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Abstract

In this thesis, we study the existence and uniqueness of solutions for initial and
boundary value problems of impulsive fractional di�erential equations involving the
Caputo-Hadamard fractional derivative.Our results are based on the Banach contrac-
tion principle, Schaefer �xed point theorem, nonlinear alternative of Leray-Schauder
and the Mönch's �xed point theorem combined with the technique of measures of
noncompactness. Finally, we presented examples to illustrate of our results.

Keywords: Fractional di�erential equations, Caputo-Hadamard fractional deriva-
tive , impulsive conditions, integral conditions, Measure of noncompactness, existence
and uniqueness, �xed point theorems, Banach space.
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Résumé

Dans cette thèse, on a étudié l'existence et l'unicité des solutions pour les prob-
lémes da valeur initiale et aux limites concernant les équations di�érentielles frac-
tionnaires impulsives avec la dérivée Caputo-Hadamard. Nos révsultats ont basée
sur le principe de contraction de Banach, le théoréme de point �xe de Schaefer,
l'alternative non linéaire de t Leray-Schauder est le théorème à point �xe du Mönch
combiné avec la technique de mesures de non-composidité. Nous avons fourni des
exemples illustrative de nos résultats.

Mots clés: Equation di�érentiales fractionaires , dérivée fractionnaire de Hadamard-
Caputo, impulsives, conditions intégrales, meusure de non compacité, existence and
unicité, théorémes de point �xe, espace de Banach.
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Introduction

Fractional calculus is a branch of mathematics which examines how use the con-
cepts of ordinary derivation and integration to an arbitrary real or even complex
order. Its inception dates back to the end of the 17 th century [38], when Newton
and Liebniz created the fundamentals of di�erential and integral calculus. In 1695
Gottfried Leibniz announced the key question can the meaning of derivatives with
integer order be applied to derivatives with non-integer order ? On September 30,
1695, the Hospital questioned Leibniz in a letter to L'hopital what signi�cance dνΨ(ξ)

dξν

may have if n were the fraction 1
2
.

The notion of fractional Calculus provides a useful instrument in applied mathe-
matics for studying a wide range of problems in mathematical modeling of systems,
control theory, chemistry, viscoelasticity, rheology, physics, biology, see, for example
[52]-[60].There has been signi�cant progress in ordinary and partial di�erential equa-
tions involving both Riemann-Liouville and Caputo fractional derivatives, as shown
in ([26, 23, 24]), and [25], where the Caputo derivative is very useful in many prob-
lems because it satis�es its initial data. An other fractional derivative that appears
beside Riemann Liouville and Caputo derivatives in the literature is the Hadamard
fractional derivative, which was introduced in 1892 [31]. This derivative di�ers from
the Riemann-Liouville derivative, but both approaches have drawbacks, one of which
is that the derivative of a constant is not equal to zero, and it di�ers from the Caputo
derivative in two ways: �rst, its kernel contains a logarithmic function of arbitrary
exponent, and second, the Hadamard derivative of a constant does not equal zero.
The reader can �nd detailed and properties of Hadamard fractional derivative and
integral in [49, 50, 47].

The Caputo-Hadamard approach was proposed by Jarad in 2012 [20], and its
formula is obtained by permuting the integration operator and that of the Hadamard
derivation.The di�erence between the Caputo-Hadamard approach and the Hadamard
approach is that in the �rst de�nition, the derivative of a constant is zero. The most
signi�cant advantage of the Caputo-Hadamard derivation is that it can be applied to
systems with any initial conditions, as opposed to the Hadamard derivation, which
requires the presence of the zero initial condition at point one.
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Fractional di�erential equations appear in a variety of �elds, including math-
ematics, bioengineering, chemical, physical, biological, and engineering, and have
thus emerged as an important area of study in recent decades; see the monographs
of Atangana [2], Kilbas et al. [3], Podlubny [29], and Zhou [61], as well as the
references therein.

The theory of impulsive di�erential equations, on the other hand, has advanced
rapidly over time and has played a signi�cant role in modern applied mathematical
models of real processes emerging in phenomena in physics, population dynamics,
chemical technology, biotechnology, and economics. Some researchers have concen-
trated on impulsive di�erential equations with Hadamard and Caputo-Hadamard
derivatives (see [58, 7, 11, 8, 48] and the references therein)

Di�erential equations with delays are a particular class of functional di�erential
equations that are used in a wide range of biological and physical applications. These
equations typically need us to deal with variable or state-dependent delays. Recently,
the study of functional di�erential equations with state dependent delay has received
a lot of attention due to its frequent and important applications in the mathematical
modeling of a variety of several real of problems, have provided uniqueness and exis-
tence of solutions �ndings for di�erent problems for �nite and in�nite delay applying
some �xed point theorems see for instance the monographs by Baghli and Benchohra
(alt [12, 44, 13]).

Fixed point theory gives the tools needed to prove existence theorems for a many
range of nonlinear problems.Fixed point theorems are often dependent on certain
properties (such as complete continuity, monotonous, contraction, ...) that the ap-
plication in question must place the theory itself is a lovely blend of analysis, topology,
and geometry.The theory of �xed points has been revealed as a highly strong and
signi�cant instrument in the study of modern mathematics over the last 80 years or
so. Fixed point approaches, in particular, have been used in domains as diverse as
economics, engineering, game theory, biology and chemistry etc. Fixed point theory
is signi�cant in functional analysis, approximation theory, di�erential equations, and
applications such as boundary value problem. The well-known �xed point theorems
are Banach's theorem, the nonlinear alternative of Leary-Schauder and Schaefer's
theorem. Fixed point theory like, Monch's �xed point theorem combined with Ku-
ratowski's noncompactness measure. In this approach was primarily introduced in
Banas and Goebel's monograph [32], and it has ago been developed and applied in
numerous articles. For examples, see Banas and Sadarangani[33],Guo et al. [16],
Lakshmikantham and Leela [59], Monch [21], and Szu�a [54]. The authors recently
extended the measure of noncompactness to various classes of fractional di�erential
equations in Banach spaces in [57, 15, 41, 42, 43].

This thesis, which discusses the existence of solutions for di�erent classes of im-
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pulsive di�erential equations with fractional orders, are divided into an introduction
and four chapters:

In Chapter 1, we give some notations and de�nitions of fractional calculus,
measures of noncompactness, some �xed point theorems and the concept of solutions
for impulsive di�erential equations in the fractional case. In the �rst section of this
chapter we give some notations and essential properties of functional analysis. In the
second section, main properties of measures of noncompactness. The third section,
we recall some �xed point theorems. The fourth part is devoted to the concepts of
fractional calculus and some fractional di�erential properties that are important to
this thesis. In the last section we give a brief description of (IDE), then we present
the two approaches considered in the literature concerning the concept of solutions
for (IDE) in the fractional case.

In Chapter 2, we establish some existence results for two kinds of initial value
problems for impulsive fractional di�erential equations of the Caputo-Hadamard
type.
In the �rst part, we discuss the following problem:

C
HD

νz(ξ) = Ψ(ξ, zξ), ξ ∈ J = [a, T], ξ 6= ξκ, a > 0,

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w,

z(ξ) = Φ(ξ), ξ ∈ (a− τ, a],

(P1)

where C
HD

ν is the Caputo-Hadamard fractional derivative of order 0 < ν ≤ 1,
a > 0,. κ = 1, ..., w.
We start by studying (P1) when Ψ, Iκ and Φ are real valued functions, where we
prove some existence results using Banach, Schaefer and Leary-Schauder's �xed point
theorems. Then we treat (P1) in a general Banach space by means of Monch's �xed
point theorem and Kuratowski's measure of non-compactness.

In the second part of this chapter, we deal with the following impulsive fractional
neutral problem:

C
HD

ν [z (ξ)− g (ξ, zξ)] = Ψ (ξ, zξ) , ξ ∈ [a, T] , ξ 6= ξκ,

∆z |ξ=ξκ= Iκ (z (ξ−κ )) , ξ = ξκ, κ = 1, .., w,

z(ξ) = Φ(ξ), ξ ∈ (a− τ, a],

(P2)

Our results are based on some classical �xed point theorems. All our theoretical
results are illustrated by numerical examples.

In chapter 3, we look at the existence and uniqueness of solutions for a classes of
functional impulsive fractional di�erential equations with Caputo-Hadamard deriva-
tive.Here results are discussed, the based on �xed point theorems of the Banach,
Schaufer and Leary-Schauder.
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In section 3.2, we are interested in the existence and uniqueness of solutions for
the following initial value problem :

C
HD

νz(ξ) = Ψ(ξ, zξ), ξ ∈ J = [a, T], ξ 6= ξκ,

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w,

∆z′ |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w,

z(ξ) = Φ(ξ), ξ ∈ (a− τ, a], z′(a) = γ,

(P3)

where C
HD

ν is the Caputo-Hadamard fractional derivative of order 1 < ν ≤ 2,
a > 0, Ψ : J ∗ Cτ → R , γ ∈ R are given continuous functions, Φ ∈ C([a − τ, a], R)
and Iκ, Iκ ∈ C(R,R), κ = 1, 2, ..., w, a = ξ0 < ξ1 < ... < ξw < ξw+1 = T. For any
continuous functions z de�ned on J

′ = J \ {ξ1, ..., ξw}, ∆z|ξ=ξκ = z(ξ+
κ )− z(ξ−κ ) and

∆z′|ξ=ξκ = z′(ξ+
κ ) − z′(ξ−κ ) , z(ξ+

κ ), z(ξ−κ ) represent the right and the left limits of
z(ξ) at ξ = ξκ.

in section 3.3, we present the existence and uniqueness of solutions to the
boundary boundary value problem for impulsive fractional di�erential equations with
integral conditions of the following form :

C
HD

νz(ξ) = Ψ(ξ, zξ), ξ ∈ J = [a, T], ξ 6= ξκ,

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w,

∆z′ |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w,

z(ξ) = Φ(ξ), ξ ∈ [a− τ, a], z′(T) =
∫
T

a
h̄(s, z(s))ds,

(P4)

where Ψ,Φ and Iκ, Iκ are as in problem (P3), and h̄ : J ∗ R → R are given
continuous functions.

Finally, we will conclude our thesis with a conclusion of our �ndings as well as a
bibliography based on this work
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Chapter 1

Preliminaries

In this chapter, we give some notations and de�nitions and som of the basic
properties for measures of noncompactness, some �xed point theorems and we recall
some properties of fractional calculus and refer the reader to [1, 27, 46, 29].

1.1 Some Functional Analysis Results

In this section, we present certain fundamental suitable function spaces which are
very important for the study of impulsive di�erential equations [3].
Let J = [a, T], (0 < a < T < +∞) be a bounded interval in R.
By (χ , ‖.‖) the Banach space.

1.1.1 Space of Integral Functions

Denote by L1(J, R) the Banach space of functions z Lebesgues integrable with the
norm

‖Ψ‖L1 =

∫
T

a

|Ψ(ξ)| dξ.

while LP (J, R) denote the space of Lebesgue integrable functions on J where |z|p
belongs to L1(J, R), endowed with the norm

‖Ψ‖LP =

(∫
T

a

|Ψ(ξ)|p dξ
) 1

p

, 1 < p <∞

* In particular, if p = 1, then L1(J, R) is the space of equivalence classes of
measurable integrable functions in J provided with the norm

‖Ψ‖L1 =

∫
T

a

|Ψ(ξ)| dξ.

5



1.1. SOME FUNCTIONAL ANALYSIS RESULTS

* if p =∞, let L∞(J, R) be the space of measurable functions Ψ bounded almost
every where (p.p) on Ω, with the norm

‖Ψ‖L∞ = inf{d > 0, |Ψ(ξ)| ≤ d, ξ ∈ J}

Remark 1.1. Let Ψ ∈ L∞, sach that

|Ψ(ξ)| ≤ ‖Ψ‖∞ p.p.for all C

De�nition 1.2. A function Ψ : J→ χ is called strongly measurable if there exists a
sequence of simple functions (Ψn) such that

lim
n→∞

‖Ψn(ξ)−Ψ(ξ)‖ = 0

for any sequence of simple functions (Ψn) then

‖
∫
J

Ψ(ξ)dξ‖ ≤
∫
J

‖Ψ(ξ)‖dξ

1.1.2 Space of Continuous Functions

� Let Cn(J;χ) a space of functions z : J → χ where z is n time continuously
di�erentiable in J,

‖z‖Cn :=
n∑
κ=0

‖zκ‖C :=
n∑
κ=0

max
ξ∈J
|zκ(ξ)| , n ∈ N.

� In particular if n = 0 , C0(J;χ) = C(J;χ) the space of all continuous functions
Ψ with the norm :

‖z‖C := max
ξ∈J
|z(ξ)|.

� For any continuous function z de�ned on [a − τ, T], ξ ∈ J, note by zξ element
of Cτ := C([a− τ, a], R), is de�ned as

zξ(s) = z(ξ + s) ,s ∈ [a− τ, a].

Here zξ(.) represents the history of the state from time ξ − τ up to ξ.

6



1.1. SOME FUNCTIONAL ANALYSIS RESULTS

1.1.3 Spaces of Absolutely Continuous Functions

An absolutely continuous function is important in di�erential equation theory be-
cause, even if it is not di�erentiable at all points, it can be recovered by integration
its derivative. It does, in fact, have this property, making it the weakest acceptable
type of solution in a discontinuous (impulsive) di�erential equation.

A function Ψ : J→ χ is said to be absolutely continuous, if for every ε > 0 there
exists δ > 0 such that

n∑
κ=1

(dκ − cκ) < δ ⇒
n∑
κ=1

‖Ψ(dκ)−Ψ(cκ)‖ < ε,

for every �nite number of nonoverlapping intervals (cκ; dκ), κ = 1, ..., n , with
[cκ; dκ] ⊂ J.

A function Ψ : J→ χ.

1- If the function Ψ is absolutely continuous on J then it is continuous.

2- If Ψ is absolutely continuous, then Ψ is almost everywhere di�erentiable.

3- Every absolutely continuous function is the inde? nite integral of its derivative.

4- If Ψ satis�es the Lipschitz condition, then it is absolutely continuous.

De�nition 1.3. The space AC(J;χ) consisting of functions absolutely continuous.
we denote by AC(J, χ) the space of primitives of Lebesgue summable functions :

Ψ(ξ) ∈ AC(J, χ)⇔ Ψ(ξ) = c+

∫ ξ

a

Φ(s)ds , (Φ(ξ) ∈ L1(J, χ)).

Thus, and therefore an absolutely continuous function Ψ(ξ) has a summable deriva-
tive Ψ

′
(ξ) = Φ(ξ) almost everywhere on J, and therefore c = Ψ(a).

De�nition 1.4. The space ACn(J, χ) consists of all functions Ψ(ξ) which have con-
tinuous derivatives up to order (n− 1) such that Ψ(n−1)(ξ) ∈ AC(J, χ):

ACn(J, χ) = {Ψ : J→ χ and Ψ(n−1) ∈ AC(J, χ), n ∈ N∗},

and
ACn

δ (J, χ) =
{
z : J→ χ; δn−1z(ξ) ∈ AC(J, χ)

}
,

where δ = ξ d
dξ

is the Hadamard derivative.

Let ACn(J, χ) the space of all those and let only those functions Ψ(ξ) which can be
represented in the form

Ψ(ξ) =

∫ ξ

a

(ξ − a)n−1

(n− 1)!
Φ(s)ds+

n∑
j=1

cj(ξ − a)j, (1.1)

7



1.2. MEASURE OF NON-COMPACTNESS

where Φ(ξ) ∈ L1(J, χ), cj ∈ R, j = 0, 1, ..., n− 1 , it follows from (1.1) that

Φ(ξ) = Ψn(ξ), cj =
Ψj(a)

j!
, j = 1, ...., n

1.2 Measure of Non-Compactness

We recall here some notations, concepts and properties of measure of noncompactness
MNC, for further details on the topic, we refer the reader to [9, 35, 16].

1.2.1 Some properties of measure of non-compactness

Now, let us recollect some basic information on the measure of noncompactness in
sense Kuratowski.

De�nition 1.5. [9] Let χ be a Banach space and Ωχ the bounded subsets of χ. The
Kuratowski measure of noncompactness is the map µ : Ωχ → R+ de�ned by

µ(A) = inf{ε > 0 : A ⊂ ∪nj=1Aj, diam(Aj) ≤ ε}, here A ∈ Ωχ,

where the diameter of Aj is de�ned by

diam(Aj) = sup{‖y − z‖ : y, z ∈ Aj}, j = 1, ..., n.

The Kuratowski measure of noncompactness satis�es some properties (see [35]).

√
µ(A) = 0⇔ Ā is compact (A is relatively compact).

√
µ(A) = µ(Ā).

√
A1 ⊂ A2 ⇒ µ(A1) ≤ µ(A2).

√
µ(A1 + A2) ≤ µ(A1) + µ(A2).

√
µ(cA) = |c|µ(A), c ∈ R.

√
µ(convA) = µ(A).

√
µ(A+ c) = µ(A), for any c ∈ E.

√
µ(A1 ∪ A2) = max {µ(A1), µ(A2)} .

Theorem 1.6. [9]
Let χ be a Banach space and A a subset of χ ,and let µ be a non-compactness

measure Kuratowski. Then

µ(A) = µ(A) = µ(convA).

8



1.3. BASIC RESULTS FROM NONLINEAR FUNCTIONAL ANALYSIS AND
FIXED POINTS THEORY

Properties 1.7. If V ⊂ C(J, χ) is bounded, and equicontinuous, then convV ⊂
C(J, χ) is also bounded, and equicontinuous.

De�nition 1.8. A function Ψ : J ∗ χ→ χ has the Carathéodory property if :

(i) ξ → Ψ(ξ, z) is measurable for each z ∈ R .

(ii) z −→ Ψ(ξ, z) is a continuous for each ξ ∈ J,

For any V ⊂ C(J, χ) we de�ne∫
J

V (s)ds =

{∫
J

z(s)ds : z ∈ V
}
, for ξ ∈ J,

where V (s) = {z(ξ) ∈ χ : z ∈ V }.

Lemma 1.9. [16] Let V ⊂ C(J, χ) is a bounded and equicontinuous set, then

1. the function ξ → µ(V (ξ)) is a continuous in J and

µ(V ) = sup
a≤ξ≤T

µ(V (ξ))

2.

µ

({∫
J

z(ξ)dξ : z ∈ V
})
≤
∫
J

µ(V (ξ))dξ. (1.2)

1.2.2 Arzela-Ascoli theorem

Lemma 1.10. [16] Let A be a subset C(J, χ), then A is relatively compact in C(J, χ)
if and only if the following conditions hold:

1. The set A is equicontinuous if for any ε > 0 there exists δ > 0 such that

|t1 − t2| ≤ δ ⇒ ‖Ψ(t1)−Ψ(t2)‖ ≤ ε, for every t1, t2 ∈ J and Ψ ∈ A.

2. The set A is uniformly bounded if there exists M > 0 such that

‖Ψ(ξ)‖ < M for every ξ ∈ J and Ψ ∈ A.

1.3 Basic results from nonlinear functional analysis

and Fixed points theory

In this section, we give several �xed point theorems that we will use to obtain varied
results.

9



1.4. CONCEPTS OF FRACTIONAL CALCULUS

1.3.1 Banach �xed point theorem

Theorem 1.11. [4] Let D be closed subset of a Banach space χ, and F : D → D be
a strict contraction

‖Fz1 − Fz2‖ ≤ K‖z1 − z2‖, for some K ∈ (0, 1), ∀z1, z2 ∈ D
.

Then, F has a unique �xed point.

1.3.2 Schaefer± �xed point theorem

Theorem 1.12. [4] Let χ be a Banach space, and F : χ → χ be a completely
continuous operator, if the set

ε(F) = {z ∈ χ : z = λF(z), for some λ ∈ [0, 1]},

is bounded, then F has a �xed point in χ.

1.3.3 Leray-Schauder nonlinear alternative

Theorem 1.13. [3] Let χ be a Banach space, and U a bounded open subset of χ
with 0 ∈ U . Then, every completely continuous map F : U → χ has at least one of
the following two properties:

(i) F has a �xed points in U .

(ii) There exist z ∈ ∂U and λ ∈ [0, 1] with z = λF(z).

1.3.4 Mönch �xed point theorem

Theorem 1.14. [21]
Let D be a bounded closed and convex subset of a Banach space χ such that 0 ∈ D,

and let F be a continuous mapping of D into itself. If the implication

V = canvF(V ) or V = F(V ) ∪ {0} ⇒ µ(V ) = 0,

holds for every subset V of D, then F has a �xed point.

1.4 Concepts of Fractional Calculus

In this section, we begin by introducing some important concepts of fractional cal-
culus: fractional integral and fractional derivatives in the sens of Riemann-Liouville,
Caputo, Hadamard and Caputo- Hadamard, as well as their essential properties. For
more details, we refer the reader to [27, 29].
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

1.4.1 Special Functions

Here, we give some information on two of the most important functions that have
been found to be useful in providing solutions to the problems of fractional calculus.
The basic function is the Gamma function. This function generalizes the factorial
n!, and so allows n to take non-integer values, used in multiple di�erentiation and
repeated integrations. The second function is the Beta function, and then we go
through some of their properties. More details about these functions can be found
in [56, 46, 53].

De�nition 1.15. For any complex number ν such as <(ν) > 0, the function Gamma
Γ(ν) is de�ned as:

Γ(ν) =

∫ +∞

0

e−ξξν−1dξ, ν > 0,

where ξν−1 = e(ν−1) log ξ.

Important properties of the Gamma function :

1.

Γ (ν) =
Γ (ν + 1)

ν
. (1.3)

Proof: by integrating by parts

Γ(ν) =

∫ +∞

0

e−ξξν−1dξ

=

[
e−ξξν

ν

]+∞

0

+

∫ +∞

0

e−ξξν−1

ν
dξ

=
Γ(ν + 1)

ν
.

