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Abstract

A branch of geometry dealing with geometrical forms, mainly with
curves and surfaces, by methods of mathematical analysis. In differen-
tial geometry the properties of curves and surfaces are usually studied
on a small scale, i.e. the study concerns properties of sufficiently small
pieces of them. Properties of families of curves and surfaces are also
studied.

Differential geometry arose and developed in close connection with
mathematical analysis, the latter having grown, to a considerable ex-
tent, out of problems in geometry. Many geometrical concepts were
defined prior to their analogues in analysis. For instance, the concept
of a tangent is older than that of a derivative, and the concepts of area
and volume are older than that of the integral.

Differential geometry first appeared in the 18th century and is
linked with the names of L. Euler and G. Monge. The first synop-
tic treatise on the theory of surfaces was written by Monge (Une ap-
plication d’analyse a la géométrie, 1795). In 1827 a study under the
(English) title A general study on curved surfaces was published by
C.F. Gauss; this study laid the foundations of the theory of surfaces in
its modern form. From that time onwards differential geometry ceased
to be a mere application of analysis, and has become an independent
branch of mathematics.

The discovery of non-Euclidean geometry by N.I. Lobachevskii in
1826 played a major role in the development of geometry as a whole,
including differential geometry. Lobachevskii rejected in fact the a pri-
ori concept of space, which was predominating in mathematics and in
philosophy. He found that spaces different from Euclidean spaces exist.
This idea of Lobachevskii was reflected in numerous mathematical stud-
ies. Thus, in 1854 B. Riemann published his course ber die Hypothesen,
welche der Geometrie zuGrunde liegen and thus laid the foundations of
Riemannian geometry, the application of which to higher-dimensional
manifolds is related to the geometry of n-dimensional space similarly as
the relation between the interior geometry of a surface and Euclidean
geometry on a plane.

Historically, differential geometry arose and developed as a result of
and in connection to the mathematical analysis of curves and surfaces.
Mathematical analysis of curves and surfaces had been developed to
answer some of the nagging and unanswered questions that appeared
in calculus, like the reasons for relationships between complex shapes
and curves, series and analytic functions. These unanswered questions
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indicated greater, hidden relationships. The general idea of natural
equations for obtaining curves from local curvature appears to have
been first considered by Leonhard Euler in 1736, and many examples
with fairly simple behavior were studied in the 1800s. When curves,
surfaces enclosed by curves, and points on curves were found to be
quantitatively, and generally, related by mathematical forms, the for-
mal study of the nature of curves and surfaces became a field of study in
its own right, with Monge’s paper in 1795, and especially, with Gauss’s
publication of his article, titled ” Disquisitiones Generales Circa Super-
ficies Curvas”, in Commentationes Societatis Regiae Scientiarum Got-
tingesis Recentiores in 1827. Initially applied to the Euclidean space,
further explorations led to non-Euclidean space, and metric and topo-
logical spaces.

This course gives an introduction to this domain, it doesn’t requires
any background in this mathematical discipline.

Our main references are [Spi99|, [RS18],[Oan18|, [Pet], [Sch08],
[Gualg], [Csild].
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6 CONTENTS

NOTATIONS: Through out this work, we use the following general
notations:

e N, Z, Q, R, C for the set of nonnegative integers, integers, the
fields of rational numbers, real numbers, complex numbers re-
spectively.

e Maps are generally denoted by f,g,h....

e Integers are denoted by k,n,m....

e We say that a function f is C* if it is k—times differentiable
and its k" —differential is continuous.

e The differential of a function f at p is denoted d, f.

e The Jacobian of a function f at p is denoted J,(f).



CHAPTER 1

Introduction

Recall the definition of a submanifold of R™.

DEFINITION 0.1. Let M C R"™ be a subset. We say that M is a
submanifold of dimension d (< n) and of class C* if for all x in M,
there is a neighborhood U of x in R", a neighborhood V" of 0 in R™ and
a C*-diffeomorphism ¢ : U — V such that ¢(UNM) =V N (R4 x {0}).

Let U C R™ be an open set and f : U — R™ be a smooth function.
An element ¢ € R™ is called a reqular value of f if, for all p € U, we
have

f(p) =c=d,f : R" — R™ is surjective.
We have

PROPOSITION 0.2. A subset M C R" is a submanifold iff for any
p € M, there exists an open set U C R"™ and a smooth map f : U —
R™™™ such that p € U,UNM = f~1(0) and 0 is a reqular value for f.

Recall that a vector v € R” is called a tangent vector of M at p if
there exists a smooth curve v :] — 1, 1[— M such that

7(0) = p, ¥ (0) = v.
The set of tangent vectors to M at p is called the linear tangent space
of M at p and it is denoted 7M. The affine tangent space of M at p
. . -~
is the translate of T,,M with the vector Op.

In the notation of the above proposition, we have T, M = Ker(d, f).
A vector field on a smooth manifold M is a smooth map

X: M —TM,

such that for any p € M, X (p) € T,M. In other words, X is a section
for the canonical projection TM — M. We denote by I'(M) the space
of vector fields.

Let X be a vector field on M and I C R an interval. A smooth
map v : I — M is called an integral curve for X if for any t € I we
have






CHAPTER 2

Differential manifolds

1. Abstract manifolds

Let T be a topological space. A neighborhood of a point z € T
is a subset U C T with the property that it contains an open set
containing . A map f : T — W which is continuous, bijective and
has a continuous inverse is called a homeomorphism.

DEFINITION 1.1. A topological space X is said to be Hausdorff if for
every pair of distinct points z,y € X there exist disjoint neighborhoods
of x and y.

Let M be a Hausdorff topological space, and let m > 0 be a fixed
non negative integer.

DEFINITION 1.2. An m—dimensional smooth atlas of M is a col-
lection (O;);er of open sets O; C M such that M = U,;¢;0;, together
with a collection (U;);e; of open sets in R™ and a collection of home-
omorphisms, called charts, ¢; : O; — U; = ¢;(U;), with the following
property of smooth transition on overlaps:

For each pair 4,7 € I the map ¢; 0 ¢; " : ¢;(0; N O;) — ¢;(0; N O;) is
smooth.
Two smooth atlases are compatible if their union is again an atlas.

If o/ is an atlas, then so is the collection o/ of all charts compatible
with each member of &7 . The atlas .o/ is obviously maximal. In other
words, every atlas extends uniquely to a maximal atlas.

ExAMPLE 1.3. The map
o(u,v) = (cosv,sinv,u),u,v € R

is smooth and covers the cylinder S = {(z,y, z) € R3|2?+y? = 1}, but
it is not injective. Let

U ={(u,v) R -1 <v<a},Us={(u,v) € R*0 < v < 27},

and let ¢; denote the restriction of ¢ to U; for i = 1,2. Then ¢; and
9 are both injective, ¢; covers S with the exception of a vertical line
on the back where x = —1, and ¢, covers S with the exception of a

9
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vertical line on the front where x = 1. Together they cover the entire
set and thus they constitute an atlas.

EXAMPLE 1.4. Assume that W C R”™ and V' C R™ are open non-
empty sets, and let f : R™ — R” be a continuous map. Denote by M
the graph of f, i.e.

M = {(z,y)|y = f(2)}.

Let U = (W x V)N M and let ¢(z,y) = = be the projection of U onto
W. Then the pair (¢, U) is a chart on M. The inverse map is given by

¢~ (x) = (z, f(x)).

DEFINITION 1.5. An abstract manifold (or just a manifold) of di-
mension m, is a Hausdorff topological space M, equipped with a max-
imal m—dimensional smooth atlas.

REMARK 1.6. If in the definition, we don’t assume that M is a
topological space, and that O; are just subset, then there is a unique
topology on M making O; open and ¢; homeomorphisms.

ExAMPLE 1.7. The stereographic projections endows the spheres
S™ with an atlas given as follows; let UL be the subsets of S™ obtained
by removing (F1,0,--- ,0). Stereographic projection defines bijections
¢+ : UL — R" given by

(bi(an U 7xn) = (

X1 Tn

1ix5””1i%)

One can check (exercise!) that
x
gb* o gbil(x) ETPRIGE
! ]2

hence it is smooth. The same is true for ¢ o¢;'. Hence {(¢,,Uy), (¢_,U_)}
is an atlas on S™.

DEFINITION 1.8. Let f : M — N be a map between abstract
manifolds. Then f is called smooth if for each p € M there exists a
chart ¢ : O — U around p, and a chart ¢ : O" — V around f(p), such
that f(O) C O" and such that the coordinate expression 1) o f o ¢~ is
smooth. A bijective map f: M — N | is called a diffeomorphism if f
and f~! are both smooth.

Notice that a smooth map f : M — N is continuous. This follows
immediately from the definition above, by writing f = ¢ 1o (¢po fo
¢~ 1) o ¢ in a neighborhood of each point. Also, every chart ¢ : O — U



1. ABSTRACT MANIFOLDS 11

is a smooth diffeomorphism. And every diffeomorphism ¢ of a non-
empty open subset V' C R™ onto an open subset in M is a chart on M.

