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Abstract

In this thesis, we study the existence and uniqueness of solutions for initial and
boundary value problems of impulsive fractional differential equations involving the
Caputo-Hadamard fractional derivative.Our results are based on the Banach contrac-
tion principle, Schaefer fixed point theorem, nonlinear alternative of Leray-Schauder
and the Monch’s fixed point theorem combined with the technique of measures of
noncompactness. Finally, we presented examples to illustrate of our results.

Keywords: Fractional differential equations, Caputo-Hadamard fractional deriva-
tive , impulsive conditions, integral conditions, Measure of noncompactness, existence
and uniqueness, fixed point theorems, Banach space.
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Résumé

Dans cette thése, on a étudié 'existence et I'unicité des solutions pour les prob-
lémes da valeur initiale et aux limites concernant les équations différentielles frac-
tionnaires impulsives avec la dérivée Caputo-Hadamard. Nos révsultats ont basée
sur le principe de contraction de Banach, le théoréme de point fixe de Schaefer,
I’alternative non linéaire de t Leray-Schauder est le théoréme a point fixe du Mdnch
combiné avec la technique de mesures de non-composidité. Nous avons fourni des
exemples illustrative de nos résultats.

Mots clés: Equation différentiales fractionaires , dérivée fractionnaire de Hadamard-
Caputo, impulsives, conditions intégrales, meusure de non compacité, existence and
unicité, théorémes de point fixe, espace de Banach.
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List of Symbols

We use the following notations this thesis.

Acronyms

FC: Fractional Calculus.

FDE: Fractional Differential Equation.

FD: Fractional Derivative.

FI: Fractional Integral.

IVP: Initial Value Problem.

BVP: Boundary Value Problem.

MNC: Measure of Non-Compactness.

Notation

N: Set of natural numbers.

N*: Set of natural numbers with nonzero.
R: Set of real numbers.

R*: Set of positive real numbers.

C: Set of complex numbers.

R(v): Areal part of a complex number v.
0: Dirac Delta Function.

['(-): Gamma Function.

B(-,-): Beta Function.
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€ : Belongs .
sup: Supremum.
max: Maximum.

convA: The closed convex hull of a set A.

X : Banach Spaces.

I, ]| : Norm in the spaces x.

C'(J, x): Space of all continuous functions in J.

C™(J,x): Space of n time continuously. differentiable functions in J.
AC(J, x): Space of absolutely continuous functions in .J.

L'(J, R): Space of Lebesgue integrable functions in J.

L'(J,x): Space of Bochner -integrable functions in .J.

LP(J, x): Space of measurable functions z

pace of measurable functions z, for any 1 < p < o0.
L>(J, R): Space of functions z that are essentially bounded in J .
I"U: Riemann-Liouville fractional integral of order R(v) > 0.
gI"¥: Hadamard fractional integral of order R(v) > 0.
ELD"¥: Riemann-Liouville fractional derivative of orde R(v) > 0.
“D"W¥ : Caputo fractional derivative of orde R(v) > 0.
HD"W: Hadamard fractional derivative of orde () > 0.

CD": Caputo-Hadamard fractional derivative of orde R(v) > 0.
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Introduction

Fractional calculus is a branch of mathematics which examines how use the con-
cepts of ordinary derivation and integration to an arbitrary real or even complex
order. Its inception dates back to the end of the 17 th century [38], when Newton
and Liebniz created the fundamentals of differential and integral calculus. In 1695
Gottfried Leibniz announced the key question can the meaning of derivatives with
integer order be applied to derivatives with non-integer order 7 On Septembegq]?)(g,

1695, the Hospital questioned Leibniz in a letter to L’hopital what significance o

may have if n were the fraction %

The notion of fractional Calculus provides a useful instrument in applied mathe-
matics for studying a wide range of problems in mathematical modeling of systems,
control theory, chemistry, viscoelasticity, rheology, physics, biology, see, for example
[52]-[60]. There has been significant progress in ordinary and partial differential equa-
tions involving both Riemann-Liouville and Caputo fractional derivatives, as shown
in (|26, 23] 24]), and [25], where the Caputo derivative is very useful in many prob-
lems because it satisfies its initial data. An other fractional derivative that appears
beside Riemann Liouville and Caputo derivatives in the literature is the Hadamard
fractional derivative, which was introduced in 1892 [3I]. This derivative differs from
the Riemann-Liouville derivative, but both approaches have drawbacks, one of which
is that the derivative of a constant is not equal to zero, and it differs from the Caputo
derivative in two ways: first, its kernel contains a logarithmic function of arbitrary
exponent, and second, the Hadamard derivative of a constant does not equal zero.
The reader can find detailed and properties of Hadamard fractional derivative and
integral in [49] 50, [47].

The Caputo-Hadamard approach was proposed by Jarad in 2012 [20], and its
formula is obtained by permuting the integration operator and that of the Hadamard
derivation.The difference between the Caputo-Hadamard approach and the Hadamard
approach is that in the first definition, the derivative of a constant is zero. The most
significant advantage of the Caputo-Hadamard derivation is that it can be applied to
systems with any initial conditions, as opposed to the Hadamard derivation, which
requires the presence of the zero initial condition at point one.
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Fractional differential equations appear in a variety of fields, including math-
ematics, bioengineering, chemical, physical, biological, and engineering, and have
thus emerged as an important area of study in recent decades; see the monographs
of Atangana [2], Kilbas et al. [3], Podlubny [29], and Zhou [6I], as well as the
references therein.

The theory of impulsive differential equations, on the other hand, has advanced
rapidly over time and has played a significant role in modern applied mathematical
models of real processes emerging in phenomena in physics, population dynamics,
chemical technology, biotechnology, and economics. Some researchers have concen-
trated on impulsive differential equations with Hadamard and Caputo-Hadamard
derivatives (see [58, [7, [IT], 8, 48] and the references therein)

Differential equations with delays are a particular class of functional differential
equations that are used in a wide range of biological and physical applications. These
equations typically need us to deal with variable or state-dependent delays. Recently,
the study of functional differential equations with state dependent delay has received
a lot of attention due to its frequent and important applications in the mathematical
modeling of a variety of several real of problems, have provided uniqueness and exis-
tence of solutions findings for different problems for finite and infinite delay applying
some fixed point theorems see for instance the monographs by Baghli and Benchohra
(alt |12, 144] [13]).

Fixed point theory gives the tools needed to prove existence theorems for a many
range of nonlinear problems.Fixed point theorems are often dependent on certain
properties (such as complete continuity, monotonous, contraction, ...) that the ap-
plication in question must place the theory itself is a lovely blend of analysis, topology,
and geometry. The theory of fixed points has been revealed as a highly strong and
significant instrument in the study of modern mathematics over the last 80 years or
so. Fixed point approaches, in particular, have been used in domains as diverse as
economics, engineering, game theory, biology and chemistry etc. Fixed point theory
is significant in functional analysis, approximation theory, differential equations, and
applications such as boundary value problem. The well-known fixed point theorems
are Banach’s theorem, the nonlinear alternative of Leary-Schauder and Schaefer’s
theorem. Fixed point theory like, Monch’s fixed point theorem combined with Ku-
ratowski’s noncompactness measure. In this approach was primarily introduced in
Banas and Goebel’s monograph [32], and it has ago been developed and applied in
numerous articles. For examples, see Banas and Sadarangani33],Guo et al. [16],
Lakshmikantham and Leela [59], Monch [21], and Szufla [54]. The authors recently
extended the measure of noncompactness to various classes of fractional differential
equations in Banach spaces in [57, [15] 411, [42] [43].

This thesis, which discusses the existence of solutions for different classes of im-
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pulsive differential equations with fractional orders, are divided into an introduction
and four chapters:

In Chapter 1, we give some notations and definitions of fractional calculus,
measures of noncompactness, some fixed point theorems and the concept of solutions
for impulsive differential equations in the fractional case. In the first section of this
chapter we give some notations and essential properties of functional analysis. In the
second section, main properties of measures of noncompactness. The third section,
we recall some fixed point theorems. The fourth part is devoted to the concepts of
fractional calculus and some fractional differential properties that are important to
this thesis. In the last section we give a brief description of (IDE), then we present
the two approaches considered in the literature concerning the concept of solutions
for (IDE) in the fractional case.

In Chapter 2, we establish some existence results for two kinds of initial value
problems for impulsive fractional differential equations of the Caputo-Hadamard

type.
In the first part, we discuss the following problem:

GDV2(6) = V(E 2), £€J=[aT,{#E a>0,
Az |§:§n: ]K(Z(§;>)’ §=&, r=1,.,w, (Pl)
2(5) :@(5)7 56 (a_7—>a]>

where § D" is the Caputo-Hadamard fractional derivative of order 0 < v < 1,
a>0,k=1,...,w.
We start by studying (P1) when ¥, [, and ¢ are real valued functions, where we
prove some existence results using Banach, Schaefer and Leary-Schauder’s fixed point
theorems. Then we treat (P1) in a general Banach space by means of Monch’s fixed
point theorem and Kuratowski’s measure of non-compactness.

In the second part of this chapter, we deal with the following impulsive fractional
neutral problem:

G0V [2(6) =g (& 2] =V (E %), &€[aT],# &,
Az |§:§n: I (Z<€;))7 fzg,{, k=1,.,w, (P2)
Z(g)zcb(g)? §E (a_T7a]7

Our results are based on some classical fixed point theorems. All our theoretical
results are illustrated by numerical examples.

In chapter 3, we look at the existence and uniqueness of solutions for a classes of
functional impulsive fractional differential equations with Caputo-Hadamard deriva-
tive.Here results are discussed, the based on fixed point theorems of the Banach,
Schaufer and Leary-Schauder.
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In section 3.2, we are interested in the existence and uniqueness of solutions for
the following initial value problem :

GD2(8) = W(E %), ¢

Az feg,= 1u(2(87)), €=¢&, w=1,.,w,
A Jeme,=Ta(2(6)), €=6 m=1,.,w,
2(§) = @), fe(a—ma], Y(a) =1,

where G D" is the Caputo-Hadamard fractional derivative of order 1 < v < 2,
a>0,V:JxC, - R,~v € R are given continuous functions, ® € C([a — 7,a], R)
and I, I, € C(R,R), k = 1,2,...,w,a =& < & < ... < & < &up1 = T. For any
continuous functions z defined on J = J\ {&1, ..., &}, Azleme, = 2(£5) — 2(€;) and
A |eee, = 2/(6F) — 2/(&,) , 2(&§F), 2(&,) represent the right and the left limits of
Z(f) at 5 = gn-

€J=1[aT{# &,

(P3)

in section 3.3, we present the existence and uniqueness of solutions to the
boundary boundary value problem for impulsive fractional differential equations with
integral conditions of the following form :

GDY2(6) = U(E, %), EeJ=1[aT], £#E&,

Az Jeme, = 1(2(87)), =&, r=1,.,w,

Az |eme, = 1a(2(87)), =& w=1,. w,

A =9,  ela—7al, (T)= [, h(s, 2(s))ds,

where W, ® and I, I, are as in problem (P3), and / : J* R — R are given
continuous functions.

Finally, we will conclude our thesis with a conclusion of our findings as well as a
bibliography based on this work

(P4)




Chapter 1

Preliminaries

In this chapter, we give some notations and definitions and som of the basic
properties for measures of noncompactness, some fixed point theorems and we recall
some properties of fractional calculus and refer the reader to [I], 27, 46, 29].

1.1 Some Functional Analysis Results

In this section, we present certain fundamental suitable function spaces which are
very important for the study of impulsive differential equations [3].

Let J=1[a,T], (0 <a<T< +00) be a bounded interval in R.

By (x,]|.||) the Banach space.

1.1.1 Space of Integral Functions

Denote by L'(J, R) the Banach space of functions z Lebesgues integrable with the
norm

19, = / (€] de.

while LT (J, R) denote the space of Lebesgue integrable functions on J where |z|P
belongs to L'(J, R), endowed with the norm

[l = (/ |‘If(§)|pdf)p, | <p<oo

* In particular, if p = 1, then L'(J, R) is the space of equivalence classes of
measurable integrable functions in J provided with the norm

1wl = [ ol de




1.1. SOME FUNCTIONAL ANALYSIS RESULTS

*if p = oo, let L>°(J, R) be the space of measurable functions W bounded almost
every where (p.p) on €2, with the norm

W] poe = inf{d > 0,[¥ ()| < d, £ € J}

Remark 1.1. Let W € L* sach that
(W) < [[¥]loo pp-for allC

Definition 1.2. A function ¥ : J — y is called strongly measurable if there exists a
sequence of simple functions (V,,) such that

lim [|¥,(£) = ¥(E)[| = 0

n—oo

for any sequence of simple functions (¥,,) then

I [ v < [ 1wienas

1.1.2 Space of Continuous Functions

e Let C™(J;x) a space of functions z : J — x where z is n time continuously
differentiable in .J,

[EdireR :—ZHZ"‘HC = maXIZ (&) ,neN.

e In particular if n = 0, C°(J; x) = C(J; x) the space of all continuous functions
U with the norm :

I2lle = max ()]

e For any continuous function z defined on [a — 7, T], £ € J, note by z¢ element
of C; := C(la—T,a], R), is defined as

ze(s) = z(E+s) ,s € [a—T,a].

Here z¢(.) represents the history of the state from time & — 7 up to &.




1.1. SOME FUNCTIONAL ANALYSIS RESULTS

1.1.3 Spaces of Absolutely Continuous Functions

An absolutely continuous function is important in differential equation theory be-
cause, even if it is not differentiable at all points, it can be recovered by integration
its derivative. It does, in fact, have this property, making it the weakest acceptable
type of solution in a discontinuous (impulsive) differential equation.

A function ¥ : J — y is said to be absolutely continuous, if for every ¢ > 0 there
exists 0 > 0 such that

n

> (e — <5;‘Z||‘1’ (e, < e,

k=1

for every finite number of nonoverlapping intervals (c;d.), & = 1,...
[e; di] C .
A function ¥ : J — x.

1- If the function ¥ is absolutely continuous on .J then it is continuous.
2- If U is absolutely continuous, then W is almost everywhere differentiable.

3

Every absolutely continuous function is the inde? nite integral of its derivative.

4- Tf W satisfies the Lipschitz condition, then it is absolutely continuous.

Definition 1.3. The space AC(J; x) consisting of functions absolutely continuous.
we denote by AC(J, x) the space of primitives of Lebesgue summable functions :

3
V() € AC() & Q) = c+ [ Bls)ds (8(6) € ')
Thus, and therefore an absolutely continuous function ¥(¢) has a summable deriva-
tive U'(£) = ®(&) almost everywhere on J, and therefore ¢ = ¥(a).

Definition 1.4. The space AC"(J, x) consists of all functions ¥(¢) which have con-
tinuous derivatives up to order (n — 1) such that W™=1(¢&) € AC(J, x):

AC™(J,x) ={VU :J— yand ¥ Y e AC(J, x),n € N*},

and
ACH(T,x) = {z: T = x; 0" 12(€) € AC(J, x) },
where 0 = ¢ d% is the Hadamard derivative.