2. Let n an integer, we get closer and closer as

Γ(ν + n) = ν(ν + 1) . . . (ν + n− 1)Γ(ν)

Proof: we know that

Γ(ν) =
1

ν
Γ(ν + 1)

=
1

ν

1

ν + 1
Γ(ν + 2)

1

ν

1

ν + 1

1

ν + 2
Γ(ν + 3)

11



1.4. CONCEPTS OF FRACTIONAL CALCULUS

By repeating the process n times, we get the following relation

Γ(ν) =
1

ν

1

ν + 1

1

ν + 2

1

ν + 3
...

1

ν + n− 1
Γ(ν + n).

3.
Γ(n) = (n− 1)!, n ≥ 1.

Proof: Let Γ(1) = 1, and using the above property, we obtain values for
ν = 1, 2, 3, ...

Γ(2) = 1Γ(1) = 1!.

Γ(3) = 2Γ(2) = 2!.

Γ(4) = 3Γ(3) = 3!.

........

Γ(n+ 1) = nΓ(n) = n(n− 1)! = n!.

4. Using the identity (1.3) we obtain :

Γ(n+
1

2
) = Γ

(
1 + (n− 1

2
)

)
= (n− 1

n
)Γ(n− 1

2
)

=

(
n− 1

2

)(
n− 3

2

)
Γ

(
n− 1

2

)
=

(
n− 1

2

)(
n− 3

2

)
...

5

2

3

2

1

2
Γ(

1

2
),

Γ

(
n+

1

2

)
=

(2n− 1)!

2n

Γ(
1

2
) =

2n!

n!22n
Γ(

1

2
)

Γ(
1

2
) =
√
π

Γ

(
n+

1

2

)
=

√
π(2n− 1)!

2n
, n ∈ N.
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Some particular values of Γ(ν):

* Γ(0) = +∞.

* Γ(1) = Γ(2) =
∫ +∞

0
e−ξξ1−1du = 1.

* Γ(1
2
) = 2

∫ +∞
0

e−ξ
2
dξ =

√
π (Gaussian integral).

* Γ(n+ 1
2
) = (2n)!

22nn!

√
π.

De�nition 1.16. [10] The Beta function, be de�ned as

β(ν1, ν2) =

∫ 1

0

(1− ξ)ν1−1ξν2−1dξ, <(ν1) > 0,<(ν2) > 0.

Relation between the Gamma and the Beta function.

[10] The basic properties the following

B(ν1, ν2) =
Γ(ν1)Γ(ν2)

Γ(ν1 + ν2)
= B(ν1, ν2), for each (ν, ν1) ∈ R∗+.

1.4.2 Fractional Integral and Derivative of Riemann-liouville

In this part, we give de�ned the Riemann-Liouville. As we know his approach is
inspired by the Cauchy formula which gives the successive primitives (n times) the
repeated integral of continuous function which is given by the equation :

(I1
a
Ψ)(ξ) =

∫ ξ

a

Ψ(s)ds

(I2
a
Ψ)(ξ) =

∫ ξ

a

(∫ s

a

Ψ(ξ)dξ

)
ds

(I2
a
Ψ)(ξ) =

∫ ξ

a

(ξ − s)Ψ(s)ds

(In
a

Ψ)(ξ) =

∫ ξ

a

(ξ − s)n−1

(n− 1)!
Ψ(s)ds , n ∈ N∗. (1.4)
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Fractional integral Riemann-liouville

De�nition 1.17. The Riemann-Liouville fractional integral of order <(ν) > 0 of all
function Ψ : J→ R, be de�ned as

(Iνaf)(ξ) =
1

Γ(ν)

∫ ξ

a

(ξ − s)ν−1Ψ(s)ds.

Example 1.18. The Riemann-Liouville fractional integral of function
Ψ(ξ) = (ξ − a)ν1 ,ν1 ∈ R , then we have

(Iνaf)(ξ) =
1

Γ(ν)

∫ ξ

a

(ξ − s)ν−1(s− a)ν1ds, ξ > a.

by setting s = a + z(ξ − a) we �nd

1
Γ(ν)

∫ ξ
a

(ξ − s)ν−1(s− a)ν1ds = 1
Γ(ν)

∫ 1

0
(ξ(1− z)− a(1− ξ))ν−1z(ξ − a)ν1(ξ − a)dy

= 1
Γ(ν)

∫ 1

0
((1− z)(ξ − a))ν−1zν1(ξ − a)ν1(ξ − a)dy

= (ξ−a)ν+ν1

Γ(ν)

∫ 1

0
(1− z)ν−1zν1dy

.

Since

B(ν1, ν2 + 1) =
Γ(ν1)Γ(ν2 + 1)

Γ(ν1 + ν2 + 1)
,

we �nd
1

Γ(ν1)

∫ ξ

a

(ξ − s)ν1−1(s− a)ν2ds =
Γ(ν2 + 1)(ξ − a)ν1+ν2

Γ(ν1 + ν2 + 1)
.

Example 1.19. Let Ψ(ξ) = eλξ where λ > 0, then we have

Iν
a
eλξ = 1

Γ(ν)

∫ ξ
a

(ξ − s)(ν−1) exp(λs)ds

= 1
Γ(ν)

∫ ξ
a

(ξ − s)(ν−1)
∑

κ≥0
(λs)κ

κ!
ds

=
∑

κ≥0
λκ

κ!Γ(ν)

∫ ξ
a

(ξ − s)ν−1sκds

.

We make the change of variable:

s = tz, ds = tdz

Iν
a
eλξ =

∑
κ≥0

λκ

κ!Γ(ν)

∫ 1

0
(ξ − tz)ν−1(tz)κds

=
∑
κ≥0

λκΓ(κ+ 1)

Γ(ν + κ+ 1)
ξν+κ.
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Theorem 1.20. Let Ψ ∈ C(J, R). For all ν1 > 0 and ν2 > 0, we have

(Iν1Iν2Ψ)(ξ) = (Iν1+ν2Ψ)(ξ).

Proof: By de�ned integral Riemann-liouville, we have

(Iν1(Iν2Ψ)(ξ) =
1

Γ(ν1)

∫ ξ

a

(ξ − s)ν1−1(Iν2)Ψ(s)ds

=
1

Γ(ν1)Γ(ν2)

∫ ξ

a

(ξ − s)ν1−1ds

∫ s

a

(s− x)1−ν2Ψ(x)dx,

if we apply the Dirichlet equality, we �nd

Iν1(Iν2Ψ)(ξ) = 1
Γ(ν1)Γ(ν2)

∫ ξ
a

∫ s
a

(ξ − s)ν1−1(s− x)ν2−1Ψ(x)dsdx

s = x+ z(ξ − x)

ds = (ξ − x)dx, ξ − s = (1− z)(ξ − x)

Hence

(Iν1Iν2Ψ)(ξ) = 1
Γ(ν1)Γ(ν2)

∫ ξ
a

(ξ − x)ν1+ν2−1Ψ(x)
∫ 1

0
(1− z)ν1−1zν2−1dxdz

∫ 1

0

(1− z)ν1−1zν2−1dz =
Γ(ν1)Γ(ν2)

Γ(ν1 + ν2)

Iν1Iν2Ψ(ξ) =
1

Γ(ν1 + ν2)

∫ ξ

a

(ξ − x)ν1+ν2−1Ψ(x)dx = (Iν1+ν2Ψ)(ξ).

Fractional derivative Riemann-liouville

De�nition 1.21. The Riemann-Liouville fractional derivative of order <(ν) > 0 of
function Ψ, be de�ned as

(RLDνΨ)(ξ) =

(
d

dξ

)n
(In−νΨ)(ξ)

=
1

Γ(n− ν)

(
d

dξ

)n ∫ ξ

a

(ξ − s)n−ν−1Ψ(s)ds, ξ > a, n = [<(ν)] + 1.

In particular, where n ∈ N∗, then

(RLD0Ψ)(ξ) = I0Ψ(ξ), (DnΨ)(ξ) = InΨ(ξ).

If 0 < <(ν) < 1, then

(DnΨ)(ξ) =
1

Γ(1− ν)

d

dξ

∫ ξ

a

(ξ − s)Ψ(s)ds, ξ > a.
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Remark 1.22. Fractional Riemann-Liouville derivative of constant is qeneral non
zero, we have

RLDν
a
c =

c

Γ(1− ν)
(ξ − a)−ν .

Theorem 1.23. If <(ν) > 0 and Ψ be a summable function, then the following
equalities

RLDν
a
(Iν

a
Ψ)(ξ) = Ψ(ξ).

Proof: Using the Riemann-Liouville fractional inteqral and derivative, we �nd

Dν
a
(Iν

a
Ψ)(ξ) = 1

Γ(ν)Γ(n−ν)

(
d
dξ

)n ∫ ξ
a

(ξ − s)n−ν−1ds
∫ s
a

(s− x)ν−1Ψ(x)dx

= 1
Γ(ν)Γ(n−ν)

(
d
dξ

)n ∫ ξ
a

∫ s
a

(ξ − s)n−ν−1Ψ(x)(s− x)ν−1dsdx

= 1
Γ(ν)Γ(n−ν)

(
d
dξ

)n ∫ ξ
a

(
Ψ(x)

∫ s
a

(ξ − s)n−ν−1(s− x)ν−1ds
)
dx

by setting s = x+ z(ξ − x), we �nd∫ s
a

(ξ − s)n−ν−1(s− x)ν−1dx =
∫ 1

0
(ξ − x− z(ξ − x))n−ν−1(x+ z(ξ − x)− x)ν−1(ξ − x)dz

= (ξ − x)n−1
∫ 1

0
(1− z)n−ν−1zν−1dz

= (ξ − x)n−1
B(n− ν, ν).

Hence

Dν
a
(Iν

a
Ψ(ξ)) = B(n−ν,ν)

Γ(ν)Γ(n−ν)

(
d
dξ

)n ∫ ξ
a

Ψ(x)(ξ − x)n−1dx

= 1
Γ(n)

(
d
dξ

)n ∫ ξ
a

Ψ(x)(ξ − x)n−1dx.

Now, by using the equation (1.4), we �nd that

Dν
a
(Iν

a
Ψ(ξ)) = Ψ(ξ).

Let <(ν) > 0, then equation

(RLDν
a+
z)(ξ) = 0⇐⇒ z(ξ) =

n−1∑
j=0

cj(ξ − a)ν−j, n = [<(ν)] + 1,

where cj ∈ R, j = 0, ..., n− 1 are arbitrary constants.
In particular,if 0 < <(ν) ≤ 1, we have

(RLDν
a
z)(ξ) = 0⇐⇒ z(ξ) = c(ξ − a)ν−1, c ∈ R.

16



1.4. CONCEPTS OF FRACTIONAL CALCULUS

1.4.3 Fractional Derivative of Caputo

The Caputo fractional derivative is one of the most used de�nitions of a fractional
derivative along with the Riemann-Liouville. Whereas the Riemann-Liouville de�-
nition of a fractional derivative is usually employed in mathematical texts and not
so frequently in applications,the Caputo approach appears often while modeling ap-
plied problems by means of fractional derivatives and fractional order di�erential
equations. In this subsection we give the de�nition of the fractional derivative in the
sense of Caputo as well as some essential properties.

De�nition 1.24. The fractional derivative of Caputo of order <(ν) > 0 of function
Ψ de�ned on J is given by

(CDν
a
Ψ)(ξ) =

(
CDν

a

[
Ψ(ξ)−

n∑
κ=1

Ψκ(a)

κ!
(ξ − a)κ

])
(ξ),

where n = [<(ν)] + 1 for each ν 6∈ N0 ,n = ν for each ν ∈ N0.
In particular, where 0 < <(ν) < 1, we have

(CDν
a
Ψ)(ξ) = (Dν

a
[Ψ(ξ)−Ψ(a)]) (ξ).

Theorem 1.25. [29] Let <(ν) > 0, n = [<(ν)] + 1, the fractional derivative of
Caputo of order ν of a function Ψ ∈ ACn(J) .

(1) If ν 6∈ N0

(CDνΨ)(ξ) =
1

Γ(n− ν)

∫ ξ

a

Ψn(s)

(ξ − s)1−n+ν
ds = (In−νDnz)(ξ),

where D = d
dξ

.

In particulas, when 0 < <(ν) < 1 and Ψ(ξ) ∈ AC(J),

(CDνΨ)(ξ) =
1

Γ(1− ν)

∫ ξ

a

Ψ
′
(s)

(ξ − s)ν
ds = (I1−νDy)(ξ).

(2) If ν = n ∈ N0

(CDνΨ)(ξ) = Ψn(ξ).

In particular,

(CD0Ψ)(ξ) = Ψ(ξ).
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

Example 1.26. Let Ψ(ξ) = (ξ − a)ν1 where ξ > a and ν1 > −1, then we have

(CDν
a
Ψ)(ξ) =

1

Γ(n− ν)

∫ ξ

a

(ξ − s)n−ν−1 d
n

dsn
(s− a)ν1ds.

Since
dn

dsn
(s− a)ν1 =

Γ(ν1 + 1)

Γ(ν1 − n+ 1)

(
(ξ − a)ν1−n

)
,

then

CDν (ξ − a)ν1 =
Γ(ν1 + 1)

Γ(n− ν)Γ(ν1 − n+ 1)

∫ ξ

a

(ξ − s)n−ν−1(s− a)ν1−nds

=
Γ(ν1 + 1)

Γ(n− ν)Γ(ν1 − n+ 1)

∫ 1

0

(1− z)n−ν−1zν1−ndy

=
Γ(ν1 + 1)(ξ − a)ν1−ν

Γ(n− ν)Γ(ν1 − n+ 1)
B(n− ν, ν1 − n+ 1)

=
Γ(ν1 + 1)Γ(n− ν)Γ(ν1 − n+ 1

Γ(ν1 − ν + 1)Γ(n− ν + ν1 − n+ 1
(ξ − a)ν1−ν

we �nd
CDν

a
(ξ − a)ν1 =

Γ(ν1 + 1)(ξ − a)ν1−ν

Γ(ν1 − ν + 1)
.

Remark 1.27. If d is a constant, that the derivative of a function is zero

CDν
a
d = 0.

Relation each by the fractional derivative of Caputo and that of Riemann-
Liouville.

√
Let <(ν) ≥ 0, n = [<(ν)] + 1, for ν 6∈ N0 ,

(CDν
a
Ψ)(ξ) = (RLDν

a
Ψ)(ξ)−

n∑
κ=1

Ψκ(a)

Γ(1 + κ− ν)
(ξ − a)κ−ν .

In particular, when 0 < <(ν) < 1, we have

(CDν
a
Ψ)(ξ) = (Dν

a
)Ψ(ξ)− 1

Γ(1− ν)
Ψ(a)(ξ − a)−ν .
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1.4. CONCEPTS OF FRACTIONAL CALCULUS

√
Let <(ν) > 0, n = [<(ν)] + 1, for ν 6∈ N0, n = ν for ν ∈ N0, if Ψ(ξ) ∈ Cn(J)
or Ψ(ξ) ∈ ACn(J), then

IνCDνΨ(ξ) = Ψ(ξ)−
n∑
κ=1

Ψn(a)

κ!
(ξ − a)κ.

In particular if 0 < <(ν) < 1, then

IνCDνΨ(ξ) = Ψ(ξ)−Ψ(a).

Lemma 1.28. [27] Let <(ν) > 0, n = [<(ν)] + 1, then the di�erential equation :

CDνΨ(ξ) = 0,

has a solution

Ψ(ξ) =
n−1∑
j=0

cj(ξ − a)j,

where cj ∈ R, j = 0, ..., n− 1.

Lemma 1.29. [27] Let <(ν) > 0, n = [<(ν)] + 1, then

Iν CDνΨ(ξ) = Ψ(ξ) + c0 + c1ξ + c2ξ
2 + ...+ cn−1ξ

n−1

.

1.4.4 Fractional Integral and Derivative of Hadamard

This part, we present the de�nitions, some properties the inteqrals and fractional
derivatives Hadamard-type.

Fractional Integral Hadamard

The Hadamard fractional integral was based by generalizing the following inteqral:

In
a

Ψ(ξ) =

∫ ξ

a

dξ1

ξ1

∫ ξ1

a

dξ2

ξ2

∫ ξ2

a

dξ3

ξ3

...

∫ ξn−1

a

Ψ(ξn)
dξn
ξn
.

De�nition 1.30. [10] The Hadamard fractional integral of order <(ν) > 0 of func-
tion Ψ be de�ned as :

(HI
νΨ)(ξ) =

1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

Ψ(s)
ds

s
.
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Remark 1.31. From the fractional integral of Hadamard, we can see the following
relations:

√
(HIνΨ)(eξ) = 1Γ(ν)ξ1(ξ − s)ν−1Ψ(s)ds = (Ir1Ψ)(ξ).√
ξ d
dξ

(HIν+1Ψ)(ξ) = (HIνΨ)(ξ).

Example : we consider the function Ψ de�ned by: Ψ(ξ) = (log ξ
a
)ν1 , we have

(HI
ν
a
Ψ)(ξ) =H Iν

a
(log

ξ

a
)ν1 =

1

Γ(ν)

∫ ξ

a

(log
ξ

s
)ν−1(log

s

a
)ν1
ds

s
,

using the change of variable, we have z
(
log ξ

a

)
= log s

a
,

HI
ν
a
(log

ξ

a
)ν1 =

(log ξ
a
)ν+ν1

Γ(ν)

∫ 1

0

zν1(1− z)ν−1dz

=
Γ(ν1 + 1)

Γ(ν + ν1 + 1)
(log

ξ

a
)ν+ν1 .

For ν = 1/2 et ν1 = 3/2,the relation becomes

HI
1
2
a (log

ξ

a
)

3
2 =

3
√
π

4
(log

ξ

a
)2.

Let Ψ1,Ψ2 ∈ C(J, R), for ν ≥ 0, ν1 ≥ 0 and α, β ∈ R, we have

HI
ν(HI

ν1Ψ1)(ξ) =H Iν1(HI
νΨ1)(ξ) = (HI

ν+ν1Ψ1)(ξ)

Proof: Let ν > 0, ν1 > 0 and Ψ1 ∈ C(J, R), the proof is obtained by direct
calculation using the Beta function. Indeed :

HI
ν(HI

ν1Ψ1)(ξ) =
1

Γ(ν)

∫ ξ

a

(ξs)ν−1(Iν1Ψ1)(s)
ds

s

=
1

Γ(ν)Γ(ν1)

∫ ξ

a

∫ s

a

(ξs)ν−1(sµ)ν1−1Ψ1(µ)
dµ

µ

ds

s

=
1

Γ(ν)Γ(ν1)

∫ ξ

a

Ψ1(µ)

∫ ξ

µ

(ξs)ν−1(sµ)ν1−1ds

s

dµ

µ
.

=
1

Γ(ν)Γ(ν1)

∫ ξ

a

Ψ1(µ)

∫ ξ

µ

(ξs)ν−1(sµ)ν1−1ds

s

dµ

µ
. (1.5)

By asking x = sµ
ξµ
, we obtain
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∫ ξ

µ

(ξs)ν−1(sµ)ν1−1ds

s
= (log

ξ

µ
)ν+ν1−1

∫ 1

0

(1− x)ν−1xν1−1dx

= (ξµ)ν+ν1−1β(ν, ν1)

= (ξµ)ν+ν1−1 Γ(ν)Γ(ν1)

Γ(ν + ν1)

Be replacing this formula in (1.5), we have :

HI
ν(HI

ν1Ψ1)(ξ) =
1

Γ(ν + ν1)

∫ ξ

a

(log
ξ

µ
)ν+ν1−1Ψ1(µ)

dµ

µ
= Iν+ν1Ψ1(ξ),

Now to show HI
ν
HI

ν1Ψ1(ξ) =H Iν1
H I

νΨ1(ξ), using the previons property.
Therefore

HI
ν(HI

ν1Ψ1)(ξ) =H Iν+ν1Ψ1(ξ) =H Iν1+νΨ1(ξ) =H Iν1(HI
νΨ1)(ξ).

Fractional Derivative of Hadamard

De�nition 1.32. [10] The Hadamard fractional derivative of order <(ν) > 0 of
function Ψ(ξ) : J→ R is de�ned as:

(HDνΨ)(ξ) =
1

Γ(n− ν)

(
ξ
d

dξ

)n ∫ ξ

a

(
log

ξ

s

)(n−ν−1)
Ψ(s)

s
ds

= δn(HI
n−νΨ(ξ)),

where δ = ξ d
dξ
, here n = [<(ν)] + 1 indicates the inteqer part of ν, log(.) = loge(.).

Example: we consider of function Ψ de�ned by :

Ψ(ξ) = (log
ξ

a
)ν1

we then have

HD
ν
a
(log

ξ

a
)ν1 =

1

Γ(n− ν)
(ξ
d

dξ
)n
∫ ξ

a

(log
ξ

s
)n−ν−1(log

s

a
)ν1
ds

s
,

by changing the variable µ =
log s

a

log ξ
a

, we obtain

Dν
a
(log

ξ

a
)ν1 =

(ξ d
dξ

)n(log ξ
a
)n−ν+ν1

Γ(n− ν)

∫ 1

0

µν1(1− µ)n−ν−1dµ,
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=
Γ(ν1 + 1)

Γ(n− ν + ν1 + 1)
(ξ
d

dξ
)n(log

x

a
)n−ν+ν1

If we take ν1 = 5/2 ,ν = 1/2

D1/2
a

(log
x

a
)5/2 =

Γ(7/2)

Γ(4)
(x

d

dx
)1(log

x

a
)3 =

15
√
π

64
(log

x

a
)2,

Let ν > ν1 > 0, Ψ ∈ C(J, R), then

HD
ν1
a

(HI
ν
a
Ψ)(ξ) = HI

ν−ν1
a

Ψ(ξ).