Now, an atlas of an abstract manifold is said to be countable if the
set of charts in the atlas is countable

LEMMA 1.9. Let M be an abstract manifold. Then M has a count-
able atlas if and only if there exists a countable base for the topology in
M. In particular, a submanifold of R™ has a countable atlas.

PROOF. Assume M has a countable atlas. Let ¢ : O — U C
R™ be a chart, then there is a countable base for the topology of U.
This induces a countable base for the topology on O, because ¢ is a
homeomorphism. The collection of these bases for all the charts in the
atlas gives a base for the topology of M.

Conversely, suppose that there exists a countable base (Vj), of the
topology of M. For each k, choose a chart ¢ : O — U, such that V, C O
(if it exists!). This gives a countable atlas o7 in M. Indeed, it is clearly
countable. Let now x € M. Then there exists a chart ¢» : O — U’ such
that x € O, and there exists k such that z € V,, C O’. Hence there
exists a chart ¢ : O — U in A such that x € O. So & is an atlas. [

THEOREM 1.10 (Whitney theorem). Let M be an abstract smooth
manifold of dimension d, and assume that there exists a countable atlas

for M. Then there exists a diffeomorphism of M onto a submanifold
in R,

EXAMPLE 1.11 (Projective space). Let V be a finite dimensional
vector space, The projective space of V is the set of lines (through the
origin) in V . In other words,

P(V) ={l c V|l is a 1-dimensional R-linear subspace}.

It can be seen a P(V)) = V*/ ~, where the equivalence relation is given
by
u~v<su=Av for some \ € R.

If V.=R", then P(V) is denoted simply P". The projective space P"
can be given the structure of an abstract n—dimensional manifold as
follows. Let 7 : & — [x] denote the natural map R \ {0} — P", and
let S™ C R™ denote the unit sphere. A set U C P" is declared to be
open if and only if its preimage 7—!(U) is open in R"™ (or equivalently,
if 71(U) N S™ is open in S™). This makes P" a Hausdorff topological
space (it is actually the quotient topology, that’s a map f: P" — Y is
continuous if and only if f o 7 is continuous).
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Fori=1,...,n+1, let O; = {[z] € P"|x; # 0}. They are clearly open
and cover P". Define the maps ¢; : O; — R" given by

Gi([wy -t wnpa]) = (@1/m3, -+ nga /23),
where the i"* component is omitted. Clearly ¢; is a homeomorphism
from O; to R™. Moreover, the collection {(O;, ¢;)} is a smooth atlas
(exercise).
Note also that P! is homeomorphic to the circle S*. It is clearly iso-
morphic to S'/ ~, where ~ identifies x and —x in S*. Then the map
z — 2% is a homeomorphism S'/ ~— S*.

DEFINITION 1.12. Let M be an abstract manifold. A subset N C
M is called an abstract submanifold of M if N is an abstract manifold
on its own such that the topology of N is induced from M and the
inclusion map ¢ : N — M is a smooth immersion.

2. Tangent space

Let M be an m—dimensional manifold. A curve v on M is a smooth
map v : [ — M, where I C R is open. This means (see Definition
that ¢ o v is smooth for all chart ¢ on M. The expression ¢ o 7 is
called coordinate expression of v with respect to ¢. If p € M is a point,
a parametrized curve on M through p, is a parametrized curve on M
together with a point ¢y € I for which p = v(to).

Let v, : I; — M, for + = 1,2, be parametrized curves on M with
p = 71(t1) = 72(t2), and let ¢ be a chart around p. We say that v; and
v9 are tangential at p, if the coordinate expressions satisfy

(@ om)'(t) = (¢ 0 72)(f2).

LEMMA 2.1. Being tangential at p is an equivalence relation on
curves through p. It is independent of the chosen chart (¢, O).

PROOF. The first part is easy.
If ¢ is another chart then the coordinate expressions are related by

Gor=Foso(pon)
on the overlap O N O. The chain rule implies
(¢ o) (t:) = D(do¢™)(p)(do ) (k)
for each of the curves. This implies the result. O
Denote the tangential equivalence relation at p by ~,.

DEFINITION 2.2. The tangent space T),M is the set of ~, —classes
of parametrized curves on M through p.
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THEOREM 2.3. Let (¢,U) be a chart on M with ¢(p) = q. For each
element v € R™ let 7,(t) = ¢~ (q + tv) for t close to 0. The map

C:oe [y

is a bijection of R™ onto T, M. The inverse map is given by

] = (¢09)(0),
for each curve v on M with v(0) = p.

The main difficulty of defining tangent vectors to a manifold is due
to the fact that an abstract manifold might not be naturally embed-
ded into a fixed finite dimensional linear space. Nevertheless, there is
a universal embedding of each differentiable manifold into an infinite
dimensional linear space.

Let us denote by C*°(M) the linear vector space of smooth functions
on M, and by D(M) the dual space of C*(M), that is the space of
linear functions on C*°(M), and consider the embedding ¢ of M into
D(M) defined by the formula

L(0)](f) = f(p); where p € M; f € C*(M).

Having embedded the manifold M into D(M), we can define tangent
vectors to M as elements of the linear space D(M).

DEFINITION 2.4. Let M be a differentiable manifold, p € M. We
say that a linear function D € D(M) is a derivation of C*°(M) at p if
the equality

D(fg) = D(f)g(p) + f(p)D(9)
holds for every f,g € C*(M).

Derivations at a point p € M form a linear subspace Der,(M) of
D(M). Each curve 7 passes through p at 0 defines a derivation at the
point p by the formula

D, (f) = (f27)(0).
Since two curves define the same derivation if and only if they are
equivalent, there is a one-to-one correspondence between the equiva-
lence classes of curves and the derivations obtained as D., for some ~.
Hence the definition

DEFINITION 2.5. A tangent vector to a manifold M at the point
p € M is a derivation of the form D.,, where 7 is a smooth curve passes
through p at 0.
The tangent space T,M of M at the point p is the set of derivations
D, along curves in M passing through p at 0.
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DEFINITION 2.6. Let f : M — N be a smooth mapping between
the differentiable manifolds M and N, and let p € M. The derivative
of f at the point p is the linear map D, f : T,M — Ty, N given in
the following way: Let v be a smooth curve and let D, € T,M. Then
T,f(D) is the derivation Doy € Ty N.

In the first definition of the tangent space we have

Dy f([v]) = [f ol

Note that D, f is well defined, that’s it doesn’t depend on the choice
of 7. Indeed, one sees that whenever v; and v, are tangential then so

is foy and fony,.

3. Vector fields and flows

A vector field on a smooth manifold M is simply a smooth map
X:M—TM,

such that for any p € M, X(p) € T,M. In other words, X is a section
for the canonical projection TM — M. We denote by I'(M) the space
of vector fields.

DEFINITION 3.1. Let X be a vector field on M and I C R an
interval. A smooth map ~: I — M is called an integral curve for X if
for any t € I we have

(1) Dyy = X(7(1))-

Associated to a chart ¢ = (21, --,x,) on M near p, there is a
basis of T,M, formed by the tangent vectors (0y(p),---,0,(p)). The
mapping

p > 0i(p)
gives a local smooth vector field in the domain of the chart for each .
Thus, every smooth vector field X can be written in the form

n
X = E a;0;,
i
where a; are smooth functions near p.

THEOREM 3.2. Let X be a smooth vector field on a differentiable
manifold M. Then for each point p € M, there exists a unique maximal
integral curve v, : I — M of the vector field X such that 0 € I.
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The real vector space structure of the tangent space at any point
makes it possible to give I'(M) the structure of a real vector space
where the addition is defined point by point (X +Y')(p) = X(p)+Y(p)
and the scaler multiplication (A - X)(p) = AX(p). In particular, we
denote by 0 the zero section. Moreover, the space I'(M) has also the
structure of C*°(M)—module. The multiplication with a function is
also defined point by point (f - X)(p) = f(p)X(p).

DEFINITION 3.3. A vector field X on M is called complete if, for
each p € M, there is an integral curve v : R — M of X with ~(0) = p.

LEMMA 3.4. Let M C R™ is a compact manifold. Then every vector
field on M is complete.

PROOF. See Exercise ?77. O

Since tangent vectors to a manifold at a point are identified with
derivations at this point, vector fields can be regarded as differential
operators called derivations of smooth functions assigning to a smooth
function another smooth function by the formula

(X(H)lp) = [X()](f); where X e I'(M); f e C*(M); pe M,

In this sense, a vector field X is seen as a linear mapping Dx :
C>®(M) — C*(M), satisfying the Leibniz rule

X(fg)=X(flg+ fX(g).

Lie structure. Using this second point of view, we define a Lie
brackets on I'(M) by

[DX,Dy] = DX e} Dy - Dy @) Dx.