Let AC™(J, x) the space of all those and let only those functions W(£) which can be
represented in the form

f¢-a
\11(5):/ - ds+ch £ —a) (1.1)

(n—l




1.2. MEASURE OF NON-COMPACTNESS

where ®(¢) € LY(J,x), ¢; € R, j=0,1,...,n—1, it follows from (1.1 that

Q&) =), ¢j=—, j=1,..un

1.2 Measure of Non-Compactness

We recall here some notations, concepts and properties of measure of noncompactness
MNC, for further details on the topic, we refer the reader to [9, 35, [16].

1.2.1 Some properties of measure of non-compactness

Now, let us recollect some basic information on the measure of noncompactness in
sense Kuratowski.

Definition 1.5. [9] Let x be a Banach space and 2, the bounded subsets of x. The
Kuratowski measure of noncompactness is the map p : Q, — RT defined by

p(A) =inf{e > 0: A CU;_ | A;, diam(A;) < e}, here A €,
where the diameter of A; is defined by
diam(A;) =sup{|ly — 2| ry, 2 € A;}, 7=1,...,n

The Kuratowski measure of noncompactness satisfies some properties (see [35]).

Vv 1(A) =0 < Ais compact (A is relatively compact).

v (A) = u(A).

V AL C Ay = p(Ar) < p(A).

v ou(Ar 4 As) < pl(Ar) + p(As).

v uleA) = |elp(A), c € R.

V p(convA) = u(A).
VvV (A4 c¢) = p(A), for any ce€ E.
V (A1 U Az) = max {u(Ar), n(Az)}-

Theorem 1.6. [9/
Let x be a Banach space and A a subset of x ,and let p be a non-compactness
measure Kuratowski. Then




1.3. BASIC RESULTS FROM NONLINEAR FUNCTIONAL ANALYSIS AND
FIXED POINTS THEORY

Properties 1.7. If V C C(J,x) is bounded, and equicontinuous, then convV C
C(J, x) is also bounded, and equicontinuous.

Definition 1.8. A function ¥ : J % y — x has the Carathéodory property if :
(i) & = Y(&, 2) is measurable for each z € R .
(ii) z — ¥(¢, 2) is a continuous for each £ € J,

For any V' C C(J, x) we define

/JV(S)dS = {/Jz(s)ds Lz e v} for €€,

where V(s) ={z({) e x : z€ V}.
Lemma 1.9. [I16/ Let V C C(J,x) is a bounded and equicontinuous set, then

1. the function & — p(V(€)) is a continuous in J and

(V) = sup u(V(§))

a<e<T

u({ | st - zeV}) < [ utvienas (1.2

1.2.2 Arzela-Ascoli theorem

Lemma 1.10. [16] Let A be a subset C(J, x), then A is relatively compact in C(J, x)
if and only if the following conditions hold:

1. The set A is equicontinuous if for any € > 0 there exists 6 > 0 such that

[ty —to] <0 = ||W(t) — V(ta)|| <&, foreveryti,to € Jand ¥ e A.

2. The set A is uniformly bounded if there exists M > 0 such that
V(&) <M forevery &€ J and ¥ € A.

1.3 Basic results from nonlinear functional analysis
and Fixed points theory

In this section, we give several fixed point theorems that we will use to obtain varied
results.




1.4. CONCEPTS OF FRACTIONAL CALCULUS

1.3.1 Banach fixed point theorem

Theorem 1.11. [J Let D be closed subset of a Banach space x, and F: D — D be
a strict contraction

|Fz1 — Fz|| < K||z21 — 23|, for some K € (0,1), Vz1,29 € D
Then, F' has a unique fized point.

1.3.2 Schaefers$ fixed point theorem

Theorem 1.12. [J|/ Let x be a Banach space, and F : x — x be a completely
continuous operator, if the set

e(F)={z€ x: z=AF(z2), for some X € [0,1]},

s bounded, then F has a fized point in x.

1.3.3 Leray-Schauder nonlinear alternative

Theorem 1.13. [J] Let x be a Banach space, and U a_bounded open subset of x
with 0 € U. Then, every completely continuous map F: U — x has at least one of
the following two properties:

(i) F has a fived points in U.
(ii) There exist z € OU and X € [0, 1] with z = AF(2).

1.3.4 Monch fixed point theorem

Theorem 1.14. 21/
Let D be a bounded closed and convex subset of a Banach space x such that 0 € D,
and let F be a continuous mapping of D into itself. If the implication

V =canvoF(V) or V. =FV)U{0} = uV)=0,
holds for every subset V' of D, then F has a fized point.

1.4 Concepts of Fractional Calculus

In this section, we begin by introducing some important concepts of fractional cal-
culus: fractional integral and fractional derivatives in the sens of Riemann-Liouville,
Caputo, Hadamard and Caputo- Hadamard, as well as their essential properties. For
more details, we refer the reader to [27], 29].

10



1.4. CONCEPTS OF FRACTIONAL CALCULUS

1.4.1 Special Functions

Here, we give some information on two of the most important functions that have
been found to be useful in providing solutions to the problems of fractional calculus.
The basic function is the Gamma function. This function generalizes the factorial
n!, and so allows n to take non-integer values, used in multiple differentiation and
repeated integrations. The second function is the Beta function, and then we go
through some of their properties. More details about these functions can be found

in [56, 46, 3.

Definition 1.15. For any complex number v such as R(v) > 0, the function Gamma

I'(v) is defined as:

+o0
F(u):/ e terde, v>0,
0

where ¢V~1 = e(v=1log¢,

Important properties of the Gamma function :

1.

Proof: by integrating by parts

N Ay (1.3)

Lv) = /0 o e SevTlae

]

F(V—Fl).

+00 +oo —Eev—1
} + / T e
0 0 v

2. Let n an integer, we get closer and closer as

Fv+n)=viv+1)...(v+n—1)I(v)

Proof: we know that

I'(v)

1
- 1
T+ 1)

1 1
— T 2
vv+1 (V+ )

1 1 1
vv+1lv+2

F(v+3)

11



1.4. CONCEPTS OF FRACTIONAL CALCULUS

By repeating the process n times, we get the following relation

1 1 1 1 1
r = — r .
(V) vv+1lv+2v+3 v4+n-—-1 (V+n)

Fn)=(n-1)!, n>1.

Proof: Let I'(1) = 1, and using the above property, we obtain values for
v=1,2,3,..

0(2) = 10(1) = 1!
I'(3) = 20'(2) = 2!
D(4) = 30(3) = 3!

= (-2 (0-2). B

r(n+1)zw,new.

12



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Some particular values of I'(v):
* I'(0) = +o0.
*T(1)=T02) = [, et du=1.

* (1) =2 f0+°° e € d¢ = /7 (Gaussian integral).

* T(n+ 1) =40 /7

22np)

Definition 1.16. [L0] The Beta function, be defined as

1
5(V1, 1/2) = / (1 - g)ylilgmildé, 3%(1/1) > 0, §R<I/2) > 0.
0
Relation between the Gamma and the Beta function.

[10] The basic properties the following

INCZDINCZY

B —

= B(v1,1»), for each (v,1n) € RY,.

1.4.2 Fractional Integral and Derivative of Riemann-liouville

In this part, we give defined the Riemann-Liouville. As we know his approach is
inspired by the Cauchy formula which gives the successive primitives (n times) the
repeated integral of continuous function which is given by the equation :

I3
@mwz/W@m

(I20)(€) = / g ( / s \Il(é“)dg) ds

3
<ﬁwx@:3/<5—@wwm3

13 — g)n1
(I70)(€) :/ %\I/(s)ds, ne N*. (1.4)

13



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Fractional integral Riemann-liouville

Definition 1.17. The Riemann-Liouville fractional integral of order () > 0 of all
function ¥ : J — R, be defined as

1
[(v)

Example 1.18. The Riemann-Liouville fractional integral of function
V(&) = (€ —a)”, 1y € R, then we have

I3
(1 £)(€) = / (€ — 5710 (s)ds.

13
(I(Zf)(ﬁ):ﬁ / (€ — 57 1(s — a)ds, € > a.

by setting s = a + z(§ — a) we find

yl(s —a)ids = 1—2) - a<1 — )€ — ) (€ — a)dy
= W fo 1 —2)(§ —a)) e (€ —a)" (€ —a)dy
_ € F(:;"l Nl 1_ZV Loy
Since P (o )T (vg + 1)
B(vi, 1o+ 1) = r(u11+u§+1)’
we find

L[S gpimis — ayegs = L2+ 1€ —a) "
ml(&—s) (s = ayrds = SRS

Example 1.19. Let U(£) = ¢’ where X > 0, then we have

Iver = ) ff(f—s)(”_l) exp(\s)ds

= ﬁfg — ) Vﬁl)ZH,>O /\;.)Kd'S'
= Zmofdr fg —5)" " 1s"ds

We make the change of variable:

s=tz, ds=1tdz

Iver = fo & —t2)""Htz)"ds

/{>0 K‘F

. Z )\Hl—‘(/ﬁ + 1) gu—l—/@
= I'v+rk+1) '

14



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Theorem 1.20. Let ¥ € C(J, R). For all vy > 0 and vy > 0, we have
(I 12 T)(§) = ("2 0)(S).

Proof: By defined integral Riemann-liouville, we have

(I (I W)(§) =

§
o | €9 wsas
1

_ W/jg _ )1Lds /:(s — ) (2 da,

if we apply the Dirichlet equality, we find
I = e Ja JUE =) s -

s=x+2(§—1)

x)2 1 (z)dsdx

ds = (§ —x)dr, §—s=(1-2)(—x)

Hence

(I T2W)() = fommey Jo (€ — )2 (@) [7 (1= 2)" 12 Ldadz

/1<1 . Z)ul—lzyg—ldz _ F<V1)F(V2)

C(vy + o)
1

13
PR = o [ 6= v = e we).

Fractional derivative Riemann-liouville

Definition 1.21. The Riemann-Liouville fractional derivative of order R(v) > 0 of
function V¥, be defined as

e - () e

o (%) [y ues. €5 an =R +1

In particular, where n € N*, then

("EDPW)(€) = I°U(E), (D"T)(E) = I"T(§).
If 0 < R(v) < 1, then

13
(D"W)(§) = ﬁd%/ (€ —5)U(s)ds, &> a.

15



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Remark 1.22. Fractional Riemann-Liouville derivative of constant is general non
zero, we have

v, C . —v
RLDaC_—F(l—y)(f a)~".

Theorem 1.23. If R(v) > 0 and ¥ be a summable function, then the following
equalities
FEDY(I70)(€) = W(€).

Proof: Using the Riemann-Liouville fractional inteqral and derivative, we find

DULD)E) = s () JS€— 9 s [2(s = ) W(a)de
o () S0 = sy ) (s — 2 dsda
oy () S (W) 26— 97 (s = ) ds) do
by setting s = z + z(£ — z), we find

o€ =y s —ap e = [(E 2 2(€ — ) a4 2~ a) — )€ — )
(€ — oyt [ =2tz
(& —2)"'B(n —v,v).

Hence n
DULU(E) = gy () JSw@)E - o) ide
- (d%) [50(2)(€ — )
Now, by using the equation (L.4), we find that
DI(IJ9(€)) = ¥ ().

Let (v) > 0, then equation
("“Dy,2)(€) = 0 = 2(¢) = ) cilé — )", n=[R)+1,

where ¢; € R,j = 0,...,n — 1 are arbitrary constants.
In particular,if 0 < R(r) < 1, we have

("DY2) () =0 <= 2(§) = c(§ —a)"™", cER.

16



1.4. CONCEPTS OF FRACTIONAL CALCULUS

1.4.3 Fractional Derivative of Caputo

The Caputo fractional derivative is one of the most used definitions of a fractional
derivative along with the Riemann-Liouville. Whereas the Riemann-Liouville defi-
nition of a fractional derivative is usually employed in mathematical texts and not
so frequently in applications,the Caputo approach appears often while modeling ap-
plied problems by means of fractional derivatives and fractional order differential
equations. In this subsection we give the definition of the fractional derivative in the
sense of Caputo as well as some essential properties.

Definition 1.24. The fractional derivative of Caputo of order (r) > 0 of function
U defined on J is given by

K!

(CDLw)(6) = (CD:

wo -y el a)“]) (©).

k=1

where n = [R(v)] + 1 for each v ¢ Ny ,n = v for each v € Ny.
In particular, where 0 < R(v) < 1, we have

(“D7T)(€) = (D7 [¥(€) — T(a)]) (€)-

Theorem 1.25. [29] Let R(v) > 0, n = [R(v)] + 1, the fractional derivative of
Caputo of order v of a function V€ AC™(J) .

(1) If v & No

¢ (s
COVNO = [ s = D),

_d
whereD_d—é.

In particulas, when 0 < R(v) < 1 and V(&) € AC(J),

¢ ' S
OO = | et = (1 DD©)

(2) Ifv=ne N,

(CDW)(&) = V().

In particular,

(“DOW)(€) = W(¢).

17



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Example 1.26. Let U(¢) = (£ —a)” where { > a and 14 > —1, then we have

1 ¢ "
(“DLw)() = m/ (S 3)"7%1@(5 —a)”ds.
Since ﬁ( B a)l’l B F(l/l + 1) (<€ - a)ylin)
s Ty —n+1) 7
then
v v F(Vl + 1) ¢ n—v— vi—n
e = F(n—y)F(Vl—n+1)/a (€= s —a)nds
. I'(n +1) ' n—v—1_vi—n
= T )l —n+1)/0 (L= zyian iy
T+ 1) (E—an
- F(n_y)r(yl_n+1)B(n—V,V1—n—|—1)
T+ 1)I(n—=v)l'(v —n+1 (€ = a)n
T —v+1)I(n—v+v —n+1 2
we find

Pl + 1€ —a)"™
(v, —v+1)

°DI(E ~ )" =
Remark 1.27. If d is a constant, that the derivative of a function is zero
“Drd = 0.

Relation each by the fractional derivative of Caputo and that of Riemann-
Liouville.

v Let R(v) >0, n=[R(v)|+ 1, forv &g Ny,

v _ L ryv o - \Iﬂi(a) — )V
(“D;w)(€) = (DLY)(E) ;—m ey ()
In particular, when 0 < R(r) < 1, we have
(CDLV)(E) = (PDV(E) - =y V@€~ )

18



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Vv Let R(v) >0, n=[R(v)] +1, forv g No, n =v for v € Ny, if ¥(&) € C"(J)
or ¥(¢) € AC"(J), then

R TGE TR e

In particular if 0 < R(v) < 1, then

1"°DUU(E) = T(E) - U(a).

Lemma 1.28. [27] Let R(v) > 0, n = [R(v)] + 1, then the differential equation :

“D"U(8) =0,
has a solution
n—1
() =) c§—a),
5=0

where ¢c; € R, 7 =0,...,n — 1.