In particular, if ν = ν1, then

HD
ν
a
(HI

ν
a
Ψ)(ξ) = Ψ(ξ).

proof: Let n− 1 < ν1 ≤ n, andn ∈ N, if ν1 = n

HD
nΨ(ξ) =

(
ξ
d

dξ

)n
Ψ(ξ).

We apply the operator Dn to the function IνΨ(ξ), we get

HD
n (HI

ν
a
Ψ) (ξ) =

(
ξ
d

dξ

)n
1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

Ψ(s)
ds

s

=

(
ξ
d

dξ

)n−1
ξ

Γ(ν)

∫ ξ

a

d

dξ

(
log

ξ

s

)ν−1

Ψ(s)
ds

s

=

(
ξ
d

dξ

)n−1
1

Γ(ν − 1)

∫ ξ

a

(
log

ξ

s

)ν−2

Ψ(s)
ds

s

= HD
n−1

HI
ν−1
a

,

we repeat this procedure (1 < κ ≤ n), we get

HD
n (HI

ν
a
Ψ) (ξ) =H Dn−κ (

HI
ν−κ
a

Ψ
)

(ξ).

So for κ = n, we have

HD
n
HI

ν
a
Ψ(ξ) = HI

ν−n
a

Ψ(ξ).

and more

HD
n
HI

nΨ(ξ) = Ψ(ξ).

Consequently

HD
ν1

HI
νΨ(ξ) =H Dn(HI

n−ν1
H IνΨ)(ξ)

=DnIn (Iν−ν1Ψ) (ξ) = Iν−ν1Ψ(ξ).
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Lemma 1.33. [61] Let <(ν) > 0, n = [<(ν)] + 1, the equation

Dν
a
Ψ(ξ) = 0⇔ z(ξ) =

n−1∑
j=0

cj

(
log

ξ

a

)ν−j
where cj ∈ R, κ = 1, ..., n.
In particular, if 0 < <(ν) ≤ 1, we have

Dν
a
Ψ(ξ) = 0⇔ z(ξ) = d

(
ξ

a

)ν−1

, for any d ∈ R.

Lemma 1.34. [61] Let <(ν) > 0, n = [<(ν)] + 1, the equation

Dν
a
Ψ(ξ) = 0⇔ z(ξ) =

n−1∑
j=0

cj(log
ξ

a
)ν−j

where cj ∈ R, j = 0, ..., n− 1.
In particular, if 0 < <(ν) ≤ 1, we have

Dν
a
Ψ(ξ) = 0⇔ z(ξ) = d

(
ξ

a

)ν−1

for any c ∈ R.

1.4.5 Fractional Derivative of Caputo-Hadamard

De�nition 1.35. ( [3]): The Caputo-Hadamard fractional derivative of order ν ≥ 0
of function Ψ be de�ned as :

C
HD

ν
a
Ψ(ξ) =

1

Γ(n− ν)

∫ ξ

a

(log
ξ

s
)n−ν−1(s

d

ds
)nΨ(s)

ds

s

∗

= HI
n−ν
a

δnΨ(ξ).

Where δ = ξ d
dξ
, n− 1 < ν < n, n ∈ N.

Example: we consider the function Ψ de�ned by: Ψ(ξ) = (log ξ
a
)ν1 .

We have

C
HD

ν
a
Ψ(ξ) =C

H Dν
a
(log

ξ

a
)ν1 =

1

Γ(n− ν)

∫ ξ

a

(log
ξ

s
)n−ν−1δn(log

s

a
)ν1
ds

s
,

if we take ν1 = 3/2 ,ν = 1/2, and n = 1, then

δn(log
s

a
)ν1 = δ1(log

s

a
)

3
2 =

3

2
(log

s

a
)

1
2
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and
C
HD

1
2
a (log

ξ

a
)

3
2 =

3
2

Γ(1
2
)

∫ ξ

a

(log
ξ

s
)1−1/2−1(log

s

a
)

1
2
ds

s
,

by change of variable µ =
log s

a

log ξ
a

, we obtain

C
HD

1/2
a

(log
ξ

a
)3/2 =

3/2(log ξ
a
)

Γ(1/2)

∫ 1

0

µ3/2(1− µ)1/2dµ,

=
3/2Γ(3/2)(log ξ

a
)

Γ(2)
=

3
√
π

4
(log

ξ

a
).

1.4.6 Relation Connecting Derivative of Hadamard that of
Caputo-Hadamard

Let n − 1 < ν < n, n ∈ N and Ψ ∈ ACn
δ (J, R) , the connection between the tow

derivatives are de�ned by :

C
HD

ν
a
Ψ(ξ) =H Dν

a

[
Ψ(ξ)−

n−1∑
κ=0

δ(κ)Ψ(a)

κ!

(
log

ξ

a

)κ]
.

where

C
HD

ν
a
Ψ(ξ) =H Dν

a
Ψ(ξ)−

n−1∑
κ=0

δ(κ)Ψ(a)

Γ(κ− ν + 1)

(
log

ξ

a

)κ−ν
.

proof: we by de�nition

HD
ν
a
Ψ(ξ) = (ξ

d

dξ
)n)In−νΨ(ξ)

HD
ν
a

[
Ψ(ξ)−

n−1∑
κ=0

Ψ(κ)(a)

κ!
(log

ξ

a
)κ

]
= (ξ

d

dξ
)n

(
HI

n−ν
a

[Ψ(ξ)−
n−1∑
κ=0

∂κΨ(a)

κ!
(log

ξ

a
)κ]

)

= (ξ
d

dξ
)n

1

Γ(n− ν)

∫ ξ

a

(log
ξ

s
)n−ν−1

[
Ψ(s)−

n−1∑
κ=0

∂κΨ(a)

κ!
(log

s

a
)κ

]
ds

s

we pose g(ξ) = Ψ(ξ)−
∑n−1

κ=0
∂κΨ(a)
κ!

(log ξ
a
)κ, and we integrate by parts

u(ξ) = g(ξ), u′(ξ) = g′(ξ)

v′(ξ) = (log ξ
s
)n−ν−1 ds

s
, v(ξ) = −1

n−ν (log ξ
s
)n−ν
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we obtain

(ξ
d

dξ
)n

1

Γ(n− ν)

∫ ξ

a

(log
ξ

s
)n−ν−1g(s)

ds

s
= (ξ

d

dξ
)n

1

Γ(n− ν)

[
− 1

n− ν
(log

ξ

s
)n−νg(s)

]ξ
a

+(ξ
d

dξ
)n

1

Γ(n− ν + 1)

∫ ξ

a

(log
ξ

s
)n−ν

[
d

ds
g(s)

]
ds

=
g(a)

Γ(n− ν + 1)

[
(ξ
d

dξ
)n(log

ξ

s
)n−ν

]
+(ξ

d

dξ
)n

1

Γ(n− ν + 1)

∫ ξ

a

(log
ξ

s
)n−ν

[
sd

ds
g(s)

]
ds

s

=
g(a)

Γ(1− ν)
(log

ξ

a
)−ν + δnIn−ν+1(δg)(ξ)

and by integration by parts

u(ξ) = (ξ), u′(ξ) = δg′(ξ)

v′(ξ) = (log ξ
s
)n−ν ds

s
, v(ξ) = −1

n−ν+1
(log ξ

s
)n−ν+1

δnIn−ν+1
a

(δg)(ξ) =

(
td

dξ

)n
1

Γ(n− ν + 1)

∫ ξ

a

(
log

ξ

s

)n−ν
[δg(s)] ds

=

(
ξ
d

dξ

)n
1

Γ(n− ν + 1)

[
−δg(s)

n− ν + 1
(log

ξ

s
)n−ν+1

]ξ
a

+

(
td

dξ

)n [ −1

Γ(n− ν + 2)

∫ ξ

a

(log
ξ

s
)n−ν+1δ

(
s
d

ds

g(s)

s

)
ds

]
=

δg(a)

Γ(2− ν)
(log

ξ

a
)−ν+1 +

(
td

dξ

)n
1

Γ(n− ν + 2)

∫ ξ

a

(log
ξ

s
)n−ν+1δ2g(s)

ds

s
.

δnIn−ν
a

g(ξ) =
g(a)

Γ(1− ν)
(log

ξ

a
)−ν + +

δg(a)

Γ(2− ν)
(log

ξ

a
)−ν+1 +

(
td

dξ

)n
In−ν+2
a

δ2g(ξ)

=
n−1∑
κ=0

δκg(a)

Γ(κ− ν + 1

(
ξ

a

)κ−ν
+ δnI2n−ν

a
δng(ξ)

=
n−1∑
κ=0

δκg(a)

Γ(κ− ν + 1

(
ξ

a

)κ−ν
+ δnIn

a
In−ν
a

δng(ξ)

=
n−1∑
κ=0

δκg(a)

Γ(κ− ν + 1

(
ξ

a

)κ−ν
+ In−ν

a
δng(ξ)
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In addition

In−ν
a

δng(ξ) = In−ν
a

δn

[
Ψ(ξ)−

n−1∑
κ=0

δκΨ(a)

κ!
(log

ξ

a
)κ

]
= In−ν

a
δnΨ(ξ) =C Dν

a
Ψ(ξ)

because δn
∑n−1

κ=0
δκΨ(a)
κ!

(log ξ
a
)κ = 0 and Dν

(
ξ

a

)κ
= Γ(κ+1)

Γ(κ−ν+1)

(
log ξ

a

)κ−ν
, we have

HD
ν
a

[
Ψ(ξ)−

n−1∑
κ=0

δκΨ(a)

κ!
(log

ξ

a
)κ

]
= C

HD
ν
a
Ψ(ξ). (1.6)

this relation can also be written:

HD
ν
a
Ψ(ξ) =C

H Dν
a
Ψ(ξ) +

n−1∑
κ=0

δκΨ(a)

Γ(κ− ν + 1)
(log

ξ

a
)κ−ν .

Let ν > ν1 > 0, si Ψ ∈ C(J, R), then

C
HD

ν1
a

(HI
ν
a
Ψ)(ξ) = Iν−ν1

a
Ψ(ξ).

In particular, if ν = ν1, then

C
HD

ν
a
(HI

ν
a
Ψ)(ξ) = Ψ(ξ).

proof: The relation (1.6) allows to obtain the following result:

C
HD

ν1
a

(HI
ν
a
Ψ) (ξ) = HD

ν1
a

[
HI

ν
a
Ψ(ξ)−

n−1∑
κ=0

δκHI
ν
a
Ψ(a)

κ!

(
log

ξ

a

)κ]

= HD
ν
a
(HI

ν1
a

Ψ)(ξ)−
n−1∑
κ=0

δκIνΨ(a)

κ! H
Dν

a

(
log

ξ

a

)κ
= HI

ν−ν1
a

Ψ(ξ)− Γ(κ+ 1)

Γ(κ+ 1− ν1

n−1∑
κ=0

δκIνΨ(a)

κ! H

(
log

ξ

a

)κ−ν1

= HI
ν−ν1
a

Ψ(ξ)−
n−1∑
κ=0

δκIνΨ(a)

Γ(κ− ν1 + 1)

(
log

ξ

a

)κ−ν1

,

and since κ ≤ n−1 < ν, for κ = 0, 1, ..., n−1, then, the derivatives δκHI
νΨ(a) = 0,

which give
C
HD

ν1 (HI
νΨ) (ξ) = Iν−ν1Ψ(ξ).
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Lemma 1.36. [3] Let <(ν) ≥ 0 and n = [<(ν)] + 1. If y(ξ) ∈ ACn
δ (J, R), then

Caputo-Hadamard fractional di�erential equation

CDν
a
y(ξ) = 0

has a solution

y(ξ) =
n−1∑
i=0

ci

(
log

ξ

a

)ν−i
.

where ci ∈ R, i = 0, 1, 2, ..., n− 1.

proof: Let n− 1 < ν < n, n ∈ N∗, and Ψ ∈ C([a, T ]), we have by de�nition:

HD
ν
a
Ψ(ξ) = δn

(
In−ν
a

Ψ
)

(ξ) = 0

that is, the derivative of order n of (In−νΨ) is zero.
So we can write:(

In−ν
a

Ψ
)

(ξ) =
n−1∑
κ=0

cκ

(
log

ξ

a

)κ
, cκ ∈ R, κ = 0, 1, . . . , n− 1.

Applying HI
ν
a
to the two members of the previous identity, we get

HI
ν
a

(
In−ν
a

Ψ
)

(ξ) =H Iν
a

[
n−1∑
κ=0

cκ

(
log

ξ

a

)κ]
,

(
In−ν+ν
a

Ψ
)

(ξ) = HI
n
a

Ψ(ξ) =
n−1∑
κ=0

cκ

[
HI

ν
a

(
log

ξ

a

)κ]

=
n−1∑
κ=0

cκ
Γ(κ+ 1)

Γ(κ+ 1 + ν)

(
log

ξ

a

)κ+ν

.

Then, we apply δn on the two members of the equality

δn (HI
n
a

Ψ) (ξ) =
n−1∑
κ=0

cκ
Γ(κ+ 1)

Γ(κ+ 1 + ν)
δn
(

log
ξ

a

)κ+ν

,

Hence

Ψ(ξ) =
n−1∑
κ=0

cκ
Γ(κ+ 1)

Γ(κ+ 1 + ν)

Γ(κ+ 1 + ν)

Γ(κ+ 1 + ν − n)

(
log

ξ

a

)κ+ν−n

=
n−1∑
κ=0

cκ
Γ(κ+ 1)

Γ(κ+ 1 + ν − n)

(
log

ξ

a

)κ+ν−n

Finally, for i = n− κ, we get

Ψ(ξ) =
n∑
i=1

ci

(
log

ξ

a

)ν−i
, ci, i = 0, 1, . . . n− 1 ∈ R.
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Lemma 1.37. [3] Let <(ν) > 0, n = [<(ν)] + 1, and Ψ ∈ C(J, R) , the fractional
di�erential equation

HI
ν (HD

νΨ) (ξ) = Ψ(ξ) +
n∑
i=1

ci

(
log

ξ

a

)ν−i
.

Lemma 1.38. Let <(ν) > 0, n = [<(ν)] + 1 and Ψ ∈ ACn
δ , then

HI
ν
a

(
C
HD

ν
a
Ψ
)

(ξ) = Ψ(ξ)−
n−1∑
κ=0

δκΨ(a)

κ!

(
log

ξ

a

)κ
such that δκ is the fractional Hadamard derivative of order κ, where κ = 0, 1, . . . , n−
1.

proof: by Proposition (1.4.6), we have

DnInΨ(ξ) = Ψ(ξ).

Using the identity (1.9), we �nd

Ψ(ξ) = DnInΨ(ξ) = In
a
δnΨ(ξ) +

n−1∑
κ=0

δ(κ(a)

Γ(κ+ 1)

(
log

ξ

a

)κ
= InδnΨ(ξ) +

n−1∑
κ=0

δκΨ(a)

κ!

(
log

ξ

a

)κ
= IνIn−νδnΨ(ξ) +

n−1∑
κ=0

δ(κΨ(a)

κ!

(
log

ξ

a

)κ
= IνCHDν

a
Ψ(ξ) +

n−1∑
κ=0

δκΨ(a)

κ!

(
log

ξ

a

)κ
as a result, we get

IνCHD
ν
a
Ψ(ξ) = Ψ(ξ)−

n−1∑
κ=0

δ(κΨ(a)

κ!

(
log

ξ

a

)κ
Lemma 1.39. [61] Suppose that Ψ(ξ, y) is continuous. Then the initial value problem
(IVP)

C
HD

νy(ξ) = Ψ(ξ, y), ξ > a > 0, 0 < ν < 1, (1.7)

y(a) = ya, (1.8)
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is equivalent to the following Volterra inteqral equation

y(ξ) = ya +
1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

Ψ(s, y(s))
ds

s
. (1.9)

Lemma 1.40. Let ν > 0, n = [ν] + 1 and h ∈ ACn
δ , then

HI
ν

(
c
H

DνΨ

)
(ξ) = Ψ(ξ)−

n−1∑
κ=0

δiΨ(a)

κ!

(
log

ξ

a

)κ
such that δκ is the fractional Hadamard derivative of order κ ,κ = 0, 1, . . . , n− 1.

proof: Let DnInΨ(ξ) = Ψ(ξ).
Using the identity (1.9), we �nd

DnInΨ(z) = In∂nΨ(ξ) +
n−1∑
κ=0

δ(κ)Ψ(a)

Γ(κ+ 1)

(
log

ξ

a

)κ

DnInΨ(z) = InδnΨ(z) +
n−1∑
κ=0

δ(κ)Ψ(a)

κ!

(
log

z

a

)κ
= IνIn−νδnΨ(z) +

n−1∑
κ=0

δ(κ)Ψ(a)

κ!

(
log

z

a

)κ
= IνCHDνΨ(ξ) +

n−1∑
κ=0

δ(κ)Ψ(a)

κ!

(
log

z

a

)κ
as a result, we get

IνCHDν
a
Ψ(ξ) = Ψ(ξ)−

n−1∑
κ=0

δ(κ)Ψ(a)

κ!

(
log

z

a

)κ
.

1.5 Impulsive Di�erential Equations (IDE)

Di�erential equations involving impulse e�ects appear as an appropriate model for
some evolutionary problems. It is the case of many real-world processes that are
subject of abrupt of changes in certain moments of times and arising in a variety
of disciplines, including biology, population dynamics, electric technology, control
theory, engineering, etc.[14, 39].

This type of impulse is seen in lasers and when drugs are injected intravenously
into the bloodstream.
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

Where a method is used to prove solutions of this type J = [sκ, ξκ+1], for κ =
0, 1, ..., w, in impulsive interval (ξκ, sκ]. The points

a = s0 < ξ1 < s1 < ... < ξw < sw < ξw+1 = T

The type of problems we are going to consider in demonstrating the existence
and uniqueness of the solution on a bounded interval of type J = [a, T], (0 < a <
T < +∞), is for �xed impulsive point: ξ = ξκ, κ = 0, 1, ..., w,, such that:

a = ξ0 < ξ1 < ... < ξw < ξw+1 = T

1.5.1 A Brief Description of (IDE)

An impulsive di�erential equation is described by three components, namely:

1. A continuous-time di�erential equation, which governs the state of the system
between pulses.

2. An impulsive equation that represents an impulse jump de�ned by the jump
function at the time of the pulse.

3. A jump criterion which de�nes a set of jump events in which the impulsive
equation is active.

The simple form of the �rst order impulsive equation is given by:
z′(ξ) = Ψ(ξ, z(ξ)), ξ ∈ J := [0, T], ξ 6= ξκ, κ = 1, ..., w,

∆z |ξ=ξκ= Iκ(z(ξ−κ )), κ = 1, .., w,
,

where
Ψ : J ∗R→ R is a given function, 0 = ξ0 < ξ1 < ... < ξw < ξw+1 = T,
Iκ : R → R is a continuous function for κ = 1, ..., w, and ∆z|ξ=ξκ = z(ξ+

κ )−z(ξ−κ ),
z(ξ+

κ ) and z(ξ−κ ) represent the right and left hand limits of z(ξ) at ξ = ξκ.

1.6 Concept of Solutions for (IDE) in the Fractional

Case

In the fractional case, there is mainly two di�erent approaches de�ning the concepts
of solutions for impulsive di�erential equations. This is due to the nonlocal character
of the fractional order di�erential operators, as it is pointed out in the previous
section.
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

In order to be more precise when presenting these two approaches, we specify the
following impulsive initial value problem's Caputo type of order 0 < ν ≤ 1:

CDνz(ξ) = Ψ(ξ, z(ξ)), ξ ≥ ξ0, ξ 6= ξκ, κ = 1, 2, ... (1.10)

∆z |ξ=ξκ= Iκ(z(ξ−κ )), κ = 1, 2, .., (1.11)

z(ξ0) = z0 (1.12)

1.6.1 First Approach: Fractional Derivative with Fixed Lower
Limit

This approach (noted respectively by V2 in [5] and by A1 in [6]) considers that the
fractional equation in (1.10) is kept on any interval between two consecutive impulses:
]ξk, ξk+1[, with only modi�ed initial conditions. That is, we consider the following
concept of solutions for (1.10)-(1.12).

De�nition 1.41.
A function z is said to be a solution for (1.10)-(1.12), if z is a solution of (1.10)

and moreover z = Z0 |[ξ0,ξ1], and for every κ = 1, 2, ..., z = Zκ |]ξκ,ξκ+1], where
Z0 ∈ C ([ξ0, ξ1]) is the solution of

CDν
ξ0
z(ξ) = Ψ(ξ, z(ξ)), ξ0 < ξ ≤ ξ1

z(ξ0) = z0

and for κ = 1, 2, ..., Zκ ∈ C ([ξ0, ξκ+1]) is the solution of
CDν

ξ0
z(ξ) = Ψ(ξ, z(ξ)), ξ ∈ [0, ξκ+1]

z(ξ+
κ ) = z(ξ−κ ) + Iκ (z (ξ−κ )) ,

z(ξ0) = z0

In this meaning, that is in the sens of De�nition 1.41, the solutions of the problem
(1.10)-(1.12) are the solutions of the following integral equation:

z(ξ) =


z0 +

∫ ξ

ξ0

(ξ − s)ν−1

Γ (ν)
Ψ(s, z(s))ds, ξ ∈ [ξ0, ξ1]

z0 +

∫ ξ

ξ0

(ξ − s)ν−1

Γ (ν)
Ψ(s, z(s))ds+

k∑
i=1

Ii(z(ξ−i )), ξ ∈]ξk, ξk+1] : k = 1, 2, ...