None of the operators Dx o Dy and Dy o Dx are vector fields, since
they are second order operators, whereas vector fields are first order
operators. However, it turns out that their difference [Dyx, Dy] is again
a vector field, this is given in the following theorem

THEOREM 3.5. The Lie bracket [Dx, Dy| is a smooth vector field on
M. That is, there ezists a vector field Z € I'(M) such that [Dx, Dy] =
Dy.
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PRrROOF. It is sufficient to show that [Dy, Dy| verifies the Leibniz
rule. Let f,g € C*°(M), then we have

[Dx, Dy](fg) = (Dx o Dy — Dy o Dx)(fg) = Dx(Dy(fg)) — Dy(Dx(fg))
) —

= Dx(Dy(f)g+ fDy(g)) — Dy(Dx(f)g + fDx(g))

)
= Dx(Dy(f))g + Dy(f)Dx(g) + DX(f)DY(Q) + fDx(Dy
) ) ) — Dy (f)Dx(g) — fDy(Dx

— Dy (Dx(f))g — Dx(f)Dy (g
= [Dx, Dy|(f)g + f[Dx, Dy](g).
]

Flows of a vector field. Let M as above and X € I'(M). Let p €
M, the mazimal existence interval of p is the open interval I(p) :=J [
where the union runs over all I C R open intervals containing 0 such
that there exists an integral curve v : I — M for X with v(0) = p.
By Theorem , there exists an integral curve v : I(p) — M. The flow
of X is the map ¢ : D — M defined by

D:={(t,p)lpe Mt € I(p)},
and ¢(t,p) := y(t), where v : I(p) — M is the unique integral curve.

THEOREM 3.6. Let M C R™ be a smooth r—manifold and X €
(M) be a smooth vector field on M. Let ¢ : D — M be the flow of X.
Then the following holds.

(i) Let p € M and s € I(p). Then

(2) I(¢(s,p)) = 1(p) —
and, for everyt € R with s+t € I(p), we have
(3) ¢(s+1t,p) = o(t, o(s, p)).

(73) D is an open subset of R x M.
(7it) The map ¢ : D — M is smooth.

PROOF. () Themap vy : I(p)—s — M defined by () := ¢(s+
t,p) is a solution of the initial value problem ~/(¢) = X (y(¢))
with v(0) = ¢(s,p). Hence I(p) —s C I(¢(s,p)) and equation
holds for every ¢t € R with s +¢ € I(p). In particular, with
t = —s, we have p = ¢(—s, ¢(s,p)). Thus we obtain equality in
equation (2)) by the same argument with the pair (s, p) replaced
by (_87 ¢(S,p))

(9))
(9))
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(17) & (7it) Let (tg,po) € D so that py € M and tg € I(po). Suppose ty = 0.
Then K := {¢(t,p0)|0 < t < to} is a compact subset of M. (It
is the image of the compact interval [0, %] under the unique
solution 7 : I(pg) — M of equation ([1)).) Hence, by Lemma
bellow, there is an M —open set U C M and an € > 0 such
that

K cU, (—e¢e)xUcCTD,
and ¢ is smooth on (—e,¢) xU. Choose N so large that t,/N <
€. Define Uy := U and, for £ = 1,---, N, define the sets
U, C M inductively by

U == {p € Ulg(to/N,p) € Up_1}.
These sets are open in the relative topology of M. We prove by
induction on k that (—¢, ktg/N +¢) x Up C D and ¢ is smooth
on (—e, kty/N + €) x Uy. For k = 0 this holds by definition of
eand U. If K € {1,---, N} and the assertion holds for k£ — 1
then we have

peUy=peU o¢y/N,p) € U
= (—¢,¢) CI(p), (=&, (k—1)to/N +¢e) C I(¢(to/N,p))
= (—e,kto/N +¢) C I(p).

Here the last implication follows from Equation . Moreover,
for p € Uy and tg/N —e < t < ktg/N +¢, we have, by Equation

(3). that
o(t,p) = ¢(t = to/N, ¢(to/N, p))-

Since ¢(to/N,p) € Uy for p € Uy the right hand side is a
smooth map on the open set (to/N — ¢, kto/N +¢€) x Uy. Since
U, C U, ¢ is also a smooth map on (—e&,¢e) x Uy and hence on
(—e, kto/N +¢€) x Uy. This completes the induction. With k =
N we have found an open neighborhood of (ty,pg) contained
in D, namely the set (—¢,tg+ €) X Uy, on which ¢ is smooth.
The case ty < 0 is treated similarly. This proves (ii) and (ii).

L]

LEMMA 3.7. Let M, X, D be as in Theorem[3.6 and let K C M be
a compact set. Then there exists an M —open set U C M and an & > 0
such that K C U, (—e,e) x U C D, and ¢ is smooth on (—¢e,e) x U.

PROOF. see [RS18, Lemma 2.4.10] O

PROPOSITION 3.8. Let M C R™ be a smooth submanifold and X €
[(M). Then the following are equivalent.
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(1) X is complete.
(17) I(p) =R for all p € M.
(i4i) D = R x M.

PRrROOF. Clear. U
Let us denote the space of diffeomorphisms of M by
Diff(M) :={f: M — M |f is a diffeomorphism}.

This is a group. The group operation is composition and the neutral
element is the identity. Now equation asserts that the flow of a
complete vector field X € T'(M) is a group homomorphism

R — Diff(M) : t — ¢".
This homomorphism is smooth and is characterized by the equation
d
59 (0) = X (&' (p)), ¢’ (p) = p,
for all p € M.

THEOREM 3.9 (Normal form around a point). Let X € I'(M) and
p € M such that X(p) # 0. Then there exists a local chart (U, )

around p such that if ¢ = (z1,--- ,xq) then
0
Xlpg=—.
|U 6:701
In particular, ¢*(x1,- -+ ,xq) = (L + @z, ,24q).

PRrROOF. Let (U,v) be any local coordinate chart around p with
¥(p) = 0. Since we can compose this with a diffeomorphism of the
target, we can assume that

0

X(p) = a_a:1<p)'
Define

X(ylv' o ayd) = ¢y1(¢—1(0’y27' o ayd))'

The differential dox of this map at 0 is bijective. Indeed, one can
compute

dox = dp ((¢t),|0) © do@D_l.
Using the equality
dy ((6")']0) = dgo(py=pX © dp¢”
and the fact that ¢° = id, we can see that dyy sends the coordinate e;

to the basis O

8% )
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4. Parallel transport

Let M C R™ be a submanifold. The Euclidean inner product ( , ) :
R™ x R™ — R induces an inner product
gp : Ty M x T,M — R.
The set {g,}, is called the first fundamental form.

Note that this inner product induces an orthogonal projection II,, :
R™ — T,M for each p € M. The linear map II, can be represented
by n x n matrix over R, and it is uniquely determined by the two
conditions
2
I, = 11,
and for v € R”
I,(v)=v & veTl,M.
REMARK 4.1. The map II : M — R™ " is smooth.

The differential of II is the linear map d,II : T,M — R™*™ which
associate to a vector v = +/(0) € T, M the matrix

d
de(’U) = £|t:0H(’}/(t)) S R™>",
LEMMA 4.2. For any v,w € T,M we have
d,11(v) - w = d,I1(w) -v € T,M*.

The collection of symmetric bilinear maps hy, : (v, w) — hy(v, w) :=
d,Il(v) - w is called the second fundamental form.

Let M C R™ be a submanifold and v : I — M a smooth curve. A
vector field along ~ is a section of T'M over I, that’s a smooth map
X, : I — R" such that X,(t) € T, M. The derivative X (¢) is not in
general in the tangent space 1%, M.

DEFINITION 4.3. The covariant derivative of X, is the vector field
VX, over vy defined by

VXV = Hp(Xé(t)) € Tw(t)M-

LEMMA 4.4. Let X, as above and X : I — R be a smooth function.
Then we have

V(AX,) = VX, + AV(X,).

DEFINITION 4.5. Let I C R be an interval and let v : I — M be a
smooth curve. A vector field X, along v is called parallel if

VXV(t) = 0.
forallt e I.
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In other words, X, is parallel if and only if X (¢) L T, M.

EXAMPLE 4.6. In particular, 7' is a vector field along v and V~/(t) =
L, (7"(t)). Hence 7' is a parallel vector field along + if and only if
7'(t) L TyyM for all t € 1.

THEOREM 4.7. Let I C R be an interval and v : I — M be a
smooth curve. Let to € I and vy € Ty M be given. Then there is a
unique parallel vector field X, along v such that X, (ty) = vo.

DEFINITION 4.8 (Parallel transport). Let I C R be an interval and
let v: I — M be a smooth curve. For ty,t € I we define the map

O(t, 1) : Tw(to)M — TyyM
by
D(t, t0)(vo) := X, (1),
where X, is the unique parallel vector field along v satisfying X, (¢9) =

vo. The collection of maps ®(¢,ty) for t,ty € I is called parallel trans-
port along ~.