Lemma 1.29. [27] Let R(v) >0, n = [R(v)] + 1, then

I" ODYW(€) = W(€) + co+ 1€ + o + ..+ ey 71

1.4.4 Fractional Integral and Derivative of Hadamard

This part, we present the definitions, some properties the inteqrals and fractional
derivatives Hadamard-type.

Fractional Integral Hadamard

The Hadamard fractional integral was based by generalizing the following inteqral:

/gdfl/gld&/&d&% /5"1 (€)% dfn

Definition 1.30. |[I0] The Hadamard fractional integral of order R(r) > 0 of func-
tion ¥ be defined as :

) = 175 | 5 (logé)y_l w2,

19



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Remark 1.31. From the fractional integral of Hadamard, we can see the following
relations:

V (170 (¢) = 1)} (€ — )" W (s)ds = (I]V)(E).
Vv Eg(TIH)(6) = (" Iw)(e)

Example : we consider the function ¥ defined by: ¥(§) = (log g)”l, we have

s, ds

I/—ll v 7
)" (log =)' —,

3
(a1 0)() = (08 2" = o [ (o

using the change of variable, we have z (log g) =log 2,

3 (log &)+ /1 o
I (1 Sy a Vi1 — 2\ 1y
H a( 0g a) P(V) . < ( Z) “
F(l/l + 1) 5
W (og Sy,
F(l/+u1+1)(0ga>

For v =1/2 et v; = 3/2,the relation becomes

§2_ 3w, &
2 =y tosl)”

Let Wy, Wy € C(J,R), for v > 0,11 > 0 and «, 5 € R, we have

1
ulZ (log

al (g 1) (&) =u I (g I"V1)(§) = (a7 0)(€)

Proof: Let v > 0,v; > 0 and ¥; € C(J, R), the proof is obtained by direct
calculation using the Beta function. Indeed :

3
A () = 1) / (€ (1) ()

= oo [ [ @ nm e
V1 oS
ds du

:W/ <>/<5s>“< w2

_ 1 ¢ ¢ s v—1 s V1—1@d_lu
- T / W, () / (6s) (s (L5)

By asking z = —H we obtain

ds

20



1.4. CONCEPTS OF FRACTIONAL CALCULUS

S yds Evvrna [ o
v—1 vi—177  _ S\v+r—1 _ v—1,_1v1—1
/ﬂ (€8)"7 (sp)" ™~ (logu) /0 (1— ) e \da

= (Ew)" T B(v, )
_ (€ﬂ>u+u11£<(7;)£(511>)

Be replacing this formula in (1.5]), we have :

3
W) = s [ (o

Now to show I} 1"V (&) =g I} 1"W;(€), using the previons property.
Therefore

al (g I"0)(&) =5 1" (&) =5 IV (E) =5 I (5 I7W1)(8).

Fractional Derivative of Hadamard

Definition 1.32. [I0] The Hadamard fractional derivative of order R(r) > 0 of
function U(&) : J — R is defined as:

e = ot () [ (1og§)(n_”_” LU
P au(E))

here n = [R(v)] + 1 indicates the integer part of v, log(.) = log,(.).

where § = §d%,

Example: we consider of function ¥ defined by :

W(e) = (log >
we then have
v é vy __ 1 d n ¢ £ n—v— S V1d5
Dy (log 2)" = m(fd—f) /a (log ) '(log 2

S
2 we obtain
og 2

by changing the variable y = iog*

§

(€5)" (log §)m v+
D;(log )" = :

1
vi(] — nlefld
T =) /0 P (L= p) 2

21



1.4. CONCEPTS OF FRACTIONAL CALCULUS

B ['(n+1) d., or L
_F(n—u+ul+1)(£d§) <1ga)

If we take vy =5/2 v =1/2

n—v+uvy

D;/2(10g 2)5/2 _ %(x%)l(log g)?; _ 1‘2_4\/%(10g 3)27

Let v > 1, >0, ¥ e C(J,R), then
nDM(uI9)(§) = ul "V (E).
In particular, if v = 14, then

a D (g 17W)(§) = ¥(E).
proof: Let n —1 <v; <n, andn € N, if vy =n
ngrer - [\
w000 = (g5 ) WO,
We apply the operator D™ to the function "W (&), we get
o e = (e4) 2 [T l) i
a0 l© = (<5 ) 1 [ (0f) veT
B d\"" ¢ 8 d e\! ds
- () wor [ (o) v

- () () e

. n—1 v—1
- HD HIa_ Y

we repeat this procedure (1 < K < n), we get

D" (gI}W) (&) =4 D" (HI;””‘kIJ) (£).

So for kK = n, we have

aD" g V(€)= pl; V().
and more
g D" g I"U(§) = V().

Consequently
aD"™ gI"V(§) =5 D" (gl "' 1"V)()

—DR (1) (€) = ().
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Lemma 1.33. [61] Let R(v) > 0, n = [R(v)] + 1, the equation

n—

zxwo:oﬁao=§jqﬁ%§yﬁ

1
Jj=0

where c; € R, k=1,...,n.
In particular, if 0 < R(v) < 1, we have

v—1
DiV(¢) =0« 2(&) =d (%) , for any d € R.

Lemma 1.34. [61] Let R(v) > 0, n = [R(v)] + 1, the equation

D¥(§) =0 2(8) = p_¢j(log=

where c; € R, j=0,...,n—1.
In particular, if 0 < R(v) < 1, we have

v—1
DIV(E)=0<2(&) =d (%) for any c € R.
1.4.5 Fractional Derivative of Caputo-Hadamard

Definition 1.35. ( [3]): The Caputo-Hadamard fractional derivative of order v > 0
of function ¥ be defined as :

) B 1 S oy, do, o ds®
GDINE) = s [ Gor D e

s
— ().
Wheredzfd%,n—1<l/<n, n € N.

Example: we consider the function ¥ defined by: ¥(€) = (log £)".
We have

3
C v C v 6 1% 1 gnfufl n S\ ds
DXV (&) =% DZ(log =)t = ——— log = 0" (log —)"* —
H™a (5) H a(og a) F(n—u)/a <Og5) (Og a) S,
if we take v; =3/2 ;v =1/2, and n = 1, then

S s.3 3 1
0" (log =) = §'(log )7 =5 (log )
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

and 5 ¢
C 1 f 3 2 51_1/2_1 S ldS
Dz (log >)2 = log = log —)2—,
G <oga>2 iy | om0 D3
by change of variable u = log & ;, we obtain

€. 3/2(log &) [*
aD;P(log 2)*? = —2ss [ (1= ) P,
0

I'(1/2)
3/2U(3/2)(log$)  3vm, ¢
r©2) == o)

1.4.6 Relation Connecting Derivative of Hadamard that of
Caputo-Hadamard

Let n—1<v<mn,née& Nand Ve ACY(J,R) , the connection between the tow

derivatives are defined by :
n—1
0" D (a) &\"
P S TN

k=0

DYV (E) =g DY

where

n—1 —
5 K;)\I] K—V
GD0E(E) D0 - 3 D (10 )

k=0

proof: we by definition

a DI (E) = (€ Ly (e)

d§
DY PO g £y ] ~ (e <Hf:—”[w<5>— ] @“‘jf%oggm)
3 L 9M0(a s s

we pose g(§) = ¥ (§) — Z: 0 970 (a) (log £)", and we integrate by parts

k!

u(@) = g(&), (&) =g
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we obtain

d. 1 S &y nds o d 1 1 € ons ¢
Ty L os D a0 = 6y | tee et

e T | (g £y [d%g(s)] ds

B g(a) N
- 2 [(sd—£> (og %) }

e e [ s [50] 5

_ %@g §> + 8T (5g)(€)

n—v

and by integration by parts

Ul(&) = (1Og %)nﬂ/%v U(f) = n:y1+1 <1Og %)niwrl

w0 = () oy | (sf) teas
= (%%)n T(n —1y 1) {n_—(Si(—? ploe E)WHI
(8 T 220
_ 09(a) (log g)—u—i-l " (td)nﬁ/j(logg)n_yﬂyg(s)%‘

['2-v) d¢ n—v+2
5 d\"
RO = s on ) B os Sy () )

n—1 K—V

_ 5Ng<a) g nr2n—vn

- nng(li—V—f—l(E) O ()
n—1 K—V

_ 5Hg<a> § niynJirn—rv n

- Zm(‘) HORLT()
n—1 K—V

_ 5Hg(a) g n—vn

N s Ne—v+1 (g) +LT0"g(E)
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

In addition

n—1 55
L) = o e - Y ‘f;f%oggw]
k=0 '

L776" () = DIw(E)

because 0" Y11 & @) (log £ £)¥ =0 and D” (é) = L) (log & ) , we have
a

k! I'(k—v+1)

< §"0(a)
K!

u Dy | (E) —

(log §>] — ¢ DYw(e). (16)

i
o

this relation can also be written:

n—1
55 g B
DYy :CDV 1 2RV

k=0
Let v > v, > 0,81 U e C(J,R), then
a0 (nIT0)(E) = I ().
In particular, if v = v, then

T DL (1) () = W(9).

proof: The relation (1.6) allows to obtain the following result:

GO ) ©) = D [arzwe) - 5 Y (1, ]
k=0
SO LA ()
k=0 ’
v R (10"
= ke 3 e ()

and since k <n—1< v, fork =0,1,...,n—1, then, the derivatives 51" ¥(a) = 0,
which give
G D" (nI70) (€) = 1" (€).
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Lemma 1.36. [3/ Let R(v) > 0 and n = [R(v)] + 1. If y(§) € AC(J,R), then
Caputo-Hadamard fractional differential equation

“Diy(€) =0

has a solution

where c; € R, 1=0,1,2,...,n — 1.
proof: Let n — 1 <v <n,n € N* and ¥ € C([a,T]), we have by definition:
HDLW(E) = 8" (I 710) (€) = 0

that is, the derivative of order n of (I"*W) is zero.
S0 we can write:

n—1

[" ”\I/ :Zcﬁ(log ), ck € R, k=0,1,...,n—1.

Applying yI? to the two members of the previous identity, we get

n—1 K
uI7 (1770 (€ —HJ“IEZCH(bg )]

k=0
1

n—

o - -5 o ()]

K=

K3+1 ( €)K+V
—E log = :
/{+1+y) a

Then, we apply 0™ on the two members of the equality

f K+v
[TL n 1 >
0" (u ZCH m+1+u)6 (Oga ’

Hence

“  T(k+1) T(k+1+v) Q §)“””
T+ 1+t ltv—n)\

£ a
n F(/‘i—l- 1) ( §>n+u—n
= Cr log =
—~ "T'(k+1+v—n) a

Finally, for i = n — k, we get

é. v—i .
\I/ = 7 1 - 5 Ciy :O,l,... —1 R
&) Zc (oga i, 1 n €

27



1.4. CONCEPTS OF FRACTIONAL CALCULUS

Lemma 1.37. [3] Let R(v) > 0,n = [R(v)] + 1, and ¥ € C(J,R) , the fractional
differential equation

al” (1D"W) (€) = W(E) + Z (1og 5) |

Lemma 1.38. Let R(v) > 0,n = [R(v)] + 1 and ¥ € ACY, then

n—1 K
y y 0"U(a &
it (500) © = v - 3 T (10
k=0 ’
such that 0" is the fractional Hadamard derivative of order k, where k = 0,1,...,n—

1.
proof: by Proposition ([1.4.6), we have

DA IMU(E) = W(E).

Using the identity (1.9), we find

n—1 (% a K
W(E) = DI = L) + Y o <log ¢ )

= ["6"W(E) + ni 5'&\1"(&) <log g)

n—1 c(e K
_ e+ Y @ (log §)

a

as a result, we get

n—1 (k a K
reupiv(e) = o) - Y i (1ot

k! a
k=0
Lemma 1.39. [61] Suppose that Y (&, y) is continuous. Then the initial value problem

(IVP)
CD'y(&) =T(&,y), £€>a>0, 0<v<l, (1.7)

y(a') = Ya, (18)
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1.5. IMPULSIVE DIFFERENTIAL EQUATIONS (IDE)

15 equivalent to the following Volterra inteqral equation

W) =t 77 | 5 <1g§) W(s,y(s) 2 (19)

Lemma 1.40. Let v > 0,n = [v] + 1 and h € ACY, then

n—1 K
Y C 52‘11 &
ul ( I D \If) (log )

such that 6" s the fractional Hadamard derivative of order k ,x =0,1,...,n — 1.

“M

proof: Let D"I"WU (&) = ¥(¢).
Using the identity (1.9), we find

DI (z) = "™ ( Z E)‘I’ ( g)n

n—1 ¢qp K
D'I"U(z) = I"6"¥(z) + Z M <log §>

K!
k=0

n—1 H)\If o
A +Z ( f)
a

as a result, we get

"D (€) = W(¢) —

1.5 Impulsive Differential Equations (IDE)

Differential equations involving impulse effects appear as an appropriate model for
some evolutionary problems. It is the case of many real-world processes that are
subject of abrupt of changes in certain moments of times and arising in a variety
of disciplines, including biology, population dynamics, electric technology, control
theory, engineering, etc.[14] [39].

This type of impulse is seen in lasers and when drugs are injected intravenously
into the bloodstream.
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

Where a method is used to prove solutions of this type J = [s,,&eq1], for K =
0,1,...,w, in impulsive interval (&, s,]. The points
a=50<& <851 <<€y < S < &1 =T

The type of problems we are going to consider in demonstrating the existence
and uniqueness of the solution on a bounded interval of type J = [a,T], (0 < a <
T < +00), is for fixed impulsive point: £ =¢,, ~=0,1,...,w,, such that:

a=§ << <& <€ =T

1.5.1 A Brief Description of (IDE)

An impulsive differential equation is described by three components, namely:

1. A continuous-time differential equation, which governs the state of the system
between pulses.

2. An impulsive equation that represents an impulse jump defined by the jump
function at the time of the pulse.

3. A jump criterion which defines a set of jump events in which the impulsive
equation is active.

The simple form of the first order impulsive equation is given by:

2(&) =W(&2(8), £€J:=[0,T,{#&, k=1,..,w,

AZ ’5:&;: L{(Z(é;)), R = ]-7"7w7

where

U : Jx R — Ris a given function, 0 =§; < & < ... <&, < &1 =T,

I, : R — Ris a continuous function for k = 1, ..., w, and Az|e—¢, = 2(&F)—2(&,),
z(&F) and z(&) represent the right and left hand limits of z(§) at £ = &,.