(1.13)
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

1.6.2 Second Approach: Fractional Derivative with Varying
Lower Limits

This approach (noted respectively by V1 in [5] and by A2 in [6]) neglects the lower
limit of the fractional derivative at the initial time and moves it to each impulsive
time. That is , we consider the following de�nition for solutions of (1.10)-(1.12).
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1.6. CONCEPT OF SOLUTIONS FOR (IDE) IN THE FRACTIONAL CASE

De�nition 1.42.
A function z is said to be a solution for (1.10)-(1.12), if the Caputo derivative

of z on each sub-interval Jκ :=]ξκ, ξκ+1] exists and for every ξκ, κ = 1, 2; ..., z is a
solution of the following problem:

CDν
ξκ
z(ξ) = Ψ(ξ, z(ξ)), ξ ∈ Jκ

z(ξ+
κ ) = z(ξ−κ ) + Iκ (z (ξ−κ ))

,

where:
CDν

ξκz(ξ) =
1

γ(1− ν)

∫ ξ

ξκ

(ξ − s)ν−1 z′(s)ds

In this meaning, that is in the sens of De�nition 1.42, the solutions of the problem
(1.10)-(1.12) are the solutions of the following integral equation:

z(ξ) =



z0 +

∫ ξ

ξ0

(ξ − s)ν−1

Γ (ν)
Ψ(s, z(s))ds, ξ ∈ [ξ0, ξ1]

z0 +
k∑
i=1

∫ ξi

ξi−1

(ξi − s)ν−1

Γ (ν)
Ψ(s, z(s))ds+∫ ξ

ξk

(ξ − s)ν−1

Γ (ν)
Ψ(s, z(s))ds+

k∑
i=1

Ii(z(ξ−i )), ξ ∈]ξk, ξk+1] : k = 1, 2, ...

(1.14)

Remark 1.43.
In all the problems which will be considered in the forthcoming chapters, we will

adopt the second approach.

33



Chapter 2

Impulsive Fractional Di�erential

Equations with Caputo-Hadamard

Derivative of order 0 < ν ≤ 1

2.1 Introduction

This chapter, we concerned the existence of solutions for certain classes of impulsive
fractional di�erential equations with Caputo-Hadamard derivative. First, we give
results the existence, and uniqueness of solutions for initial value problem for then
impulsive fractional di�erential equations. By applying some standard �xed point
theorems. Following that, we extend the study of existence of solutions in Banach
space. by employing the Mönch's �xed point theorem in conjunction then the tech-
nique of measures of non-compactness. Examples are provided the demonstrate our
�ndings. Finally, we study the existence and uniqueness of solutions for initial value
problem of impulsive fractional neutral di�erential equations with delay.

2.2 Fractional Di�erential Equations with Delay and

Impulses

This section, we study of existence and uniqueness of solution for the following initial
value problem (IVP for short) :

C
HD

νz(ξ) = Ψ(ξ, zξ), ξ ∈ J := [a, T], ξ 6= ξκ, κ = 1, ..., w, (2.1)

∆z |ξ=ξκ= Iκ(z(ξ−κ )), κ = 1, .., w, (2.2)
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

z(ξ) = Φ(ξ), ξ ∈ [a− τ, a], (2.3)

where C
HD

ν the fractional Caputo-Hadamard derivative of order 0 < ν ≤ 1, Ψ :
J ∗ C([a − τ, a], R) → R is a given functions, Φ ∈ C([a − τ, a], R), a > 0,a = ξ0 <
ξ1 < ... < ξw < ξw+1 = T, Iκ : R → R is a continuous function of κ = 1, ..., w,
∆z|ξ=ξκ = z(ξ+

κ )− z(ξ−κ ), z(ξ+
κ ) and z(ξ−κ ) represent the right and left hand limits of

z(ξ) at ξ = ξκ.

For each function z de�ned in J
′ (:= [a− τ, T] \ {ξ1, ..., ξw}) and each ξ ∈ [a, T],

we indicate by zξ the element for Cτ (:= C([a− τ, a], R)) de�ned by

zξ(s) = z(ξ + s) ,s ∈ [a− τ, a].

Also Cτ is endowed with the norm

‖φ‖Cτ = sup{|φ(θ)| : a− τ ≤ θ ≤ a}.

We present the following Banach space:

AC ′ =

{
z : J→ R, z ∈ ACδ((ξκ, ξκ+1], R), κ = 1, . . . , w, and there exist
z(ξ+

κ ) and z(ξ−κ ), κ = 1, . . . , w, with z(ξ−κ ) = z(ξκ)

}
.

with the norm

‖z‖AC′ = sup{|z(ξ)|∞ : a ≤ ξ ≤ T}.

Set

B = {z : (a− τ, T]→ R \ z ∈ AC ′ ∩ Cτ}.

2.2.1 Equivalent Integral Equation

De�nition 2.1.
A function z ∈ B is said to be a solution of the problem (2.1)-(2.3), if z satis�es the

fractional di�erential equation C
HD

νz(ξ) = Ψ(ξ, zξ) in J
′ and the following conditions

(2.2)-(2.3).

Lemma 2.2.
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

Assume that ϑ ∈ AC(J′, R), let 0 < ν ≤ 1 . A function z is a solution of the
fractional integral equation

z (ξ) =



z + 1
Γ(ν)

∫ ξ
a

(
log ξ

s

)ν−1
ϑ(s)ds

s
, if ξ ∈ [a, ξ1],

z + 1
Γ(ν)

∑κ
i=1

∫ ξi
ξi−1

(
log ξi

s

)ν−1
ϑ(s)ds

s

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
ϑ(s)ds

s

+
∑κ

i=1 Ii(z(ξ−i )), if ξ ∈ (ξκ, ξκ+1],

(2.4)

with κ = 1, ..., w.

If and only if z is a solution of the fractional impulsive ( IVP ) :

C
HD

νz(ξ) = ϑ(ξ), for each ξ ∈ J
′
, (2.5)

∆z|ξ=ξκ = Iκ(z(ξ−κ )), κ = 1, ..., w, (2.6)

z(a) = z. (2.7)

Proof:
Assume z satis�es (2.5)-(2.7), if ξ ∈ [a, ξ1], then

C
HD

νz(ξ) = ϑ(ξ)

Lemma 1.39 implies

z(ξ) = z +
1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

ϑ(s)
ds

s
.

If ξ ∈ (ξ1, ξ2], then according to the Lemma 1.39, we have
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z(ξ) = z(ξ+
1 ) +

1

Γ(ν)

∫ ξ

ξ1

(
log

ξ

s

)ν−1

ϑ(s)
ds

s

= ∆z|ξ=ξ1 + z(ξ−1 ) +
1

Γ(ν)

∫ ξ

ξ1

(
log

ξ

s

)ν−1

ϑ(s)
ds

s

= z + I1(z(ξ−1 )) +
1

Γ(ν)

∫ ξ1

a

(
log

ξ1

s

)ν−1

ϑ(s)
ds

s
+

1

Γ(ν)

∫ ξ

ξ1

(
log

ξ

s

)ν−1

ϑ(s)
ds

s
.

If ξ ∈ (ξ2, ξ3] then aqain Lemma 3.2, we get

z(ξ) = z(ξ+
2 ) +

1

Γ(ν)

∫ ξ

ξ2

(
log

ξ

s

)ν−1

ϑ(s)
ds

s

= ∆z|ξ=ξ2 + z(ξ−2 ) +
1

Γ(ν)

∫ ξ

ξ2

(
log

ξ

s

)ν−1

ϑ(s)
ds

s

= z + I2(z(ξ−2 )) + I1(z(ξ−1 )) +
1

Γ(ν)

∫ ξ1

a

(
log

ξ1

s

)ν−1

ϑ(s)
ds

s

+
1

Γ(ν)

∫ ξ2

ξ1

(
log

ξ2

s

)ν−1

ϑ(s)
ds

s
+

1

Γ(ν)

∫ ξ

ξ2

(
log

ξ

s

)ν−1

ϑ(s)
ds

s
.

If ξ ∈ (ξκ, ξκ+1]

z(ξ) = z +
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

ϑ(s)
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

ϑ(s)
ds

s
+

κ∑
i=1

Ii(z(ξ−i ))

Conversely, we assume that z is a solution of impulsive feactional inteqral equation
(2.4). By a direct account, it followes that the solution presented by (2.4) satis�es.

The following lemma can be deduced from the previous one.

Lemma 2.3.
The formula of solutions for the impulsive problem (2.1)-(2.3), should be written

as follows
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z (ξ) =



Φ(ξ), if ξ ∈ [a− τ, a],

Φ(a) + 1
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ
ξκ−1

(
log ξκ

s

)ν−1
Ψ(s, zs)

ds
s

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
Ψ(s, zs)

ds
s

+
∑

a<ξκ<ξ
Iκ(z(ξ−κ )), if ξ ∈ [a, T], where κ = 1, ..., w.

2.2.2 First type: Problems with real valued data-functions

In the following parts, we prove of results existence and uniqueness for solutions to
the initial value problem (2.1)-(2.3), using di�erent of �xed point theorems.

We will show that problem (2.1)-(2.3) has a unique solution using Banach
�xed point theorem

.
We will need to introduce the following hypotheses :

(A1) There exists a constant l1 > 0 such that

|Ψ(ξ, u)−Ψ(ξ, v)| ≤ l1‖u− v‖, for each ξ ∈ J and u, v ∈ Cτ .

(A2) There exists a constant l2 > 0 such that

|Iκ(x)− Iκ(z)| ≤ l2‖x− z‖, for each x, z ∈ R and κ = 1, ..., w.

Theorem 2.4.
Assume that conditions (A1) and (A2) hold, if[

l1(w + 1)
(
log T

a

)ν
Γ(ν + 1)

+ wl2

]
< 1, (2.8)

then the problem (2.1)-(2.3) has a unique solution on [a− τ, T].
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Proof: Transform the problem (2.1)-(2.3) into a �xed point problem. Let the
operator N : B→ B be de�ned by :

(Nz) (ξ) =



Φ(ξ), if ξ ∈ [a− τ, a],

Φ(a) + 1
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ
ξκ−1

(
log ξκ

s

)ν−1
Ψ(s, zs)

ds
s

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
Ψ(s, zs)

ds
s

+
∑

a<ξκ<ξ
Iκ(z(ξ−κ )), if ξ ∈ [a, T],

(2.9)

where κ = 1, ..., w. Clearly, of lemma 3.2 the �xed point of N is a solution to
problem (2.1)-(2.3), we prove N is a contraction will show that N has a �xed point.
Let x, z ∈ B. Then, for each ξ ∈ J, we have

|(Nx)(ξ)− (Nz)(ξ)| = | 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

Ψ(s, xs)−Ψ(s, zs)
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, xs)−Ψ(s, zs)
ds

s

+
∑

a<ξκ<ξ

Iκ(x(ξ−κ )− Iκ(z(ξ−κ )|

≤ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
∑

a<ξκ<ξ

|Iκ(x(ξ−κ )− Iκ(z(ξ−κ )|

≤ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

l1|xs − zs|Cτ
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

l1|xs − zs|Cτ
ds

s
+
∑

a<ξκ<ξ

l2|x(ξ−κ )− z(ξ−κ )|

≤
l1 supξ∈J |xξ − zξ|

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s
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+
∑

a<ξκ<ξ

l2 sup
ξκ∈J
|x(ξ−κ )− z(ξ−κ )|

+
l1 supξ∈J |xξ − zξ|

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s

≤ l1‖x− z‖∞
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s
+ wl2‖x− z‖∞

+
l1‖x− z‖∞

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s

≤
l1w
(
log T

a

)ν
Γ(ν + 1)

‖x− z‖∞ +
l1
(
log T

a

)ν
Γ(ν + 1)

‖x− z‖∞ + wl2||x− z||∞

≤

[
l1(w + 1)

(
log T

a

)ν
Γ(ν + 1)

+ wl2

]
‖x− z‖∞.

Thus

‖N(x)−N(z)‖∞ ≤

[
l1(w + 1)

(
log T

a

)ν
Γ(ν + 1)

+ wl2

]
‖x− z‖∞.

Consequently by (2.8), the N is a contraction a conclusion of Banach �xed point
theorem, we deduce that N has a unique �xed point which is solution to problem
(2.1)-(2.3).

The proven the existence of a solution for problem (2.1)-(2.3) by using
Schaefer �xed point theorem.

Theorem 2.5.
Assume that the following conditions hold :

(A3) The function Ψ : J ∗ Cτ → R is continuous.

(A4) There exists a constant M > 0 such that

|Ψ(ξ, u)| ≤M, for each ξ ∈ J and each u ∈ Cτ .

(A5) The functions Iκ : R → R is continuous and there exists a constant M∗ > 0
such that

|Iκ(u)| ≤M∗, for eachu ∈ R, κ = 1, . . . , w,

then problem (2.1)-(2.3) has at least one solution on [a− τ, T].
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2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

Proof: We consider the operator N : B → B de�ned by (2.9). The proof will
be given in several steps.

Step 1: N is continuous.
Let {zn} be a sequence such that zn → z in B, we have

|(Nzn)(ξ)− (Nz)(ξ)| ≤ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(log
ξκ
s

)ν−1|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(log
ξ

s
)ν−1|Ψ(s, zns)−Ψ(s, zs)|

ds

s

+
∑

a<ξκ<ξ

|Iκ(zn(ξ−κ ))− Iκ(z(ξ−κ ))|.

Since Ψ and Iκ, κ = 1, . . . , w, are continuous functions, then we have

‖Nzn −Nz‖∞ → 0 as n→∞.

Step 2: N maps bounded sets into bounded sets in B.

Indeed, it is enough to show that for any η∗, there exists a positive constant l such
that for each z ∈ Ωη∗ = {z ∈ B : ‖z‖∞ ≤ η∗}, we have ‖N(z)‖∞ ≤ l.
By (A4) and (A5), for each ξ ∈ J, we have

‖(Nz)(ξ)‖ ≤ |Φ(a)|+ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s
+
∑

a<ξκ<ξ

|Iκ(z(ξ−κ )|

≤ |Φ(a)|+ M

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s

+
M

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+
∑

a<ξκ<ξ

M∗|(z(ξ−κ )|

≤ |Φ(a)|+
wM

(
log T

a

)ν
Γ(ν + 1)

+
M
(
log T

a

)ν
Γ(ν + 1)

+ wM∗

≤

[
‖Φ(a)‖+

M(w + 1)
(
log T

a

)ν
Γ(ν + 1)

+ wM∗

]
:= l.

Step 3: N maps bounded sets into equicontinuous sets in B.
Let z ∈ Ωη∗ be a bounded set of B as in Step 2, then for any λ1, λ2 ∈ J, λ1 < λ2, we
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have

|(Nz)(λ2)− (Nz)(λ1)| ≤ 1

Γ(ν)

∫ λ1

ξκ

[(
log

λ2

s

)ν−1

−
(

log
λ1

s

)ν−1
]
|Ψ(s, zs)|

ds

s

+
1

Γ(ν)

∫ λ2

λ1

(
log

λ2

s

)ν−1

|Ψ(s, zs)|
ds

s

≤ M

Γ(ν)

[∫ λ1

ξκ

((
log

λ2

s

)ν−1

−
(

log
λ1

s

)ν−1
)
ds

s
+

∫ λ2

λ1

(
log

λ2

s

)ν−1
ds

s

]

≤ M

Γ(ν + 1)

[
2

(
log

λ2

λ1

)
+

(
log

λ2

a

)
−
(

log
λ1

a

)]
.

As λ1 −→ λ2, the right-hand side of the above inequality tends to zero.
As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem 1.10, we
can conclude that N : B→ B is completely continuous.

Step 4: A priori bounds.
Now it remains to show that the set

ε = {z ∈ B : z = λN(z) for some 0 < λ < 1}, is bounded.

Let z ∈ ε, then z = λN(z) for some 0 < λ < 1. Thus, for each ξ ∈ J, we have

z(ξ) = λΦ(a) +
λ

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

κ−1

(
log

ξκ
s

)ν−1

Ψ(s, zs)
ds

s
+ λ

∑
a<ξκ<ξ

|Iκ(z(ξ−κ ))|

+
λ

Γ(ν)

∫ ξ

ξκ

(log
ξ

s
)ν−1Ψ(s, zs)

ds

s
.

Then, by (A4)-(A5) and (as in Step 2), it follows that, for each ξ ∈ J, we have

|(Nz)(ξ)| ≤ |Φ(a)|+
wM

(
log T

a

)ν
Γ(ν + 1)

+
M
(
log T

a

)ν
Γ(ν + 1)

+ wM∗.

Thus for every z ∈ ε, we have

‖Nz‖∞ ≤

[
‖Φ(a)‖+

wM
(
log T

a

)ν
Γ(ν + 1)

+
M
(
log T

a

)ν
Γ(ν + 1)

+ wM∗

]
:= η∗.

This shows that the set ε is bounded. Consequently, we deduce by the Schaefer
�xed point theorem that N has a �xed point which is a solution of the problem
(2.1)-(2.3).
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The next result prove the existence of solution for problem (2.1)-(2.3) is
based on Leray-Schauder nonlinear alternative type

.

Theorem 2.6. Assume that (A3) and the following conditions hold :

(A6) There exist φΨ ∈ C(J, R+) and ψ : [0,∞) → [0,∞) continuous and non-
decreasing such that

|Ψ(ξ, u)| ≤ φΨ(ξ)ψ(‖u‖) for each ξ ∈ J, u ∈ Cτ .

(A7) There exists ψ∗ : [0,∞)→ [0,∞) continuous and nondecreasing such that

|Iκ(u)| ≤ ψ∗(‖u‖) for all u ∈ R, κ = 1, . . . , w.

(A8) There exists a number M > 0 such that

M

‖Φ(a)‖+ ΦΨψ(M)
w(log T

a
)
ν

Γ(ν+1)
+ ΦΨψ(M)

(log T

a
)
ν

Γ(ν+1)
+ wψ∗(M)

> 1,

where ΦΨ = sup{φΨ(ξ) : ξ ∈ J}.

Then problem (2.1)-(2.3) has at least one solution on [a− τ, T].

Proof: We prove that the operator N : B → B de�ned by (2.9) is continuous
and completely continuous.

Step 1: Continuity of N .
Let {zn}n∈N be a sequence such that zn → z in B, then

|(Nzn)(ξ)− (Nz)(ξ)| ≤ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(log
ξκ
s

)ν−1|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(log
ξ

s
)ν−1|Ψ(s, zns)−Ψ(s, zs)|

ds

s

+
∑

a<ξκ<ξ

|Iκ(zn(ξ−κ ))− Iκ(z(ξ−κ ))|.

The continuity of the functions Ψ and Iκ, κ = 1, . . . , w, yield to:

‖Nzn −Nz‖∞ → 0 as n→∞.

Step 2: N maps bounded sets into bounded sets in B.
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Indeed, it is enough to show that for any η∗ > 0, there exists a positive constant
l∗ such that for each z ∈ Ωη∗, ‖N(z)‖∞ ≤ l∗. By (A6) and (A7), for each ξ ∈ J, we
have

|(Nz)(ξ)| ≤ |Φ(a)|+ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s
+
∑

a<ξκ<ξ

|Iκ(z(ξ−κ )|

≤ |Φ(a)|+ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

φΨ(s)ψ(‖zs‖)
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

φΨ(s)ψ(‖zs‖)
ds

s
+
∑

a<ξκ<ξ

ψ∗(‖(z(ξ−κ )‖)

≤ |Φ(a)|+ ΦΨψ(‖z‖)
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s

+
ΦΨψ(‖z‖)

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+
∑

a<ξκ<ξ

ψ(‖z‖)

≤ |Φ(a)|+
wΦΨψ(‖z‖)

(
log T

a

)ν
Γ(ν + 1)

+
ΦΨψ(‖z‖)

(
log T

a

)ν
Γ(ν + 1)

+ wψ(‖z‖)

≤
[
‖Φ(a)‖+

(w + 1)ΦΨψ(‖z‖)
Γ(ν + 1)

(
log

T

a

)ν
+ wψ(‖z‖)

]
:= l∗.

Step 3: N maps bounded sets into equicontinuous sets in B.
Let z ∈ Ωη∗ be a bounded set of B as in Step 2, then for any λ1, λ2 ∈ J, λ1 < λ2, we
have

|(Nz)(λ2)− (Nz)(λ1)| ≤ 1

Γ(ν)

∫ λ1

ξκ

[(
log

λ2

s

)ν−1

−
(

log
λ1

s

)ν−1
]
|Ψ(s, zs)|

ds

s

+
1

Γ(ν)

∫ λ2

λ1

(
log

λ2

s

)ν−1

|Ψ(s, zs)|
ds

s

≤ 1

Γ(ν)

∫ λ1

ξκ

[(
log

λ2

s

)ν−1

−
(

log
λ1

s

)ν−1
]
φΨ(s)ψ(‖zs‖

ds

s

+
1

Γ(ν)

∫ λ2

λ1

(
log

λ2

s

)ν−1

φΨ(s)ψ(‖zs‖
ds

s
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≤ ΦΨψ(‖z‖)
Γ(ν)

∫ λ1

ξκ

[(
log

λ2

s

)ν−1

−
(

log
λ1

s

)ν−1
]
ds

s

+
ΦΨψ(‖z‖)

Γ(ν)

∫ λ2

λ1

(
log

λ2

s

)ν−1
ds

s

≤ ΦΨψ(‖z‖)
Γ(ν + 1)

[
2

(
log

λ2

λ1

)
+

(
log

λ2

a

)
−
(

log
λ1

a

)]
.

As λ1 −→ λ2, the right-hand side of the above inequality tends to zero.
As a consequence of Steps 1 to 3, it follows by the Arzela-Ascoli theorem 1.10 that
N : B→ B is continuous and completely continuous.