5. Orientability

Let V' be a finite dimensional vector space. Two ordered bases
(u1, ..., u,) and (vy,...,v,) are said to be equally oriented if the tran-
sition matrix S, whose columns are the coordinates of the vectors
(u1, ..., u,) with respect to the basis (v, ...,v,), has positive determi-
nant. Being equally oriented is an equivalence relation among bases,
for which there are precisely two equivalence classes. The space V' is
said to be oriented if a specific class has been chosen, this class is then
called the orientation of V', and its member bases are called positive.
The Euclidean spaces R™ are usually oriented by the class containing
the standard basis (eq, ..., e,). For the null space V' = {0} we introduce
the convention that an orientation is a choice between the signs 4+ and

Let now a (¢, U) be a chart on M with ¢(p) = ¢, we obtain a basis
for T,M by taking the pre-images (e;) of each of the standard basis
vectors eq, . ..., e, for R™ (in that order), that is, the basis vectors will
be the equivalence classes of the curves t — o(xo + te;). This basis for
T,M is called the standard basis with respect to . The compatibility
condition between charts (O;, ¢;) and (Oj;, ¢;) on a set M is that the
map ¢; o gb;l : 9,0, N O;) = ¢;(0; N O;) is a diffeomorphism. In
particular, the Jacobian matrix J(¢; o qﬁj_l) of the transition map is
invertible, and hence has nonzero determinant. If the determinant is
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> 0 everywhere, then we say (O;, ¢;), (O;, ¢;) are oriented-compatible.
An oriented atlas on M is an atlas such that any two of its charts
are oriented-compatible; a maximal oriented atlas is one that contains
every chart that is oriented-compatible with all charts in this atlas.

DEFINITION 5.1. A manifold is called orientable if it admits an
oriented atlas.

If an orientation has been chosen we say that M is an oriented
manifold. The notion of an orientation on a manifold is crucial, since
integration of differential forms over manifolds is only defined if the
manifold is oriented.

Let (¢, O;) be a chart on an abstract manifold M, then the tangent
space is equipped with the standard basis with respect to ¢. For each
p € O; we say that the orientation of 7T),M, for which the standard
basis is positive, is the orientation induced by ¢.

PROPOSITION 5.2. Let M be a connected manifold. Then the fol-
lowing are equivalent

(i) M is orientable.
(i1) Orientation is preserved moving along loops.
(7i1) M admits a nowhere vanishing n—form.

PROOF. O

EXAMPLE 5.3. The spheres S™ are orientable. To see this, consider
the atlas with the two charts (U, ¢) and (U, ¢-), given by stereo-
graphic projections. (see Example . Here

The entries of the Jacobian matrix of ¢_ o gb;l at x are given by

(4) =5y — .
Ozj llf* (x> =l

Its determinant is —||z||7". (exercise).

If M is a smooth manifold of dimension n then for each p € M the
tangent space T),M is a vector space of dimension n, and hence has
two choices of orientation. This gives a two-sheeted covering space Oy
called the orientation covering of M. So one sees that M is orientable
if and only if its covering space is disconnected.

An advantage of this covering space point of view is that we imme-
diately have the following result.
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PROPOSITION 5.4. If M is a smooth connected manifold with (M) =
0 then M is orientable.

PROOF. Each covering space M — M is trivial since if p € M then
m(M,p) C m(M,p) = 0. In particular the orientation covering must
then consist of two simply-connected components, each diffeomorphic
to M. U

Recall That the fundamental group 7 (X; xo) of a pointed topolog-
ical space (X;xg) is the set of all homotopy classes of loops in X with
base point zy together with the multiplication induced by concatena-
tion as follows

(Al [n] = [A =],
A(2t) ift €[0,1/2]

where \ * nt] = {77(% —1) ifte[1/2,1]

EXAMPLE 5.5. The Mobius strip is a surface with only one side.

It is maybe the simplest example of a non-orientable manifold. To see
this, one can remark that the orientation is not preserved along loops,
thus it is impossible to make a consistent choice of orientations, because
the band is one-sided. Choosing an orientation in one point forces it
by continuity to be given in neighboring points, and eventually we are
forced to the opposite choice in the initial point.

EXAMPLE 5.6. The real projective space P? is another example of
a non orientable surface. One way to visualise P? is as the semisphere
with points on the equator identified with their antipodal points.

EXAMPLE 5.7. In general, the real projective space P" is orientable
if and only if n isodd or n =0 .

6. Tensors

6.1. Exterior product. Let £ > 0, and let V' be a finite dimen-
sional vector space over R. The exterior product A*V of V is defined
by

k
MV =QV/ ~,
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where the equivalence relation is given by
RF i ~ RF_ 1y & ®F_ 1 = sng(0) @ ys(), for some permutation o.

The class of a tensor 1 ® -+ - ® x, is denoted z; A - - - A x.
Note that the dimension of AFV is given by (}), where n = dim(V).
There is a canonical alternating k—linear map Ay : V¥ — AFV given
by

Ni(Z1, oo ) =Ty A e A Ty,
such that for any alternating k—linear map f : V¥ — W, there is a
unique linear map g : A"V — W such that f = go A.

LEMMA 6.1. Assume that ey, ... e, is a basis of V. Then {e; N
cAegliy < - <ig}ois a basis of A¥V. In particular,

dimAFY = ("

where n = dim(V).

PROPOSITION 6.2. The vectors vy, ...,v; are linearly independent
if and only if vy A -+ ANv, # 0. Two linearly independent k—tuples of
vectors vy, ...,v, and wy,...,w span the same k—dimensional linear
subspace if and only if vy A\ - -Av, = cwi A+ - -Awy, for some ¢ € R"~{0}.

COROLLARY 6.3. The Grassmannian manifold Gr*(V') can be em-
bedded into the projective space P(A*V') by assigning to the k—dimensional
subspace spanned by the linearly independent vectors wvy,--- , v the
1—dimensional linear space spanned by vy A --- A vg. This embedding
15 called the Plicker embedding.

The direct sum A*(V) = @,_, A*V is an associative algebra where
the product A is defined

(Vi A A A (W A Awy) =vp A Avg Awp A=+ Awy.

A*V is called the exterior algebra or Grassmannian algebra of V.

DEFINITION 6.4. A (covariant) k—tensor on V' is a multilinear map
T :Vk — R. The set of k—tensors on V is denoted T*(V).

Let ¢1,...,0r € V*. The map

MR R (V1,...,08) > d1(v1) ... O (vg)

is a k—tensor on V. More generally, if S € T*(V) and T € TY (V) are
tensors, we define the tensor product S ® T' € T**(V) by

ST (U1, Uy Uity oy Uppg) = S(v1, o, 0) T (Va1 - -, 0k + D).
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LEMMA 6.5. Let &,...,&, be a basis of V*. Then the family {&;, ®
- ® &, }, where iy, ..., i are arbitrary number in {1,...,n}, form a
basis of T*(V'). In particular dim T*(V') = n*.

So one sees that TH(V) 2 V* @ .- @ V*.

DEFINITION 6.6. A contravariant k—tensor on V is a covariant
k—tensor on V*. More generally a tensor of type (’;) is a k—covariant,
[—contravariant multilinear map

F:}/*x---xV*xVx---xVJ—>R.

Vv Vv
[ times k times

The space of these tensors is denoted T}(V/).

LEMMA 6.7.

(1) There is a natural identification T} (V) = End V.

(2) There is a natural identification between TE | and the space of
multilinear maps

y*x---xV*xyx--'xVJ—H/

vV vV
l times k times

PROOF. Exercise. O

DEFINITION 6.8. A k—tensor ¢ is called alternating if for every
v1,...,0 € V and any o € ¥, one have

(v, ..., v) = sign(o)(Ve(), - - -, Va(k))-
The space of these is denoted A*(V'). For ¢y, ..., ¢p € V*, the map
LA A (1, vk) = Y G1(Ve) - B(Var))
oeY

is alternating k—tensor.
So we get as before

AR(V) = ARV
REMARK 6.9. There is a canonical map A*V* — (A*V)* defined

by sending an alternating tensor ¢ A - - - A ¢ to the linear form

Alt(pr A ANpp) (@ Ao A ay,) = Z sgn(0)01(Ts1)) - - Pr(Tor)),

oEY

which is an isomorphism.
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7. Differential forms

Let M C R™ be a smooth submanifold. Let f € C*(M). The
differential of f is a map df : TM — R, at each fiber, it gives a linear
form d, f of the vector space T),M. Hence an element of the dual space.

Denote by T*M the cotangent bundle over M it is the dual of the
tangent bundle. Each fiber of T*M is isomorphic to (7,M)*.

DEFINITION 7.1. A differentiable 1—form on M (also called covector
field) is a section of the cotangent bundle, that’s a smooth map w :
M — T*M such that w(p) € TyM for each p € M. The space of
1—forms is denoted Q*(M).

As we have seen before, each smooth function f gives rise to a
1—form df. A differentiable 1—form is called ezact if it is equal to df
for some f € C*°(M). In particular, if f equals one of the coordinates
x; around a point p € M, we get the 1—form dx;. Moreover, any
1—form w can be written, locally around p in the form

n
w= E a;dz;.
i=1

EXAMPLE 7.2. Let M = R? with coordinates x,y, and let f €
C>(R?). The differential of z and y equal to dz and dy whose Jacobian
matrices at any point are equals to (1,0) and (0, 1) respectively. Hence
the differential of f is given by

0 0
df = a—idx + a—yjjdy.

And any other covector field w is of the form adx + bdy, with a,b €
C>(R?), because the cotangent bundle is trivial.

More generally, we have

DEFINITION 7.3. A differentiable k—form on M is a section of the
exterior product A*T* M of the cotangent bundle, that’s a smooth map
w: M — A*T*M such that w(p) € A*T*M for each p € M. The space

of k—forms is denoted QF(M).