1.6 Concept of Solutions for (IDE) in the Fractional
Case

In the fractional case, there is mainly two different approaches defining the concepts
of solutions for impulsive differential equations. This is due to the nonlocal character
of the fractional order differential operators, as it is pointed out in the previous
section.
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

In order to be more precise when presenting these two approaches, we specify the
following impulsive initial value problem’s Caputo type of order 0 < v < 1:

D726 = W(E, 2(S), =&, EF£ & k=12, (1.10)
Az |eme = 1.(2(8,)), r=12,., (1.11)
2(&0) = 2o (1.12)

1.6.1 First Approach: Fractional Derivative with Fixed Lower
Limit
This approach (noted respectively by V5 in [5] and by A; in [6]) considers that the

fractional equation in ([1.10)) is kept on any interval between two consecutive impulses:
1€k, Ek+1[, with only modified initial conditions. That is, we consider the following

concept of solutions for (1.10)-(1.12]).

Definition 1.41.

A function z is said to be a solution for ([1.10))-(1.12)), if z is a solution of (1.10)

and moreover z = Zy |[g,e], and for every k = 1,2,..., 2 = Z ., where
Zy € C([€o,&1]) is the solution of

CDY2(€) = W(E, 2(€)), &<E<&

fn-&-l]’

2(&0) = 20
and for k =1,2,..., Z, € C ([£0,&x+1]) is the solution of

CDY 2(€) = U(E,2(), € €[0,Enr]
26 = 2(6) + L (2 (7))

2(%0) = 20

In this meaning, that is in the sens of Definition[1.41] the solutions of the problem
(1.10)-(1.12)) are the solutions of the following integral equation:

fe=9
o 2o + /60 ) U(s, z(s))ds, ¢ € €0, 6]
o =g s N
2o + /60 W\I/(s,z(s))ds + ;L(z(; ), €€ Euit] k=12, ...

(1.13)
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1.6.2 Second Approach: Fractional Derivative with Varying
Lower Limits
This approach (noted respectively by V; in [5] and by A, in [6]) neglects the lower

limit of the fractional derivative at the initial time and moves it to each impulsive
time. That is , we consider the following definition for solutions of (|1.10])-(1.12).
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

Definition 1.42.

A function z is said to be a solution for —, if the Caputo derivative
of z on each sub-interval J,, :=]&,, 11| exists and for every &, k = 1,2;..., 2 is a
solution of the following problem:

ODr (€)= W(E,2(€), e,
2(&h) = 2(6) + L. (2 (£))

where:

3
DL =~ [ (€= 9 o

(1 —v) I

In this meaning, that is in the sens of Definition [1.42] the solutions of the problem
(1.10)-(1.12]) are the solutions of the following integral equation:

( fle—9)""
20 + /50 W\If(s,z(s))ds, € € &, &)

-1

k &Go(g.— g\
z2() =< %+t ;/&1%\“8’ 2(s))ds+

(6 _g v—1 k
/ s (s + L)), € ] sE =12
| h (1.14)

Remark 1.43.
In all the problems which will be considered in the forthcoming chapters, we will
adopt the second approach.
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Chapter 2

Impulsive Fractional Differential
Equations with Caputo-Hadamard
Derivative of order 0 < v <1

2.1 Introduction

This chapter, we concerned the existence of solutions for certain classes of impulsive
fractional differential equations with Caputo-Hadamard derivative. First, we give
results the existence, and uniqueness of solutions for initial value problem for then
impulsive fractional differential equations. By applying some standard fixed point
theorems. Following that, we extend the study of existence of solutions in Banach
space. by employing the Monch’s fixed point theorem in conjunction then the tech-
nique of measures of non-compactness. Examples are provided the demonstrate our
findings. Finally, we study the existence and uniqueness of solutions for initial value
problem of impulsive fractional neutral differential equations with delay.

2.2 Fractional Differential Equations with Delay and
Impulses

This section, we study of existence and uniqueness of solution for the following initial
value problem (IVP for short) :

CDV2(&) = V(& 2), €€TJ:=[aT,6#& k=1,..,w, (2.1)

Az Jeme, = 1,(2(8,)), k=1,..,w, (2.2)

34



2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

28 = @), fecla—mal, (2.3)

where D" the fractional Caputo-Hadamard derivative of order 0 < v < 1, ¥ :
Jx C(la—T,a],R) — R is a given functions, ® € C([a — 7,a],R), a > 0,a = § <
E1 < . <&y <&p1 =T, 1, : R — R is a continuous function of Kk = 1,...,w,
Az|ece, = 2(§5) — 2(&,), 2(&§F) and 2z(€) represent the right and left hand limits of

Z(f) at § = gn-

For each function z defined in J' (:=[a — 7, T] \ {&1, ..., w}) and each £ € [a,T],
we indicate by z¢ the element for C; (:= C([a — 7, a], R)) defined by

ze(s) = z(E+s) ,s € [a—T,a].

Also C' is endowed with the norm

[6llc. = sup{[(8)] s a—7 < 6 < a}.

We present the following Banach space:

a2 ek J— R, z€ ACs5((&,&x11], R), k=1,...,w, and there exist
L a(E)and 2(60), k=1, w, with 2(67) = 2(&) '

with the norm
| z]| acr = sup{|2(§)]o : @ < & < T}

Set

B={z:(a—7,T]— R\ z2€ AC'NC,}.

2.2.1 Equivalent Integral Equation

Definition 2.1.
A function z € B is said to be a solution of the problem ({2.1))-(2.3), if 2 satisfies the
fractional differential equation § D”2(€) = W(¢, z¢) in J and the following conditions

2-2-23).

Lemma 2.2.
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

Assume that 9 € AC(J,R), let 0 < v < 1. A function z is a solution of the
fractional integral equation

24 [S (log$) T 0(s)E, i€ € a6,

(

K i )L s
+ 5y i Je, (g )™ 9(s)

|

+

1"(11/) fgi (log %)Ufl 9(s)%

+Zf:1 ]1(Z(§,l_>>7 ng € (fmgn-HL

with k =1, ..., w.

If and only if z is a solution of the fractional impulsive ( IVP ) :

CDVz(€) = (), for each £ € J, (2.5)
Azleme, = 1,(2(&,)), k=1, .., w, (2.6)
z(a) =Z. (2.7)

Proof:
Assume z satisfies (2.5)-(2.7), if £ € [a, & ], then

7D"2(§) = 9(¢)
Lemma implies

(6 =7+ ﬁ [ <log E)H 19(5)%

If £ € (&,&), then according to the Lemma we have
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2(8) = 2(&")+ ﬁ /: (log g)”‘l 19(5)@

= Aﬂ@&+%@f%+f%5/f
= Z+L(2(&))) + ﬁ /jl (log %)H ﬂ(s)% + 1“(1,/) /: <log g)Hﬁ(s)@.

If € € (&, &3] then aqain Lemma we get

A0 = &)+ oy /: (mg%)y_lms)—s

s
1 13 v—1 d
= Az|eg, +2(&) + T /5 (log %) 19(3)_3

= T BCE) HLEE) + o [ (0s%) v

i (o) 0 [ () o0

If & € (& Eun]
1 < & &\ ds
o0 ;/&1 (log g) 19(3)?

NEh [ <1og§)"_1ﬁ<s>§ + gfxz(s;))

Conversely, we assume that z is a solution of impulsive feactional inteqral equation
(2.4). By a direct account, it followes that the solution presented by ({2.4) satisfies.
The following lemma can be deduced from the previous one.

() = 7+

Lemma 2.3.
The formula of solutions for the impulsive problem —, should be written

as follows
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

&n " v—1 s

P(a) + ﬁ Za<£ﬁ<§ €1 (log %) U (s, zs)d?
13 v—1 s
—l—ﬁ fgﬁ (log %) (s, zs)%

+ D et 1(2(80)), if £ € [a, T], wherek =1,...,w.

\

2.2.2 First type: Problems with real valued data-functions

In the following parts, we prove of results existence and uniqueness for solutions to
the initial value problem ([2.1)-(2.3), using different of fixed point theorems.

We will show that problem ([2.1)-(2.3)) has a unique solution using Banach
fixed point theorem

We will need to introduce the following hypotheses :
(A1) There exists a constant [; > 0 such that
W (&, u) — W (Ev)| < lf|ju—wv|, foreach & € J and u,v € C,.
(A2) There exists a constant Iy > 0 such that
|I.(x) — I.(2)| < ls||x — z||, foreach z,z € R and k =1, ..., w.

Theorem 2.4.
Assume that conditions (A1) and (A2) hold, if

li(w+1) (log I)”
I'(v+1)

+wly| <1, (2.8)

then the problem (2.1)-(2.3) has a unique solution on [a — T, T].
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Proof: Transform the problem ({2.1)-(2.3)) into a fixed point problem. Let the
operator N : B — B be defined by :

( (I)(f% if 56 [a_7-7a]7

1 gn 5& v—1 ds
() + 155 Zaceece Je. (log®)"  W(s,z,)%

(N2)(€) = (2.9)
trbs JS (log §)7 W(s, 2,) &

+Za<§,{<§ ]H(Z(gf:))7 if S € [a‘7 T]v

\

where k = 1,...,w. Clearly, of lemma the fixed point of N is a solution to
problem ({2.1)-(2.3)), we prove N is a contraction will show that N has a fixed point.
Let x,z € B. Then, for each ¢ € J, we have

I v—1 d
Z /EH1 (log %) U(s,z5) — \If(s,zs)?s

a<lr<€

1 ¢ e\t ds
+ W/& (log g> U(s,xs) — \I/(s,zs)?

+Y D Lu(@(éy) - L(2(&)]

a<n<§
&r v—1 d
/ (log 6_”) ‘\D<Saxs) - \11(57 Zs) °
gnfl s

1
T 2 5

a<£ra <£

1 ¢ & vl ds
+ N0 /gﬁ (log g) |W (s, xs) — \If(s,zs)|?

+ D Ha(@(€)) = Lu(=(&0)]

a<&x<§
€r ¢ v—1 ds
/ (log —F”> hlzs — 25|, —
Er—1 S S

1
I'(v) 2
1 ¢ é v—1 dS B _
+ m/& (logg) l1|x3—23\07?+ Z |z (&,) — 2(80 )]

(N2)(€) — (N2)(€)] = |ﬁ

IN

IN

a<§n <§
a<£;< <5

[y supge,y |7e — 2| & &x s

log 2* il

T(v) > /g_ 08 = <
a<€p<g ¥ Srl

IN
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a<én<é En€J
L lsupeey e~z ¢ log & vlds
['(v) €. s s

IN

Il — 2|l oo /5" < f,i)”_l ds
—_ E log >— — +whljz — 2|
['(v) el s s

lﬂx—ﬂm/f e\ ds
el hadiiied 1.5} log > -
* I'(v) €. 8 s

lLiw (log )" I (log 1)”

IN

2 = 2[00 + [ = 2[Jo0 + wla[[z = 2|0

I'(v+1) I'(v+1)
li(w+1) (log E)V
> F(I/—I—l) +’LUZ2 ”l‘—ZHOO
Thus
Li(w+1) (log I)V
_ < a _ )
V(@) = Nl < |2 B2 ety o =

Consequently by (2.8)), the N is a contraction a conclusion of Banach fixed point
theorem, we deduce that N has a unique fixed point which is solution to problem

2.1-3).

The proven the existence of a solution for problem (2.1)-(2.3) by using
Schaefer fixed point theorem.

Theorem 2.5.
Assume that the following conditions hold :

(A3) The function ¥ : Jx C. — R is continuous.

(A4) There exists a constant M > 0 such that

W (& u)| <M, foreach& € J and eachu € C;.

(A5) The functions I, : R — R is continuous and there exists a constant M* > 0
such that
|I.(u)] < M*, for eachu € R, k=1,...,w,

then problem (2.1)-(2.3) has at least one solution on [a— T, ).
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Proof: We consider the operator N : B — B defined by (2.9). The proof will
be given in several steps.

Step 1: N is continuous.
Let {z,} be a sequence such that z, — z in B, we have

gn dS
(V) = (VO] < Frs 3 [ (om0 ) — W2l
a<£ <§ 'EN 1
1 5 -1 ds
— log =)W - v —
o /&<ogs> (s, 20) — W, 20|
+ Y Melanl€) = L(=(€))].
a<lén<é
Since ¥ and I, kK =1,...,w, are continuous functions, then we have

INz, — Nz||wo = 0 as n — 0.
Step 2: N maps bounded sets into bounded sets in B.

Indeed, it is enough to show that for any n*, there exists a positive constant | such
that for each z € Qe = {z € B 1 ||2]|oc < 0"}, we have [|[N(2)|lw < L.
By (A4) and (A5), for each & € J, we have

IV < [#(@)]+ 505 /éﬂ (logg”) v <5~’*s>’§

a<£ <&

r<1u>/:(1°g§>ﬂ' w3

a<&x <€
< | (ﬁ >

)8
log —
a<£ <£ SK 1 S

+

a<ér<E
wM(log—T)V M(log—T)y
< a Q *
s 1@+ o) w1y M
M(w + 1) (log I)” .
< [||¢><a>||+ r<y+(1> | =1

Step 3: N maps bounded sets into equicontinuous sets in B.
Let z € €),» be a bounded set of B as in Step 2, then for any A, Ay € J, A1 < Ay, we
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have

ova =l = g [ () (1)
1

ds

ds
\\J )| —
(s, 20|

( n
v—1 v—1 A2 v—1
(<log &> — (log ﬁ) ) @ +/ <log &> @
s s s A s s
M Ao Ao A1
rr 2 () + (s 3) - ()]

As A\; —> )y, the right-hand side of the above inequality tends to zero.
As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem we
can conclude that N : B — B is completely continuous.
Step 4: A priori bounds.
Now it remains to show that the set

IN

e={z€B:z=AN(z) for some 0 <\ < 1}, is bounded.
Let z € €, then z = AN(z) for some 0 < A < 1. Thus, for each £ € J, we have

A & &\ ds _
(0 =20@ s X[ (%) we e ¥ nee))

a<€r<€ a<€n<§

N L N ds
+F(y) /gﬁ, (log g) (s, zs)?

Then, by (A4)-(A5) and (as in Step 2), it follows that, for each £ € J, we have

wM (log1)” M (log I)”

(N2)(E) < 196)| + 50, 5 + Tt D

+wM*.

Thus for every z € ¢, we have

wM(logg)V M(logg)y N
T(v+1) w1 "M

HNﬂme@@N+

This shows that the set ¢ is bounded. Consequently, we deduce by the Schaefer
fixed point theorem that N has a fixed point which is a solution of the problem

2.1-3).
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The next result prove the existence of solution for problem (2.1))-(2.3)) is
based on Leray-Schauder nonlinear alternative type

Theorem 2.6. Assume that (A3) and the following conditions hold :

(A6) There exist ¢y € C(J,RT) and ¢ : [0,00) — [0,00) continuous and non-
decreasing such that

W& u)| < du()w(||ull) for each €€ J, ueC,.

(A7) There exists ¥* : [0,00) — [0,00) continuous and nondecreasing such that

|L(uw)| < *(||u])) for all we R, k=1,...,w.