Step 4: N We show that there exists an open sets in U ⊂ B with z(ξ) 6=
λ(Nz)(ξ) for λ ∈ (0, 1) and 0 < λ < 1 and z ∈ ∂U.
Let z ∈ B, be such that z(ξ) = λ(Nz)(ξ) , for each ξ ∈ J , de�ned by (2.2.2), we
have

‖(Nz)(ξ)‖ ≤ |Φ(a)|+ 1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s
+
∑

a<ξκ<ξ

|Iκ(z(ξ−κ )|

≤ ‖Φ(a)‖+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(log
ξκ
s

)ν−1φΨ(s)ψ(‖zs‖)
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(log
ξ

s
)ν−1φΨ(s)ψ(‖zs‖)

ds

s
+
∑

a<ξκ<ξ

ψ∗(‖z(ξ−κ )‖)

≤ ‖Φ(a)‖+ ΦΨψ(‖z‖∞)
w
(
log T

a

)ν
Γ(ν + 1)

+ ΦΨψ(‖z‖∞)

(
log T

a

)ν
Γ(ν + 1)

+ wψ∗(‖z‖∞).

Thus

‖z‖∞

‖Φ(a)‖+ ΦΨψ(‖z‖∞)
w(log T

a
)
ν

Γ(ν+1)
+ ΦΨψ(‖z‖∞)

(log T

a
)
ν

Γ(ν+1)
+ wψ∗(‖z‖∞)

≤ 1.

Then by condition (A8), there exists M such that ‖z‖∞ 6= M .
Let

U = {z ∈ B : ‖z‖∞ < M}.

45



2.2. FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY AND
IMPULSES

The operator N : U → B is continuous and completely continuous. From the choice
of U , there is no z ∈ ∂U such that z = λN(z) for some λ ∈ (0, 1). As a consequence
of the nonlinear alternative of Leray-Schauder type, we deduce that N has a �xed
point z ∈ U which is a solution of the problem (2.1)-(2.3).

2.2.3 Example

Example 1

We consider the followinq equation :

C
HD

1
2 z(ξ) =

|zξ|
100(1 + eξ)(1− |zξ|)

, for ξ ∈ J = [
1

2
, 2], ξ 6= 7

4
, (2.10)

∆z|ξ= 7
4

=
1

8
z(

7

4
), (2.11)

z(ξ) = Φ(ξ), ξ ∈ [
1

2
− τ, 1

2
], τ > 0, (2.12)

where

Ψ(ξ, z) =
z

100(1 + eξ)(1− z)
, (ξ, z) ∈ J ∗ C([

1

2
− τ, 1

2
], R),

Iκ(v) =
1

8
v, v ∈ R,

with T = 2, ν = 1
2
, a = 1

2
and w = 1.

Let x, z ∈ C([1
2
− τ, 1

2
], R) and ξ ∈ J. Then we have

|Ψ(ξ, x)−Ψ(ξ, z)| =
1

100(1 + eξ)
| x

1 + x
− z

1 + z
|

=
1

100(1 + eξ)

|x− z|
|(1 + x)(1 + z)|

≤ |x− z|
100(9 + eξ)

≤ 1

200
|x− z|.

Hence the condition (H1) holds with l1 = 1
200

.
Let x, z ∈ R, then we have

|Iκ(x)− Iκ(z)| = | 1

8x
− 1

8y
| ≤ 1

8
|x− z|.
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Hence the condition (H2) holds with l2 = 1
8
, we shall check that condition (2.8) is

satis�ed . Indeed,

[
l1(w + 1)

Γ(ν + 1)

(
log

T

a

)ν
+ wl2

]
=

 1

200
(1 + 1)

Γ(3
2
)

(log 4)
1
2 +

1

8


= 0, 13446421 < 1,

then by theorem (2.4) the problem (3.11)-(3.13) has a unique solution on [1
2
− τ, 2].

Example 2

We consider the following functional impulsive fractional di�erential equation :

C
HD

1
2 z(ξ) =

1

5
sin(z(ξ − π

2
)), ξ ∈ J = [

π

4
,
5π

4
], ξ 6= κπ

4
, κ = 1, 2, 3, (2.13)

∆z|κπ
4

=
1

5
z(
κπ

4
), ξ =

κπ

4
, κ = 1, 2, 3, (2.14)

z(ξ) = sin(ξ), ξ ∈ [−π
2
,
π

4
]. (2.15)

where T = 5π
4
, w = 3, ν = 1

2
, and

Ψ(ξ, z) =
1

5
sin(z(ξ − π

2
)), (ξ, z) ∈ J ∗ C([−π

2
,
π

4
], R),

Iκ(v) =
1

5
v, v ∈ R.

Here |Ψ(ξ, z)| ≤ 1
5
, and |Iκ(z)| ≤ 1

5
.

Hence, assumptions (H4) and (H5) are satis�ed with M = M∗ = 1
5
.

Then by theorem (2.5), the problem (2.13)-(2.15) has a solutions on [−π
2
, 5π

4
].

2.2.4 Second type: Problems with valued data-functions in
Banach spaces

This part is devoted to the study of the existence of solutions for problem (2.1)-(2.3),
in which the function is given by Ψ : J→ C([a− τ, a], χ)→ χ, Iκ : χ→ χ, where the
existence �ndings are presented for the problem using a measure of noncompactness
and a Mönch's �xed point theorem.
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We present the following Banach space:

AC ′ =

{
z : J→ χ, z ∈ ACδ((ξκ, ξκ+1], χ), κ = 1, . . . , w, and there exist
z(ξ+

κ ) and z(ξ−κ ), κ = 1, . . . , w, with z(ξ−κ ) = z(ξκ)

}
.

with the norm

‖z‖AC′ = sup{|z(ξ)| : a ≤ ξ ≤ T}.

Set
B = {z : (a− τ, T]→ χ \ z ∈ AC ′ ∩ Cτ}.

Before starting and verifying the results, we introduce the following the assump-
tions.

(H1) Ψ : J ∗ Cτ → χ is a Carathéodory function.

(H2) ∃ p ∈ C(J, R+) :

‖Ψ(ξ, z)‖ ≤ p(ξ)‖z‖Cτ , for each ξ ∈ J and z ∈ Cτ .

(H3) ∃ c > 0 such that
‖Iκ(x)‖ ≤ c‖x‖, for each x ∈ χ.

(H4) ∀M ⊂ χ bounded, we have

µ(Iκ(M)) ≤ cµ(M), for each κ = 1, 2, ..., w.

(H5) ∀ ξ ∈ J and each bounded set M ⊂ χ, we have

µ(Ψ(ξ,M)) ≤ p(ξ)µ(M),

where µ is a measure of noncompactness on χ.

Theorem 2.7. Suppose that conditions (H1)-(H5) hold, if[
PΨ

(w + 1)

Γ(ν + 1)

(
log

T

a

)ν
+ wc

]
< 1, (2.16)

where
pΨ = sup

ξ∈J
p(ξ)

then the problem IVP (2.1)-(2.3) has at least one solution on [a− τ, T].
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Proof : Consider the operator F : B → B de�ned as :

(Fz) (ξ) =



Φ(ξ), if ξ ∈ [a− τ, a],

Φ(a) + 1
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ
ξκ−1

(
log ξκ

s

)ν−1
Ψ(s, zs)

ds
s

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
Ψ(s, zs)

ds
s

+
∑

a<ξκ<ξ
Iκ(z(ξ−κ )), if ξ ∈ [a, T],

(2.17)

where κ = 1, ..., w.
Let us �x

η ≥ ‖φ(a)‖

1− Pf (m+1)(log T
a )

r

Γ(r+1)
−mc

.

and consider the set
Dη = {y ∈ B : ‖y‖ ≤ η}

Obviously, the subset Dη is closed, bounded and convex. Clearly, that �xed points
of operator F are solutions of the problem (2.1)-(2.3). the proof will be given in three
steps. Step 1: F is continuous.

let {zn}n∈N be a sequence such that zn → z in B. If ξ ∈ [a− τ, a], we get

‖F(zn)(ξ)− F(z)(ξ)‖ = ‖Φ(ξ)− Φ(ξ)‖ = 0

For ξ ∈ [a, T], we get

‖F(zn)(ξ)− F(z)(ξ)‖ ≤ 1

Γ(ν)

∫ ξ

ξκ

(log
ξ

s
)ν−1‖Ψ(s, zn(s))−Ψ(s, z(s))‖ds

s

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(log
ξκ
s

)ν−1‖Ψ(s, zn(s))−Ψ(s, z(s))‖ds
s

+
∑

a<ξκ<ξ

‖Iκ(zn(ξ−κ ))− Iκ(z(ξ−κ ))‖

.
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Since zn → z as n → ∞, and Iκ is continuous and Ψ is of Caratheodory, then by
using the Lebesgus dominated convergence theorem, we have

‖F(zn)(ξ)− F(z)(ξ)‖ → 0 as n→∞.

Step 2: F maps Dη into itself.

If ξ ∈ [a− τ, a], then ‖F(z)(ξ)‖ ≤ ‖Φ(ξ)‖Cτ ≤ ‖Φ‖ ≤ η.
Let z ∈ Dη. By (H2)-(H3), show that F(z) ∈ Dη, for each ξ ∈ [a, T], we have

‖F(z)(ξ)‖ ≤ ‖Φ(a)‖+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

‖Ψ(s, zs)‖
ds

s

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

‖Ψ(s, zs)‖
ds

s
+
∑

a<ξκ<ξ

‖Iκ(z(ξ−κ )‖

≤ ‖Φ(a)‖Cτ +
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

P (s)‖zs‖Cτ
ds

s

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

P (s)‖zs‖Cτ
ds

s
+
∑

a<ξκ<ξ

c‖z(ξ−κ )‖

≤ ‖Φ(a)‖Cτ +
PΨ‖z‖
Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s

+
PΨ‖z‖
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s
+ wc‖z‖

≤ ‖Φ(a)‖+

[
PΨ

(w + 1)

Γ(ν + 1)

(
log

T

a

)ν
+ wc

]
‖z‖

≤ η

from which follows that for each ξ ∈ [a− τ, T], which implies that ‖Fz‖ ≤ η.
Since F(Dη) ⊂ Dη, then F(Dη) is bounded.

Step 3: F(Dη) is bounded and equicontinuous.

By step 2, it is obvious that it F(Dη) = {F(z) : z ∈ Dη} ⊂ Dη is bounded.
Let τ1, τ2 ∈ [a− τ, T], with τ1 < τ2 , if a− τ ≤ τ1 < τ2 ≤ a, then

‖(Fz)(τ2)− (Fz)(τ1)‖ = ‖Φ(τ2)− Φ(τ1)‖ = 0→ 0, as τ2 → τ1.

For a ≤ τ1 < τ2 ≤ T, we have

‖(Fz)(τ2)− (Fz)(τ1)‖ ≤ 1

Γ(ν)

∫ τ1

ξκ

(
(

log
τ2

s

)ν−1

−
(

log
τ1

s

)ν−1

)‖Ψ(s, zs)‖
ds

s
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+
1

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1

‖Ψ(s, zs)‖
ds

s

≤ 1

Γ(ν)

∫ τ1

ξκ

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
p(s)‖zs‖Cτ

ds

s

+
1

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1

p(s)‖zs‖Cτ
ds

s

≤ pΨ‖z‖
Γ(ν)

∫ τ1

ξκ

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
ds

s

+
pΨ‖z‖
Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1 ds

s

≤ pΨ‖z‖
Γ(ν + 1)

[
2

(
log

τ2

τ1

)ν
+
(

log
τ2

a

)ν
−
(

log
τ1

a

)ν]
, as τ1 → τ2.

Hence, for ξ ∈ [a− τ, T], we get

‖F(z)(τ2)− F(z)(τ1)‖ = 0→ 0, as τ2 → τ1.

Hence F(Dη) is bounded and equicontinuous.
Finally, we need to prove the implication, we have F : Dη −→ Dη bounded and
continuous.

V = convF(V) or V = F(V) ∪ {0} ⇒ µ(V) = 0

Let V ⊂ Dη such that V ⊂ conv(F(V)∪{0}). V is bounded and equicontinuous and
therefore the function ξ → υ(ξ) = µ(V(ξ)) is continuous on [a− τ, T].
If ξ ∈ [a− τ, a], we have

υ(ξ) = µ(FV)(ξ)) = µ (Φ(ξ)) = 0

If ξ ∈ [a, T], using lemma 1.10, the properties (1.2.1) of the measure µ, we have

µ ((FV)(ξ) ∪ {0}) = max{µ ((FV)(ξ)) , µ ({0})}

υ(ξ) = µ ((FV)(ξ))

≤ µ ((FV)(ξ) ∪ {0})
≤ µ (F(V)(ξ))

where µ (x0 + A) = µ (A) , for any x0 ∈ χ, we �nd that
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µ (F(V)(ξ)) = µ{Φ(a) +
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, zs)
ds

s

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

Ψ(s, zs)
ds

s

+
∑

a<ξκ<ξ

Iκ(z(ξ−κ )), z ∈ V}

= µ{ 1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, zs)
ds

s
+

1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

Ψ(s, zs)
ds

s

+
∑

a<ξκ<ξ

Iκ(z(ξ−κ )), z ∈ V}

In view µ ((A1 + A2) = µ (A1) + µ (A2), we obtain

µ (F(V)(ξ)) ≤ µ

{
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, zs)
ds

s
, z ∈ V

}

+ µ

{
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

Ψ(s, zs)
ds

s
, z ∈ V

}

+ µ

{ ∑
a<ξκ<ξ

Iκ(z(ξ−κ )), z ∈ V

}

On the other hand, the condition (H4) and (H5), we have

µ (F(V)(ξ)) ≤ 1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

µ (Ψ(s,Vs))
ds

s

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

µ (Ψ(s,Vs))
ds

s

+
∑

a<ξκ<ξ

µ
(
Iκ(V(ξ−κ ))

)
≤ 1

Γ (ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

p(s)µ(Vs)
ds

s
+
∑

a<ξκ<ξ

cµ(V(ξ−κ ))

+
1

Γ (ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

p(s)µ(Vs)
ds

s
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≤ 1

Γ (ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

p(s)υs
ds

s
+

1

Γ (ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

p(s)υs
ds

s

+
∑

a<ξκ<ξ

cυ(ξ−κ )

≤ PΨ‖υ‖
Γ (ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+
pΨ‖υ‖
Γ (ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s
+ wc‖υ‖

≤ ‖υ‖
[
pΨ

(w + 1)

Γ(ν + 1)

(
T

a

)ν
+ wc

]
.

Hence

‖υ‖
[
1−

(
pΨ

(w + 1)

Γ(ν + 1)

(
log

T

a

)ν
+ wc

)]
≤ 0

From (2.16), we get ‖υ‖ = 0, that is υ(ξ) = µ(V(ξ)) = 0 for each ξ ∈ J and
then V(ξ) is relatively compact in χ, together with the Ascoli-Arzela theorem, V is
relatively compact in Dη. Using theorem 1.14, we conclude that F has a �xed point
which is a solution to the problem (2.1)-(2.3).

2.2.5 Example

We consider the following functional impulsive fractional di�erential equations of the
form :

C
HD

1
2 z(ξ) =

1

eξ+2
‖zξ‖, ξ ∈ J = [1, e], ξ1 6=

1

2
, (2.18)

∆z| 1
2

=
1

5
z

(
1−

2

)
, ξ1 =

1

2
, (2.19)

z(ξ) = Φ(ξ), ξ ∈ [1− τ, 1]. (2.20)

Set

χ = l1 = {z = (z1, z2, ..., zn, ...) :
∞∑
n=1

|zn| <∞},

with the norm

‖zn‖χ =
∞∑
n=1

|zn|,

Here
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2.3. IMPULSIVE FRACTIONAL NEUTRAL DIFFERENTIAL EQUATIONS
WITH DELAY

Ψn(ξ, zξ) =
1

eξ+2
|zn| , (ξ, z) ∈ J ∗ C([a− τ, a], χ),

and

Iκ(z) =
1

5
|zn|, z ∈ χ.

Where z = (z1, z2, ...., zn, ...), Ψ = (Ψ1,Ψ2, ....,Ψn, ...).

Clearly, condition (H1) holds and (H2)-(H3) are satis�ed with

‖Ψ(ξ, z)‖ ≤ p(ξ)‖z‖,

where

p(ξ) =
1

eξ+2
.

pΨ = e−2 and c = 1
5
, T = e, ν = 1

2
, a = 1 and w = 1.

We shall show that condition (2.16) is satis�ed,Indeed

[
PΨ

(w + 1)

Γ(ν + 1)

(
log

T

a

)ν
+ wc

]
=

[
e−2 2

Γ(3
2
)

(log e)
1
2 +

1

5

]
= 0, 505419028 < 1.

Therefore, we conclude from the conclusion of theorem 2.7 the problem (2.18)-
(2.20) has at least one solution on [1, e].

2.3 Impulsive Fractional Neutral Di�erential Equa-

tions with Delay

In this section, we study the existence and uniqueness of solutions to the following
impulsive fractional neutral di�erential equations with delay :

C
HD

ν [z (ξ)− g (ξ, zξ)] = Ψ (ξ, zξ) , ξ ∈ J := [a, T] , ξ 6= ξκ, 0 < ξ ≤ 1 (2.21)

∆z |ξ=ξκ= Iκ
(
z
(
ξ−κ
))
, κ = 1, .., w, (2.22)

z(ξ) = Φ(ξ), ξ ∈ (a− τ, a], (2.23)
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where Ψ, Φ, and Iκ are as in problem (2.1)-(2.3), and g : J∗C([a− τ, a], R)→ R
is a given function.

We shall present two existence and uniqueness results for the problem (2.21)-
(2.23). The �rst result is based on Banach �xed point theorem, while the other is
based upon for the nonlinear alternative of Leray-Schauder type.

2.3.1 Existence and Uniquenss Results

De�nition 2.8. A function z ∈ B is said to be a solution of (2.21)-(2.23), if z
satis�es the equation C

HD
ν [z (ξ)− g (ξ, zξ)] = Ψ(ξ, zξ) on J

′ and satis�es conditions
(2.22)-(2.23).

Our �rst exstence result for the (2.21)-(2.23) is based on the Banach �xed
piont theorem .

Theorem 2.9. Assume that conditions (A1)-(A2) and following hypothesi hold

(M1) There exists a constant lg > 0 such that

|g(ξ, u)− g(ξ, v)| ≤ lg‖u− v‖Cτ for each ξ ∈ J and u, v ∈ Cτ .

If [
lg +

l1(w + 1)
(
log T

a

)ν
Γ(ν + 1)

+ wl2

]
< 1, (2.24)

then the problem (2.21)-(2.23) has a unique solution on [a− τ, T].

Proof: Consider the operator N1 : B→ B de�ned by :

N1z (ξ) =



Φ(ξ), if ξ ∈ (a− τ, a],

Φ(a)− g(a,Φ(a)) + g(ξ, zξ) + 1
Γ(ν)

∑
a<ξκ<ξ

∫ ξκ
ξκ−1

(
log ξκ

s

)ν−1
Ψ(s, zs)

ds
s

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
Ψ(s, zs)

ds
s

+
∑

a<ξκ<ξ

Iκ(z(ξ−κ )), if ξ ∈ [a, T], κ = 1, ..., w.

(2.25)
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To show the operator N1 is a contraction, let x, z ∈ B. Then, for each ξ ∈ J we
have

|N1(x)(ξ)−N1(z)(ξ)| ≤ |g(ξ, xξ)− g(ξ, zξ)|

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
∑

a<ξκ<ξ

|Iκ(x(ξ−κ ))− Iκ(z(ξ−κ ))|

≤ lg‖xξ − zξ‖Cτ +
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

l1‖xs − zs‖Cτ
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

l1‖xs − zs‖Cτ
ds

s
+
∑

a<ξκ<ξ

l2‖x(ξ−κ )− z(ξ−κ )‖

≤ lg‖x− z‖∞ +
l1‖x− z‖∞

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1
ds

s

+
l1‖x− z‖∞

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+ wl2‖x− z‖∞

≤ lg‖x− z‖∞ +
l1w
(
log T

a

)ν
Γ(ν + 1)

‖x− z‖∞ +
l1
(
log T

a

)ν
Γ(ν + 1)

‖x− z‖∞

+ wl2||x− z||∞

≤

[
lg +

l1(w + 1)
(
log T

a

)ν
Γ(ν + 1)

+ wl2

]
‖x− z‖∞.

Thus

‖N1(x)−N1(z)‖∞ ≤

[
lg +

l1(w + 1)
(
log T

a

)ν
Γ(ν + 1)

+ wl2

]
‖x− z‖∞.

Consequently by (2.24), N1 is a contraction. As a consequence of the Banach
�xed point theorem, we deduce that N1 has a unique �xed point which is the solution
of the problem (2.21)-(2.23).
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The second existence result for thr problem (2.21)-(2.23) based on the
nonlinear alternative of Leray-Schauder

Theorem 2.10. Assume that (H3),(H6)-(H7) and the following conditions hold:

(M2) The function g : J ∗ Cτ → R is continuous.

(M3) There exist Φg ∈ C(J, R+) and ψ1 : [0,∞) → [0,∞) continuous and non-
decreasing such that

|g(ξ, u)| ≤ Φg(ξ)ψ1(‖u‖Cτ ) for all ξ ∈ J, u ∈ Cτ .

(M4) There exists a number M1 ≥ 0 such that

M1

‖Φ(a)‖+ ‖g(a,Φ(a))‖+ Φgψ1(M1) + ψ(M1)
(w+1)φΨ(log T

a
)
ν

Γ(ν+1)
+ wψ∗(M1)

> 1,

where Φg = sup{φg(ξ) : ξ ∈ J},

then(2.21)-(2.23) has at least one solution on [a− τ, T].

Proof: Consider the operator N1 : B→ B de�ned in 2.25. It can be easily shown
that N1 is continuous and completely continuous.
For λ ∈ [0, 1], let z be such that, for each ξ ∈ J, we have z(ξ) = λ(N1z)(ξ).