On a local coordinate chart U C M, let xq, ..., x4, then dz;; A--- A
dz;, is k—form, where 1 < i; < --- < 7, < n. Moreover, any k—form
on U can be written uniquely in the form

w = Za;dmil A Ndxy,,
I

where a; are smooth functions on U.
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EXAMPLE 7.4. Let M = R? with coordinates z,y. A differential
2—form w on M is of the form adx A dy, with a € C*(R?), because

the cotangent bundle is trivial and its second exterior power is a line
bundle. If X,Y € T,M, then

wp(X,Y) = a(p)(z1y2 — 2201).

We denote by Q*(M) = @;_, Q*(M). The wedge product A gives
Q* (M) the structure of an algebra over C*°(M).

7.1. Interior product. Let w a differential k—form on a manifold
M, and X a smooth vector field. We have

DEFINITION 7.5. The interior product of X and w is the differential
(k — 1)—form txw defined by

LXw(Xl,. .. ;Xk—l) = W(X, Xl, Ce 7Xk—1)~
If k=0, we set txw = 0.

Interior product tx with the vector field X can be thought of as
a linear map from Q*(M) into itself. This is a degree —1 map, as
it decreases the degree of any form by 1. In general, a linear map
L:Q* (M) — Q*(M) is a degree d map, if L(Q*(M)) C Q*4(M) for
all k.

7.2. Exterior derivative. Let M C R" be a submanifold. In a
local chart around a point p € M, we can write a k—form w € Q¥ in
the form

w= E ardx;, N--- Ndz;,,
i1 <-<ig

We get then

DEFINITION 7.6. The exterior derivative of the k—form w is the
(k4 1)—form dw giving locally by

dw = Z dar N dx;, N\ --- Ndx;,.
1< <ig

It is a non trivial result that this definition can be globalized to get
a morphism

d: QF(M) — QF(M).

DEFINITION 7.7. A k—form is called exact if it equals da form some
(k —1)—form a. It is called closed if dw = 0.

Since d? = 0 by definition, we deduce
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LEMMA 7.8. An exact form is closed. That’s the exterior derivative
defines a complex

0— Q' (M) -5 (M) L ... L Q™(M) = 0,
meaning Im(d) C Ker(d). Here m = dim(M).

EXAMPLE 7.9. Reconsider the example[7.2] The 1—form w = adz+
bdy is exact if and only if

00 _ob
oy  Ox’
L : ) of
Indeed, if w is exact then there is an f € C°°(R?) such that a = e b=
x
Z_g Hence
ou_ 5 _
dy Oydxr Oz’
da  0b .
Conversely, assume that — = —. Then choose a smooth two variable
Yy x
2
function f such that g—i = a. Then g—z = 0(?/0]; = % So b — g—?];
doesn’t depend on z. Choose a function g on y such that ¢'(y) = b— %

. Then one sees that w = d(f + g).
Note that this in not true in arbitrary manifold.

Let f: M — N a smooth map and let w € QF(N). We define the
pull back of w by f to be the k—form denoted f*w on M given by

f*W(p)(U1, T 7'Uk) = w(f(p)xdpf(vl)’ T ’dpf(vk))7
for all vy, -+ , v, € T,M and all p € M.

8. Integration of differential forms

We will neglect orientation issues, assuming that all domains are
positively oriented according to usual conventions and that parameter-
izations respect these orientations.

We begin by defining the integral of differential forms over boxes
(products of intervals). To simplify, we assume that the functions con-
sidered are continuously differentiable.

DEFINITION 8.1. The integral of a 1-form f dt over an interval P, =
[a,b] of R is defined by:

b
dt = dt.
[ par /af<t>t



28 2. DIFFERENTIAL MANIFOLDS

The integral of a 2-form fds A dt over a box P, = [a,b] X [¢,d] in
R? is defined by the double integral:

d b
ds N\ dt = ds ) dt.
P2f sAdt /C (/a f(s,t) 3) t

The integral of a 3-form f dsAdt Adu over a box P = [a, b] X [c, d] X
e, f] in R3 is defined by the triple integral:

: fds/\dt/\du:/ef (/d (/abf(s,t,u)ds) dt) du.

REMARK 8.2. According to the calculation rules we have estab-
lished for differential forms, which give dy A dx = —dz A dy, we have by
definition, in case of a swap of the integration variables, for example:

fdtnds=— [ fdsAdt.
PQ P2
DEFINITION 8.3. A parameterized curve C' (dimension 1) in R? is
a map
o= (z(t),y(t)): P, = [a,b] — R

A parameterized surface S (dimension 2) in R? is a map

o= (z(s,1),y(s,1),2(s,t)) : Py = [a,b] x [¢,d] — R>.
A parameterized volume V' (dimension 3) in R? is a map

o= (x(s,t,u),y(s,t,u), z(s, t,u)) : Py = [a,b] x [c,d] x [e, f] = R>.

We now define the notion of an oriented parameterized domain.

DEFINITION 8.4. Let ¢ : P, — D C R" be a parameterized do-
main of dimension 1 < k < n < 3. We say that o is oriented if the
determinant of the matrix of its partial derivatives is positive.

EXAMPLE 8.5. Here are several examples of parameterized domains.

e The circle with the equation 22 +y? = 1 is the oriented param-
eterized curve in R? given by:

o = (cos(t),sin(t)) : [0,27] — R?.

e The circle can also be described as the union of two semicircles.
The upper semicircle has the oriented parameterization:

o= (—z,V1—22):[-1,1] = R?
and the lower semicircle has the oriented parameterization:

o= (z,—V1—22):[-1,1] = R
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e The parameterizations of the upper semicircle given by:
o = (sin(t), cos(t)) : [-m, 7] — R?
and
o= (z,V1—22):[-1,1] = R?
are not oriented because they do not rotate in the direct (coun-
terclockwise) sense in the plane.

e The sphere with the equation 22 + y? + 2% = 1 is the oriented
parameterized surface (in spherical coordinates) in R? given by:

o = (sin(y) cos(#), sin(y) sin(9), cos(p)) : [0, 7] x [0, 27] — R,

e The solid cylinder with the equation z* +y* < R,z € [0,1] is
the oriented parameterized volume (in cylindrical coordinates)
in R? given by:

o = (rcos(p),rsin(p),2) : [0, R] x [0,27] x [0,1] — R®.

e The solid ball with the equation 2% +y?+ 2? < R is the oriented

parameterized volume (in spherical coordinates) in R? given by:

o = (rsin(p) cos(8), rsin(p) sin(#), r cos(v)) : [0, 7] x[0, 27] x [0, R] — R*.

The integral of a differential form over a general parameterized
domain reduces to that of its pullback on the parameter box.

DEFINITION 8.6. Let 0 : P, — D be an oriented parameterized
domain of dimension k, chosen from one of the examples above. The
integral of a differential k-form w € QF over D is defined by:

/w::/ oFw.
Q Py

For the above definition to make sense, we need to define the pull-
back o*w of a differential form along a parameterization o : P, — D.
This can be done in the following implicit way, which will be made
explicit through examples.

DEerFINITION 8.7. If 0 : P, — D is a parameterized domain of
dimension k, and w A n is a wedge product of differential forms, we
define:

o (wAn) =o*(w)Ao*(n).
If f€Qis a function, we define:
oc'f=foo.

We also have the rule:
o*dw = do*w.
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ExXAMPLE 8.8. If C' is a curve parameterized by o = (z(t),y(t)) in
R2, we have:

o*dr = do*z = d(z(t)) = 2/ (t)dt.
Similarly, we obtain:
o*dy =y (t)dt.

If f is a function, we get:

o" f(t) := flx(t), y(t))-

For example, this gives:
o"(fdx) = o"(f) - o™ (dx) = f(z(t),y(t))2' (t)dL.

PROPOSITION 8.9. The line integral of a differential 1-form w =
fdx + gdy along the oriented curve C' is given by the formula:

b
/C wi= /[ RS | #ato.9() Ode -+ gl (o), o) 0.

Morally, during a change of variables (z(s,t), y(s,t)), the expression
dx N dy is multiplied by the determinant of the variable change in the
new coordinates ds A dt. The theory of differential forms is entirely
developed around this crucial point, which makes it invariant under
a change of coordinates. We will quickly reprove this formula with a
short calculation.

EXAMPLE 8.10. If S is a surface parameterized by o = (z(s, t), y(s, t), z(s, t)),
we can compute the pullback of the 2-form dx A dy on the parameter
rectangle (s,t) as follows:

o*(dz A dy) = o*(dz) A o*(dy)
=do*(xz) Ndo*(y)
= dz(s,t) Ndy(s,t)

= (Gas+ Gyae) 1 (Gras + )

0s ot 0s ot
_ D(z,y)
= D(s,1) ds A dt,
with
D(z,y)

Oz O
— %2 — det <§5 3'5)
D(s,t) % ot
being the Jacobian determinant of the parameterization.