(A8) There exists a number M > 0 such that
M

w(log f)u

(@)l + B (31) 208 4 Gy (31) WS 4w ()

where &y = sup{oy(£) : € € J}.
Then problem (2.1)-(2.8) has at least one solution on [a— T, T).

Proof: We prove that the operator N : B — B defined by is continuous
and completely continuous.

Step 1: Continuity of N.
Let {z,}nen be a sequence such that z, — z in B, then

ds

b

1 &k SH -
(V2O = (VO] € gm0 [ G0s S ) = W)

a<€r<€ Sr—1

1 ¢ § v—1 o @
Py | 108 3 (s, ) = (o201
+ 30 () - LHE))

a<&r<€

The continuity of the functions ¥ and I, x =1,...,w, yield to:
INz, — Nz||o = 0 as n — oo.

Step 2: N maps bounded sets into bounded sets in B.
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Indeed, it is enough to show that for any n* > 0, there exists a positive constant
I* such that for each z € Qu+, ||N(2)|l < I*. By (A6) and (A7), for each & € J, we
WV2)E)] < (2@ + = >
z < a o)

have
I v—1 d
/ (1og f—) (s, 2|2
a<&r<€ -1 5 5

- /: (10g§>”‘1mf<s,zs>|§+ S ()

a<§x<§

I v—1
[ (ee) ontontn

L ‘ o) § - S z @ “(lIC=(&s
v wr (o) =D+ X vl

a<€x<§

IN

1
|®(a)| + ) >

a<£n <£

IN

3 - £ vl g
@(@H%ﬁ(in) D 5 (logf_n> ds

a<&r <& Er—1 5 5

P z ¢ 1 s
o A CH B I

a<€ <&
< |9(a)| + wq)qur(pjl_‘g El)og ;) (I)\pw(r“’(zyHl(ic;g ;) +wi(||2])

< i@+ 2D (10 2) 4wy =

Step 3: N maps bounded sets into equicontinuous sets in B.
Let z € €),» be a bounded set of B as in Step 2, then for any A, Ay € J, A1 < Ao, we
have

1 A\ ds
), () e

A1 )\ v—1 )\ v—1 d
i | [(1g—) - (1os2) ]qb@(swuzsnf

ds
) )| —
(s, )|

IN
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T [ (o) ()

Sau(lzl) [ [, A\ ds
I A (log?) n

S e ()

g2 ).

As A\; — \g, the right-hand side of the above inequality tends to zero.
As a consequence of Steps 1 to 3, it follows by the Arzela-Ascoli theorem that

N : B — B is continuous and completely continuous.

Step 4: N We show that there exists an open sets in U C B with z(§) #

AN2)(&) for A€ (0,1) and 0 < A < 1 and z € IU.

Let z € B, be such that z(§) = A(Nz)(€) , for each & € J , defined by (2.2.9), we

have

IV < 19+ 77 X /5” (logg”) v <s,zs>\§

a<£ <€

1 ¢ 5 v—1
+ () /& (10gg) [W(s, 2| + Z 1 (2

a<ér <€

IA

a<§ <§ 5»4 1

1 ¢ §\v_t
n W/&(log? Su(s) stu S+ 3 vl

a<£n <£

IA

I'v+1)
Thus

[12]]o0

b S
o@l+ 5y 3 [ o ue) <\|zs||>ds

| (a)]| +$W(HZHM)M +5w(\lz|!oo)%

19 (a)] + Bar(lelloe) L8 1 gl S 1 ()

Then by condition (A8), there exists M such that ||z|s # M.

Let o
U={z€B:|z]|loc < M}.

+ w([[2]o0)-

<1
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The operator N : U — B is continuous and completely continuous. From the choice
of U, there is no z € QU such that z = AN (z) for some A € (0,1). As a consequence
of the nonlinear alternative of Leray-Schauder type, we deduce that N has a fived

point z € U which is a solution of the problem —.

2.2.3 Example
Example 1

We consider the following equation :

1 1 7
CDf — |ZE| — [~ 92 ’
H 22(5) 100(1+6£)(1—|Z§|>7 fO’f’ 56 J [27 ]75# 47
1 7
AZ’&:% = 52(1)7
1 1
Z(é):®(§)7 56[5_775]7 T>07
where
W) = 2 (€2) € T+ C(l ~ 7,51 B)
T 000 )12 O o~ Tob
1
I,(v) = -v, v € R,
8
with T:2,u:%, a:%andwzl.
Let x,z € C([3 — 7, 3], R) and £ € J. Then we have
(D)~ U(E )] = | ]
’ ’ O 100(1+e) 1 +a 142z
B 1 |z — 2|
100(1 + €8) [(1 + z)(1 + 2)|
_lr—2 L|x_z|
= 100(9 + e£) = 200
Hence the condition (H1) holds with I} = 5.
Let x,z € R, then we have
1 1 1
[n _[H =\ — < S 5 -
@)~ L2 = I = 5ol < glo =4

(2.10)

(2.11)

(2.12)
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Hence the condition (H2) holds with ly = %, we shall check that condition i8
satisfied . Indeed,

1
v —(1+41)
ZI<W+1) T 200( 1
— [ log — lo| = | &==———— (log4)?
Ty (o) o] = | 2 — o0t
=0,13446421 < 1,

then by theorem the problem - has a unique solution on [% —T1,2].

Example 2

We consider the following functional impulsive fractional differential equation :

(D) = gsin(x(6— 0)), €€ I=15. T 62 T k=123 (213)
Azlss = %z(%), £="T n=123 (2.14)
2(6) = sin(6), £ €[5, 7] (2.15)
where T=2% w =3, v =3, and
V(e 2) = psin(a(6 ~ 3), (6,2) € T« O3, 7. R),

1
I.(v) = =V v € R.

Here |U(&, 2)| < £, and |1.(2)] < 7.

57

Hence, assumptions (H4) and (H5) are satisfied with M = M* = 1.
Then by theorem 7 the problem — has a solutions on [—7, ‘%]

2.2.4 Second type: Problems with valued data-functions in
Banach spaces

This part is devoted to the study of the existence of solutions for problem -,
in which the function is given by V : J — C([a—T,a],x) = X, 1. : X = X, where the
existence findings are presented for the problem using a measure of noncompactness
and a Mdnch’s fized point theorem.
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

We present the following Banach space:
Ao~ 7 J—= x, 2€ ACs((&, Enra]s X)s k= 1,...,w, and there exist
2(§5) andz(§7), k= 1,...,w, with 2(&;) = (&) '
with the norm
|2l acr = sup{|z(§)] : a < § < T}

Set

B={z:(a—7,T7]— x\ z€ AC'NC.}.
Before starting and verifying the results, we introduce the following the assump-
tions.
(H1) U : Jx C. — x is a Carathéodory function.

(2 < p)llzllc,, for each & € and z € C-.

(H3) 3¢ > 0 such that
e (@)[| < cllz]l, for each x € X.

(H4) ¥ M C x bounded, we have

(L (M) < cu(M), for each k=1,2, ..., w.

(H5) Y& € J and each bounded set M C x, we have

(¥ (&, M)) < p(§)u(M),

where p is a measure of noncompactness on x.

Theorem 2.7. Suppose that conditions (H1)-(H5) hold, if

1 14
{PW% (log (—Z) + wc} <1, (2.16)
where
pw = sup p(§)
ced

then the problem IVP (2.1)-(2.3) has at least one solution on [a — T, T].
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND

IMPULSES
Proof : Consider the operator F: B — B defined as :
( (I)(g)’ Zf 56 [(Z—T, a])
H " v—1 S
B(a) + 1y Lacece Jor, (log %) W(s, z)%
(F2) () = (2.17)

v—1 s
—i—ﬁ fi (log %) \I/(s,zs)d?

+Za<§,§<§ IH(Z(fE))a Zf 5 € [0'7 T],

where k =1, ..., w.
Let us fix

. [éa)]
- 1 Pf(m-l-l)(log %)T
B T(r+1)

and consider the set o
D,={y € B: |yl <n}

Obuviously, the subset D, is closed, bounded and convez. Clearly, that fized points
of operator F are solutions of the problem —. the proof will be given in three
steps. Step 1: F'is continuous.

let {zp}nen be a sequence such that z, — z in B. If £ € [a — T, a], we get

[1F(z0)(§) = F(2) (]| = |2(6) = 2(E)] = 0

For & € [a, T], we get

€ S
IFG© - FOI < g7 [ oS (s (o) — (s, ) S

(v) s s

1 ' b r\v1
try [ o s ) = W

a<§r <€

+ > ezal6) = (=€)

a<§r <€
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

Since z, — z as n — 00, and I, is continuous and V is of Caratheodory, then by
using the Lebesqus dominated convergence theorem, we have

1F(z)(§) = F(2)(§)]] = 0 as n — oc.

Step 2: F'maps D, into itself.

If€ € la—m,a], then |[F(z)(§)[| < [[®(E)llc. <@l <n.
Let z € D,. By (H2)-(H3), show that F(z) € D,, for each § € [a, T|, we have

13 v—1 s

P < @l + gy [ (osd) e
1 &N\ ds _
R M G B L o S IS

a<&r<E a<€n <€
1 3 3 ds
< I#(ale.+ 717 (1og;) <s>nzsuc;
1 & &\

+ Ol Z (log ) P(s) |Zs||C 4+ Z cf|z(

a<€.<& Er—1 a<&, <€

v—1

< [o(a) P\IIH H/ ( ) ds

P||z|| o &
+ =2 Z/g log =~ ?—i-wcHzH

a<&x<E

< to@]+ [t (1osT) +ue] 2

<N

from which follows that for each & € [a — T, T|, which implies that |[Fz| < n.
Since F(D,) C D,, then F(D,) is bounded.

Step 3: F(D,) is bounded and equicontinuous.

By step 2, it is obvious that it F(D,) ={F(z): z € D,} C D, is bounded.
Let iy, € l[a—7,T], withy <7, ifa—7 <7 <79 < a, then

[(F2)(72) = (F2)(n)|| = [[®(72) = ®(1)[| =0 =0, as 72 = 7.

For a <11 <1 < T, we have

P = (Fl < g [ (o8 Z) ™ = (o ™) Tete, 2l S
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

IN

[\
—|
==
S
WN

3
—
f—
O
0 V)
w |3
~
S
|
iR
|
—~
—_
O
oQ
|\]
~
S
|
iR
_
|&
v,

p\IIHZH /Tz( 7—2)1/—1 ds
log —= -
. - v To\ V T\ V
) (o] e

Hence, for £ € [a— T, T], we get
|F(2)(12) — F(2)(m)||=0—=0, as 72 — 7.

Hence F(D,) is bounded and equicontinuous.
Finally, we need to prove the implication, we have F : D, — D, bounded and
continuous.

V =convF(V) or V=F(V)U{0} = u(V) =0

Let V.C D, such that V C conv(F(V)U{0}). V is bounded and equicontinuous and
therefore the function & — v(§) = p( V(&) is continuous on [a — 7, T).
If ¢ € [a— 7, a], we have

v(&) = (FV)(§)) = n(®(§)) =0
If € € [a, T], using lemma the properties of the measure u, we have

p(FV)(€) U{0}) = max{p ((FV)(€)), n({0})}

v(§) = u((FV)(©))
p((FV)(€) U{0})

p(E(V)(E))

where j(xg+ A) = p(A), for any xy € x, we find that

IA A
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

HEVIE) = (0)+ 5 /; (1065)’ RO
' (1)a<5 <£/£” (log &) (S’ZS)@
b L) ze V)
a<§r<§

= M{ﬁ/: <log§)yllll(s 2)— +— Z /& 1 <log 5’“) (S,zs)%

<£ <€
+ Y L(2(&)), z€ V}

p(F(V)(E))

IN
=

+ p

On the other hand, the condition (H4) and (H5), we have

p(F(V)(E) < W) /é( §>V lu(\If(s, Vs))@

S

+ % > [ ( ) i v ®

a.<f <§ gn 1

oo m

a<&e<E

&r
1 13 f v—1 ds -
T /E (1og ) PV + S (Vi)

a<l€ <&

IN

M VL

a<§ <§ {fi 1
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

1ot e\t ds 1 £ £\ e
() o [ )

a<€<E
+ > ()

a<£n<£
Pylloll [¢(, €\""ds  pallv]
log 2 =
['(v) Je, & s * I'(v) a<§2:<§

ol {p@% (-T) +wc} |

o[ 1= (2 (1o g)”+wc)] <0

From (2.16), we get ||v|| = 0, that is v(§) = p(V(E)) = 0 for each £ € J and
then V(&) is relatively compact in x, together with the Ascoli-Arzela theorem, V is
relatively compact in D,. Using theorem we conclude that F has a fized point
which is a solution to the problem -(2.9).

IN

I v—1
/ (log 5—) & 4 wellol]
fn—l S S

IN

Hence

2.2.5 Example

We consider the following functional impulsive fractional differential equations of the
form :

1 1 1

uD?2(8) = —5llzell, €€ T=[Lel.&# 3, (2.18)
Azfy = %z (17_) , &= % (2.19)
2(§) = @(§), £el—71] (2.20)

Set .
x=1"={2= (21,20, 0, 2n,...) : Z |2n| < 00},
n=1

with the norm
oo
Iznlly = Izl
n=1

Here
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2.3. IMPULSIVE FRACTIONAL NEUTRAL DIFFERENTIAL EQUATIONS
WITH DELAY

1
\Pn(£725) = @’Zn’ ) (57 Z) € Jx C([a’_ T, a],X),

and |
I.(2) = 5|Z”|’ Z € X.

Where z = (21, 29, ooy Zny on), W= (U1, Uy, oo, U ).
Clearly, condition (H1) holds and (H2)-(H3) are satisfied with

(&, 2) I < p(&)l=ll;

where

1
p(f):@~
pp=e¢landc=1% T=¢ev=3 a=1andw=1.

We shall show that condition is satisfied, Indeed

(w+1) \" 5 2 1
Py (1og 2 _ loge)d 4+ 1
[\I’F(V—i—l) o8g) T r(g)(oge) T3
— 0,505419028 < 1.

Therefore, we conclude from the conclusion of theorem the problem —
has at least one solution on [1,e].

2.3 Impulsive Fractional Neutral Differential Equa-
tions with Delay

In this section, we study the existence and uniqueness of solutions to the following
impulsive fractional neutral differential equations with delay :

D [2(6) —g (&2 =V (§2), €€J:=[aT,6#E,0<E<T (221

Az lee, =1, (2 (&), k=1,.,w, (2.22)

2(€) = @), &€(a—rT,4, (2.23)
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2.3. IMPULSIVE FRACTIONAL NEUTRAL DIFFERENTIAL EQUATIONS
WITH DELAY

where U, ®, and I, are as in problem (2.1)-(2.8), and g : JxC([a—T,a],R) = R
s a given function.

We shall present two existence and uniqueness results for the problem —
. The first result is based on Banach fized point theorem, while the other is
based upon for the nonlinear alternative of Leray-Schauder type.