(z)(ξ) = λΦ(a)− λg(a,Φ(a)) + λg(ξ, zξ) +
λ

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

Ψ(s, zs)
ds

s

+
λ

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, zs)
ds

s
+ λ

∑
a<ξκ<ξ

Iκ(z(ξ−κ ))

Then from (A6)-(A7), and (M2)-(M3) for each ξ ∈ J, we have

|z(ξ)| ≤ |Φ(a)|+ |g(a,Φ(a))|+ |g(ξ, zξ)|

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−1

|Ψ(s, zs)|
ds

s
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+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s
+
∑

a<ξκ<ξ

|Iκ(z(ξ−κ ))|

≤ |Φ(a)|+ |g(a,Φ(a))|+ Φg(ξ)ψ1(‖zξ‖)

+
1

Γ(ν)

∑
a<ξκ<ξ

∫ ξκ

ξκ−1

(log
ξκ
s

)ν−1φΨ(s)ψ(‖zs‖)
ds

s

+
1

Γ(ν)

∫ ξ

ξκ

(log
ξ

s
)ν−1φΨ(s)ψ(‖zs‖)

ds

s
+
∑

a<ξκ<ξ

ψ∗(‖z‖)

≤ ‖Φ(a)‖+ ‖g(a,Φ(a))‖+ Φgψ1(‖z‖∞) + φΨψ(‖z‖∞)
w
(
log T

a

)ν
Γ(ν + 1)

+ φΨψ(‖z‖∞)

(
log T

a

)ν
Γ(ν + 1)

+ wψ∗(‖z‖∞)

≤ ‖Φ(a)‖+ ‖g(a,Φ(a))‖+ Φgψ1(‖z‖∞)

+φΨψ(‖z‖∞)
(w + 1)

(
log T

a

)ν
Γ(ν + 1)

+ wψ∗(‖z‖∞).

Thus

‖z‖∞

‖Φ(a)‖+ ‖g(a,Φ(a))‖+ Φgψ1‖z‖∞ + φΨψ(‖z‖∞)
(w+1)(log T

a
)
ν

Γ(ν+1)
+ wψ∗(‖z‖∞)

≤ 1.

Then by condition (M4), there exists M such that ‖z‖∞ 6= M . Let

U = {z ∈ B : ‖z‖∞ < M}.

The operator N1 : U → B is continuous and completely continuous. From the choice
of U , there is no z ∈ ∂U such that z = λN1(z) for some λ ∈ (0, 1). As a consequence
of the nonlinear alternative of Leray-Schauder, we deduce that N1 has a �xed point
z ∈ U which is a solution of the problem (2.21)-(2.23).
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Chapter 3

Impulsive Fractional Di�erential

Equations with Caputo-Hadamard

Derivative of order 1 < ν ≤ 2

3.1 Introduction

In this chapter, we concentrate on the existence and uniqueness of solutions for a
classes of functional impulsive fractional di�erential equations with Caputo-Hadamard
derivative.Here results are discussed, the based on �xed point theorems the Banach,
Schaufer's and Leary-Schauder

Consider the space

AC ′(J, R) =

{
z : J→ R, z ∈ AC2

δ((ξκ, ξκ+1], R) and there exist z(ξ+
κ )

and z(ξ−κ ), κ = 1, ..., w, with, z(ξ−κ ) = z(ξκ)

}
,

endowed with the norm

‖z‖AC′ = sup{|z(ξ)| : a ≤ ξ ≤ T}.

Let B∗ be set de�ned by

B∗ = {z : (a− τ, T]→ R \ z ∈ AC ′(J, R) ∩ Cτ},

with the norm
‖z‖B∗ = sup{|z(ξ)| : ξ ∈ [a− τ, T]}.
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3.2 Initial Value Problem (IVP) with Delay

In this section, we study the existence and uniqueness of solutions for the following
initial value problem, for impulsive fractional di�erential equations with delay and
Caputo-Hadamard derivative of the form :

C
HD

νz(ξ) = Ψ(ξ, zξ), ξ ∈ J = [a, T], ξ 6= ξκ, a > 0, 1 < ν ≤ 2. (3.1)

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w, (3.2)

∆z′ |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w, (3.3)

z(ξ) = Φ(ξ), ξ ∈ (a− τ, a], z′(a) = γ, (3.4)

where C
HD

ν is the Caputo-Hadamard fractional derivative of order 1 < ν ≤ 2,
a > 0, Ψ : J∗Cτ → R , and γ ∈ R are given continuous functions, Φ ∈ C([a−τ, a], R)
and Iκ, Iκ ∈ C(R,R), κ = 1, 2, ..., w, a = ξ0 < ξ1 < ... < ξw < ξw+1 = T. For any
continuous functions z de�ned on J

′ = J \ {ξ1, ..., ξw}, ∆z|ξ=ξκ = z(ξ+
κ )− z(ξ−κ ) and

∆z′|ξ=ξκ = z′(ξ+
κ ) − z′(ξ−κ ) , z(ξ+

κ ), z(ξ−κ ) represent the right and the left limits of
z(ξ) at ξ = ξκ.

3.2.1 Equivalent Integral Equation

De�nition 3.1. A function z ∈ B∗ is said to be a solution of the problem (3.1)-
(3.4), if z satis�es the fractional di�erential equation C

HD
νz(ξ) = Ψ(ξ, zξ) on J

′ and
the following conditions (3.2)-(3.4).

Lemma 3.2. Let ρ ∈ AC(J, R). A function z is a solution of the IVP:

C
HD

νz(ξ) = ρ(ξ), ξ ∈ J = [a, T], ξ 6= ξκ, a > 0, 1 < ν ≤ 2. (3.5)

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ,ξ = ξκ, κ = 1, .., w (3.6)

∆z′ |ξ=ξκ= Iκ(z(ξ−κ )), ,ξ = ξκ, κ = 1, .., w (3.7)

z(a) = za, z′(a) = γ, (3.8)
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has if z is a solution of the fractional integral equation

z(ξ) =



za + aγ(log ξ
a
) + 1

Γ(ν)

∫ ξ
a

(
log ξ

s

)ν−1
ρ(s)ds

s
, if ξ ∈ [a, ξ1]

za + aγ(log ξ
a
) + 1

Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
ρ(s)ds

s

+ 1
Γ(ν)

∑κ
i=1

∫ ξi
ξi−1

(
log ξi

s

)ν−1
ρ(s)ds

s
+
∑κ

i=1 Ii
(
z
(
ξ−i
))

+
∑κ

i=1

(
log ξ

ξi

)
Γ(ν−1)

∫ ξi
ξi−1

(
log ξi

s

)ν−2
ρ(s)ds

s

+
∑κ

i=1 ξi

(
log ξ

ξi

)
Īi(z(ξ−i )), if ξ ∈ (ξκ, ξκ+1], κ = 1, ..., w.

(3.9)

Proof: Let z be the solution of (3.5)-(3.8), if ξ ∈ J0 = [a, ξ1] , by Lemma (1.39),
we get

z(ξ) = Iν1 ρ(ξ) + c0 + c1(log
ξ

a
)

=
1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

ρ(s)
ds

s
+ c0 + c1(log

ξ

a
), c0, c1 ∈ R.

z′(ξ) =
1

ξΓ(ν − 1)

∫ ξ

a

(
log

ξ

s

)ν−2

ρ(s)
ds

s
+
c1

ξ

Appliyinq the condition
z(a) = za, z′(a) = γ,

we deduce that
c0 = za, c1 = aγ,

we obtain

z(ξ) = za + aγ(log
ξ

a
) +

1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

ρ(s)
ds

s

z′(ξ) =
aγ

ξ
+

1

ξΓ(ν − 1)

∫ ξ

a

(
log

ξ

s

)ν−2

ρ(s)
ds

s
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If ξ ∈ (ξ1, ξ2], then

z(ξ) =
1

Γ(ν)

∫ ξ

ξ1

(
log

ξ

s

)ν−1

ρ(s)
ds

s
+ c0 + c1(log

ξ

ξ1

)

and

z′(ξ) =
1

ξΓ(ν − 1)

∫ ξ

ξ1

(
log

ξ

s

)ν−2

ρ(s)
ds

s
+
c1

ξ

Usinq the impulses conditions

∆z |ξ=ξ1= z(ξ+
1 )− z(ξ−1 ) = I1(z(ξ−1 ))

∆z′ |ξ=ξ1= z′(ξ+
1 )− z′(ξ−1 ) = Ī1(z(ξ−1 )),

we obtain

c0 = I1(z(ξ−1 )) + γ + aγ(log
ξ1

a
) +

1

Γ(ν)

∫ ξ1

a

(
log

ξ1

s

)ν−1

ρ(s)
ds

s
,

and

c1

ξ1

= Ī1(z(ξ−1 )) +
aγ

ξ1

+
1

ξ1Γ(ν − 1)

∫ ξ1

a

(
log

ξ1

s

)ν−2

ρ(s)
ds

s

c1 = ξ1Ī1(z(ξ−1 )) + aγ +
1

Γν − 1)

∫ ξ1

a

(
log

ξ1

s

)ν−2

ρ(s)
ds

s

For ξ ∈ (ξ1, ξ2], we have

z(ξ) = za + aγ(log ξ
a
) + 1

Γ(ν)

∫ ξ
ξ1

(
log ξ

s

)ν−1
ρ(s)ds

s

+ 1
Γ(ν)

∫ ξ1
a

(
log ξ1

s

)ν−1
ρ(s)ds

s
+

(log ξ
ξ1

)

Γ(ν−1)

∫ ξ1
a

(
log ξ1

s

)ν−2
ρ(s)ds

s

+ ξ1(log ξ
ξ1

)Ī1(z(ξ−1 )) + I1(z(ξ−1 )).

z′(ξ) =
aγ

ξ
+

1

ξΓ(ν − 1)

∫ ξ

ξ1

(
log

ξ

s

)ν−2

ρ(s)
ds

s

+
(1

ξΓ((ν − 1)

∫ ξ1

a

(
log

ξ1

s

)ν−2

ρ(s)
ds

s
+
ξ1

ξ
Ī1(z(ξ−1 ))
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Repeatinq the process in this ways, the solution z(ξ) for ξκ ∈ [ξκ, ξκ+1] where
κ = 1, ..., w, can be written as

z(ξ) = za + aγ(log
ξ

a
) +

1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

ρ(s)
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

ρ(s)
ds

s
+

κ∑
i=1

Ii(z(ξ−i ))

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

ρ(s)
ds

s
+

κ∑
i=1

ξi

(
log

ξ

ξi

)
Īi(z(ξ−i ))

3.2.2 Existence and Uniqueness Results

First result: Existence and uniqueness

The �rst result, stated in the following theorem is based on Banach �xed point theo-
rem.

Theorem 3.3.
Assume that :

(A1) There exists constant l > 0 such that

|Ψ(ξ, y)−Ψ(ξ, z)| ≤ l|y − z|, for each ξ ∈ J, and y, z ∈ Cτ .

(A2) There exists constant l1 > 0, such that

|Iκ(x)− Iκ(r)| ≤ l1|x− r|, , for each x, r ∈ R, κ = 1, 2, ..., w.

(A3) There exists constant l2 > 0, such that

|Iκ(x)− Iκ(r)| ≤ l2|x− r|, for each ξ ∈ J, and all x, r ∈ R, κ = 1, 2, ..., w.

If the condition[
l

(
1 + w

Γ(ν + 1)
+

w

Γ(ν)

)(
log

T

a

)ν
+ wl1 + wT (log

T

a
)l2

]
< 1, (3.10)

then the problem (3.1)-(3.4) has a unique solution on [a− τ, T].
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Proof: Transform the problem (3.1)-(3.4) into a �xed point problem. Consider
the operator F : B∗ → B∗ de�ned by:

(Fz)(ξ) =



φ(ξ) , if ξ ∈ (a− τ, a].

φ(a) + aγ(log ξ
a
) + 1

Γ(ν)

∑
a<ξκ<ξ

ξκ

ξκ−1

(
log ξκ

s

)ν−1
Ψ(s, zs)

ds
s

+ 1
Γ(ν)

∫ ξκ
a

(
log ξ

s

)ν−1
Ψ(s, zs)

ds
s

+
∑

a<ξκ<ξ

Iκ(z(ξ−κ ))

+
∑κ

i=1

(
log ξ

ξi

)
Γ(ν−1)

∫ ξi
ξi−1

(
log ξi

s

)ν−2
Ψ(s, zs)

ds
s

+
∑κ

i=1 ξi

(
log ξ

ξi

)
Īi(z(ξ−i )), if ξ ∈ [a, T].

Clearly, of lemma 3.2 the �xed point of F is a solution to problem (3.1)-(3.4). Let
x, z ∈ B∗ , if ξ ∈ [a− τ, a] we have

‖(Fx)(ξ)− (Fz)(ξ)‖ = ‖φ(ξ)− φ(ξ)‖ = 0

If ξ ∈ [a, T], κ = 1, ..., w ,we have

|(Fx)(ξ)− (Fz)(ξ)| ≤ 1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

|Ii(x(ξ−i ))− Ii(z(ξ−i ))|+
κ∑
i=1

ξi

(
log

ξ

ξi

)
|Īi(x(ξ−i ))− Īi(z(ξ−i ))|

≤ 1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

l‖x− z‖ds
s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

l‖x− z‖ds
s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

l‖x− z‖ds
s
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+
κ∑
i=1

l1|(x(ξ−i ))− (z(ξ−i ))|+
κ∑
i=1

ξi

(
log

ξ

ξi

)
l2|(x(ξ−i ))− (z(ξ−i ))|

≤
[
l

(1 + w)

Γ(ν + 1)

(
log

T

a

)ν
+ l

w

Γ(ν)

(
log

T

a

)ν
+ wl1 + wTl2

(
log

T

a

)]
‖x− z‖.

Thus, we have

‖Fx− Fz‖ ≤
[
l

(
1 + w

Γ(ν + 1)
+

w

Γ(ν)

)(
log

T

a

)ν
+ml1 +mT (log

T

a
)l2

]
‖x− z‖.

Consequently by (3.10), the F is a contraction a conclusion of Banach �xed point
theorem, we deduce that F has a unique �xed point which is solution to problem
(3.1)-(3.4).

Second result

Our second result deals with the existence of solutions for problem (3.1)-(3.4) by
applying Scheafer �xed point theorem.

Theorem 3.4. Assume that the followinq conditions hold :

(A4) The function Ψ : J ∗ Cτ → R is continuous.

(A5) The functions Iκ, Iκ : R→ R are continuous .

(A6) There exists constant M > 0 such that |Ψ(ξ, x)| ≤ M for each ξ ∈ J and each
x ∈ Cτ .

(A7) There exist a constants N > 0, N∗ > 0 such that |Iκ(x)| ≤ N, |Iκ(x)| ≤ N∗

for each x ∈ R, κ = 1, . . . , w,

then the problem (3.1)-(3.4) has at least one solution in [a− τ, T].

Proof: We will show use Scheafer �xed point theorem to prove that F has a
�xed point.
This will be achieved in the following series of steps.
Step 1: F is continuous.
Let {zn} be a sequence such that zn → z in B∗.
If ξ ∈ [a− τ, a], then

‖F(zn)(ξ)− F(z)(ξ)‖ = 0.

If ξ ∈ [a, T], we have
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|F (zn)(ξ)− F (z)(ξ)| ≤ 1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
n∑
κ=1

|Iκ(zn(ξ−κ ))− Iκ(z(ξ−κ ))|

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

ξi

(
log

ξ

ξi

)
|Ī(zn(ξ−i ))− Īi(z(ξ−i ))|

Since Ψ, g and Iκ, Īκ, κ = 1, . . . , w, are continuous functions, we have

‖F (zn)− F (z)‖B∗ → 0 as n→∞.

Step 2: F : maps bounded sets into bounded sets in B∗.
Indeed, it is enough to show that for any η∗, there exists a positive constant l such
that for each z ∈ Bη∗ = {z ∈ B∗ : ‖z‖B∗ ≤ η∗}, we have ‖F (z)‖B∗ ≤ l. By (A6)and
(A7), we have for each ξ ∈ J,

|F (z)(ξ)| ≤ |φ(a)|+ |aγ|(log
ξ

a
) +

1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

|Ii(z(ξ−i ))|

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

ξi

(
log

ξ

ξi

)
|Īi(z(ξ−i )|

≤ |φ(a)|+ |aγ|(log
T

a
) +

M
(
log T

a

)ν
Γ(ν + 1)

+
Mw

(
log T

a

)ν
Γ(ν + 1)

+wN +
Mw

(
log T

a

)ν
Γ(ν)

+ wT (log Ta)N∗

≤ |φ(a)|+ |aγ|(log
T

a
) +M

(
1 + w

Γ(ν + 1)
+

w

Γ(ν)

)(
log

T

a

)ν
+ wN + wT (log

T

a
)N∗ := η∗.

Step 3: N maps bounded sets into equicontinuous sets of B∗ .
Let λ1, λ2 ∈ J, λ1 < λ2, Bη∗ be a bounded set of B∗ as in Step 2,and let z ∈ B∗.
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Then

|F (z)(λ2)− F (z)(λ1)| ≤ aγ(log
λ2

λ1

)

+
1

Γ(ν)

∫ λ1

a

(

(
log

λ2

s

)ν−1

−
(

log
λ1

s

)ν−1

)|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

∫ λ2

λ1

(
log

λ2

s

)ν−1

|Ψ(s, zs)|
ds

s

+
∑

a<ξκ<λ2−λ1

(
log λ2

λ1

)
Γ(ν − 1)

∫ ξκ

ξκ−1

(
log

ξκ
s

)ν−2

|Ψ(s, zs)|
ds

s

+
∑

a<ξκ<λ2−λ1

ξκ

(
log

λ2

λ1

)
Īκ(z(ξ−κ ).

As λ1 −→ λ2, the right-hand side of the above inguality tends to zero.
As a consequence of steps 1 to 3, it follows by the Arzela-Ascoli theorem 1.10 that
F is completly continuous.
Step 4: A priori bounds.
Let set

ε = {z ∈ B∗ : z = λF (z) for some 0 < λ < 1}
is bounded. Let z ∈ ε, then z = λF (z) for some 0 < λ < 1. Thus, for each ξ ∈ J we
have

z(ξ) = λφ(a) + aλγ(log
ξ

a
) +

λ

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, zs)
ds

s

+
λ

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

Ψ(s, zs)
ds

s
+ λ

κ∑
i=1

Ii(z(ξ−i ))

+
κ∑
i=1

λ
(

log ξ
ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

Ψ(s, zs)
ds

s
+ λ

κ∑
i=1

ξi

(
log

ξ

ξi

)
Īi(z(ξ−i ))

This implies by (A6)-(A7), we obtain

|z(ξ)| ≤ |φ(a)|+ |aγ|
(

log
T

a

)
+
M(1 + w)

Γ(ν + 1)

(
log

T

a

)ν
+wN +

wM

Γ(ν)

(
log

T

a

)ν
+mT

(
log

T

a

)
N∗.

Thus

‖z‖∞ ≤
[
|za|+ |aγ|

(
log

T

a

)
+M

(
1 + w

Γ(ν + 1)
+

w

Γ(ν)

)(
log

T

a

)ν
+ wN + wT

(
log

T

a

)
N∗
]

:= R.
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This shows that the set ε is bounded. Consequence we deduce be F has a �xed point
which is a solution of the problem (3.1)-(3.4).

Third result

Our third result is obtained by applying the Leray-Schauder nonlinear alternative
type.

Theorem 3.5. Assume that (A4) and (A5) and the following conditions hold:

(A8) There exist φΨ ∈ C(J, R+) and ψ : [0,∞) → [0,∞) continuous and non-
decreasing such that

|Ψ(ξ, y)| ≤ φΨ(ξ)ψ(|y|) for all ξ ∈ J, y ∈ Cτ .

(A9) There exist ψ∗, ψ̄∗ : [0,∞)→ [0,∞) continuous and nondecreasing such that

|Iκ(x)| ≤ ψ∗(|x|) for all x ∈ R, κ = 1, . . . , w.

|Īκ(x)| ≤ ψ̄∗(|x|) for all x ∈ R, κ = 1, . . . , w.

(A10) There exists a number M > 0, let φ∗ = sup{φΨ(ξ) : ξ ∈ J} such that

M

|φ(a)|+ φ∗ψ(M)
(

1+w
Γ(ν+1)

+ w
Γ(ν)

) (
log T

a

)ν
+ wψ∗(M) +

(
|aγ|+ wTψ̄∗(M)

) (
log T

a

) ≥ 1,

then the problem (3.1)-(3.4) has at least one solution on [a− τ, T].

Proof: we consider the operator F de�ned by (3.11) . It can be easily shown
the operator F is continuous and completely continuous. Let λ ∈ [0, 1], and z(ξ) =
λ(Fy)(ξ). For ξ ∈ J, we have

|F (z)(ξ)| ≤ |φ(a)|+ |aγ|(log
ξ

a
) +

1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

|Ii(z(ξ−i ))|

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

ξi

(
log

ξ

ξi

)
|Īi(z(ξ−i ))|

≤ |φ(a)|+ |aγ|
(

log
T

a

)
+

1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

φΨ(s)ψ(|z(s)|)ds
s
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+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

φΨ(s)ψ(|z(s)|)ds
s

+
κ∑
i=1

ψ∗(|z|)

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|z(s)|)ds
s

+
κ∑
i=1

ξi

(
log

ξ

ξi

)
ψ̄∗(|z|)

≤ |φ(a)|+ |aγ|(log
T

a
) + φ∗ψ(|z|)

(log T

a
)ν

Γ(ν + 1)
+ φ∗ψ(|z|)

w(log T

a
)ν

Γ(ν + 1)

+wψ∗(|z|) + φ∗ψ(|z|)
w(log T

a
)ν

Γ(ν)
+ wT (log

T

a
)ψ̄∗(|z|)

≤ |φ(a)|+ φ∗ψ(|z|)
(

1 + w

Γ(ν + 1)
+

w

Γ(ν)

)(
log

T

a

)ν
+ wψ∗(|z|)

+
(
|aγ|+ wTψ̄∗(|z|)

)(
log

T

a

)
.