More generally, if w = fdz A dy + gdy N\ dz + hdz N\ dz is a 2-form
on R3 and o = (x(s,t),y(s,t),2(s,t)) is a parameterized surface, we
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obtain for o*w the differential form on the rectangle [a, b] x [c, d] given
by:
c'w=0"f-0"(dx Ndy)+c*g-c*(dy Ndz) + c"h-o"(dz A dx)
D(x D(y, z D(z,x
foo- D((s’,?)) +goo- D<(Z,,t)) +hoo- D((s,,t))} ds N\ dt.
PRrROPOSITION 8.11. The integral of a differential 2-form
w = fdxr Ndy + gdy A dz + hdz N\ dz

over an oriented surface S parameterized by o : Py : [a,b] X [¢,d] — R3

s given by the formula:
D D
?—i—goaﬂ—i—hoa (Z’x)]ds/\dt.

L=, {f ° "l;é’, ) D(s,1) D(s. 1

It can be shown by a calculation similar to the previous ones that if
V is an oriented volume parameterized by o : [a,b] x [c, d] X [e, f] — R3,
we have:

. _ D(z,y,2)
o*(dx Ndy Ndz) = D(s,t,u)dS/\dt/\du’
with s 0w 9
D yz) _ g (8 8 8
D(s,t, u) b 8L B
ds Ot Ou

being the Jacobian determinant of the parameterization.

PROPOSITION 8.12. The integral of a differential 3-form w = fdx A
dyNdz over a volume V' parameterized by o : Py = [a, b] X [c,d] x[e, f] —
R3 is given by the formula:

D(z,y, 2)

7y7"7’
w = s, t,u)————=ds A dt A du.
/V Ps3 f( )D(S>t7u)






CHAPTER 3

Vector bundles

1. Basic definitions and properties

Let E, be a vector space of dimension r for any p € M. Let
E = U,ea Ep- Denote by 7 : ' — M the canonical projection which
sends v € E, to p, and ¢ : M — E the inclusion p — 0 € E,.

DEFINITION 1.1. We say that £ — M is a vector bundle of rank r if

for each p € M there are charts (U, ¢) around p and (U, ¢) around ¢(p),
with U = 7~1(U), such that ¢ restricts to vector space isomorphisms

E,=7""p) = ¢(p) x R" = R"

for all p € M. One calls F the total space and M the base of the vector
bundle.

The vector bundle charts may be pictured in terms of a diagram,

E;U—iwmxw
M>U—2 o)

ExaMpPLE 1.2. Let M = P", and consider the line bundle 7" on P"
such that its fiber T, over p € P" is the line [, in R™*! defined p, i.e.

7= I
[

llepn

It is a line bundle (a vector bundle of rank 1) over P". Indeed, let
(O;, ¢;) be one of the charts given in Example and let p; : R**! —
R be the projection onto the i coordinate. Then for any [I] € O;, the
restriction of p; to [ gives an isomorphism [ — R. Let ¢ O; =
7 10;) = R" x R given by ¢(p,t) = (¢(p), pi(t)) where t € I,,.

THEOREM 1.3. The union TM = J _,,T,M — M is a vector
bundle over M of rank d = dim M .

PROOF. Let (U, ¢) be a chart on M. Recall that
Ty¢ : T,U = T,M — Typd(U) = R?

33

peEM
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is an isomorphism. Now, the pair (TU,T'¢) is a chart on TM. More-
over, the composition

T o (T0)™" =Ty (oo™,
which shows that this composition is smooth. U

EXAMPLE 1.4. Let M be the circle S'; it can be written as the
quotient

St=1/~, whereI=10,1], 0~ 1.
Let V' be the infinite Mbius band:
V=(IxR)/~, where (0,v) ~(1,—v) Vv eR.

Then, the projection m : V' — S' onto the first coordinate is well-
defined and is a real line bundle (i.e., rank-one bundle) over S*.

ExAMPLE 1.5. The real projective space of dimension n, denoted
RP", is the space of real one-dimensional subspaces of R"™! (or lines
through the origin in R"!) in the natural quotient topology. In other
words, a one-dimensional subspace of R™™! is determined by a nonzero
vector in R"™! i.e., an element of R"™ — {0}. Two such vectors deter-
mine the same one-dimensional subspace in R**! and the same element
of RP" if and only if they differ by a non-zero scalar.

Thus, as sets

RP" = (R™"! — {0})/R* = (R™ — {0})/ ~,
where
R*=R - {0}, c-v=cveR"™ {0}, VceR"

v € R — {0}, v~ cv Ve € R,

Alternatively, a one-dimensional subspace of R™™! is determined
by a unit vector in R, ie., an element of S®. Two such vectors
determine the same element of RP" if and only if they differ by a non-
zero scalar, which in this case must necessarily be +1.

Thus, as sets

RP" = S"/Zy = S"/ ~,
where
Zo={£1}, cv=cveS"Ve€Zy, veES" vr~cvVe€ Ly veSm.
Thus, as sets,

RP" = (R — {0})/R* = S/ Z,.
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It follows that RP" has two natural quotient topologies; these two
topologies are the same, however. The space RP" has a natural smooth
structure, induced from that of R™** — {0} and S™. Let

Yo = {(l,v) € RP" x R"" : v € (}.

The projection
Ty, — RP"

defines a smooth real line bundle. The fiber over a point ¢ € RP" is
the one-dimensional subspace ¢ of R™™!! For this reason, -, is called
the tautological line bundle over RP".

Note that RP' = S' and v; — S is the infinite Mbius strip.

2. Sections and homomorphisms

If #:V — M is a vector bundle (real or complex), a section of 7
or V is a smooth map s : M — V such that mos = idyy, i.e., s(z) € V,
for all z € M. If s is a section, then s(M) is an embedded submanifold
of V: the injectivity of s and ds is immediate from 7 o s = id,;, while
the embedding property follows from the continuity of 7.

Every fiber V,, of V is a vector space and thus has a distinguished
element, the zero-vector in V,, which we denote by 0,. It follows that
every vector bundle admits a section:

so(x) = (x,0,) € V.

This map is smooth, since on a trivialization of V' over an open subset
U of M it is given by the inclusion of U as U x {0} into U x R* or
U x C*. Thus, M can be thought of as sitting inside of V' as the zero
section; it is a deformation retract of V.

DEFINITION 2.1. (1) Suppose 7 :V — M and n’ : V! — N are
real (or complex) vector bundles. A smooth map f:V — V’
is a wvector bundle homomorphism if f descends to a map f :
M — N, i.e., the diagram

v L v
Tl 7
M LN

commutes, and the restriction f : V, — Vjﬁ(z) is linear (or C-

linear, respectively) for all x € M.
(2) If 7 :V — M and ' : V! — M are vector bundles, a vector
bundle homomorphism f : V' — V' is an isomorphism of vector
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bundles if ' o f = 7, i.e., the diagram

v Loy
T 3’
M = M

commutes, and f is a diffeomorphism (or equivalently, its re-
striction to each fiber is an isomorphism of vector spaces). If
such an isomorphism exists, then V' and V' are said to be iso-
morphic vector bundles.

Note that the two conditions above on f are equivalent due to the
local structures of V' and V.

PROPOSITION 2.2. Ifm : V. — M s a real (or complezx) vector
bundle of rank k, V' is isomorphic to the trivial real (or complez) vector
bundle of rank k over M if and only if V admits k sections sy, ..., Sk
such that the vectors s1(x), ..., sk(x) are linearly independent (over C,
respectively) in V, for all x € M.

Proor. We consider the real case; the proof in the complex case
is nearly identical.

(1)

(2)

Suppose h : M x R¥ — V is an isomorphism of vector bundles
over M. Let eq,..., e, be the standard coordinate vectors in
R¥. Define sections s, ..., s; of V over M by

si(x) =h(x,e) Yli=1,...,k, v € M.

Since the maps z +— (z,¢;) are sections of M x R* over M and
h is a bundle homomorphism, the maps s; are sections of V.
Since the vectors (x, ¢;) are linearly independent in x x R* and
h is an isomorphism on every fiber, the vectors s (z), ..., sk(x)
are linearly independent in V, for all x € M, as needed.

Suppose s1, . . ., S are sections of V' such that the vectors s;(z), . ..

are linearly independent in V, for all x € M. Define the map

h:MxRF =V by h(z,c,...,c) =crs1(x) 4+ ...+ crse(z) € V.

Since the sections si,...,s; and the vector space operations
on V are smooth, the map h is smooth. It is immediate that
7(h(z,c)) = z and the restriction of h to x x RF is linear;
thus, h is a vector bundle homomorphism. Since the vectors
s1(x),...,sk(z) are linearly independent in V., the homomor-
phism h is injective and thus an isomorphism on every fiber.
We conclude that h is an isomorphism between vector bundles
over M.

) Sk(x)
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CHAPTER 4

Riemannian manifolds

The Riemannian manifold is the essential object studied in Rie-
mannian geometry. It is a variety on which it is possible to perform
length calculations. Technically, a Riemannian manifold is a differen-
tial manifold endowed with an additional structure called a Riemannian
metric allowing to calculate the scalar product of two vectors tangent
to the manifold at the same point.

Let M be a smooth manifold. A (’;)—tensor field on M is section

of the tensor bundle T*M = ILeyTF(T,M). A (})—tensor field is a

vector field and a (g)—tensor field which is alternating is k—form.