2.3.1 Existence and Uniquenss Results

Definition 2.8. A function z € B is said to be a solution of (2.21)-(2.23), if 2
satisfies the equation §D" [z (€) — g (&, 2¢)] = W(&, 2¢) on J and satisfies conditions

£22-229).

Our first exstence result for the (2.21))-(2.23)) is based on the Banach fixed
piont theorem .

Theorem 2.9. Assume that conditions (A1)-(A2) and following hypothesi hold

(M1) There ezists a constant l; > 0 such that

lg(&,u) — g(&,v)| < llu—vl||e, for each & € J and u,v e C;.

If

I 1) (log )"
o lwr D (log )
F(v+1)

then the problem -(2.23) has a unique solution on [a — T, T].

Proof: Consider the operator N, : B — B defined by :

( o), if E€(a—T,al,

+wly| <1, (2.24)

O(a) — g(a, ®(a) + 9(€.2) + 15 X Jo, (log )" (s, 2,) L
N1z (§) = Pt

oy Jo (log )" T W(s, )+ Y L(x(E), fEela T =1, w.

a<§r<§

(2.25)
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2.3. IMPULSIVE FRACTIONAL NEUTRAL DIFFERENTIAL EQUATIONS
WITH DELAY

To show the operator Ny is a contraction, let v,z € B. Then, for each £ € J we
have

[Ni(2)(§) = Ni(2)(€)| < [9(& we) — 9(&, %)
+ 1 E - O 2 - S, Tg) — S,z —S

a<§n<£ fnfl

1 ¢ e\t ds
+ N0 /& (log g) |W(s,xs) — \I/(S,Zs)l?

+ ) Ha(@(60) = (=€)

1 & &\ ds
_ log 2% Lllzs — zlle.—
tiog 2 /g(g) o= zalle,

a<£n <5

¢ v—1 d
T /E (m%é) hlls = zlle, =+ 30 blleler) - (&)l

a<€r<§
liflz = 2]l 3

/En ( 5}{)1’1 ds
log =— —
a<€n<£ £m71 S S

hlz = 2]l /f &\ ds
it = ~lleo log 2 il _
+ o) X ogs . + wh ||z — 2||0o

lLiw (log T)” I1 (log I)"
I'(v+1) I'v+1)

IA
=
5
o
N
o
Q

IN

IN

Lyl = 2lloo + 12 = 2[00 + [ = 2[00

+ whl|z — 2|

li(w+1) (log I)V
< I 2 l 0
> [g+ F(V—I—l) + Wi HZL’ Z”
Thus
li(w+1) (log —T)V
_ < a _ .
1M, (@) ~ Na(2)o < lzg + T b e~ 2l

Consequently by , Ny is a contraction. As a consequence of the Banach
fixed point theorem, we deduce that N1 has a unique fixed point which is the solution

of the problem -[2.29).
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2.3. IMPULSIVE FRACTIONAL NEUTRAL DIFFERENTIAL EQUATIONS
WITH DELAY

The second existence result for thr problem (2.21))-(2.23)) based on the
nonlinear alternative of Leray-Schauder

Theorem 2.10. Assume that (H3),(H6)-(H7) and the following conditions hold:

(M2) The function g : Jx C. — R is continuous.

(M3) There exist ®, € C(J,R") and ¢ : [0,00) — [0,00) continuous and non-
decreasing such that

lg(&,u)| < Dy(&)i(J|ulle,) for all €€ J, ue Ch.

(M) There exists a number M, > 0 such that

M,
[@(a)| + lg(a, D(a)]| + @ytiy (Mr) + v (W) el 2] e (VT

> 1,

where ®, = sup{¢p,(§) : & € J},

then -(2.23) has at least one solution on [a— T, T].
Proof: Consider the operator Ny : B — B defined in[2.25 It can be easily shown

that Ny is continuous and completely continuous.

For X\ € [0,1], let z be such that, for each & € J, we have z(§) = A(N12)(€).

(2)(6) = AB(a) — Agla, B(a)) + Ag(E, 2) + —— S /5“ log & H\y(s 0%
= gl a, g\S, 2¢ F(V) L - g s ) S s

P &\t ds -
vr [ (osd) e T e 3 e
Then from (A6)-(A7), and (M2)-(M3) for each & € J, we have

2] < [®(a)| + |g(a, ®(a))] +[9(&; 2)]

1 & &\ ! ds
+m Z /&1 (108;;) ‘\I’(3>Zs)|?

a<£n <£
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2.3. IMPULSIVE FRACTIONAL NEUTRAL DIFFERENTIAL EQUATIONS
WITH DELAY

1 13 g v—1
+m/& (log;) |W (s, 2s)] —|— Z |I.(z

a<€ <&

[®(a)] + [g(a, D(a))] + D4 (&)t (| 2]])

£ <
f g X[t e

<<tV En1

1 ¢ §t
+ m/&(logg) Pw(s)Y st” ®+ Z CHUELD

a<§r<€

IN

w (log f)y
F(v+1)

IN

1(a)]| + [lg(a, ®(a))[ + Pyt ([2]loc) + dut)(l|z]loc)

(log 7)"
Put(]| 2 IIw)m + w*([]2]|o0)

< [[®(a)]l + llg(a, (a))[| + Pyt ([|z[loc)

(w+ 1) (log f)y

i o (1),

+out(|]o0)

Thus

BN -
[@(a)| + [lg(a, D(@))]| + Byt 2]l + duti(ll2lloc) REED L ipupe((l2]10)

Then by condition (MJ), there exists M such that ||z||e # M. Let

U={2€B: 2] < M}.

The operator Ny : U — B is continuous and completely continuous. From the choice
of U, there is no z € OU such that z = AN1(2) for some A € (0,1). As a consequence
of the nonlinear alternative of Leray-Schauder, we deduce that Ny has a fized point

z € U which is a solution of the problem -.
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Chapter 3

Impulsive Fractional Differential
Equations with Caputo-Hadamard
Derivative of order 1 < v <2

3.1 Introduction

In this chapter, we concentrate on the existence and uniqueness of solutions for a
classes of functional impulsive fractional differential equations with Caputo-Hadamard
derivative. Here results are discussed, the based on fized point theorems the Banach,
Schaufer’s and Leary-Schauder

Consider the space

: 2 , N
AC!(J,R) = { z:J—= R, z€ AC5((&s, &), R) and there exist z(&) } |

and z(&.), k=1,...,w, with, z(§.) = z(&)
endowed with the norm
12l acr = sup{|2(§)] : a < & < T}
Let B* be set defined by
B ={z:(a—7, 7] > R \ z€ AC'(J,R)NC;},

with the norm

125+ = sup{[z(€)] : € € [a— 7, T]}.
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

3.2 Initial Value Problem (IVP) with Delay

In this section, we study the existence and uniqueness of solutions for the following
initial value problem, for impulsive fractional differential equations with delay and
Caputo-Hadamard derivative of the form :

CDY2(6) =W(& 2), (e€J=[a,T,6#E&,a>0, 1<v <2 (3.1)
Az lezg,= 1(2(8,), =& r=1,.,w, (3.2)

A2 emeo= 1a(2(87)), €=6&, w=1,w, (3.3)

2§ =2(€), ¢e(a—7.4d, Z(a) =7, (3.4)

where G DY is the Caputo-Hadamard fractional derivative of order 1 < v < 2,
a>0,¥:J«C; — R, andy € R are given continuous functions, ® € C([a—T, a], R)
and I.,,I, € C(R,R), k = 1,2,...,w, a =& < & < ... < &y < &uyr = T. For any
continuous functions z defined on J = J\ {&, ... &}, Dzle—e, = 2(&F) — 2(&) and
A |eme, = /(&) — 2(&) , 2(§F), z(&,) represent the right and the left limits of
Z(f) at 5 = Sn-

3.2.1 Equivalent Integral Equation

Definition 3.1. A function z € B* is said to be a solution of the problem (3.1])-
(3.4)), if = satisfies the fractional differential equation §D"z(§) = ¥(&, z¢) on J and

the following conditions ({3.2))-(3.4]).
Lemma 3.2. Let p € AC(J,R). A function z is a solution of the IVP:

CDVAE) = pl6), €€T=[0TE£Ena>0, 1<v<2  (35)
Az ‘fzfn: I’f(z(gn_))7 75 = Sm R = 17 - W (36)

Azt eme, = Ta(2(67)),  £=&, K=1,.,w (3.7)

2(a) = z,, zl(a) =1, (3.8)
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

has if z 1s a solution of the fractional integral equation

v—1 .
2ot av(log ) + 55 [5 (og$)" p(s)%,  if€ € (a8l

2o+ ay(log &) +

s [ (log £)" p(s) 2

b S S (log )" p(s) % + 08, L (2 (&)

K log & i \Y s
by, Lol fe(gog 0y gy

+Z?:1 61 (log é) I_Z(Z(fl_)), ng € (€H7€H+1]7 R = 1) cen W

\

Proof: Let z be the solution of (3.5)-(3.8), if £ € Jo = [a,&1] , by Lemma (1.39),

we get

H6) = Tole) + o+ callog )

¢ vt ds
~ i [ (o) s v atord) e

we deduce thal

we obtain
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

Iff € (51752]7 then

and

e - L [ 08 g%
z(é) - ér(V—l) /g1 <10g8) p(S) s + 5

Using the impulses conditions
Az |eey=2(8) — 2(&) = L(2(&1))
Az |eme=2'(&) = 7 (&) = Li(2(&))),

we obtain

&1 v—1
o = hEE) +r+mlios)+ o <1gf—) o(5) 2.

and

2~ RGE) + £+ 77— /f (m%)”p(s)@

B & v—2 d
c=ahee) ot ot [ () S

For & € (&1, &), we have

v—1
A8 = zatav(logs) + by fS (log$)” p(s)L

P 5 (log ©) 7 pls) e+ D) 8 (169 6)" 72 () e

+ Gllog E)N((6) + L(=()).

¢ dwv-1) s S
&1 v—2
e L () e S
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

Repeating the process in this ways, the solution z(§) for & € [&x,Enr1| where
k=1,..,w, can be written as

2(§) = zs+ ay(log %) + ﬁ /: (IOg §>1/—1 p(@@

: (10 _>“ o)+ Z L)
. i (1(;ng1) / &1 (1og 5_) o2 + Z : (1og g) L)

3.2.2 Existence and Uniqueness Results
First result: Existence and uniqueness

The first result, stated in the following theorem is based on Banach fixed point theo-
rem.

Theorem 3.3.
Assume that :

(A1) There exists constant | > 0 such that

W (& y)—V(,2)| <lly—=z| foreach €, andy,z € C,.

(A2) There exists constant Iy > 0, such that

|I.(x) — I.(r)| < |z —r|, , foreach z,re€ Rk=12 .. w

(A3) There exists constant ly > 0, such that

[I(x) — I.(r)| < |z —7r|, foreaché€J, and allz,r € Rk =1,2,...;w

If the condition

[z (r1y++w1) + FZ}/)) (log g) +wly + wT(log 7‘1:)12 <1, (3.10)

then the problem (3.1)-(3.4) has a unique solution on [a — T, T].
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

Proof: Transform the problem - into a fixed point problem. Consider
the operator F: B* — B* defined by:

( ®(&) , if £€€(a—T,a.

v—1
¢la) + ay(logs) + 5 > & (log )" W(s, z,)%

a<§,{ <£§n71

L[S (g €))7 s, 25)% w(2(EL
=) Tl e e st B IEED)

P lo i i S\ V— s
+> (F(ffll)) f; (log &) 2\I/(s,zs)%

i—1

+ L6 (log £) L&), ifeelan

\

Clearly, of lemma the fized point of F is a solution to problem —. Let
xr,z € B* | if £ € [a— T, a] we have

[(F)(&) — (F2) (&)l = l[¢(§) — o) =0
If¢€la, 1, k=1,..,w ,we have

I3 v—1
(O = (PO < 15 [ (1oad) s~ w0l

IN
=3
S
-IN

in
/:\
o
(0]
|
~
N
L
B}
|
il
|Q.
wn

K <log —,> & N\ V2 d
+ —5/ (logé) le—zH—S
; §i—1 s S

64



3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

# 2 lGe(6) ~ N+ 306 (0w £ ) Blla(e) - (e

[z% (log g) n l%}/) (log g) +wly + wTls (log g)} lz — 2|

Thus, we have

1+ w w AN T
Fo—Fz|| < |l log — [ T(log —)l —z||.
(7o = el < 1 (g + i) (108 T) -+ i+ mTon D)) o - 21

Consequently by (5.10), the F is a contraction a conclusion of Banach fixed point
theorem, we deduce that F has a unique fixed point which is solution to problem

B-1-B-4-

Second result

Our second result deals with the existence of solutions for problem (3.1)-(3.4) by
applying Scheafer fixed point theorem.

Theorem 3.4. Assume that the following conditions hold :
(A4) The function V¥ : Jx C. — R is continuous.
(A5) The functions I., I, : R — R are continuous .

(A6) There exists constant M > 0 such that |V(&,x)] < M for each & € J and each
ze(C..

(A7) There exist a constants N > 0, N* > 0 such that |I.(z)| < N, [I.(x)] < N*

foreachx e R, k=1,...,w,
then the problem (3.1)-(3.4) has at least one solution in [a— T, ).

Proof: We will show use Scheafer fixed point theorem to prove that F' has a
fixed point.
This will be achieved in the following series of steps.
Step 1: Fis continuous.
Let {z,} be a sequence such that z, — z in B*.
If € € [a—T,a], then
[F(za)(€) — F(2)(©)]| = 0.

If £ € [a,T], we have
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

z%/u )=t

=1

Y (lgg) (€)= L(=(6D)]

Since ¥, g and I.,I,, k=1,...,w, are continuous functions, we have

1 (zn) = F(2)]

g — 0 as n — oo.

Step 2: F : maps bounded sets into bounded sets in B*.

Indeed, it is enough to show that for any n*, there exists a positive constant | such
that for each z € B, = {z € B* : ||2||p~ < n*}, we have |F(2)| g <. By (A6)and
(A7), we have for each & € J,

IF(2)() < |¢<a>|+|w|<1og§>+ﬁ /; (10g§>y1|@(8 . @
g [ (68) T e 3 e
) ()z (bgg)

=1
M(log f)y Muw (log f)y
I'v+1) I'v+1)

IN

6(a)] + la(log =) +
Muw (log T)”

N
+wN + F(y)

+ wT (log Ta) N*

14w W

< |p(a)| + |avy|(log — )+M( + )) (log£>y+wN+wT(log£)N*:

T(v+1)  T(v

Step 3: N maps bounded sets into equicontinuous sets of B* .
Let A, A2 € J, A1 < Ag, By« be a bounded set of B* as in Step 2,and let 2 € B*.
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

Ao\ 7,
+ ) & (log AT) L(2(&7)-
a<&r<A2—A1
As A\; —> Ao, the right-hand side of the above inguality tends to zero.
As a consequence of steps 1 to 3, it follows by the Arzela-Ascoli theorem that
F'is completly continuous.
Step 4: A priori bounds.
Let set
e={z€B":2=\F(z) for some 0 < <1}
is bounded. Let z € ¢, then z = AF'(z) for some 0 < A < 1. Thus, for each £ € J we
have

3 v—1 s
2(&) = X¢(a) + ary(log g) + %/ﬁ (log é) (s, Zs)d?