Also, the inequality

‖z‖

|φ(a)|+ φ∗ψ(‖z‖)
(

1+w
Γ(ν+1)

+ w
Γ(ν)

) (
log T

a

)ν
+ wψ∗(‖z‖) +

(
|ay1|+mTψ̄∗(‖z‖)

) (
log T

a

) ≤ 1,

which condition (A10), there exist M such that ‖z‖ 6= M . Let us set

U = {z ∈ B∗ : ‖z‖ ≤M}.

Note, that the operator F : U → B∗ is continuous and completely continuous.
From the choice of U , there is no z ∈ ∂U such that z = λF(z) for some λ ∈ (0, 1).
Consequently by the nonlinear alternative of Leray-Schauder theorem, F has a �xed
point that is a solution of the problem (3.1)-(3.4).

3.2.3 Example

C
HD

3
2 z(ξ) =

1

(eξ + 4)2

|z(ξ)|
(1 + |z(ξ)|)

,ξ ∈ J = [
1

6
, 2], ξ 6= 1

3
, (3.11)

∆z(
1

3
) =

|z(1
3

−
)|

15 + |z(1
3

−
)|
, (3.12)

∆z′(
1

3
) =

|z(1
3

−
)|

17 + |z(1
3

−
)|
, (3.13)
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z(ξ) = φ(ξ), ξ ∈ [
1

6
− τ, 1

6
], z′(

1

6
) = 3. (3.14)

Set

Ψ(ξ, z) =
1

(eξ + 4)2

z

(1 + z)
, (ξ, z) ∈ J ∗ C([

1

6
− τ, 1

6
], R).

Iκ(z) =
z

15 + z
, z ∈ R.

Iκ(z) =
z

17 + z
, z ∈ R.

Let x, z ∈ C([1
6
− τ, 2], R) and ξ ∈ J. Then we have

|Ψ(ξ, x)−Ψ(ξ, z)| =
1

(eξ + 4)2
| x

1 + x
− z

1 + z
|

≤ 1

(eξ + 4)2

|x− z|
|(1 + x)(1 + z)|

≤ |x− z|
(eξ + 4)2

≤ 1

36
|x− z|.

Let x, z ∈ R, then we have

|Iκ(x)− Iκ(z)| = | x

17 + x
− Y

17 + y
|

≤ 1

17
|x− z|

and

|Iκ(x)− Iκ(z)| = | x

17 + x
− Y

17 + y
|

≤ 1

17
|x− z|.

Obviously, l = 1
25
, l1 = 1

15
, l2 = 1

17
, where ν = 3

2
, T = 2, w = 1.

Further, [
l

(
1 + w

Γ(ν + 1)
+

w

Γ(ν)

)(
log

T

a

)ν
+ wl1 + wT (log

T

a
)l2

]
=

[
1

25

(
2

Γ(5
2
)

+
1

Γ(3
2

)

)
(log 12)( 3

2
) +

1

15
+

2(log 12)

17

]
= 0, 3132361029 < 1.

Then all hypotheses of theorem (3.3) are ful�lled, and consequently the boundary
value problem (3.1)-(3.4) has a unique solution on [1

6
− τ, 2].
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3.3. BOUNDARY VALUE PROBLEM (BVP) WITH DELAY AND INTEGRAL
CONDITION

3.3 Boundary Value Problem (BVP) with Delay

and Integral Condition

Our main objective in this section is to discuss the existence and uniqueness of
solutions for the following boundary value problem (BVP for short), for impulsive
fractional di�erential equations with delay .

C
HD

νz(ξ) = Ψ(ξ, zξ), ξ ∈ J = [a, T], ξ 6= ξκ, κ = 1, .., w, (3.15)

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w, (3.16)

∆z′ |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, .., w, (3.17)

z(ξ) = Φ(ξ), ξ ∈ [a− τ, a], z′(T) =

∫
T

a

h̄(s, z(s))ds (3.18)

where Ψ,Φ and Iκ, Iκ ere as in problem (3.1)-(3.4), and h̄ : J ∗ R → R are given
continuous functions.
We shall present the existence and uniqueness results for the problem (3.15)-(3.18)
which rely Banach �xed point theorem. Then, results of the existence of solutions
are proved using on the �xed point theorem of Schaefer and the nonlinear alternative
of Leary-Schauder, we give illustrative example.

3.4 Equivalent Integral Equation

De�nition 3.6. A function z ∈ B∗ is said to be a solution of problem (3.15)-(3.18)
if z satis�es the equation C

HD
νz(ξ) = Ψ(ξ, zξ) on J

′ and the conditions (3.16)-(3.18).

We need of the following lemma to which is important to obtain the integral
solution of (3.15)-(3.18).

Lemma 3.7. Assume that %, % ∈ AC2(J, R), let 1 < ν ≤ 2, a function z is a solution
of BVP :

H
CD

νz(ξ) = %(ξ), ξ ∈ J = [a, T], ξ 6= ξκ, (3.19)

∆z |ξ=ξκ= Iκ(z(ξ−κ )), ξ = ξκ, κ = 1, ..., w, (3.20)

∆z′ |ξ=ξκ= Iκ(z(ξ−κ )) , ξ = ξκ, κ = 1, .., w, (3.21)

71



3.4. EQUIVALENT INTEGRAL EQUATION

z(a) = z, z′(T) =

∫
T

a

%(s)ds, (3.22)

has is a solution of the fractional inteqral equation :

z (ξ) =



z + T

(
log ξ

a

) ∫
T

a
%(s)ds−

(
log ξ

a

)
[ 1
Γ(ν−1)

∫
T

ξw

(
log T

s

)ν−2
%(s)ds

s

+
∑w

i=1
1

Γ(ν−1)

∫ ξi
ξi−1

(
log ξi

s

)ν−2
%(s)ds

s
+
∑w

i=1(ξi)Īi(z(ξ−i )]

+ 1
Γ(ν)

∫ ξ
a

(
log ξ

s

)ν−1
%(s)ds

s
, if ξ ∈ [a, ξ1]

z + T

(
log ξ

a

) ∫
T

a
%(s)ds−

(
log ξ

a

)
[ 1
Γ(ν−1)

∫
T

ξw

(
log T

s

)ν−2
%(s)ds

s

+
∑w

i=1
1

Γ(ν−1)

∫ ξi
ξi−1

(
log ξi

s

)ν−2
%(s)ds

s
+
∑w

i=1(ξi)Īi(z(ξ−i )]

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
%(s)ds

s
+ 1

Γ(ν)

∑κ
i=1

∫ ξi
ξi−1

(
log ξi

s

)ν−1
%(s)ds

s

+
∑κ

i=1

(
log ξ

ξi

)
Γ(ν−1)

∫ ξi
ξi−1

(
log ξi

s

)ν−2
%(s)ds

s
+
∑κ

i=1 Ii(z(ξ−i ))

+
∑κ

i=1 ξi

(
log ξ

ξi

)
Īi(z(ξ−i )), if ξ ∈ (ξκ, ξκ+1], κ = 1, ..., w.

(3.23)

Proof: By Lemma 1.39, let 1 < ν ≤ 2, for each ξ ∈ [a, ξ1], we get

z(ξ) =H Iν%(ξ) + c1 + c2

(
log

ξ

a

)

=
1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

%(s)
ds

s
+ c1 + c2

(
log

ξ

a

)
, c1, c2 ∈ R. (3.24)

So applying the condition z(a) = z, we deduce that c1 = z, we have

z(ξ) = z +
1

Γ(ν)

∫ ξ

a

(
log

ξ

s

)ν−1

%(s)
ds

s
+ c2

(
log

ξ

a

)
.
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3.4. EQUIVALENT INTEGRAL EQUATION

Then, we obtain

z′(ξ) =
c2

ξ
+

1

ξΓ(ν − 1)

∫ ξ

a

(
log

ξ

s

)ν−2

%(s)
ds

s
.

If ξ ∈ (ξ1, ξ2], then

z(ξ) =
1

Γ(ν)

∫ ξ

ξ1

(
log

ξ

s

)ν−1

%(s)
ds

s
+ d1 + d2

(
log

ξ

ξ1

)
, d1, d2 ∈ R. (3.25)

z′(ξ) =
1

ξΓ(ν − 1)

∫ ξ

ξ1

(
log

ξ

s

)ν−2

%(s)
ds

s
+
d2

ξ
.

Using the impulses conditions{
∆z |ξ=ξ1= z(ξ+

1 )− z(ξ−1 ) = I1(z(ξ−1 ))
∆z′ |ξ=ξ1= z′(ξ+

1 )− z′(ξ−1 ) = Ī1(z(ξ−1 ))

we obtain

z(ξ+
1 ) = d1 = I1(z(ξ−1 )) + z(ξ−1 )

= I1(z(ξ−1 )) + z + c2

(
log

ξ1

a

)
+

1

Γ(ν)

∫ ξ1

a

(
log

ξ1

s

)ν−1

%(s)
ds

s

z
′
(ξ+

1 ) =
d2

ξ1

= Ī1(z(ξ−1 )) + z
′
(ξ−1 )

= Ī1(z(ξ−1 )) +
c2

ξ1

+
1

ξ1Γ(ν − 1)

∫ ξ

a

(
log

ξ

s

)ν−2

%(s)
ds

s

d2 = ξ1Ī1(z(ξ−1 )) + c2 +
1

Γ(ν − 1)

∫ ξ1

a

(
log

ξ1

s

)ν−2

%(s)
ds

s

The integro-di�erential equation (3.25), equivalent to :

z(ξ) = z + c2

(
log

ξ

a

)
+

1

Γ(ν)

∫ ξ

ξ1

(
log

ξ

s

)ν−1

%(s)
ds

s
+

1

Γ(ν)

∫ ξ1

a

(
log

ξ1

s

)ν−1

%(s)
ds

s

+

(
log ξ

ξ1

)
Γ(ν − 1)

∫ ξ1

a

(
log

ξ1

s

)ν−2

%(s)
ds

s
+ ξ1

(
log

ξ

ξ1

)
Ī1(z(ξ−1 )) + I1(z(ξ−1 )).
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3.4. EQUIVALENT INTEGRAL EQUATION

Repeatinq the process in this ways, the solution z(ξ) for ξκ ∈ [ξκ, ξκ+1] where κ =
1, ..., w, can be written as

z(ξ) = z+c2

(
log

ξ

a

)
+

1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

σ(s)
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

σ(s)
ds

s

(3.26)

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

σ(s)
ds

s
+

κ∑
i=1

Ii(z(ξ−i )) +
κ∑
i=1

ξi

(
log

ξ

ξi

)
Īi(z(ξ−i ))

Continuing in the same manner, we obtain for ξ ∈ (ξw, T],

z(ξ) = z + c2

(
log

ξ

a

)
+

1

Γ(ν)

∫ ξ

ξw

(
log

ξ

s

)ν−1

%(s)
ds

s
+

1

Γ(ν)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

%(s)
ds

s

+
w∑
i=1

Ii(z(ξ−i )) +
w∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

%(s)
ds

s
+

w∑
i=1

ξi

(
log

ξ

ξi

)
Īi(z(ξ−i ))

and

z′(ξ) =
c2

ξ
+

1

ξΓ(ν − 1)

∫ ξ

ξw

(
log

ξ

s

)ν−2

%(s)
ds

s
+

w∑
i=1

1

ξΓ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

%(s)
ds

s

+
w∑
i=1

(
ξi
ξ

)
Īi(z(ξ−i )

By the application of the boundary condition z′(T) =
∫
T

a
%(s)ds, we obtain

z′(T) =
c2

T
+

1

TΓ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

%(s)
ds

s
+

w∑
i=1

1

TΓ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

%(s)
ds

s

+
w∑
i=1

(
ξi
T

)
Īi(z(ξ−i ))

We obtain the reguired value of the constant c2 as

c2 = T

∫
T

a

%(s)ds− [
1

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

%(s)
ds

s
+

w∑
i=1

1

Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

%(s)
ds

s

+
w∑
i=1

(ξi)Īi(z(ξ−i ξ))],

replacing the values of c2 int( 3.24) and (3.26), we get (3.23).
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3.5 Existence Results

Our �rst result is based then the problem (3.15)-(3.18) has a unique of
solution using Banach �xed point theorem.

Theorem 3.8. Assume that :

(A1) There exists a constant L1 > 0 such that

|Ψ(ξ, x)−Ψ(ξ, y)| ≤ L1‖x− y‖Cτ , for each ξ ∈ J, x, y ∈ Cτ .

(A2) There exists a constant L2 > 0 such that

|h̄(ξ, x)− h̄(ξ, z)| ≤ L2|x− z|, for each ξ ∈ J and x, z ∈ R.

(A3) For each κ = 1, 2, ..., w, there exist l, l∗ > 0 such that

|Iκ(y)− Iκ(z)| ≤ l|y − z|, for each y, z ∈ R.
|Iκ(y)− Iκ(z)| ≤ l∗|y − z|, for each y, z ∈ R.

if the condition[
L1

(
w + 1

Γ(ν + 1)
+

2w + 1

Γ(ν)

)(
log

T

a

)ν
+ L2T(T− a)

(
log

T

a

)
+ wl + 2wl∗T

(
log

T

a

)]
< 1,

(3.27)
then the boundary value problem (3.15)-(3.18) has a unique solution in [a− τ, T].

Proof: Transform the problem (3.15)-(3.18) into a �xed point problem. Consider
the operator F : B∗ → B∗ de�ned by:

(Fz)(ξ) =



Φ(ξ), if ξ ∈ (a− τ, a]

Φ(a) + T

(
log ξ

a

) ∫
T

a
h̄(s, z(s))ds−

(
log ξ

a

)
[ 1
Γ(ν−1)

∫
T

ξw

(
log T

s

)ν−2
Ψ(s, zs)

ds
s

+ 1
Γ(ν−1)

∑w
i=1

∫ ξi
ξi−1

(
log ξi

s

)ν−2
Ψ(s, zs)

ds
s

+
∑w

i=1 ξiĪi(z(ξ−i ))] +
∑κ

i=1 Ii(z(ξ−i ))

+ 1
Γ(ν)

∫ ξ
ξκ

(
log ξ

s

)ν−1
Ψ(s, zs)

ds
s

+ 1
Γ(ν)

∑κ
i=1

∫ ξi
ξi−1

(
log ξi

s

)ν−1
Ψ(s, zs)

ds
s

+
∑κ

i=1

(
log ξ

ξi

)
Γ(ν−1)

∫ ξi
ξi−1

(
log ξi

s

)ν−2
Ψ(s, zs)

ds
s

+
∑κ

i=1 ξi

(
log ξ

ξi

)
Īi(z(ξ−i )), if ξ ∈ [ξκ, ξκ+1],

(3.28)
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where κ = 1, ..., w
Clearly, of lemma 3.2 the �xed point of F is a solution to problem (3.15)-(3.18).
Let x, z ∈ B∗, if ξ ∈ [a− τ, a], we have

|(Fx)(ξ)− (Fz)(ξ)| = |Φ(ξ)− Φ(ξ)| = 0

If ξ ∈ [a, T], by (A1)-(A3), we have

|(Fx)(ξ)− (Fz)(ξ)| = |T
(

log
ξ

a

)∫
T

a

h̄(s, x(s))ds+

(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

Ψ(s, xs)
ds

s

+

(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

Ψ(s, xs)
ds

s
+

(
log

ξ

a

) w∑
i=1

ξi(Īi(x(ξ−i )))

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, xs)
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

Ψ(s, xs)
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

Ψ(s, xs)
ds

s
+

κ∑
i=1

Ii(x(ξ−i )) +
κ∑
i=1

ξi

(
log

ξ

ξi

)
Īi(x(ξ−i ))|

≤ T|
(

log
ξ

a

)
|
∫

T

a

|h̄(s, x(s))− h̄(s, z(s))|ds

+
|
(
log ξ

a

)
|

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
|
(
log ξ

a

)
|

Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+|
(

log
ξ

a

)
|
w∑
i=1

ξi|Īi(x(ξ−i ))− Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, xs)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

|Ii(x(ξ−i ))− Ii(z(ξ−i ))|+
κ∑
i=1

ξi

(
log

ξ

ξi

)
|Īi(x(ξ−i ))− Īi(z(ξ−i ))|
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≤ T

(
log

ξ

a

)∫
T

a

L2|x(s)− z(s)|ds+
|
(
log ξ

a

)
|

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

L1|xs − zs|Cτ
ds

s

+
|
(
log ξ

a

)
|

Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

L1|xs − zs|Cτ
ds

s
+ |
(

log
ξ

a

)
|
w∑
i=1

ξil
∗|x(ξ−i )− z(ξ−i )|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

L1|xs − zs|Cτ
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

L1|xs − zs|Cτ
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

L1|xs − zs|Cτ
ds

s
+

κ∑
i=1

l|x(ξ−i )− z(ξ−i )|

+
κ∑
i=1

ξi

(
log

ξ

ξi

)
l∗|x(ξ−i )− z(ξ−i )|

≤ T

(
log

T

a

)
(T− a)L2‖x− z‖+

(
log

T

a

)
L1‖x− z‖
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2
ds

s

+

(
log

T

a

)
L1‖x− z‖
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ w

(
log

T

a

)
T l∗‖x− z‖

+
L1‖x− z‖

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+
L1‖x− z‖

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1
ds

s

+
κ∑
i=1

L1‖x− z‖
(

log ξ
ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ wl‖x− z‖+ wT

(
log

T

a

)
l∗‖x− z‖

≤ T

(
log

T

a

)
(T− a)L2‖x− z‖+

L1‖x− z‖
Γ(ν)

(
log

T

a

)ν
+
wL1‖x− z‖

Γ(ν)

(
log

T

a

)ν
+wTl∗‖x− z‖+

L1‖x− z‖
Γ(ν + 1)

(
log

T

a

)ν
+
wL1‖x− z‖

Γ(ν + 1)

(
log

T

a

)ν
+
wL1‖x− z‖

Γ(ν)

(
log

T

a

)ν
+wl‖x− z‖+ wTl∗‖x− z‖

(
log

T

a

)
≤

[
L1

(
w + 1

Γ(ν + 1)
+

1 + 2w

Γ(ν)

)(
log

T

a

)ν
+ L2(T− a)T

(
log

T

a

)
+ wl + 2wT

(
log

T

a

)
l∗
]
‖x− z‖

Thus, we have

‖Fx−Fz‖ ≤
[
L1

(
w+1

Γ(ν+1)
+ 1+2w

Γ(ν)

) (
log T

a

)ν
+ L2T(T− a)

(
log T

a

)
+ wl + 2wl∗T

(
log T

a

)]
‖x−
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z‖.
Consequently by (3.27), the F is a contraction a conclusion of Banach �xed point
theorem, we deduce that F has a unique �xed point which is solution to problem
(3.15)-(3.18).

Our second reslut deals the existence of solution for problem (3.15)-(3.18)
by applying Scheafer �xed point theorem.

Theorem 3.9. Assume that the followinq conditions hold :

(A4) The function Ψ : J ∗ Cτ → R is continuous.

(A5) The function h̄ : J ∗R→ R is continuous.

(A6) The functions Iκ, Iκ : R→ R are continuous.

(A7) There exists a constant N > 0 such that

|Ψ(ξ, z)| ≤ N, for each ξ ∈ J, and z ∈ Cτ .

(A8) There exists a constant N∗ > 0 such that

|h̄(ξ, y)| ≤ N∗ for each ξ ∈ J, y ∈ R.

(A9) There exist tow constants N1 > 0, N2 > 0 such that

|Iκ(y)| ≤ N1, |Iκ(y)| ≤ N2 for each, y ∈ R, κ = 1, . . . , w.

then the boundary value problem (3.15)-(3.18) has at least one solution in [a− τ, T].

Proof: we shall use Scheafer �xed point theorem to prove that F has a �xed point.
The proof will be qiven in several steps.
Step 1: F is continuous .
Let {zn} be a sequence such that zn → z in B∗.
If ξ ∈ [a− τ, a], then

‖F(zn)(ξ)− F(z)(ξ)‖ = 0.

For ξ ∈ [a, T], we have

|F(zn)(ξ)− F(z)(ξ)| ≤ T

(
log

ξ

a

)∫
T

a

|h̄(s, zn(s))− h̄(s, z(s))|ds

+

(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zns)−Ψ(s, zs))|
ds

s
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+

(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zns)−Ψ(s, zs))|
ds

s

+

(
log

ξ

a

) w∑
i=1

ξi|Ī(zn(ξ−i ))− Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

|Ii(zn(ξ−i ))− Ii(z(ξ−i ))|+
κ∑
i=1

ξi

(
log

ξ

ξi

)
|Ī(zn(ξ−i ))− Īi(z(ξ−i ))|

Since Ψ, h̄, and Iκ, Īκ, κ = 1, . . . , w, are continuous functions, we give

‖F(zn)− F(z)‖B∗0 as n→∞.

