood of the infected person. Fruit bats are known

to be the most likely natural source of the Ebola virus. As the early transmission, the bat
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drops incompletely eaten fruits and pulp, and when it lands animals such as monkeys and
gorillas feed on fallen fruits. Later, the humans hunt down these animals as food or sell
the infected animal bodies to make money. Definitely the affected human will make contact
with the rest of his family. So, the chain of transmission continues. For the mathematical
formulation, we let S(t),I(t), R(t) and D(t) be the respec-tive susceptible, infected, recovery
and the total mortality or death populations. Like-wise, let s, 1,7 and § be the susceptibility
rate, infection rate, recovery rate and death rate by Ebola.

The mathematical model describing the rate of change of susceptible individuals is repre-
sented as

ds(t)

—oh = —iS(WI(t) + sR(t) — AN, (3.11)

where 1 describes the rate of infectious class from recovery individuals converted to be vul-
nerable at rate s, and B denote the number of population that die naturally due to other
diseases.

The rate of change of infected population is given by the differential equation

S o S = SI(t) — rI(t), (3.12)

which suggests that the total number of individuals removed from susceptible class can be
expressed mathematically as 1S(t)I(t). Obviously, due to medication, a rea-sonable num-
ber of populations will be recovered at rate v, while infected individual will die at rate 6.
The recovery population and the change in mortality rate can be described by the following

respective ordinary differential equations:

dR(t)
— = rl(t) = sR(?), (3.13)
and
dD(t)
— = SI(t) + BN. (3.14)
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Thus, the mathematical equation governing the Ebola virus disease is given as

%Et) — —iS()I(t) + s(t) — 6N,

T — is(0)10) - 1(0) — 1), (315)
%t) _rI(t) — sR(H), |
%ﬁ’f) _ 5I(t) + BN.

The above equation will be formulated in terms of the Caputo-Fabrizio and the Atangana-

Baleanu fractional derivatives, respectively, as

SEDES(t) = —iS(t)I(t) + s(t) — 6N,

SEDeI(t) =iS(t)I(t) — 01(t) —rI(t),

(3.16)
6" DiR(t) =rI(t) — sR(t),
SEDED(t) = S§1(t) + BN.
Table .3.T Parameters based on some reported data
Parameters | S(0) | 1(0) | R(0) | D(0) | N 6} r i s J
Values 900 10 0 0 1000 | 0.01 | 0.4 0.01 | 0.02 | 0.6
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and
aABCDES(t) = —iS(t)I(t) + s(t) — 0N,
ABCDOT(t) =iS()I(t) — 01(t) — rI(t),
(3.17)

0 PCDRR(t) = ri(t) — sR(t),
ABCDeD(t) = §I(t) + BN.
The parameters used for the numerical simulations according to reported data are given
in Table (8.T). Figures 3.1, 3.2, 3.3, 3.4 and 8.5 depict the approzimate solution of

the Caputo-Fabrizio time-fractional Ebola system (3.16) for different values of o as shown

wn the figures’ captions. Figures 3.6, 3.7, 3.8, 3.9, 3.10 and 3.11 represent
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the approximate numerical solution of the Atangana-Baleanu fractional derivative system

(3.17) for different instances of « as displayed in the figures’ captions. Finally, we fized

a = 0.50 with perturbed initial conditions to examine the effect of time as given in Figures.

3.12, 3.13, 3.14 and 3.15.
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Conclusion

e Ordinary fractional differential equations represent a powerful mathematical tool that
allows for a more accurate and realistic description of physical, biological, and engineering
systems. Due to their versatility and ability to handle complex dynamic patterns, these equa-
tions provide a flexible framework for analyzing phenomena that cannot be explained using
traditional ordinary differential equations.

o As demonstrated through various applications, the use of ordinary fractional differential
equations can lead to significant improvements in modeling and predicting different systems,
whether in the fields of control, thermodynamics, biology, or even financial sciences. With
ongoing research in this area, we anticipate that new and diverse applications will continue
to emerge, enhancing our understanding of the world around us and contributing to the sus-
tainable development of science and technology.

o As a future work, we planning to use the properties presented in this work to generalize
this definition to Caputo-Fabrizio fractional differential equations and fractional differential
calculus remains among the important problems that necessitate much more research.

e Ultimately, the continuous challenge lies in developing and simplifying numerical solu-
tions for these equations, allowing more researchers and engineers to exploit their unique

capabilities in various fields.
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Abstracte

Capito-Fabrizio 's definition of fractional derivation is one of the
latest definitions to improve derivation fractional derivation.
In this memory, this new definition has been applied to some

Cauchy fractional problems and some boundary values problems.
We treat linear cases with Laplace transform and nonlinear cases
by some fixed point theories.

Keywords and phrases: Capito-Fabrizio fractional
derivative, Laplace transform, fixed point, numerical
approximation.

Résumé

La définition de Caputo-Fabrizio de la dérivation fractionnaire est
I'une des derniéres définitions pour améliorer la dérivation
fractionnaire.

Dans cette mémoire, cette nouvelle définition a été appliquée a
certains probleme fractionnaires de Cauchy et certains problemes
aux limites.

Nous avons traité des cas linéaire par la transformée de Laplace
et des cas non linéaires par des certaines théoremes de point fixe.

Mots clés et expressions: dérivé fractionnaire Caputo-Fabrizio,
transformée de Laplace, point fixe, approximation numérique .
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