A Riemannian metric on an abstract manifold M is a 2—tensor field
g € T*(M) that is symmetric (i.e., g(X,Y) = g(Y, X)) and positive
definite (i.e., (X, X) > 0 if X # 0). A Riemannian metric thus deter-
mines an inner product on each tangent space 7,,M, which is typically
written (X,Y) = g(X,Y) for X,Y € T,M. A manifold together with
a given Riemannian metric is called a Riemannian manifold.

LEMMA 0.1. Every smooth manifold can be given a Riemannian
metric.

PRrROOF. Consider a partition of unity {f,}acr. Let {(Ui, ¢:)} be a
atlas on M. Then define

9= fat"gi,
where g; is the canonical metric on ¢;(U;). O

Given a Riemannian metric g on M, we define the length or norm of
a tangent vector at p, as in the Euclidean case, by | X|, = 1/¢,(X, X).
We define the angle between two nonzero vectors X,Y € T,M to be
the unique 0 € [0, 7] satisfying cos = ¢,(X,Y) /(| X|,|Y],)-

Given a smooth curve 7 : [a,b] — M. For any t € [a,b], we have
a tangent vector 7/(t) € T,uM. So get a nonnegative continuous
function on [a, b] given by ¢ — |7(t)|,«) (one should assume that g is
continuous). So we define the length of the curve v to be the integral

39
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b
_ / I (1) oyt

Assume now that M is connected. Note that since M is locally
homeomorphic to an open of RY, then it is locally path connected, and

so it is path connected since it is connected.
Define

of this function

d(p,q) = inf { L (7)|7 is a pieacewise C"' curve connecting p and ¢} .
PROPOSITION 0.2. d is a metric on M.

Let (M, g) be a Riemannian manifold. If (U, = (2!,...,2")) is
a chart of M, a local expression for g can be given as follows. Let
{%, o axn} be the coordinate vector fields, and let {dxz',..., dz"}
be the dual 1-forms. For p € U and u,v € T,M, we write

and

Then, by bilinearity,

o) = v (57 57) = S outohi’

where we have set
(p) = i i
g’L] p - gp 63:1'7 a:v] .

Note that g;; = g;;. Hence we can write

g= Zgij de' @ da? = Zgzj dz' da?

i,J 1<J

where g;; = gi;, and Gij =
Next, let (Uy, @0 = (x
UNUy # 0. Then

2g;; if @ < .
0y- -, 7)) be another chart of M such that
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so the relation between the local expressions of g with respect to (U, ¢)
and (Up, @) is given by

o 0 Z oxk 833
Jiojo = 8:6’ ’ o) ozt Ox

ExXAMPLE 0.3. The canonical Euclidean metric is expressed in Carte-
sian coordinates by

g = da* + dy*.
Changing to polar coordinates x = rcos#, y = rsinf yields that

dx = cosfdr — rsinfdf

and

dy =sinfdr + rcosf db.

Thus, we have
g = da* + dy?

= (0052 0 dr® + r?sin? 0 df? — 2r sin 0 cos 6 dr d@)
+ (s.in2 0 dr? + r? cos® 0 df? + 2r sin @ cos 6 dr dﬁ)

= dr? 4+ r?d#>.

Let (M, g) and (M’, ¢') be Riemannian manifolds. An isometry be-
tween (M, g) and (M’,¢') is a diffeomorphism f : M — M’ whose dif-
ferential is a linear isometry between the corresponding tangent spaces,
namely,

gp(u,v) = g}(p)<dfp(u>7 dfp(v)),

for every p € M and w,v € T,M. We say that (M, g) and (M',¢’)
are isometric Riemannian manifolds if there exists an isometry between
them. This completes the definition of the category of Riemannian
manifolds and isometric maps.

Note that the set of all isometries of a Riemannian manifold (M, g)
forms a group, called the isometry group of (M, g), with respect to
the operation of composition of mappings, which we will denote by
Isom(M, g).

Here we quote without proof the following important theorem:
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THEOREM 0.4. The isometry group of a Riemannian manifold has
the structure of a Lie group with respect to the compact-open topology.
Its isotropy subgroup at an arbitrary fixed point is compact.

A local isometry from (M, g) into (M',¢') is a smooth map f :
M — M’ satisfying the condition that every point p € M admits a
neighborhood U such that the restriction of f to U is an isometry onto
its image. In particular, f is a local diffeomorphism.

ExAMPLE 0.5 (The Euclidean Space). The Euclidean space is R™
equipped with its standard scalar product. The essential feature of R™
as a smooth manifold is that, since it is the model space for finite-
dimensional smooth manifolds, it admits a global chart given by the
identity map. Of course, the identity map establishes canonical iso-
morphisms of the tangent spaces of R" at each of its points with R”
itself.

Therefore, an arbitrary Riemannian metric in R” can be viewed
as a smooth family of inner products in R™. In particular, by taking
the constant family given by the standard scalar product, we get the
canonical Riemannian structure in R™. In this book, unless explicitly
stated, we will always use its canonical metric when referring to R" as
a Riemannian manifold.

If (z',...,2") denote the standard coordinates on R", then it is
readily seen that the local expression of the canonical metric is

(5) dr}+ -+ + dz2.

More generally, if a Riemannian manifold (M, g) admits local coor-
dinates such that the local expression of ¢ is as in (1.3.1), then (M, g)
is called flat and g is called a flat metric on M. Note that, if ¢g is a
flat metric on M, then the coordinates used to express g as in im-
mediately define a local isometry between (M, g) and Euclidean space
R™.



CHAPTER 5

Exercises

EXERCISE 0.1.
Prove that the collection A = {(¢4, Us)} given in Example (1.7)) is
an atlas on S™.

EXERCISE 0.2.
Assume that W C R™ and V' C R" are open non-empty sets, and
let f: R™ — R" be a continuous map. Denote by M the graph of f,
i.e.
M =A{(z,y)ly = f(x)}.
Let U = (W x V)N M and let ¢(z,y) = = be the projection of U onto
W. Show that the pair (¢, U) is a chart on M.

EXERCISE 0.3. Consider the cylinder C = {(z,y,2) € R |2 +¢* =
1} C R3 with the induced topology, and let ¢; : R? — C and ¢, : R? —
C given by
1—u? 2u
I+u?’ 1+u?
u?—1 —2u
1+u2’ 1+u?’
Denote by V; the image of ¢; (for i = 1,2).

pr(u,v) = ( v).

wa(u,v) = ( v).

(1) Show that ¢, is injective.
(2) Is ¢y surjective? Justify your answer.
(3) Describe precisely V; the image of o1, and deduce that it is an
open in C.
(4) Deduce that ¢, : R* — V; is bijective.
(5) Show that the map ¢;' : V; — R? given by
Y

(@y:2) = (12

is the inverse map of ;.
< Use the fact that §2 + y? 1—_1m>

which induces =
14 x)? 1+

(6) Show that ¢; : R? — V} is a homeomorphism and deduce that
(o1t V1) is a chart on C.
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(7) Prove that the collection A = {(p7", V1), (3, Va)} is an atlas
on C (we admit that (¢, V3) is a chart).
(8) Deduce that C is an abstract manifold. What is its dimension?

EXERCISE 0.4. Let 7" = S! x --- x S! be the real n-torus. Let
O={(x1, -+ ,2,) € T"Vi:z; #(1,0)}.
(1) Show that O is open in T™ with respect to the induced topology
of R?",
(2) Show that the map (z1, -+ ,z,) — (¢(z1), -+, ¢(z,)) is a bi-
jection : O — R™, where ¢(a,b) = -2

l1—a

(3) Show that (¢, O) is a chart on 7™.

EXERCISE 0.5. Consider the projective space P" given in Example
(1.11). Show that the collection of pairs (¢;, O;), fori =1,...,n+1,
is an atlas on P".

EXERCISE 0.6. Let P! be the real projective line, and S* the unit
circle in R?. Consider the relation x on S! given by

V4 W < UV=WOruv=—uw.

(1) Determine the equivalence class of v € S*.

(2) For any v = (z,y) € R? \ 0, show that there are exactly two
real numbers \; and A, such that A\jv and \v are in ST ()
and Ay must be determined).

(3) Deduce a map ¢ : P! — S!/x and show that it is bijective.

Consider now the circle S as a subset of C via the natural identification
R? 2 C. Let ¢ : S'/x — S* be the map given by ¢([z]) = 22, where [2]
is the equivalence class of z modulo *.

(4) Show that ¢ is well defined and bijective.

(5) Deduce that P! is bijective to S*.

EXERCISE 0.7. Consider the subset T = {(x,y,2) € R? |(\/2% + y?—
2)2+22 = 1} C R?® with the induced topology, and let f : S'x ST — R3
the map given by given by

f((a,b),(c,d)) = ((c+2)a, (c+2)b,d)

(1) Show that f is injective.

(2) Show that Im(f) = 7 and deduce that f : S' x S — T is
smooth diffeomorphism.

(3) Define an atlas on S*.

(4) Deduce an atlas on T .