Step 2 : F maps bounded sets into bounded sets in B∗.
Indeed, it is enough to show that for any η∗ > 0, there exists constant `∗ > 0, such
each z ∈ Dη∗ = {z ∈ B∗ : ‖z‖ ≤ η∗}, we have ‖F(z)‖ ≤ `∗.
If ξ ∈ [a− τ, a], we have

|(Fz)(ξ)| ≤ |Φ(ξ)| ≤ ‖Φ‖
. And if ξ ∈ J, by (A7)-(A9), then

|F(z)(ξ)| ≤ |Φ(a)|+ T

(
log

ξ

a

)∫
T

a

|h̄(s, z(s))|ds+
|
(
log ξ

a

)
|

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zs)|
ds

s

+
|
(
log ξ

a

)
|

Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+ |
(

log
ξ

a

)
|
w∑
i=1

ξi|Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zs)|
ds

s

+
κ∑
i=1

|
(

log ξ
ξi

)
|

Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

|Ii(z(ξ−i ))|

+
κ∑
i=1

ξi|
(

log
ξ

ξi

)
||Īi(z(ξ−κ ))|
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≤ |Φ(a)|+N∗T

(
log

ξ

a

)∫
T

a

1ds+
N |
(
log ξ

a

)
|

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2
ds

s

+
N |
(
log ξ

a

)
|

Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ w

(
log

T

a

)
TN2

+
N

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+

N

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1
ds

s

+
κ∑
i=1

N |
(

log ξ
ξi

)
|

Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ wN1 + wT (log

T

a
)N2

≤ ‖Φ‖+ (T− a)T

(
log

T

a

)
N∗ +N

(1 + 2w)
(
log T

a

)ν
Γ(ν)

+N
(1 + w)

(
log T

a

)ν
Γ(ν + 1)

+ wN1 + 2wT

(
log

T

a

)
N2.

Where

‖Fz‖ ≤ ‖Φ‖+N

[
1 + w

Γ (ν + 1)
+

1 + 2w

Γ(ν)

](
log

T

a

)ν
+ wN1 + [(T− a)N∗ + 2wN2] T

(
log

T

a

)
:= Q.

Thus
‖Fz‖ ≤ {maxQ, ‖Φ‖} := `∗.

Step 3: F maps bounded sets into equicontinuous sets of B∗ .
Let τ1, τ2 ∈ J, τ1 < τ2, Dη∗ be a bounded set of B∗ as in Step 2, and let z ∈ Dη∗.
Then

|F(z)(τ2)− F(z)(τ1)| ≤ T

(
log

τ2

τ1

)∫
T

a

|h̄(s, z(s))|ds+
(log τ2

τ1
)

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zs)|
ds

s

+

(
log τ2

τ1

)
Γ(ν − 1)

w∑
i=i

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

(
log

τ2

τ1

) w∑
i=1

ξi|Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ τ1

a

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
|Ψ(s, zs)|

ds

s

+
1

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1

|Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log τ2

τ1

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

(
log

τ2

τ1

) w∑
i=1

ξi|Īi(z(ξ−i ))|
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≤
(

log
τ2

τ1

)
T(T− a)N∗ +

N(log τ1
τ2

)

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2
ds

s

+
N
(

log τ1
τ2

)
Γ(ν − 1)

w∑
i=i

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ wN2

(
log

τ2

τ1

)
+

N

Γ(ν)

∫ τ1

a

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
ds

s
+

N

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1 ds

s

+
N
(

log τ2
τ1

)
Γ(ν − 1)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ wN2

(
log

τ2

τ1

)
≤ N∗T(T− a)

(
log

τ2

τ1

)
+

N

Γ(ν)

(
log

τ1

τ2

)ν
+

2wN

Γ(ν)

(
log

τ1

τ2

)ν
+2N2Tw

(
log

τ2

τ1

)
+

N

Γ(ν + 1)

[
2

(
log

τ2

τ1

)ν
+
(

log
τ2

a

)
−
(

log
τ1

a

)]
≤ N

Γ(ν + 1)

[
2

(
log

τ2

τ1

)ν
+
(

log
τ2

a

)
−
(

log
τ1

a

)]
+

(1 + 2w)N

Γ(ν)

(
log

τ1

τ2

)ν
+T [N∗(T− a) + 2wN2]

(
log

τ2

τ1

)

As τ1 −→ τ2, the right-hand side of the above inguality tends to zero.
As a consequence of steps 1 to 3, it follows by the Arzela-Ascoli theorem 1.10 that F
is completly continuous.
Step 4: A priori bounds.
Let set ε = {z ∈ B∗ : z = λF(z) for some 0 < λ < 1} is bounded, and z ∈ ε, then
z = λF(z) for some 0 < λ < 1. Then, for each ξ ∈ J,

(Fz)(ξ) = λΦ(a) + λT

(
log

ξ

a

)∫
T

a

h̄(s, z(s))ds−
λ
(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

Ψ(s, zs)
ds

s

−
λ
(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

Ψ(s, zs)
ds

s
− λ

(
log

ξ

a

) w∑
i=1

ξiĪi(z(ξ−i ))

+
λ

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

Ψ(s, zs)
ds

s
+

λ

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

Ψ(s, zs)
ds

s

+λ
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

Ψ(s, zs)
ds

s
+ λ

κ∑
i=1

Ii(z(ξ−i ))
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+λ
κ∑
i=1

ξi

(
log

ξ

ξi

)
Īi(z(ξ−i ))

This implies by (A7)-(A9), we obtain

‖Fz‖ ≤ ‖Φ‖+ T(T− a)

(
log

T

a

)
N∗ +N

[
1 + w

Γ(ν + 1)
+

1 + 2w

Γ(ν)

](
log

T

a

)ν
+ wN1 + 2wT

(
log

T

a

)
N2.

This shows that the set ε is bounded. Consequence we deduce be F has a �xed point
which is a solution of the problem (3.15)-(3.18).

The three result is based by applying the Leray-Schauder nonlinear alter-
native type.

Theorem 3.10. Assume that (A4)-(A6) and the following conditions hold :

(A10) There exist φΨ ∈ C(J, R+) and ψ : [0,∞) → [0,∞) continuous, and non-
decreasing such that

|Ψ(ξ, y)| ≤ φΨ(ξ)ψ(|y|), for all ξ ∈ J, y ∈ Cτ .

(A11) There exist φh̄ ∈ L(J, R+) and ψ∗ : [0,∞) → [0,∞) continuous, and non-
decreasing such that

|h̄(ξ, v)| ≤ φh̄(ξ)ψ
∗(|v|), for all ξ ∈ J, v ∈ R.

(A12) There exist ψ̄∗, ψ̄∗∗ : [0,∞)→ [0,∞) continuous, and non-decreasing such that

|Iκ(v)| ≤ ψ̄∗(|v|), |Īκ(v)| ≤ ψ̄∗∗(|v|), for all v ∈ R, κ = 1, . . . , w.

(A13) There exists a nomber M > 0, let Φ = sup{φΨ(ξ) : ξ ∈ J}, such that
M

‖Φ‖+T(log T

a
)ψ∗(‖z‖)‖φh̄‖L1+Φψ(M)( 1+w

Γ(ν+1)
+ 1+2w

Γ(ν) )(log T

a
)
ν
+wψ̄∗(M)+2wT(log T

a
) ¯ψ∗∗(M)

≥ 1,

then (3.15)-(3.18) has at least one solution in [a− τ, T].

Proof: we consider the operator F : B∗ → B∗ de�ned by (??). We shall show
that F is continuous and completely continuous.
Step 1: F is continuous.
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Let {zn} be a sequence such that zn → z in B∗. Let γ > 0 such that ‖zn‖ ≤ γ, and
ξ ∈ [a, T], than

|F(zn)(ξ)− F(z)(ξ)| ≤ T

(
log

ξ

a

)∫
T

a

|h̄(s, zn(s))− h̄(s, z(s))|ds

+

(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zns)−Ψ(s, zs))|
ds

s

+

(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zns)−Ψ(s, zs))|
ds

s

+

(
log

ξ

a

) w∑
i=1

ξi|Ī(zn(ξ−i ))− Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zns)−Ψ(s, zs)|
ds

s

+
κ∑
i=1

ξi

(
log

ξ

ξi

)
|Ī(zn(ξ−i ))− Īi(z(ξ−i ))|

+
κ∑
i=1

|Ii(zn(ξ−i ))− Ii(z(ξ−κ ))|

Since Ψ, h̄ and Iκ, Īκ, κ = 1, . . . , w, are continuous functions.
Hence

‖F(zn)− F(z)‖B∗0, as n→∞.

Consequently, F is continuous.
Step 2: F maps bounded sets into bounded sets in B∗.
De�ne the set

Dη∗ = {z ∈ B∗ : ‖z‖ ≤ η∗}.

Let z ∈ Dη∗, there exists a constant L∗ > 0 , such that ‖F(z)‖ ≤ L∗.
By (A10), (A11) and (A12), for each ξ ∈ J, we have

|F(z)(ξ)| ≤ |Φ(a)|+ T

(
log

ξ

a

)∫
T

a

|h̄(s, z(s))|ds
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+
|
(
log ξ

a

)
|

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zs)|
ds

s

+
|
(
log ξ

a

)
|

Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s

+|
(

log
ξ

a

)
|
w∑
i=1

ξi|Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s

+
1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zs)|
ds

s

+
κ∑
i=1

|
(

log ξ
ξi

)
|

Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

|Ii(z(ξ−i ))|

+
κ∑
i=1

ξi|
(

log
ξ

ξi

)
||Īi(z(ξ−κ ))|

≤ |Φ(a)|+ T

(
log

ξ

a

)∫
T

a

φh̄(s)ψ(|z(s)|)ds

+
|
(
log ξ

a

)
|

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+
|
(
log ξ

a

)
|

Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+

(
log

ξ

a

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

φΨ(s)ψ(|zs|)
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

φΨ(s)ψ(|zs|)
ds

s

+
κ∑
i=1

|
(

log ξ
ξi

)
|

Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+
w∑
i=1

ψ̄∗(|z(ξ−i )|) +

(
log

ξ

a

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)
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≤ |Φ(a)|+ T

(
log

ξ

a

)
(T− a)‖φh̄‖L1ψ(‖z‖) +

Φψ(‖z‖)
(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2
ds

s

+
Φψ(‖z‖)

(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ w

(
log

T

a

)
Tψ̄∗∗(‖z‖)

+
Φψ(‖z‖)

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1
ds

s
+

Φψ(‖z‖)
Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1
ds

s

+
κ∑
i=1

Φψ(‖z‖)
(

log ξ
ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+ wψ̄∗(‖z‖) + wT (log

T

a
)ψ̄∗∗(‖z‖)

≤ ‖Φ‖+ (T− a)T

(
log

T

a

)
‖φh̄‖L1ψ(‖z‖) + Φψ(‖z‖)

(1 + 2w)
(
log T

a

)ν
Γ(ν)

+Φψ(‖z‖)
(1 + w)

(
log T

a

)ν
Γ(ν + 1)

+ wψ̄∗(‖z‖) + 2wT

(
log

T

a

)
ψ̄∗∗(‖z‖).

Thus

‖Fz‖ ≤ ‖Φ‖+ Φψ(‖η∗‖)
[

1 + w

Γ (ν + 1)
+

1 + 2w

Γ(ν)

](
log

T

a

)ν
+ wψ̄∗(‖η∗‖)

+T

[
(T− a)‖φh̄‖L1ψ(‖η∗‖) + 2wψ̄∗∗(‖η∗‖)

](
log

T

a

)
Step 3: F maps bounded sets into equicontinuous sets of B∗ .
Let z ∈ Dη∗ be a bounded set of B∗ as in Step 2, and τ1, τ2 ∈ J, τ1 < τ2, we have

|F(z)(τ2)− F(z)(τ1)| ≤ T

(
log

τ2

τ1

)∫
T

a

|h̄(s, z(s))|ds+
(log τ2

τ1
)

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zs)|
ds

s

+

(
log τ2

τ1

)
Γ(ν − 1)

w∑
i=i

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s

+

(
log

τ2

τ1

) w∑
i=1

ξi|Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ τ1

a

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
|Ψ(s, zs)|

ds

s
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+
1

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1

|Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log τ2

τ1

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s

+

(
log

τ2

τ1

) w∑
i=1

ξi|Īi(z(ξ−i ))|

≤ T

(
log

τ2

τ1

)∫
T

a

φh̄(s)ψ(|z(s)|)ds

+
(log τ1

τ2
)

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+

(
log τ1

τ2

)
Γ(ν − 1)

w∑
i=i

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+
1

Γ(ν)

∫ τ1

a

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
φΨ(s)ψ(|zs|)

ds

s

+

(
log

τ2

τ1

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)

+
1

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1

φΨ(s)ψ(|zs|)
ds

s

+
κ∑
i=1

(
log τ2

τ1

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+

(
log

τ2

τ1

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)

≤ T

(
log

τ2

τ1

)
‖φh̄‖L1ψ(‖z‖)(T− a) +

Φψ(‖z‖)(log τ1
τ2

)

Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2
ds

s

+
Φψ(‖z‖)

(
log τ1

τ2

)
Γ(ν − 1)

w∑
i=i

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+

(
log

τ2

τ1

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)

+
Φψ(‖z‖)

Γ(ν)

∫ τ1

a

[(
log

τ2

s

)ν−1

−
(

log
τ1

s

)ν−1
]
ds

s

+
Φψ(‖z‖)

Γ(ν)

∫ τ2

τ1

(
log

τ2

s

)ν−1 ds

s
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+
Φψ(‖z‖)

(
log τ2

τ1

)
Γ(ν − 1)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2
ds

s
+

(
log

τ2

τ1

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)

≤ ‖φh̄‖L1ψ(‖z‖)T(T− a)

(
log

τ2

τ1

)
+

Φψ(‖z‖)
Γ(ν)

(log
τ1

τ2

)ν + 2w
Φψ(‖z‖)

Γ(ν)

(
log

τ1

τ2

)ν
+2wTψ̄∗∗(‖z‖)

(
log

τ2

τ1

)
+

Φψ(‖z‖)
Γ(ν + 1)

[
2((log

τ2

τ1

)ν + (log τ2)− (log τ1)

]
≤ (1 + 2w)Φψ(‖z‖)

Γ(ν)

(
log

τ1

τ2

)ν
+ T

[
‖φh̄‖L1ψ(‖z‖)(T− a) + 2wψ̄∗∗(‖z‖)

](
log

τ2

τ1

)
+

Φψ(‖z‖)
Γ(ν + 1)

[
2((log

τ2

τ1

)ν + (log τ2)− (log τ1)

]
.

As τ1 −→ τ2, the right-hand side of the above inequality tends to zero.

In consequence of Steps 1-3, it follows by the Arzela-Ascoli theorem 1.10, we
conclude that F : B∗ → B∗ is continuous and completely continuous.
Step 4: We show that there exists an open set U ⊆ B∗ with z 6= λF(z) for λ ∈ [0, 1]
and z ∈ ∂U . Let z ∈ B∗ and z = λF(z) for some 0 < λ < 1.Thus, for each ξ ∈ J,
de�ned by (3.28), be (A10)-(A12), we have

|(Fz)(ξ)| ≤ |Φ(a)|+ T

(
log

ξ

a

)∫
T

a

|h̄(s, z(s))|ds+

(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

|Ψ(s, zs)|
ds

s

+

(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

(
log

ξ

a

) w∑
i=1

ξi|Īi(z(ξ−i ))|

+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

|Ψ(s, zs)|
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

|Ψ(s, zs)|
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

|Ψ(s, zs)|
ds

s
+

κ∑
i=1

|Ii(z(ξ−i ))|

+
κ∑
i=1

ξi

(
log

ξ

ξi

)
|Īi(z(ξ−i ))|

≤ |Φ(a)|+ T

(
log

ξ

a

)∫
T

a

φh̄(s)ψ
∗(|z(s)|)ds+

(
log ξ

a

)
Γ(ν − 1)

∫
T

ξw

(
log

T

s

)ν−2

φΨ(s)ψ(|zs|)
ds

s

+

(
log ξ

a

)
Γ(ν − 1)

w∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|zs|)
ds

s
+

(
log

ξ

a

) w∑
i=1

ξiψ̄∗∗(|z(ξ−i )|)
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+
1

Γ(ν)

∫ ξ

ξκ

(
log

ξ

s

)ν−1

φΨ(s)ψ(|zs|)
ds

s
+

1

Γ(ν)

κ∑
i=1

∫ ξi

ξi−1

(
log

ξi
s

)ν−1

φΨ(s)ψ(|zs|)
ds

s

+
κ∑
i=1

(
log ξ

ξi

)
Γ(ν − 1)

∫ ξi

ξi−1

(
log

ξi
s

)ν−2

φΨ(s)ψ(|zs|)
ds

s
+

κ∑
i=1

ψ̄∗(|z(ξ−i )|)

+
κ∑
i=1

ξi

(
log

ξ

ξi

)
ψ̄∗∗(|z(ξ−i )|)

≤ ‖Φ‖+ T

(
log

T

a

)
ψ∗(‖z‖)

∫
T

a

φh̄(s)ds+

(
log T

a

)ν
Γ(ν)

Φψ(‖z‖) +
w
(
log T

a

)ν
Γ(ν)

Φψ(‖z‖)

+wT

(
log

T

a

)
ψ̄∗∗(‖z‖) +

(
log T

a

)ν
Γ(ν + 1)

Φψ(‖z‖) +
w
(
log T

a

)ν
Γ(ν + 1)

Φψ(‖z‖)

+
w
(
log T

a

)ν
Γ(ν)

Φψ(‖z‖) + wψ̄∗(‖z‖) + wT

(
log

ξ

a

)
ψ̄∗∗(‖z‖)

≤ ‖Φ‖+ T

(
log

T

a

)
ψ∗(‖z‖)‖Φh‖L1 + Φψ(‖z‖)

(
(1 + w)

Γ(ν + 1)
+

(1 + 2w)

Γ(ν)

)(
log

T

a

)ν
+wψ̄∗(‖z‖) + 2wT

(
log

T

a

)
ψ̄∗∗(‖z‖)

Also, the inequality

‖z‖
‖Φ‖+ Φψ(‖z‖)( 1+w

Γ(ν+1)
+ 1+2w

Γ(ν)
)
(
log T

a

)ν
+ wψ̄∗(‖z‖) + [ψ∗(‖z‖)‖φh̄‖L1 + 2w ψ̄∗∗(‖z‖)]T

(
log T

a

) ≤ 1.

which condition (A13), there exist M such that ‖z‖ 6= M . Let us set

U = {z ∈ B∗ : ‖z‖ ≤M}.

Note, that the operator F : U → B∗ is continuous and completely continuous.
From the choice of U , there is no z ∈ ∂U such that z = λF(z) for some λ ∈ (0, 1).
Consequently by the nonlinear alternative of Leray-Schauder theorem, F has a �xed
point that is a solution of the problem (3.15)-(3.18).

3.6 Example

Let consider the following problem :

C
HD

3
2 z(ξ) =

eξ

(eξ + 5)2

|zξ|
(1 + |zξ|)

,ξ ∈ [1, 2], ξ 6= 4

3
, (3.29)
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∆z(
4

3
) =

|z(4
3

−
)|

15 + |z(4
3

−
)|
, (3.30)

∆z′(
4

3
) =

|z(4
3

−
)|

17 + |z(4
3

−
)|
, (3.31)

z(ξ) = Φ(ξ), ξ ∈ [1− τ, 1], z′(2) =

∫ 2

1

|z(s)|
13 + |z(s)|

ds. (3.32)

Set

Ψ(ξ, zξ) =
eξ

(eξ + 5)2

|zξ|
(1 + |zξ|)

, (ξ, z) ∈ J ∗ C([1− τ, 1], R),

I(z) =
|z|

15 + |z|
, I(z) =

|z|
17 + |z|

, z ∈ R.

and ∫ 2

1

h̄(s, z(s))ds =

∫ 2

1

|z(s)|
13 + |z(s)|

ds, (ξ, z) ∈ J ∗R.

Let x, z ∈ C([1
2
− τ, 1

2
], R) and ξ ∈ J. Then we have

|Ψ(ξ, x)−Ψ(ξ, z)| =
1

(eξ + 5)2
| x

1 + x
− z

1 + z
|

≤ 1

(eξ + 5)2

|x− z|
|(1 + x)(1 + z)|

≤ |x− z|
(eξ + 5)2

≤ 1

36
|x− z|.

and

|h̄(ξ, x)− h̄(ξ, z)| =
1

13
| x

1 + x
− z

1 + z
|

≤ 1

13

|x− z|
|(1 + x)(1 + z)|

≤ |x− z|
13

≤ 1

13
|x− z|.

Let x, z ∈ R, then we have

|Iκ(x)− Iκ(z)| = | x

15 + x
− Y

15 + y
|

≤ 1

15
|x− z|
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and

|Iκ(x)− Iκ(z)| = | x

17 + x
− Y

17 + y
|

≤ 1

17
|x− z|.

Hence the hypotheses (A1)-(A3) holds, with L1 = 1
36
, L2 = 1

13
, l = 1

15
, l∗ = 1

17
, and

ν = 3
2
, w = 1, ξ1 = 4

3
, T = 2, a = 1.

We shall check that condition (3.27).Further[
L2T(T− a)

(
log

T

a

)
+ L1

(
w + 1

Γ(ν + 1)
+

1 + 2w

Γ(ν)

)(
log

T

a

)ν
+ wl + 2wl∗T

(
log

T

a

)]

=

[
2

13
(log 2) +

1

36

(
2

Γ
(

5
2

) +
3

Γ(3
2
)

)
(log 2)

3
2 + wl +

4

17
(log 2)

]
= 0.414779517 < 1.

Note that Γ(3
2
) = 1

2

√
π, Γ(5

2
) = 3

4

√
π.

Then all hypotheses of theorem (3.8) are ful�lled, and consequently the boundary
value problem (3.29)-(3.32) has a unique solution on [1− τ, 2].
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Conclusion and Perspectives

The objective of this thesis is to present the results of the existence and unique-
ness of solutions for a new class of initial and boundary value problems of impul-
sive fractional di�erential equations with �nite delay and Caputo-Hadamard deriva-
tive. The results are based on some �xed point theorems : Banach contraction prin-
ciple, Scheafer �xed point theorem , alternative nonlinear of Leray Schauder and
Mönch �xed point theorem combined with the Kuratowski's measure of noncompact-
ness.Finally, we give illustrative examples.

In the future, we will study stability the solutions of this problems.
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