+Z% /j (1gf_)\p<>d— ; Aifj@ CHLS)

=1

_|_

This implies by (A6)-(AT7), we obtain

2O < |é(a)] + [a] (bg;) * % <1gz)

M T\" T
+wN+w— log—) +mT (log— ) N*.
I'(v) a a

Thus

T 1+w w T\" T
< e log — | + M log — N +wT (1og= ) N*| = R.
bl < [+ ool (1 ) 40 (5 555) (o) +wiv o (1) ] = 7
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

This shows that the set € is bounded. Consequence we deduce be F has a fixed point
which is a solution of the problem (3.1))-(3.4).

Third result

Our third result is obtained by applying the Leray-Schauder nonlinear alternative
type.

Theorem 3.5. Assume that (A4) and (A5) and the following conditions hold:

(A8) There exist ¢y € C(J,RT) and ¢ : [0,00) — [0,00) continuous and non-
decreasing such that

V(& y)| < ou()v(lyl) for all £€J, ye .
(A9) There exist 1*, ¥* : [0,00) — [0,00) continuous and nondecreasing such that
|L:(z)| < ¥*(|z]) for all xe R, k=1,...,w

| I(2)]
(A10) There exists a number M > 0, let ¢* = sup{¢py(€) : £ € J} such that

IN

V*(|z]) for all z€R, k=1,...,w.

M
6(a)] + 070 (01) (P + 5) (log 2)” +wi (3) + (Jan| + wT'd(31)) (log 7)

then the problem (3.1)-(3.4) has at least one solution on [a— T, T].

Proof: we consider the operator F' defined by (3.11) . It can be easily shown
the operator F'is continuous and completely continuous. Let A € [0,1], and z(§) =
A(Fy)(€). For & € J, we have

¢ v—1 5
PENOL < lo@)]+ lnlos )+ s [ (1oad) 1wl

) [ (1 5—) s,z % ¢ Z 1)
s (bg&))/ (e )\ (5,7 |—+Z& (106 & ) et

=1

< ot +lerl (106 ) + o [ (1) autoputeon
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

K

1 & & vl ds ~ .
tr [ (es?) ¢m<s>w<|z<s>|>;+;w (=)

3 F<§g—§1>> [ (&) sutamtet 543 (s ) 90
(g3 o

w(log )"
(+1) ['(v+1)

IN

6(2)] +Ja|(log <) + () mts + G ([2]) e

w(log I)¥
I'(v)

otal + 6702 (it + iy ) (tow T )+ e (el

cwd (2]) + 6" (12)) +wT<log§>¢*<|z|>

IN

+ (Jar] + wT () <log§) |

Also, the inequality

=]

6(@)|+ o (121) (it + 75 ) (o8 )" + w121 + (lags| + mTw(|=I)) (log 2)

<1,

which condition (A10), there exist M such that |z|| # M. Let us set
U={z€B*: |z < M}.

Note, that the operator F: U — B* is continuous and completely continuous.

From the choice of U, there is no z € U such that z = AF(z) for some A € (0,1).
Consequently by the nonlinear alternative of Leray-Schauder theorem, F has a fixed
point that is a solution of the problem (3.1)-(3.4).

3.2.3 Example

1 (&) 1
1 =G
AZ(g) T e0)] (3.12)
il 2(5 )
(3) = T (3.13)
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3.2. INITIAL VALUE PROBLEM (IVP) WITH DELAY

1 1

1
_ 1 1 iy —3 14
() =96, celz-ngl #(3)=3 (3.14)
Set ) ) .
z
W(E,2) = S s oLR).
(£7Z> (65 +4)2 (1 +2)7 <§7Z) € Jx* O([6 T, 6]7R>
I.(2) = Eis z € R.
— z
L.(2) = T 2 € R.
Let ,z € C([3 — 7,2],R) and & € J. Then we have
1 T z
U — v = _
’ (67:6) (672)’ (€£+4)2‘1+x 1"‘2‘
< 1 |z — 2|
o (ef 44?2 |1+ 2)(1+ 2)]
dr—2 - 2],
(e + 4)2 = 36
Let x,z € R, then we have
x Y
L(z) — I(2)] = -
L@ - LG = 15 - ]
1
< Loy
17
and
x Y
Ii(z) — Iu(2)] =
L@ - LG = 15 - ]
< ol
= e

ll— 12:

P(&iﬁ)+&%)0%

- {215( (2) 1“@)) (10g12)(§)+1i5+2(101—g712)]

= 0,3132361029 < 1.

Obviously, [ =
Further,

25’

v

A

T
+ wl; + wT'(log ;)ZQ}

Then all hypotheses of theorem (3.3) are fulfilled, and consequently the boundary
value problem (3.1)-(3.4) has a unique solution on [§ — 7,2].
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3.3.  BOUNDARY VALUE PROBLEM (BVP) WITH DELAY AND INTEGRAL
CONDITION

3.3 Boundary Value Problem (BVP) with Delay
and Integral Condition

Our main objective in this section is to discuss the existence and uniqueness of
solutions for the following boundary value problem (BVP for short), for impulsive
fractional differential equations with delay .

QD 2(6) = V(& %), £eJ=[aT,££&, =1, (3.15)
Az =g, = 1:(2(€;), €= k=1, (3.16)

A eme,= Tu(2(87)), §€=& m=1,.,w, (3.17)

A6 = B(E), fela—ral (T)= /:h(s, +(s))ds (3.18)

where ¥, ® and I, I, ere as in problem —, and h : J¥* R — R are given
continuous functions.

We shall present the existence and uniqueness results for the problem —
which rely Banach fixed point theorem. Then, results of the existence of solutions
are proved using on the fixed point theorem of Schaefer and the nonlinear alternative
of Leary-Schauder, we give illustrative example.

3.4 Equivalent Integral Equation

Definition 3.6. A function z € B* is said to be a solution of problem (3.15)-(3.18)
if 2 satisfies the equation §D"z(£) = U(E, 2¢) on J and the conditions (3.16)-(3.18).

We need of the following lemma to which is important to obtain the integral

solution of ([3.15)-(3.18)).

Lemma 3.7. Assume that 0,0 € AC*(J,R), let 1 < v < 2, a function z is a solution
of BVP :

aDvz(€) = 0(§), £e€J=[a T, #E, (3.19)
Az |e=g,= 1u(2(£,), §=&, w=1,.w, (3.20)
A eme,= Tu(2(67)) s €=6&, r=1, ., (3.21)
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3.4. EQUIVALENT INTEGRAL EQUATION

has is a solution of the fractional inteqral equation :

Proof:

( Z+ T (log§) [ a(s)ds — (log §) [rii Jer, (log £)"" o(s)%
+ 50 e Je, (g 9)" T o) % + X () T (2(6)]

1y 2 (log £)" o(s) if €€ o6l

7+ 1 (log ) [ o(s)ds — (log {) [piyy g, (log 1) o) %

3 e Je, (g €)' p(s) % + 3 (60 Ti(=(6 )]

by, W) f (100 ) gy 4 1))

\

By Lemma let 1 < v <2, for each £ € [a, ], we get

Z(g) =H I”g(ﬁ) + 1+ ¢ <10g g)

¢ v—1
) (). e

So applying the condition z(a) = Z, we deduce that ¢; = Z, we have

2(§) =

v—1
<log ) dS — + (log §> .

v—1 K i Y1 s
+r(1y) f,gi (log %) 9(5)% + ﬁ Dict fgi_l (1og %) Q(S)d?

306 (g £ ) L), i €€ (Enbar], m=1,.w.

(3.22)

(3.23)

(3.24)
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3.4. EQUIVALENT INTEGRAL EQUATION

Then, we obtain

13 v—1
z(§) = F(ly) /5 (log §) Q(S)% +dy + dy (log é) , dy, dy € R. (3.25)

= =1 [ 0g8) aeB i ®

Using the impulses conditions

{ Az feg= 2(§) — 2(§7) =
Az Jee,= 2 (&) = 2'(67) = Li(2(&7))

we obtain

2(&0) = di= (&) +2(60)

e 4 (logfl) NES /afl (bg é_) o) S

a

dy -

) = F = heE) +# )
e 2y [ g6 e ®

dy = &1 (2(&0)) + oo+ ﬁ /:1 <log %) v Q<S)@

The integro-differential equation (3.25)), equivalent to :

10 = wvn(ln) gy [ ()0 [ ()0

+F<z‘f_f%1>) / ¥ (106%) S (106 £ ) 1ot + 1o160))
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3.4. EQUIVALENT INTEGRAL EQUATION

Repeating the process in this ways, the solution z(§) for &, € [&, &xi1] Where kK =
1,...,w, can be written as
s

2(&) = Z+e (log §)+ﬁ /j (IOg g)y_la(s)@
(3.26)

. Z <1‘f_&1> / &1 (10g f_) ()2 + Z L€ + Zﬁ (1og g) L)

Continuing in the same manner, we obtain for £ € (&, T],

G CHEN TN CH IR 7b oy M CH G

P L) + Z % /j (1gf_) o)+ o6 (lon £ ) T46)

& A\ vl d
<log é) 0’(8)—8
§i—1 §

By the application of the boundary condition 2/(T) = f: 0(s)ds, we obtain

w

0 = Fram ) (o HIECE I INCHE s

We obtain the reguired value of the constant c, as

+ ) (€ L(2(&79)]
i=1
replacing the values of ¢, int([3.24) and (3.26), we get (3.23).
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3.5. EXISTENCE RESULTS

3.5 Existence Results

Our first result is based then the problem (3.15)-(3.18)) has a unique of
solution using Banach fixed point theorem.

Theorem 3.8. Assume that :
(A1) There exists a constant Ly > 0 such that

V(& 2) = V(&) < Lulle = ylle,, foreach &€ J, w,y € Cr.

(A2) There exists a constant Lo > 0 such that
|h(&,z) — h(E, 2)| < Lo|lx — 2|, for each & € Jand x,z € R.

(A3) For each k = 1,2, ...,w, there exist |,1* > 0 such that

|I.(y) — L.(2)| <lly — z|, for each y,z € R.
\Tn(y) — TH(Z)| <"y — z|, for each y,z € R.

if the condition

(it 35) (D) - ) s o

then the boundary value problem (3.15)-(3.18) has a unique solution in [a — T, T]

Proof: Transform the problem (3.15) -— into a fixed point problem. Consider
the operator F': B* — B* defined by:

( o(¢), if ¢e(a—ra]

®(a) + T (logt) [T Hi(s, 2(s))ds — (log &) o= f; (log g)yiQ\If(s,zs)%

(F2)(¢) = oD i Je, (08 )" T W(s,20) %+ 0 ET ()] + 0 Li(2(6))

v—1 K i )\ VL S
iy S Qo) Wl 2% iy S S o %) Wis. )

ey ) 18 (l0g ) (s, % + 50,6 (log €) T ) i € € (66l

(3.28)
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3.5. EXISTENCE RESULTS

where Kk = 1,...,w

Clearly, of lemma [3.2| the fixed point of F'is a solution to problem ({3.15])-(3.18]).
Let z,z € B*, if £ € [a — 7, a], we have

|(F2)(€) — (F2)(§)] = |2(5) — B(&)[ =0
If £ € [a,T], by (A1l)-(A3), we have

(o)~ Fael =1 (1og5) [ nts.ates + 2k [ (1o AR
+r((1§g—§3) Z/ 5 <1g§‘> ¥o, 2 + <1og§) gmmm
§

! &\ ds I« [® &\ ds
) /f (ng) ‘I’(S’””J?Ww);/i_l (10%) o)

.\ ﬁzzgi)) /E (10g 5_) Wsa) S Z L) + 25 <1og g) L)
< 1l (1052) [ o6~ hlssstelas
A (1 T) ) - w20l
H (108 ) 13 6l (ole) — H=(6)
3

K <log£ 3 v—2
& 57, ds
log & U . 4
+3 01 /g(g) (s, 7,) — W(s, 2]

+ Y (@) — L)+ )& (log §> 1i(2(&)) — Li(=(&))]

i=1 =1
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3.5. EXISTENCE RESULTS

IN

| (log §) | [T T\" 2 ds
T(1 L + =2/ log — L — -
(og ) olz(s) — z(s)|ds T —1) /5w og . 1zs — zs|o, .

logg | &i v—2 s
(V 2/ ( > L1|J;S_ZS|CT (log > |Z€zl |x —Z )|
1 13 5 v—1 ¢ 1 o
+ ® /sn (log §> Li|zs — zs|oT Z/ (log > Li|z, _Zs|CT?
£ <lOg é) &i N\ V2 "
&i f@ ds B )
+ZZ:; (v —1) /&_1 (log g) Lafes - ZS|CT? + ;”x(gz ) —2(&)]

Y (1og§ Ple(€) - 2(€0)
i=1 ¢

- Lille — =] [T(, T\ 2ds
T\los ) (T —@lbale= log= ) =0 [ (10g=) =
(Oga>( Sl Z||+(Og ) -1 Jo, \ %)
T L1||ac—zH /Sz e\ 2d
8 lo © 4w (105> ) T2 —
+<Oga) y—l Z g +w Og ZH$ ZH
L1Hx—zH/ ds Lz — 2| & /gz N
o) Lo\%eS) st Ty g Sy ¥
+ I'(v) g Ogs 5 + T ; - 0g - ;
« Lifle - || (log £) e =Y T

— v —1)

T Lil|lx — = T\ wli||z -z T\"
T (log ;) (T —a)Lollz — 2| + % <log g) + % (log ;>

Li||lx — z|| T\"  wLl|jz — 2| T\  wli||z— 2| T\"
T ||z — ——— | log — — [ log — — [ log —
Fullllr ==+ Fo7g (loey ) o5 \U83) T~ 1o ;s

—

IN

IN

T
twl||z — 2| + wT'l* ||z — z|| (log —)
a

w+1 1+ 2w T\" T T
L log — Lo(T —a)T [ log — [+ 2wT | log — | I* —
{1<r<u+1>+ ) )(g) LT —a) (Oga)+w+ v (g) }”“’ gl

Thus, we have
|Fr—Fz|| < [Ll (szrll) + 1F+i1)ﬂ> (log 1)” + LoT(T — a) (log T) + wl + 2wl*T (log E)] |z —

IN
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3.5. EXISTENCE RESULTS

Consequently by (3.27)), the F is a contraction a conclusion of Banach fixed point
theorem, we deduce that F has a unique fized point which is solution to problem

719 (719).

Our second reslut deals the existence of solution for problem (|3.15])-(|3.18))
by applying Scheafer fixed point theorem.