(5) What is the dimension of 7.
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EXERCISE 0.8. If f € C*(M) is a constant function and D is a
derivation at a point p € M, then D(f) = 0.

EXERCISE 0.9. Let M = S? be the unit sphere. Determine the
tangent space. Give an example of a vector field X and an integral
curve for this X.

EXERCISE 0.10. Let M = S? be the unit sphere. Find the direc-
tional derivative at p = (0, 1,0) in the following cases : X = (2,1,0),
Y =(1,-1,2) and Z = (0,1,1).

EXERCISE 0.11 (Bump function). Prove that there exists a smooth
function ¢ : R™ — R with value in [0, 1] such that p(z) = 1if ||z|| < r
and p(z) = 0 if [|z[| > s, where 0 <1 <.

EXERCISE 0.12. If two functions f, g € C*°(M) coincide on a neigh-
borhood U of p € M and D is a derivation at p then D(f) = D(g).

EXERCISE 0.13. Show that the universal embedding of an abstract
manifold M in D(M) is injective.

EXERCISE 0.14. Show that for any two vector fields X an Y | we
have

Lx Oly = Lly Olx.

EXERCISE 0.15. Let U C R? be a non empty open subset, and
consider the vector field X = xzy% and the 2—form w = zdx A dy +
xdy A dz.

(1) Compute @ := dw.

(2) Compute tx@.

(3) Is @ exact ? Is it closed? Justify your answer.

EXERCISE 0.16. Show that S™ is orientable.

EXERCISE 0.17. Let M = P", and consider the line bundle 7" on P"
such that its fiber T, over p € P™ is the line [, in R™** defined p, i.e.

7= b
[l]ePn
Show that 7" is a line bundle (a vector bundle of rank 1) over P".
1. Solutions

SOLUTION 1.1. Application exercise.

SOLUTION 1.2. It is enough to show that ¢ is a homeomorphism
(its inverse is given by ¢~ (z) = (z, f(x))).
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SOLUTION 1.3.
(1) Let (up,v1), (ug,v2) € R? s.it. o1(ug,v1) = @1(ug,v2), then

1— 'LL% 1— u% 2u1 2U2

= 5 = and v; = vy. The first
1+ u? 1—|—u 1—i—u% 1+ u} ! ?
one implies u} = w3, replacing this in the second one we get

U1 = Ug.

(2) No, because (—1,0,v) doesn’t belong to its image, for any v.
(3) Vi = {(x,y, 2)|x # —1,2% +y* = 1}. So geometrically, it is the

cylinder deprived of the line with equations x = —1, y = 0.
Since this line is closed, V; is open.

(4) By equation (1), ¢y is injective, and by definition of Vj, ¢y is

surjective on Vi. So it is bijective.

(5) We have for all (u,v) € R? and all (x,y,2) € V; :

_ o1 —u? 2u
o1 o pr(u,v) = o7 (——

v)

T+u2' 1+u2
2u
= (H—?QUQ/U) = (U,U).
1—i_1—&—u2

and

-1 i
propy (x,y,2) = 901(1 e

1) 2(i)
-G T Ty L)

) AL
-G Ty T ()
:(xa% )

(6) By the previous questions, ¢ is bijective. Moreover, from the

expressions of ¢, and ¢!, we see that both are continuous,
since they are given by well defined rational polynomials. Since
@07t : Vi — R? and both V; and R? are open, we deduce that
(o7t V1) is a chart on C.

One can see that V5 is the cylinder C without the line whose
equations are z = 1 and y = 0. So clearly Vi NV, = C. Now
the composition ¢ o, is given on o, ' (ViNVa) = {(u,v)|u #

0} C R? by
—2u 1
(UJU> = (H—Li,lvv) = (—,U),
L+ 14u? u

which is clearly smooth.
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(8) We have an atlas A on C, so we have a maximal atlas A, and
C is clearly Hausdorff, so (C,.A) is an abstract manifold. Its is
dimension is 2.

SOLUTION 1.4. (1) Let N = (1,0). Then O = (RZ~ N)"NT™.
So it is open.

(2) Tt is sufficient to show that ¢ : S* \ N — R is bijective.

(3) From the formula of ¢ and ¢!, we see that they are continuous.

SOLUTION 1.5. We have
Gt iR = Oy, (w1, xp) [Ty Ly,
where 1 is in i*" position. Hence ¢; 0 ¢; ' : R* \ {z; # 0} — R”

pj ot (zr, o, x) = (w1 )xg, . g, )2y,

which is smooth.

SOLUTION 1.6.

(1) v ={v, —v}

(2) A\ = m — )y, clearly | Ao =] dav = 1.

(3) given [z : y] € P', define ¢([z : y]) = A\v, where v = (z,y).
Clearly this is well defined. In fact, geometrically, it sends a
line ! through the origin in R? to the class given by the two
points [ N S, this is a bijective correspondence.

(4) Since z = {z, —z}, we see that ¢([z]) = 22 = (—2)? = ¢([—2]),
so ¢ is well defined. Now, since C is algebraically closed, ¢ is
surjective. If ¢(w) = ¢(z), then w? = 22, so w = +z, hence
[w] = [z], hence ¢ is injective, so it is bijective.

(5) The map ¢ o ¢ : P! — S! is the required bijection.

SOLUTION 1.7.

(1) Easy computation.

(2) Easy.

(3) Ay: {(Uy,¢4),(U_,¢_)}, where Uy = S*\{(£1,0)}, ¢+ (z,y) =

1+
(4) An atlas on T is given by {(Ux x Uy, ¢4 X ¢+)} which contains

four charts.
(5) For example ¢, x ¢, : Uy x Uy — R? so dim T = 2.

SOLUTION 1.8. Because of linearity, it is enough to show that
D(1) = 0, where 1 is the constant 1 function on M. This comes from

D(1) = D(1-1) = D(1)1(p) + L(p) D(1) = 2D(1).
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SOLUTION 1.9. The tangent space at p = (a,b,c) € S? is the plan
of R? whose normal vector is (a,b,c). Thus 7,5? has equation ar +
by + cz = 0. Let X be the map S? — R3 given by X(p) = (—b,a,0).
Clearly X is a vector field and an integral curve for X is given by
0,27] 5 t > (cost,sint,0) € S2.

SoLUTION 1.10. The directional derivative Dy is defined by Dy :
C>(5?) — R as

w5 Loy =2+ L.

SOLUTION 1.11. The function ¢ : R — R which equals ¢(z) =
e V7 if £ > 0 and 0 otherwise, is a smooth function. Define
) - s =)
(s = llzl) + ¢(z] —r)

SOLUTION 1.12. We can define a smooth function h on M which
is zero outside U and such that h(p) = 1. In this case h(f — g) is the
constant 0 function on M. Thus we have

0= D(0) = D(h(f—g)) = D(h)(f(p)—9(p))+h(p)D(f—g) = D(f)—D(g).

SOLUTION 1.13. Use the bump function to show that the universal
embedding of an abstract manifold M in D(M) is injective.

Dx(f) = dpf(X) = (

SOLUTION 1.14. We have w(X,Y,--+) = —w(Y, X,---). this im-
plies the result.

SOLUTION 1.15.

(1) o =dzAdz Ady +dz Ady Adz =2dx Ady Adz.

(2) 1xw0(Y, Z2) =0(X,Y, Z) = 2dx(X)dy(Y)dz(Z)—2dx(X)dy(Z)dz(Y) =
222y (dy(Y)dz(Z) — dy(Z)dz(Y)), So tx& = 2z*ydy A dz.

(3) By definition, @ = dw, so it is exact. It is closed, since it is
three form on three dimensional space.

SOLUTION 1.16. Consider the atlas with the two charts (Uy, ¢4 )
and (U_, ¢_), given by stereographic projections. (see Example [1.7).
Here

¢_ . (U+ N U_> = ¢+(U+ N U_) = Rn AN {O}
The entries of the Jacobian matrix of ¢_ o qurl at x are given by

© - Tl
0a; TP~ Tl Tiall
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Its determinant is —||x||7?". Indeed, one can see that this Jacobian

matrix can be written in the form

1 ( 1
— I, — —=2' x) .
=] =]

Since xz' = ||z||?, one sees by multiplying by = from the right that x
is a simple eigenvector for this matrix with eigenvalue —1/||z||?, and if
Y1, - ,Yn_1 are a basis for the orthogonal subspace {x}* of x, then by
multiplying the Jacobian by y;, we see that they are eigenvector with
eigenvalue 1/||z|>. Since the determinant is the multiplication of the
eigenvalues, the result follows.

Now the atlas { (U, ¢4), (U_,»_)}, where
9237(«750, U 7$n) = (

has a determinant ||z|| 72" > 0.

—T ) Tp )
]_:tZEO?lﬂ:(L’O? 7].:|:I07

SOLUTION 1.17.

Let (O;, ¢;) be one of the charts given in Example [L.11] and let
p; : R™1 — R be the projection onto the i*" coordinate. Then for any
[l] € Oy, the restriction of p; to [ gives an isomorphism [ — R. Now
take ¢ : O; := 77 1(0;) — R™ x R given by ¢(p,t) = (¢(p), ps(t)) where
t € l,. This gives a local trivialization.
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