Theorem 3.9. Assume that the following conditions hold :
(A4) The function ¥ : Jx C. — R is continuous.
(A5) The function h : Jx R — R is continuous.

(A6) The functions I,, I.: R — R are continuous.

(A7) There exists a constant N > 0 such that

V(& 2)| <N, foreach &€ J, and z € C;.

(A8) There exists a constant N* > 0 such that

W& y)| < N* for each £ € J,y € R.

(A9) There exist tow constants Ny > 0, Ny > 0 such that

|L‘€(y)| < le |7H(y)| < N2 fOT eaCha yeRa k= 17"'7w'

then the boundary value problem (3.15)-(3.18) has at least one solution in [a— T, T).

Proof: we shall use Scheafer fized point theorem to prove that F has a fixed point.
The proof will be qiven in several steps.
Step 1: F'is continuous .
Let {z,} be a sequence such that z, — z in B*.
If¢ € [a—T,a], then
IF(2)() — F2)(E)] =o.

For & € [a, T], we have
FE© - FE < 710wt ) [Tns,a0) - s, (o)
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+F((1§g_§i)i /: (1og5’) |\1f<s,zm>—\1f<s,zs>>\§

K (log —) & 13 v=2 ds
. log > v v —
Sl (g) (s, 700) — W(5,2)]
F Y al€) — LGE N + Za (108 £ ) 1at60) = et )
i=1
Since W, h, and I, 1., k=1,...,w, are continuous functions, we give
| F(z,) — F(2)||5+0 as n — oo.

Step 2 : F maps bounded sets into bounded sets in B*.
Indeed, it s enough to show that for any n* > 0, there exists constant {* > 0, such
each z € Dy» = {z € B* : ||z]| < n*}, we have ||F(2)| < ¢*.

If ¢ € [a—T,a], we have
[(F2)(E)] < [@(E)] < [|1@]]
. And if £ € J, by (A7)-(A9), then

T o 13 T v—2
e < e+ (s8] [ s S (00T poge,

Lol Z [ (et )”QW@,ZS)@H(1og§)|ia-|fi<z<§;>>|

1 I3 f v—1
+F(l/) /& (1Og g) |\I](S>Zs

sl (bgg)” |_+§,f

&1

+;&| CHIES)
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3.5. EXISTENCE RESULTS

Where

12| < |0 +N[

Thus

IN

IN

|P(a)] —|—N*T(log§> /Tlds—l—

N| log

V—l

N [¢ &\ ! ds
() /g (10g )

&
Mv—1)

=1

|®| + (T— )T(log ) N*+ N

(1+w) (log f)
I'(v+1)

+N

1+ 2w
I'(v)

14+w n
I'(v+1)

R pACHE
Tt L (s —)”

2 ds
— 4w (1og ) TN,
s

& v—1 @
S

_'_i]w <10gi)|/%i (1 é) _-|-wN1+wT(log )N

(1 +2w) (log 7)”

I'(w)

T
+ wN; + 20T (log —) Ns.
a

[1Fz]| < {max @, ||®]|} := ¢".

Step 3: F maps bounded sets into equicontinuous sets of B* .
Let 7,75 € J,71 < 7o, Dy« be a bounded set of B* as in Step 2, and let z € D,

Then

e - el < (o) [ints stnias + 18 [ () o

(V_lz/sl

i (s

} (log (—];)V +wNy + [(T— a)N* 4+ 2wN,| T (log (—Z) = Q.

(106 ) sz %+ 10s2) Zf;&mu(f—))
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T2 . N(log:—;) ! ™\" ? ds
< (onZ) e o [ (D)
N log & v—2
<1/—1 Z/ <1g ) d——l—ng(log )
N Tl T2 \V 1 T V 1 ds
“7., Klog_) (o) | T [ (o)
N 10g &i v—2
y—l Z/ <1g&) ——l—ng(log )
N ) N n\"  2wN
wertr—a (1) ¢ s (s 7) 4 5 ()
T2 N T2 v T2 it
+2 Ny Tw (log 7_—1) + m [2 (log 7_—1) + (log ;) — <10g ;)}
N m\" T Ty (14 2w)N \"

+T[N*(T— a) + 2wNs)] <log 2>
!

IN

IN

As 11 — Ty, the right-hand side of the above inguality tends to zero.

As a consequence of steps 1 to 3, it follows by the Arzela-Ascoli theorem [1.10 that F
s completly continuous.

Step 4: A priori bounds.

Let set e = {z € B* : z = AF(2) for some 0 < X\ < 1} is bounded, and z € ¢, then
z = AF(2) for some 0 < A < 1. Then, for each & € J,

(F2)(&) = A<I>(a)+A:r(1og %) /arh(g,z(s))ds_ M/g: <1Og I)V2\I/(s,zs)%
_%g/& (10g %) V_Q\If(s,zs)% —A <log %) Zw:&L;(Z(Ei))

&1

+ﬁ /é (10g§>y_1\11(3 ) E Z/& <log 52) (s,zs)d—j
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3.5. EXISTENCE RESULTS

23 (log g) L(:(67))
i=1 '
This implies by (A7)-(A9), we obtain

T 14w 142w T\"
F < ||® I(T— log— | N*+ N log —
Pl < ol + 70 (losT ) o4 |t T2 (1o )

T
+ wN; 4+ 2wT (log —) Ns.
a

This shows that the set ¢ is bounded. Consequence we deduce be F has a fized point

which s a solution of the problem —.

The three result is based by applying the Leray-Schauder nonlinear alter-
native type.

Theorem 3.10. Assume that (A4)-(A6) and the following conditions hold :

(A10) There exist ¢y € C(J,RT) and ¢ : [0,00) — [0,00) continuous, and non-
decreasing such that

(W& y)| < pu(&)U(lyl), for all §€J, yeCr.

(A11) There exist ¢r, € L(J,RT) and ¥* : [0,00) — [0,00) continuous, and non-
decreasing such that

R(E,0)| < (O (Jv]), for all E€J, veER

(A12) There ezist Y%, 1** : [0,00) — [0,00) continuous, and non-decreasing such that

L) < o (ol), L) < ¢ (o)), for all vER, k=1,...,w.

(A13) There ezists a nomber M > 0, let ® = sup{¢y(§) : £ € J}, such that
- M — — >1
@]+ 7(log L)w=(l2IDli¢nll 1 +¢ (M) ( wi+F2w ) (log 1) +wip* (M)+2wT (log L)y (M) =

then (3.15)-(3.18) has at least one solution in [a— T, T).

Proof: we consider the operator F : B* — B* defined by (?77). We shall show
that F is continuous and completely continuous.
Step 1: F'is continuous.
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3.5. EXISTENCE RESULTS

Let {z,} be a sequence such that z, — z in B*. Let v > 0 such that ||z,| < v, and
¢ € [a, T, than

70O - FE) < 710wt [ nts,a9) - s, o)
(log8) [ (1. T\ ds
+m/§w (10g;> ‘\I]<37zns)_\p<57z3)>|?

oo &) M. & N\ V2 S
+r<(1ug—az); - (log%) W(S’Z"S)_\I](S’Zsm%
+ (log% S Gl () = Ti(6 )]

1 13 ¢ v—1 ds
+F(V) € (logg) [W(s, 2ns) — W(s, z0)|—

1 o [ &\ ds

" <1og§ & | &\ 2 . v ds
+ «I'(v—1) /g 1(Og§> (W (s, 2ns) (5, 25)—

=1
Since W, h and I, 1., k=1,...,w, are continuous functions.
Hence
|F(z,) — F(2)||5+0, as n — oo.

Consequently, F is continuous.
Step 2: F maps bounded sets into bounded sets in B*.
Define the set

Dy ={z€ B ||z <n"}.

Let z € D, there exists a constant L* > 0, such that |F(z)] < L*.
By (A10), (A11) and (A12), for each £ € J, we have

FEO < 0@+ 7(losf) [ his. o
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+Zg|(lg LA

< 0@+ (10s%) [ ontspwilelshas
A [ (16 2) sutopota
AN [ (1) ontonen

 oet) gsiw‘**mz@)\)

+ﬁ /: (log %)V_l ¢¢(S)¢(\Zs|)% T ﬁ g /:_1

e og & ; v—2
> |r<zygf1>)| /: (1052) " outepulan ™

+Zz/;*(|z(§z_)|) + <log %) Z§i¢1*(|2(55)|)
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3.5. EXISTENCE RESULTS

0 I3 T v—2 s
< |q><a>|+r(1og§)<:r_a>|r¢h||L ol + PR [7 (10 ) 2
—i—q)w(H VH_l Z/ (1 g&) _+w(1ogf) T?f**(HzH)
Qu(l) (€[, €Y ds o Hzll s
i L(v) /& (lgs) Z/ ( ) 5
ol (log £) & /et as
> r@_(l) 52)/&1 (1062) L 4w (1ol + wtiog Dy (1a1)
< o1+ (7 o (g 1) Ronla, ol + @l 2 o)
(1) *;{2 fof)?) + wi (|2]) + 20T (mg g) = (ll2]).
Thus

Pl < Il + vl | s + | (1o3) +wd )

+r[(7= @l + 200 ()] (1o

Step 3: F maps bounded sets into equicontinuous sets of B* .
Let z € Dy be a bounded set of B* as in Step 2, and 71,7 € J, 71 < T2, we have

R - R < 7(10s2) [ ntetopias + 1 [ (1ogf>”_2\\p<s ik

S
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VA
~
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O
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\_/v
s\
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©-
>t
—
w
S~—
<
~
—
w
Pt
=
0

< 1106 2) fontosir— o+ LI [ (10 T)
fw(f( ”)_Of)g 2) j:: /: (lg%) =4 (106 2) g:w_**(IZ(&Z)I)
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3.5. EXISTENCE RESULTS

@w(ﬂ) _(gg—) ; /f (1) " s + (1o —)ZW*

< lonllo (=TT - >(1og§)+¢‘§(([§”><logj—;> (1og 1)
+2w T (|| 2]|) ( ) + E/)(H “; [2((1 g:—j) + (log 72) — (log 7y }
(1 + 2)us( 2] e (o
< WEZOBED (100 2 b rflonllrwtlalr— o)+ 2us (1)) (100 2)
+§zi(ﬂz!§ [2((1og )"+ (log ) — (log 71)] .

As 1 —> 1, the right-hand side of the above inequality tends to zero.

In consequence of Steps 1-3, it follows by the Arzela-Ascoli theorem we
conclude that F' : B* — B* is continuous and completely continuous.
Step 4: We show that there exists an open set U C B* with z # A\F(z) for A € [0,1]
and z € OU . Let z € B* and z = AF(z) for some 0 < X\ < 1.Thus, for each £ € J,
defined by (3.28), be (A10)-(A12), we have

T o I3 T v—2 s
)@ < Ia(a)+ 7 (106%) a|n<s,z<s>>|ds+r((lf_“i) [ (eel) s

B E (8 ot () ot
o /j (mgg)”_lws WD+ Z / (1%) \\If(s,zm%
+§; F(zzg_%)) /:1 (10?; %) - |‘P(8,zs)l% + Zi; 11i(2(€7))

(log £)

+

AN
+
~
- /3
P
) oo v
I/~ \
‘@
®

it oo [ (1o I i’



3.6. EXAMPLE

& A\ vl
" (1) utrla

+

o /: (1og§>y_l¢@<s>w<|zs|>%+F(ly> >
+i (1(;ng1> [ (log%)”Q%(SM%D%+§;¢—*(|Z(§—))
+zgz CHIECESE

< o+ 7o D) () [ ontots + LB gy + 208D g
vt (1og T) (1) + B au ) + 222

w (log I)” AN w21 - w 0§ o (|
+ 0D e+ (o) + w7 (g ) (121

<o) + r(log g) (=D @al + Szl (F(ﬁfff) + “&ff” )) (log ?:)V

v (J21) + 20 (1og 3 ) v (121)

Also, the inequality
=l 7 1
2] + @y (llzIN (5 + ) (og D)7 + wi(l2ll) + [ ()l gnllr + 2w ¢*(||zID]T (log £)
which condition (A13), there exist M such that ||z|| # M. Let us set
U={z€B*:|z| <M}

Note, that the operator F: U — B* is continuous and completely continuous.
From the choice of U, there is no z € OU such that z = AF(z) for some X € (0,1).
Consequently by the nonlinear alternative of Leray-Schauder theorem, F has a fized

point that is a solution of the problem —.

3.6 Example

Let consider the following problem :

et | ¢

“D2z(¢) = (€6 +5)2 (1 + |z

gel ey (3.29)
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3.6. EXAMPLE

Ad%y:i%%%%Lﬂ’ (3.30)
Az’(%) _ % (3.31)
) = D(E), Ee[l-m1], #(2) = /12 %d& (3.32)
o ¢
Ve - s, (€4 T4l R)
Iz) = 15|j||z|’ I(z) = 17|—T-||z|’ 2e ki
and

/1 (s, z(s))ds = /1 %d& (&,2) € J*R.

Let x,z € C([3 —7,3],R) and £ € J. Then we have
1 x z
v — v = _
< 1 |z — 2]
T (ef4+5)?2|(1+2)(1+ 2)

|z — 2| < 1
(5 =gl

and

1
A&, x) — 1, 2)] = ﬁ|1_|$_x_1j—z
L le—2
13](1+ 2)(1 + 2)]

|z — 2| 1
< —lx—z|.
13 13

IN

IN

Let x,z € R, then we have

T Y

15+z 15+y

1
=z — 2|
15

[Lo(x) = 1e(2)] = | |

IN

89



3.6. EXAMPLE

and
T Y
I, — 1. = —
@)~ LG = s~ g
< o
< 1730 z|.

Hence the hypotheses (A1)-(A8) holds, with L, = %,LQ = 1—13, l = 1—15, I* = %7, and
V:%,wzl,&:%,T:Za:l.
We shall check that condition .Further

{LQT(T— a) <log Tf) + Ly (F?}Vill) + 1;(”2)10) (log £>V + wl + 2wl*T<log g)]
= [f—g(log 2)+ % (% + %%)) (log2)2 + wl + %(log 2)]

= 0.414779517 < 1.

Njw

Note that T'(3) = 3/7, T'(3) = 3/7.
Then all hypotheses of theorem (@ are fulfilled, and consequently the boundary

value problem (3.29)-(3.59) has a unique solution on [1 — T,2].
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Conclusion and Perspectives

The objective of this thesis is to present the results of the existence and unique-
ness of solutions for a new class of initial and boundary value problems of impul-
swe fractional differential equations with finite delay and Caputo-Hadamard deriva-
tive. The results are based on some fixed point theorems : Banach contraction prin-
ciple, Scheafer fixed point theorem , alternative nonlinear of Leray Schauder and
Mdnch fized point theorem combined with the Kuratowski’s measure of noncompact-
ness. Finally, we give illustrative examples.

In the future, we will study stability the solutions of this problems.
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